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PROCEEDINGS AT THE MEETINGS 
OF THE PHYSICAL SOCIETY 

SESSION 1938-39 

Except where the contrary is stated, the meetings were held at the Imperial 
College of Science and Technology, South Kefisington, 
the President being in the Chair 

14 October 1938 

It was announced that the Council had elected the following to be Student 
Members: Derek Gordon Gay, William Roy Piggot, Joan Una Spellman, I. H. 
Usmani, Kenneth Weekes. 

The following papers were read: 

“The critical-frequency method of measuring upper-atmospheric ionization”, 
by E. V. Appleton, F.R.S., R. Naismith and L. J. Ingram. 

“The atmospheric height-distribution of band-absorbed solar radiation”, by 
S. Chapman, F.R.S., M.A., D.Sc. 

“The limiting polarization of medium waves reflected from the ionosphere”, 
by T. L. Eckersley, F.R.S. and G. Millington, M.A. 

“The origin of radio-wave reflections in the troposphere ”, by J. H. Piddington, 
M.Sc., B.E., Ph.D. (The paper was read by J. P. Andrews, D.Sc.) 

The following papers were read in title: 

“A concave-grating vacuum spectrograph for the wave-length 15 to 1000 A.”, 
by F. C. Chalklin, D.Sc., S. S. Watts, B.Sc. and S. P. Hillson, B.Sc. 

“The focusing properties of the electrostatic field between two cylinders”, by 
F. H. Nicoll, Ph.D. 

“The accuracy of rectifier-photoelectric cells”, by J. R. Atkinson, N. R. 
Campbell, E. H. Palmer and G. T. Winch. 

“Note on the use of probability paper”, by E. W. H. Selwyn. 

“The relation between range and energy for upper limits of /J-ray spectra”, 
by E. E. Widdowson, M.Sc. 

“The integration of large numbers of x-ray crystal reflections”, by R. H. V. M. 
Dawton, B.Sc., A.Inst.P. 

“The analogy between the photon and the electron and the derivation of the 
quantum equation ”, by H. T. Flint, D.Sc., Ph.D. 

A cinema film illustrating radio exploration of the ionosphere was shown by 
Mr R. Naismith of the Radio Research Station. 


x Proceedings at meetings 

28 October 1938 

The following were elected to be Fellows: D. V. Gogate, K. L. Narasimham, 

J. M. Nuttall, E. M. Williamson. 

It was announced that Council had elected the following to be Student Members. 

K. Alsop, M. D. Armitage, H. A. Buchdahl, S. W. Cousins, P. J. Duncton, 
H. S. Griffin, A. B. Hammond, D. M. Heller, R. J. Hercock, D. M. Millest, 
G. W. A. Morris, D. C. Nutting, W. T. S. Pearson, J. Reekie, E. L. Ripley, R. F. 
Saxe, A. Stratton. 

The following papers were read: 

4c Transmission of sound between neighbouring rooms in a brick building , 
by J. E. R. Constable, M.A., Ph.D. 

“Specific inductance capacity of diamonds by the method of mixtures”, by 
S. Whitehead, M.A., Ph.D., A.M.I.E.E., F.Inst.P. and W. Hackett. 

The following papers were read in title: 

“The precision measurement of capacitance”, by N. F. Astbury, M.A., 
F.Inst.P. and L. H. Ford, M.Sc. 

“Ferromagnetic compounds of chromium”, by L. F. Bates, D.Sc., Ph.D., 
F.Inst.P. and G. G. Taylor. 

“Analysis of light scattered from a surface of low gloss into its specular and 
diffuse components”, by W. W. Barkas, M.Sc. 

“A note on the near ultra-violet band system of SnO”, by W. Jevons, D.Sc., 
Ph.D., F.InstJP. 

The following demonstration was given: 

Electrical synthesis of bell tones. (The John Compton Organ Company, Ltd.) 


11 November 1938 

A. M. G. Thom was elected to be a Fellow. 

It was announced that Council had elected the following to be Student Members: 
1 . 1 . Berenblut, T. J. Buchanan, W. P. Fletcher, B. Kalakicha, G. F. Komlosy, 

A. C. Merrington, L. E. Mussell, T. Pearcey, E. J. Ryder, A. C. Shearman, 

B. S. Smith. 

The Twenty-third Guthrie Lecture was delivered by Professor A. V. Hill, 
O.B.E., M.A., Sc.D., M.D., Sec.R.S., who took as his subject “The transformations 
of energy and the mechanical work of muscles”. 

The following papers were read in title: 

“The characteristic temperature of magnesium oxide”, by G. W. Brindley, 
M.Sc., Ph.D. and P. Ridley, B.Sc. 

“An x-ray investigation of atomic vibrations in cadmium”, by G. W. Brindley, 
M.Sc., Ph.D. and P. Ridley, B.Sc. 

“Theoretical ionization curves for the E region”, by M. V. Wilkes, M.A. 



Proceedings at meetings 


xi 


25 November 1938 

The following were elected to be Fellows: R. P. Abraham, J. D. Bernal, J. F. 
Wood. 

It was announced that Council had elected the following to be Student Members: 
H. A. Dell, J. W. Leech, D. E. Lewis, B. E. Noltingk, A. G. Stainsby, J. L. Tearle, 
W. W. Wright, T. H. Wang. 

The following papers were read: 

“Acoustic spectra by the diffraction of light from sound films”, by D. Brown, 
Ph.D. (The paper was read by Dr W. D. Wright.) 

“The extinction of discharges in Geiger-Muller counters”, by A. Nunn 
May, Ph.D. 

The following papers were read in title: 

“The rate of viscous flow of metals: Part II, lead”, by L. C. Tyte, Ph.D , 
F.InstP. 

“The thermal and electrical conductivities of carbon and graphite to high 
temperatures”, by R. W. Powell, B.Sc., Ph.D. and F. H. Schofield, B.A., D.Sc. 

“The variation with temperature of the electrical resistance of carbon and 
graphite between o° and 900° C.”, by L. J. Collier, D.F.C., M.A., W. S. Sti les , 
Ph.D. and W. G. A. Taylor. 

“The scattering of fast particles by xenon nuclei”, by R. L. Sen Gupta, 
M.Sc. 

The following demonstration was given: 

A normal-incidence vacuum grating spectrograph and a small heavy-current 
hydrogen discharge tube, by W. R. S. Garton, B.Sc., A.R.C.S. 


9 December 1938 

The meeting was held at 7 p.m., at the Institution of Electrical Engineers, 
Savoy Place, Victoria Embankment, London, W.C. 2. 

The meeting took the form of a joint discussion with the Meter and Instrument 
Section of the Institution of Electrical Engineers. 

Dr C. V. Drysdale, C.B., O.B.E., M.I.E.E. opened the discussion, of which 
the subject was “Electro-acoustics”. 


20 December 1938 

M. Blackman, H. A. T. Dyke-Hart, A. D. Misener and W. Railston were elected 
to be Fellows. 

It was announced that Council had elected the following to be Student Members : 
W. D. H. Blackman, F. D. Brown, A. Horseman, J. Hutchinson, D. G. Jones, 



xii Proceedings at meetings 

G. F. G. Knipe, H. R. L. Lamont, B. P. Mullins, S. Paterson, A. W. Pryce, 
W. C. Morgan. 

An address on “The structure of proteins” was delivered by Irving Langmuir, 
M.A., D.Sc., LL.D., For.Mem.R.S. 

The following papers were read in title: 

“Emission of negative ions from oxide cathodes”, by L. F. Broadway, Ph.D. 
and A. F. Pearce, Ph.D., AJnst.P. 

“The conductivity of thin films of thallium on a pyrex-glass surface”, by 
J. R. Bristow. 

“The band spectrum of antimony fluoride (SbF)”, by H. G. Howell, Ph.D. 
and G. D. Rochester, Ph.D. 

“The adsorption of oxygen and hydrogen on platinum, and their removal 
by positive-ion bombardment”, by C. W. Oatley. 

“The investigation of electron lenses”, by O. Klemperer, D.Sc. and W. D. 
Wright, A.R.C.S., D.Sc. 


3 . 4 . 5 January 1939 

The Twenty-ninth Annual Exhibition of Scientific Instruments and Apparatus 
was held at the Imperial College of Science and Technology. 

The following discourses were delivered: 

“The cyclotron and its applications”, by J. D. Cockcroft, M.A., M.Sc., 
F.Inst.P., F.R.S., on Tuesday, 3 January 1939. 

“Geophysical research in polar regions ”, by C. S. Wright, C.B., O.B.E., M.A., 
on Wednesday, 4 January 1939. 


13 January 1939 

The prizes and certificates awarded for the Tenth Competition in Craftsmanship 
and Draughtsmanship were presented. 

An address on “Physics and physicists of the eighteen-seventies” was delivered 
by Sir J. Ambrose Fleming, M.A., D.Sc., F.R.S., who in 1874 read the first paper 
at the inaugural meeting of the Society. 

The following papers were read in title: 

“A study of the atmospheric corrosion of metals and alloys at different tempera¬ 
tures by electron diffraction”, by M. Bound, Ph.D. and D. A. Richards, M.Sc., 
A.R.C.S. 

“The effect of cooling and of magnetic fields on crystal rectification”, by 
M. A. El Sherbini, M.Sc., Ph.D. and Y. L. Yousef, B.Sc. 

Some investigations of the spectral sensitivity of selenium-rectifier photo¬ 
electric cells”, by G. P. Barnard, B.Sc., A.Inst.P. 
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“Ultra-violet band systems of silicon monoselenide and monotelluride”, by 
R. F. Barrow, B.Sc. 

“Apparatus for electron-diffraction at high temperatures”, by R. Jackson 
and A. G. Quarrell, B.Sc., Ph.D., F.Inst.P. 


27 January 1939 

F. W. Chapman and H. L. Green were elected to be Fellows. The following were 
transferred from student membership to fellowship: G. L. J. Bailey, P. S. Brown, 
A. H. Cooke, R. C. Parker, D. H. Pamum. 

It was announced that Council had elected the following to be Student Members: 
R. A. Day, G. E. F. Fertel, C. G. Fitzpatrick, H. Hutchinson, A. C. Reid, S. G. 
Tomlin. 

The meeting took the form of a joint discussion with the Royal Astronomical 
Society on “The expanding universe”, opened by Professor G. Temple and 
Dr G. C. McVittie. 


10 February 1939 

L. H, Bainbridge-Bell, E. A. Guggenheim and A. H. Haworth were elected to be 
Fellows of the Society. The following were transferred from student membership 
to fellowship: G. E. Ashwell, R. Bruce, E. W. Foster, K. A. Harwood, G. J. Kynch, 
J. L. Michiels, I. W. Ramsay, E. E. Widdowson. 

The following papers were read: 

“Note on the bar pendulum”, by D. Owen, B.A., D.Sc., F.Inst.P. With 
demonstration. 

“Simple demonstration of the Peltier effect with approximate measurement”, 
by A. Campbell, M.A. With demonstration by L. Hartshorn, D.Sc. 

“Further measurement of the thermal and electrical conductivity of iron at 
high temperatures”, by R. W. Powell, Ph.D. 

The following papers were read in title: 

“Mutual and self inductors compensated for change of frequency”, by A. 
Campbell, M.A. 

“The electrical resistance of nickel amalgams”, by L. F. Bates, D.Sc., F.Inst.P. 
and J. H. Prentice, B.Sc: 

“An x-ray study of lattice distortion in copper, nickel and rhodium”, by 
G. W. Brindley, M.Sc., Ph.D. and P. Ridley, Ph.D. 


24 February 1939 

K. H. Waters and E. J. Whitmore were transferred from student membership 
to fellowship, and E. T. Purslow was elected to be a Fellow. 
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It was announced that Council had elected D. S. Box and G. R. Nicholson t< 
be Student Members. 

The following papers were read: 

“The diffraction of electrons by anthracene”, by A. Charlesby, G. I. Finch 
F.R.S. and H. Wilman, Ph.D. 

“Theory of the width of rings formed by electron-diffraction”, by G. P 
Thomson, MA, F.R.S. and M. Blackman, M.Sc., Ph.D. 

“Apparatus for electron-diffraction at high temperatures”, by R. Jacksoi 
and A. G. Quarrell, Ph.D., F.Inst.P. 

The following paper was read in title: 

“Spreading of paraffin oils containing fatty acids on aqueous solutions o 
calcium ions”, by E. H. Mercer. 


xo March 1939 
Annual General Meeting 

The minutes of the previous Annual General Meeting were read and acceptec 
as correct. 

The reports of the Council and the Hon. Treasurer were adopted. 

The officers and Council for 1939-40 and the auditors were elected. 

Votes of thanks were accorded to the retiring officers and Council and to th 
Governors of the Imperial College of Science and Technology. 


Extraordinary General Meeting 

Professors P. Debye and J. Perrin were elected to be Honorary Fellows. 


Ordinary Meeting 

H. Kolsky was transferred from student membership to fellowship, and J. Sayeri 
and K. E. Spells were elected to be Fellows. 

The following paper was read: 

“A falling-weight time switch: its standardization and application to the deter 
mination of the time constant of an inductive circuit”, by E. J. Irons, Ph.D, 
F.Inst.P. and G. A. Bennett, B.Sc. 

The following papers were read in title: 

“On the theory of electronic semi-conductors”, by B. R. A. NlJBOER. 
“Shear-stress systems and combined stress”, by J. J. Guest. 

A demonstration of the Volta contact electromotive force was given by T. Nicol 
B.A., B.Sc. 
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24 March 1939 

Geoffrey Wilmot Lobb was elected to be a Fellow, 

The Sixteenth Duddell Medal was presented to Mr Robert W. Paul, M.I.E.E. 
The Thomas Young Oration was delivered by Major-General M. N. Macleod, 
D.S.O., M.C., A.D.C., of the Ordnance Survey, Southampton, who took as his 
subject “Some recent developments in British surveying instruments”. 


20 April 1939 

An evening meeting was held at the British Scientific Instrument Research 
Association, 26 Russell Square, London, W.C. 1, by kind invitation of Mr A. J. 
Philpot, Director of Research and Secretary. 

Exhibits of graticules and coloured eyeshell glasses were arranged by the 
B.S.I.R.A. 

A discussion on “Lens computing” was opened by L. J. Comrie, M.A., Ph.D. 


28 April 1939 

A. A. Nasr and Evan James Williams were elected to be Fellows. It was an¬ 
nounced that Council had elected Edward Victor Denis Glazier to be a Student 
Member. 

The following paper was read; 

“A new method of creating electrification”, by Sir Ambrose Fleming, M.A., 
D.Sc., F.R.S. With demonstration. 

The following papers were read in title: 

“Ultra-high-frequency resonances in the positive-grid triode”, by A. C. 
Chipman. 

“Measurements of the intensity-distribution of the white x radiation reflected 
from a crystal; with a note on the dispersion of the atomic scattering factor of zinc 
near the K absorption edge”, by J. C. M. Brentano, J. Honeyburne and J. K. 
Berry. 

“The third spark spectrum of krypton, Kr iv”, by A. B. Rao and S. G. Krish- 

NAMURTY. 

“CN and AlO bands in the carbon arc”, by N. R. Tawde and S. A. Trivedi. 
A demonstration of the preparation and properties of photo-conductive crystals 
of the alkali halides was given by W. R. S, Garton, B.Sc., A.R.C.S. 


bz 
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4 May 1939 

The meeting was held in the lecture theatre of the Royal Institution, 21 Albe¬ 
marle Street, London, W. 1, by the courtesy of the Managers, and took the form 
of a joint discussion with the Chemical Society and the Royal Meteorological 
Society on “The upper atmosphere.” 

Professor F. A. Paneth, Ph.D. opened the discussion and spoke on “Direct 
chemical investigations”. 

The following also took part, and at the end of their contributions the subject 
was thrown open to general discussion: 

Professor S. Chapman, F.R.S. “ Spectroscopic and other evidence as to chemical 
composition and dissociation.” 

Dr G. M. B. Dobson, F.R.S. “The vertical distribution of ozone.” 

Dr F. J. W. Whipple, M.A. “Direct measurements and sound evidence.” 

Professor F. A. Lindemann, F.R.S. “Meteor evidence.” 

Professor E. V. Appleton, F.R.S. “Radio evidence.” 


12 May 1939 

Harry Schecter was transferred from student membership to fellowship, and 
George Henry Briggs and David Brunt were elected to be Fellows. 

The following paper was read: 

“A machine for the rapid summation of Fourier series”, by C. A. Beevers, 
D.Sc., F.Inst.P. With demonstration. 

A discussion followed this paper and was opened by L. J. Comrie, M.A., Ph.D. 

The following paper was read: 

“The structure of silver films”, by O. Goche and H. Wilman, Ph.D., F.Inst.P. 

The following papers were read in title: 

“The reproducibility of the platinum thermocouple at the freezing points of 
gold, silver and antimony”, by M. de Selincourt, B.A. 

Sensitivity of photographic films to x-radiation at very low temperatures”, 
by J. Reekie. 

“Comparison of cosmic-ray showers underground and at sea-level”, by D. H. 
Follett, M.A., F.Inst.P. 

“A note on the structure of insulin”, by I. Langmuir and D. Wrinch. 


26 May 1939 

The meeting was held in the Physics Department, Bedford College, Regent’s 
Park, N.W. 1, by kind invitation of Professor W. Wilson. 
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Christopher Noel Hunter Lock and Percival Albert Sheppard were elected to 
be Fellows, and Thomas Henry Redding was transferred from student membership 
to fellowship. 

It was announced that Council had elected Henry Llewellyn Hackforth and 
Bernard W. Soole to student membership. 

The following papers were read: 

“On the scattering of j8 particles by atomic nuclei”, by W. T. Davies, M.A. 

“The Principles of Fermat and Hamilton”, by W. Wilson, F.R.S. 

The following papers were read in title: 

“Note on the confirmation of the height-gain diffraction analysis on medium 
waves”, by T. L. Eckersley, F.R.S. and G. Millington, M.A. 

“The effect of the Lorentz polarization term in ionospheric calculations”, 
by J. A. Ratcliffe, M.A. 

“Potential distribution in cylindrical thermionic valves”, by J. Crank, D. R. 
Hartree, F.R.S., J. Ingham and R. W. Sloane. 

“A new method of determining the properties of dielectrics at centimetre 
wave-lengths”, by M. Velasco, D.Sc. and G. L. Hutchinson, Ph.D. 


3 June 1939 

By kind permission of Professor A. C. Menzies, M.A., D.Sc., of the Physics 
Department of University College, Southampton, and Major-General M. N. 
MacLeod, D.S.O., M.C., A.D.C., Director of the Ordnance Survey Office, a meeting 
was held at Southampton. The programme was as follows: 

1. (a) Introductory address, and 

(b) The spectroscopic work of the Physics Laboratory, by Professor A. C. 
Menzies, M.A., D.Sc. 

(c) Work on molecular spectra, by H. G. Howell, Ph.D. 

(d) Determination of specific heats of metals at extreme temperatures, by 
T. F. Harle, B.Sc. 

2. (a) Measurement of surface tension by a drop-volume method with a micro¬ 
meter syringe, and 

(b) Experiments on surface films, by Professor N. K. Adam, M.A., Sc.D., 
F.R.S. and J. S. F. Gill, B.Sc. 

3. The work of the Engineering Department, by Professor T. R. Cave-Brown- 
Cave, C.B.E. 

4. Demonstrations and exhibits in the laboratories by members of the staffs. 
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9 June 1939 

George Ronald Cooper and Walter S. C. Watkins were elected to be Fellows. 
The following papers were read: 

“A mechanical model illustrating the principle of the cyclotron”, by F. A. B. 
Ward, M.A. Ph.D. With demonstration. 

“Atmospheric disturbances due to thundercloud discharges”, by F. W. 
Chapman, Ph.D. 

“Vibrations of free square plates. Part I: Normal vibrating modes”, by Mary 
D. Waller, B.Sc., F.InstP. 

The following papers were read in title: 

“The gamma-ray measurement of radium”, by T. H. Oddie, M.Sc. 

“The application of a new photoelectric method to the determination of the 
optical constants of some pure metals”, by J. Bor, A. Hobson and C. Wood. 
“The optical constants of copper-nickel alloys”, by J. Bor, A. Hobson and 

C. Wood. 

“The electrical resistance of ferromagnetic amalgams”, by L. F. Bates, 

D. Sc., Ph.D., F.InstP. and W. P. Fletcher. 


23 June 1939 

The following papers were read: 

“The velocity-distribution in a liquid-into-liquid jet. Part II: The plane jet”, 
by E. N. da C. Andrade, F.R.S. 

“The relative luminosity of radiation for the average photometric observer, 
Part II”, by J. S. Preston, M.A. 

The following papers were read in title: 

“Oblique refraction through a cylinder”, by H. W. Lee, B.A. 

“Some investigations on the influence of the angle of light incidence on the light 
diffraction by supersonic waves”, by E. A. Neumann, D.Phil. 

“The diurnal variation of absorption of wireless waves”, by F. W. G. White, 
M.Sc., Ph.D. and Ti W. Straker, M.Sc. 

“The intermediate ions of the atmosphere”, by A. R. Hogg, M.Sc. 

“Note on the dispersion of a prism”, by F. E. Sutton, B.Sc. and A. Harvey, 
Ph.D. 

“Further results on the magnetism of the palladium and platinum triads oi 
elements”, by B. Cabrera and A. Duperier. 

A demonstration of the winding and adjustment of resistance coils of precision 
was given by D. C. Gall, F.Inst.P. 
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ii, 12 , 13 July 1939 

An informal conference on internal strains in solids was held at the H. H. 
Wills Physical Laboratory, University of Bristol, under the joint auspices of the 
Physical Society and the University of Bristol. 

The following subjects were discussed: 

“Slip in metal crystals.” 

“Diffusion in solids.” 

“Precipitation hardening.” 

“ Recrystallization and effect of grain size on mechanical properties of solids.” 
“Internal friction in solids.” 

“The magnetization curve of ferromagnetic materials.” 

The following took part in the discussion: E. N. da C. Andrade, R. Becker, 

A. J. Bradley, W. L. Bragg, G. W. Brindley, J. M. Burgers, W. G. Burgers, 

B. Chalmers, P. Ewald, G. I. Finch, M. Gayler, H. Jones, J. E. Lennard-Jones, 
D. A. Oliver, E. Orowan, G. D. Preston, E. C. Stoner, C. Sykes, G. I. Taylor, 
W. A. Wood. 



REPORT OF COUNCIL FOR THE YEAR 
ENDING 28 FEBRUARY 1939 

ANNUAL'GENERAL MEETING 

An ann ual general meeting was held at the Imperial College of Science and Technology 
on 11 March 1938, for the presentation and adoption of the Reports of the Council and 
the Honorary Treasurer and for the election of Officers and Council. 

SCIENCE MEETINGS 

During the period under review twenty science meetings were held, of which seventeen 
were occupied by demonstrations, papers and discussions, and three by the Guthrie 
Lecture and special Addresses. Twelve demonstrations were given, 27 papers were read 
and discussed, and 55 papers were read in title only, the total number of papers presented 
being larger by eighteen than in the corresponding period of 1937-38. 

Sixteen of the meetings took place in the Physics Department of the Imperial College, 
by kind permission of the Rector and Governing Body and of Professor G. P. Thomson; 
one meeting for papers on optical subjects alone was held in the evening of 2 June 1938 in 
the rooms of the Royal Society, by the courtesy of the President and Council; and a science 
meeting was held in the lecture theatre of the Cavendish Laboratory on the occasion of the 
visit to Cambridge on 18 June 1938, by the kind invitation of the Acting Director, Professor 

E. V. Appleton. 

Three of the meetings were held jointly with other Societies for the discussion of 
selected subjects: (i) with the Chemical Society in the rooms of that Society, Burlington 
House, on 17 March 1938, for a discussion on “ Electron diffraction and surface structure ”, 
opened by Professor G. I. Finch; (ii) with the Meter and Instrument Section of the 
Institution of Electrical Engineers, at the Institution, Savoy Place, on 9 December 1938, 
for a discussion on 4 ‘Electro-acoustics”, opened by Dr C. V. Drysdale; and (iii) with the 
Royal Astronomical Society, at the Imperial College on 27 January 1939, f° r a discussion 
on “The expanding universe”, opened by Professor G. Temple and Dr G. C. McVittie. 

The programme card for the session 1938-39 represents a departure from previous 
practice in that it indicates in advance the nature of the scientific business to be transacted 
at each meeting in the session. 

The Council has recently decided that in the session 1939-40 two or more evening 
science meetings will be held at centres outside London. 

SUMMER MEETING AT CAMBRIDGE 

The Summer Meeting took place at Cambridge on 18 June 1938, when three parties 
of members of the Society and their friends visited (i) the Radio Research Field Station and 
the Solar Physics Observatory, by invitation of Professor E. Y. Appleton and Professor 

F. J. M. Stratton, (ii) the works of the Cambridge Instrument Company, Ltd., by the 
courtesy of the Directors, and (iii) the Cambridge University Press, by kind invitation 
of the Syndics. Lunch was taken at St John’s College, by kind permission of the Master 
and Fellows. A science meeting was held at the Cavendish Laboratory, where short 
addresses were given by Professor E. V. Appleton, Dr J. D. Cockcroft and Mr P. I. Dee. 
This was followed by a tour of the Cavendish and Royal Society Mond Laboratories 
arranged by Mr J. A. Ratcliffe, during which demonstrations of the high-voltage installa¬ 
tion, the cyclotron, and the cryogenic and other investigations in the laboratories were 
given by members of the staff. 
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GUTHRIE LECTURE 

The twenty-third Guthrie Lecture was delivered on n November 1938 at the Imperial 
College by Professor A. V. Hill, who took as his subject “The transformations of energy 
and the mechanical work of muscles 

SPECIAL ADDRESSES 

An Address on “The structure of proteins” was given by Dr Irving Langmuir on 
30 December 1938; it was followed by a discussion. 

An Address on “Physics and physicists of the eighteen-seventies” was given on 13 
January 1939 by Sir Ambrose Fleming, who is now the only survivor of the ninety-nine 
original members of the Physical Society of London, and who had read the first paper at 
its inaugural meeting on 21 March 1874. This paper is being reprinted, together with the 
Address, in the present volume of the Proceedings . The Address was recorded by the 
British Broadcasting Corporation, and parts of it were broadcast later in the evening. 

DUDDELL MEDAL 

The fifteenth Duddell Medal, the award of which was announced in the previous 
report of the Council, was presented on 13 May 1938 to Professor Hans Geiger of Tubingen 
University in recognition of his invention and subsequent improvemeht of his ionization 
counters. 

The Council has awarded the sixteenth Duddell Medal to Mr Robert W. Paul for his 
work on the invention and design of scientific instruments and apparatus, notably the type 
of intermittent motion commonly used in cinematograph projection, unipivot electrical 
measuring instruments, and the Bragg-Paul pulsator for prolonged artificial respiration. 

CHARLES CHREE MEDAL AND PRIZE 

Through the generosity of Miss Jessie S. Chree of Edinburgh, a memorial to her 
brother, the late Charles Chree, Sc.D., F.R.S., a Past President of this Society, is to be 
founded. It is to take the form of an award known as the Charles Chree Medal and Prize, 
which is to be made, without restriction as to nationality, at intervals of not less than two 
years for distinguished research in one or more of the branches of knowledge in which 
Dr Chree was especially interested. At Miss Chree’s request the Council has undertaken 
to administer the prize fund and make the award from time to time, and has appointed a 
committee to consider the regulations^which shall govern the award. 

HERBERT SPENCER BEQUEST 

During the period under review the Council has received and considered one application 
for a research grant from a Fellow of the Society. No grant has been made. 

The neutron source, which, as was stated in the previous report, the Council had 
decided to purchase, was received in June 1938 and loaned to Professor G. P. Thomson. 
It consists of 100 milligrammes of radium in the fonn of the chloride mixed with 600 
milligrammes of beryllium in a sealed monel metal container. 

About 20 volumes have been purchased for the Joint Library of the Physical Society 
and the Institute of Physics. 

PROGRESS REPORTS 

Volume 5, which was recently published, is even more comprehensive in scope than 
the four preceding volumes. The sales of Volumes 3 and 4 have been highly satisfactory. 
The stock of copies of Volumes 1 and 2 is exhausted; copies of these volumes offered for 
sale in good condition will be repurchased by the Society. 
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ANNUAL EXHIBITION 

The Twenty-ninth Annual Exhibition of Scientific Instruments and Apparatus was 
held on 3,4 and 5 January 1939 at the Imperial College, by the courtesy of the Governing 
Body. The attendance during the three days was about 8700. 

Eighty-one firms exhibited their products in the Trade Section; in addition three firms 
displayed technical literature. The Research and Educational Section contained con¬ 
tributions from twenty-seven University laboratories, research associations, Government 
and industrial laboratories, and private individuals. As in previous years, an Apprentices’ 
and Learners* Competition in craftsmanship and draughtsmanship was held in conjunction 
with the exhibition, and the work entered for the competition was on view. The prizes 
and certificates awarded in the competition were presented to successful candidates at the 
meeting on 13 January 1939. 

The following discourses were delivered during the exhibition: 

“The cyclotron and its applications**, by J. D. Cockcroft, M.A., Ph.D., F.R.S. 
“Geophysical research in polar regions”, by C. S. Wright, C.B., O.B.E., M.A. 

As in previous years, permission was given to the Institute of Physics to publish these 
discourses in the February number of the Journal of Scientific Instruments . 

PEDAGOGIC PAPERS 

The Council has decided that papers dealing with matters of a purely pedagogic nature 
may be accepted for publication in the Proceedings , provided that they do not exceed four 
pages (about 2200 words) and are of the standard of University instruction. As far as 
possible these papers will be grouped together in one part of each volume of the Pro¬ 
ceedings. 

REPRESENTATION OF THE SOCIETY 
The Physical Society has been represented on other bodies as follows: 

British National Committee for Physics: Mr J. H. Awbery, Mr T. Smith, Professor 
A. M. Tyndall. 

British National Committee for Scientific Radio: Professor E. V. Appleton, Professor 
L. S. Palmer. 

Committee of Management of Science Abstracts: Professor A. Ferguson, Mr J. H. Awbery, 
Dr W. Jevons, Dr D. Owen. 

Board of the Institute of Physics: Dr D. Owen, Dr A. B. Wood. 

British Standards Institution Committee for Photographic Standardisation and Preparation 
of Standards for Sensitometry: Dr R. W. B. Pearse. 

British Standards Institution Committee on Methods for the Measurement of Flow and 
Pressure of Gases and of Temperature: Dr E. Griffiths. 

British Standards Institution Committee on Units and Data: Dr H. T. Flint. 

Geophysical Committee of the Royal Astronomical Society: Dr F. J. W. Whipple. 

Joint Deputation to the Postmaster General regarding the Suppression of Electrical 
Interference with Radio: Professor E. V. Appleton, Professor G. I. Finch, Dr D. Owen. 

The Society has also been represented at the following functions : 

British Standards Institution Conference on the Standardisation of Insulation and 
Hardboard, 24 March 1938: Mr J. H. Awbery. 

Benjamin Franklin Celebrations at the Franklin Institute, Philadelphia, 10-21 May 1028: 
Professor W. F. G. Swann. 

University of St Andrews Celebration on 5 July 1938 of the 300th Anniversary of the Birth 
of Professor James Gregory: Professor E. Taylor Jones. 
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La Semaine Internationale contre le Cancer, 23-30 November, in Paris, for the commemor¬ 
ation of the discoveries of Radium, Hertzian Waves, x Rays and Electrons: Professor 
G. P. Thomson. 

OBITUARY 

The Council records with deep regret the deaths of Dr C. E. Guillaume and Dr G. E. 
Hale, who were Honorary Fellows; and of the following Fellows: Mr D. Baxandall, 
Monsieur A. Callier, Mr A. M. Codd, Dr J. E. R. Constable, Mr P. A. Cooper, Mr R. 
Kanthack, Dr L. Lownds, Sir Robert Mond, Professor A. W. Porter, Dr S. Rideal, 
Mr F. R. C. Rouse, Professor W. Stroud, Mr T. Smithies Taylor, Dr A. E. H. Tutton. 


MEMBERSHIP ROLL AT 31 DECEMBER 1938 



Total 

31 Dec. 1937 

Changes during 1938 

Total 

31 Dec. 1938 

Honorary Fellows 

II 

Deceased . 


2 

9 

Honorary Fellows 

7 



— 

7 

{Optical Society) 






Ex-officio Fellows 

4 



- 

4 

Ordinary Fellows 

940 

Elected . 


40 




Student transfers 


6 






46 




Deceased . 






Resigned or lapsed ... 

32 







46 




Net change 


— 

940 

Student Members 

79 

Elected . 


33 




Transferred ... 

6 





Resigned or lapsed ... 

£5 



. 




21 




Net change . 


12 

. . . 1 

91 

Total Membership 

1041 

Net increase. 


10 

1051 









REPORT OF THE HONORARY TREASURER 
FOR THE YEAR ENDED 31 DECEMBER 1938 

The accounts show an excess of expenditure over income of £122, 6s. M. This is 
largely accounted for by the increase in the cost of printing and steps have been 
taken to effect economies in this direction. The publication of the Annual Reports 
on Progress in Physics has continued without charge on the general funds of the 
Society. 

The unexpended balance of the Herbert Spencer Bequest now amounts to 
£581. 17 s. od., of which about £543 has been allocated. 

No change has been made in the Society’s investments. These have been valued 
at market prices on 31 December 1938, through the courtesy of the Manager of 
the Charing Cross Branch of Westminster Bank, Ltd. 


2 March 1939. 


(Signed) C. C. PATERSON 
Honorary Treasurer 
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* Eighty-six Fellows paid reduced subscriptions by the arrangement with the Institute of Physics, the total rebate being £34. 4s. Od. 
f Voluntary subscriptions are subscriptions paid bv Fellows who compounded for the low sum of £10. 
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£ »• d. 
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14# Fellows paid £21 294 0 0 
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A. V. Hill 

—and are outside the conscious control of the animal. All of these muscles consist, 
as to 80 per cent of water, as to the remainder chiefly of protein, but also of salts, 
carbohydrates and various chemical substances. Much has been learnt in recent 
years about the chemical processes occurring in muscle and the enzymes which 
catalyse them; but the story is complex and as yet by no means clear, and its details 
are, for the present purpose, irrelevant. All we need to know is that muscle is 
liberally supplied with oxygen by diffusion.from its blood vessels, that it contains an 
ample supply of fuel for oxidation, and that a variety of chemical reactions are known 
to occur in it during activity to provide energy for the work it does and the heat it 
gives out. 

The mechanical activity of muscle resulting from stimulation, namely, shortening 
or the development of an external force, is probably associated with alterations in 
the mutual relations of an ordered array of protein molecules. A comparison of the 
molecular patterns of resting and of active muscle, by modem physical methods, 
should throw much light on the mechanism of muscle. That remains, however,* 
largely a matter for future achievement: though research may be guided by the 
relationships which we are later to discuss. 

The anatomical unit of voluntary muscle is the single fibre, a long thin cylinder 
about 50 p. in diameter, to which comes a nerve fibre conveying impulses which 
cause it to contract. With the nature of those impulses we are not now concerned: 
it is sufficient that their action can be imitated electrically, in all significant respects, 
by short pulses of current, for instance by condenser discharges, applied directly 
to the muscle. When a muscle fibre is stimulated by a single shock it contracts and 
relaxes again: with a succession of shocks at a sufficient but not too high a frequency, 
it remains contracting until the succession of shocks, the stimulus, ends. A con¬ 
tracting muscle shortens and does work if its load is not too great: otherwise its 
tension rises and remains up until the stimulus ends. 

At rest a muscle uses oxygen and gives out heat at a very low rate depending on 
its temperature. During activity it uses energy at a high rate, part of the energy 
appearing as work if the mechanical conditions allow, the larger fraction, however, 
as in other engines, as heat. The rate at which energy is liberated is not constant, 
but depends on how fast the muscle is shortening and on how much work it is 
doing: in fact, as we shall see, the rate of energy liberation depends on the load. 

The work done by a stimulated muscle is due entirely to its capacity for shortening 
under a load. A change of volume does occur, but this is so small that it has no 
significant mechanical effect. A very important characteristic of muscle is the way 
in which the speed of shortening, and the rate of doing work, depend on the load. 
When the load is great the speed of shortening is low, when the load is small the 
speed of shortening is high, with zero load the muscle attains a certain limiting 
speed which will be referred to later. When a muscle contracts at constant length 
it exerts a certain force which is known as the isometric tension: with loads greater 
than this it lengthens, faster the greater the load, until at a certain limiting load it 
gives or relaxes ”, just like a wire stressed beyond its elastic limit. 

Consider a contraction steadily maintained by a series of shocks of frequency 
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high enough to give complete fusion of the individual responses. Let us vary the 
load and determine experimentally, in different contractions, how the speed of 
shortening depends on the load. It is very important, for simplicity in interpreting 
the results, that the load should be constant, that it should demand a constant force 
in the muscle to overcome it, whatever the velocity of acceleration. This is because 
the contractile part of the muscle, as we shall see, has in series with it an elastic 
part which instantly alters its length if the load on it changes. Constancy of load 
requires that the lever system used for applying the load should be without friction 
and without inertia. Friction can be sufficiently avoided by the use of miniature 
ball-bearings (r.m.b.) : inertia by the use of the classical isotonic lever, consisting 



Figure i. Relation between speed of shortening and load in isotonic contraction of frog’s muscle 
at o° c. Circles, observed points: curve calculated from the characteristic equation 

(P+a)(v+b) = (P 0 +a)b, 

where P is load, v is velocity,, P 0 is isometric tension and a and b are constants. 

of a thin metal strip with a load hung very close to the axis. At the speeds with 
which we are concerned the work done by a muscle shortening against an isotonic 
load of this kind is all used in lifting the load, no significant part of it appears as 
kinetic energy in the lever system. 

In a given contraction, if the load is constant the speed of shortening is constant 
also (see figure 8 below): this is not true if the muscle shortens more than a certain 
distance, but that need not be exceeded, and we want to avoid complications. The 
speed is simply measured from the slope of a record on a drum. The relation between 
load and speed of shortening is shown in figure 1. It seems natural enough at first 
that the speed should be greater the less the load. This is not so simple, however, 
when we come to analyse it. We are apt to think in terms of our muscular sense, 
and nearly always in ordinary life a greater load is associated with a greater inertia. 
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If a contracting muscle behaved like a long stretched spring, an analogy which jumps 
to the mind at once, it would naturally give a greater velocity to a smaller mass: the 
acceleration, however, not the velocity, would then at first be constant. In the actual 
experiment, moreover, the load is without appreciable inertia, and the simple 
analogy of the stretched spring fails. If we wish to stick to the spring as a model it 
must be one possessing viscosity, a damped spring in which that part of its tension 
which is not overcoming external force is used in overcoming internal resistance. 
Then, with a greater external load, less force would be available internally for 
producing a change of form, and the velocity of shortening would be less. 

This modified analogy of the damped elastic body has dominated current views 
of muscles for some time. In its simplest form it required that the velocity of 
shortening should increase linearly as the load decreased. Let P 0 be the tension of 
the spring, the maximum force exerted at zero speed, kv the viscous resistance to 
shortening with velocity v, and P the load: then 

P 0 =P+kv. 

This linear relation is not the one which is found experimentally. Presumably in 
the rather complex heterogeneous system of muscle the viscous resistance was not 
simply proportional to the velocity, but to some function of it: for example, as we 
shall see, to v/(v+b), where & is a constant. vj(v + b) increases with, but not as fast 
as, the velocity. Again, the viscosity, if it be viscosity, is present only to a very 
minor degree in resting muscle, as is easily found by stretching and releasing it. 
Presumably the “viscosity”, like the tension, was a property of the active state: 
stimulation produced in the muscle a new elastic system, of shorter natural length, 
and one endowed with considerable hysteresis. Strong evidence indeed existed, 
for example changes of double refraction, of a molecular pattern in muscle, which 
altered in activity, and the hysteresis observed might be due to the time taken by 
the molecules in forming new patterns when the muscle shortened and its external 
form was changed. Until the new pattern was complete the external force was not 
fully developed: in changing form at a constant speed, the force was diminished by 
a constant amount proportional to v/(v+b). 

This then was the picture. In the resting state a muscle is an elastic and slightly 
viscous body, with a natural length l r . In the active state it suddenly becomes a new 
elastic and highly viscous body, with a natural length l a considerably less than l r . 
It develops a force therefore and tends to shorten. The active state is due to a kind 
of crystalline pattern in the protein molecules tending towards a shorter length, 
and the apparent viscosity is the result of the time lag of the molecules in finding 
new places when the external shape of the muscle alters: until they find new places 
the full external force cannot be developed. This view of the matter must, I think, 
be replaced by quite a different and a more exact one, based on considerations of 
energy regulation, which we will discuss. It is possible, however, that in some 
respects, and for the case of some muscles, we may have to return to it. 

The experimental relation between load and speed is rather exact and can be 
expressed by a simple equation 

(P+a) (v + b )=a constant, 
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where P is load, v is velocity of shortening, and a and b are constants to which we 
will refer later. The curve is a rectangular hyperbola with axes at P= —a, z>= — b. 
If P 0 be the isometric tension, for which v = 0, the equation becomes 

(P 4 * #) (z> 4 6) = (P 0 4 * fl) b . 

This can be written P 0 =P4- (P 0 +0) , 

which, by analogy with the equation, 

P 0 =P+kv, 

suggests, on the hypothesis of the damped spring, that the internal resistance is 
proportional not to the velocity but to v/(v+b) as referred to earlier. We shall see, 
however, that quite a different explanation of the characteristic equation can be 
given, one based on the manner in which the energy output of the muscle is 
regulated. This explanation has the convincing evidence in its favour that the 
constants a and b can be determined independently by measuring the heat of 
shortening and the rate of energy liberation with a thermopile and galvanometer, 
and the values so determined prove to be the same as those found by fitting the 
equation to the purely mechanical observations of load and speed. 

Let us then turn to the heat-measurements. Figure 2 is a drawing of the 
thermopile which has made these particular measurements possible. It is a master¬ 
piece of Mr A. C. Downing’s skill. Its particular virtue is its thinness, giving it 
extreme quickness in taking up the temperature of the muscle and an almost 
negligible heat capacity. Quickness is necessary since the processes which we wish 
to follow are very rapid. The thermopile has to lie directly in contact with the muscle, 
so must be effectively insulated: after soaking in salt solution for hours its mica and 
bakelite, only 18/x. thick on each face, still maintain a resistance of many megohms 
between muscle and circuit. It has 42 couples of constantan-manganin, 15 (i. thick, 
in a length of 14 mm., and it gives 1-56 mV. per i° c. It has a special provision of 
dummy couples at each end, so that when the muscle shortens, or relaxes, no part 
of it shall come on to the active thermopile which has not previously been subject 
to the same thermal conditions, particularly of heat loss by conduction, as exist, in 
the part of the muscle already on the thermopile. It must be remembered that a 
muscle is always producing heat, and a difference of thermal conduction means a 
difference of temperature in the part affected. By these dummy couples serious 
errors are avoided: indeed this simple trick of protecting the active part of the 
thermopile from muscle of a different temperature coming on to it during shortening 
has been the chief factor in obtaining the present apparently rather accurate results. 
The thinness of the thermopile has given the necessary speed of response—80 per 
cent of the full e.m.f. is produced within 12 msec, of the rise of temperature causing 
it—and the protection of its active elements against temperature differences in the 
muscle moving over them has made the results reliable. 

If, however, justice is to be done to a rapid thermopile it must be connected to 
a rapid galvanometer, one with a natural period, say, of 50 msec, or less. Now no 
galvanometer with such a period has—or can have—anything like the required 
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sensitivity: about 20 times the deflexion is required. The obvious suggestion oi 
amplification by thermionic valves can be put aside, since the temperature changes 
are small and we have to read to something less than o-i ju.v.: no existing method ol 
amplification is steady to that degree. A more sensitive thermopile, with a much 
larger number of couples, might conceivably be built, not by soldering where 
the limit has already been nearly reached, but perhaps by electrodeposition, 01 
sputtering, of the active metals: a twentyfold increase of sensitivity, however, in 



Figure 2 . Thermopile for muscle heat. I (a) end view and I (£) side view of element, unmounted. 
II, end view of element mounted: hot junctions in middle of groove. Ill, complete instrument 
with pair of muscles, m, clamped at p and connected by thread and chain ( h , k) to recording lever: 
«, stimulating electrodes. IV, enlarged view of portion of element in groove: u, 42 insulated 
couples, protected by v, 20 , and t, 3 insulated dummies. 


this way, is not at present within sight. A resistance thermometer can be shown 
to be much less effective than a thermopile. The only thing to do is to choose 
a galvanometer of suitable period and then to magnify its deflexion. 

Fortunately this can be done by photoelectric means, the light returning from 
the mirror of the primary galvanometer G x falling upon a differential photo-cell and 
producing a current which deflects a secondary galvanometer (? a , figure 3. An 
adjustable fraction of the current from the photo-cell is fed back into G x in order to 
make it quicker and more stable: by this the sensitivity can be set to any value 
required; and any unnecessary sensitivity is not wasted but used to improve the 
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speed and steadiness of the system. The method works well and provides the 
sensitivity required. The deflexion resulting from a sudden rise of temperature of 
the muscle is nearly complete in 50 msec., figure 4. 

Hitherto photographic recording has been used. With the unlimited amplifica¬ 
tion, however, which is possible with a differential photo-cell the secondary galvano¬ 
meter can be of the pointer type, and a system is being constructed by which the 



Figure 3 . Circuit of coupled galvanometers. Th } thermopile, connected to primary galvanometer, 
throwing light on to differential photo-cell P. R X ,R 2 , resistances for adjusting feed-back to G 1 . 
G 2t secondary galvanometer, magnifying movement of G t . S, shunt to G 2 , for adjusting 
damping. 



Time (sec.) 

Figure 4 . To illustrate speed of recording muscle heat, after short or instantaneous heating. 

A , 1930 (lower time scale); B, 1933 ; C, 1933 ; D, 1937 ; E, 1938 . 

movements of the primary galvanometer will be recorded, after amplification, on 
a smoked revolving drum. This arrangement may be useful whenever small e.m.fs. 
too small for ordinary amplification, have to be recorded at high speed. 

In figure 5 (A) the lines A, E and K are heat deflexions produced by a muscle 
contracting isometrically—i.e. without shortening. The rate of heat production is 
greater at first and in a second or two becomes nearly constant. The deflexions L> 
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Time marks (o-a sec.) 
A 




Figure 5 . Heat deflexions during isometric and isotonic contractions. (A) A, E, K, isometric 
N, M and L , release of 9*1 mm, under small load, at start, at 0*9 sec. and at i -8 sec. B, C and D > 
shortening under small load through 2 , 3 J and 5 mm. J, H, G and F, shortening 5*2 mm. 
agamst 3 , 6,14 and 25 g. load. (B) A and E f isometric. B , C and D , shortening under small load 
through 3 * 4 , 6*5 and 9*6 mm. /, H t G and F, shortening 6*5 mm. under loads of 2 , 13 , 24 and 
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M and N were given when the muscle was allowed to shorten rapidly 9 mm. under 
a small load of 3 g. The beginning and the end of shortening are clearly shown by the 
angles in the curves. Extra heat is produced when shortening is permitted, and the 
amount of it is the same whenever the shortening occurs. The deflexions B, C and D 
were produced by shortening under a small load through various distances, 2, 3J 
and 5 mm. Careful measurement in such cases shows that the extra heat is directly 
proportional to the amount of shortening. The deflexions J, H , G and F were due 
to shortening 5*2 mm. against various loads, 3, 6, 14 and 25 g. The greater the load 
the slower the shortening and the appearance of the extra heat, but careful measure¬ 
ment now shows that the total extra heat is the same whatever the load. With a 
greater load, of course, correspondingly more work is performed: but the extra 
heat for shortening is the same. A similar set of effects if shown in figure 5 (B), for 
shortening at the start. We see, therefore, that the process of shortening as such 
causes an extra liberation of heat, that this heat is proportional to the amount of 
shortening, and that it is independent (a) of the moment at which shortening occurs; 
(b ) of the load, the work done, or the speed of shortening; and (c) as has been found 
in experiments made on the same muscle at different temperatures, after allowing 
for the alteration of force exerted, of the temperature. 

Let a? be the distance which a muscle shortens; then the shortening heat, expressed 
in dynamical units, is ax. a is found to bear a very constant relation to Po, the 
maximum force which the muscle can exert in an isometric contraction: the mean 
value of a/P 0 is 0-25. It is as though the shortening of the muscle were resisted by 
a constant frictional force equal to one-quarter of the isometric tension, the work 
done against this resistance being degraded into heat. The maximum force of frog's 
muscle is about 2 kg./cm? of fibre cross-section, so the apparent resistance is 
about 500 g. In human muscle the maximum force is several times as great, so the 
apparent resistance to shortening is probably 1 or 2 kg./cm?, a fairly considerable 
quantity. The shortening heat may require delicate thermal methods for its detection 
and measurement, but if we express it in dynamical units we see how important it 
really is. 

When a muscle shortens, then, it gives extra heat ax, but it also does work 
Px , where P is the load. The total extra energy therefore is (P+ a) x. For very slow 
shortenings P may be nearly equal to P 0 , the isometric tension, so the work may be 
nearly four times the shortening heat. For rapid shortenings P must be small, and 
the work becomes small compared with the shortening heat. The rate at which 
extra energy is liberated in shortening is (P+ a) dx/dt or (P+ a) v, and a very simple 
and striking relation is found experimentally to exist between this and the load, as 
shown in figure 6. The rate of extra energy liberation is a linear function of the load, 
(P+a) v~ b (P 0 -P), where b is a constant of the dimensions of a velocity, and in 
frog's muscle at o° c. is about ^ of the muscle's length per second. Unlike a/P Q , b 
is considerably affected by temperature, being about doubled by a rise of io° c. 

Now the equation ( P+a)v=b (P 0 -P) may be written, . 


(P+a) (z> + 6) = (P 0 +tf) b, 
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and this is the very equation which we found earlier to describe the relation experi¬ 
mentally observed between load and speed. The constants a and b are the same 
whether we determine them directly by measurements of heat and work, or indirectly 
by fitting the equation to the experiments on load and speed. Thus the form of the 
relation, given in figure i, between speed of shortening and load requires no specia 
hypothesis of viscosity or hysteresis to explain it: it is an inevitable consequence o. 
the two facts, independently found by measurement of heat and work, (a) tha 
shortening as such is accompanied by a proportional liberation of heat, which is 
independent of all other conditions; and (b) that the rate at which energy is liberatec 
decreases linearly with the load on the muscle, as the load is increased. 



Figure 6. To show rate of total energy liberation (in excess of isometric) as function 
of load during muscular shortening. Seven consecutive experiments. 


Reasonable and attractive, therefore, as the viscosity hypothesis appeared it i 
found to be completely unnecessary, and we are left with the problem of explaininj 
(if we can) (a) the heat of shortening and (b) the decrease of total energy rate wit] 
increasing load on the muscle. We will return to that later. 

We have dealt so far with the case of a muscle shortening under a load less thai 
the isometric tension. What happens when the load is greater? The equatioi 
(P+a) v=b (P 0 - P) suggests that if P is greater than P 0 then v will be negative: thi 
is correct (see figure 7). If P is not too great the muscle lengthens slowly and th 
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work done by the falling load does not reappear as heat. The extra energy rate 
(P+a) v becomes negative, and the total energy given out by the muscle is less than 
in an isometric contraction (figure 7 B: curve D). If P is too great the extra energy 
rate {P+a)v should become large and negative, and so might reduce the total 
energy rate too nearly to that of the resting muscle: the contractile state, depending 



Time marks (o -2 sec.) 


lilt 



Figure 7 (A). Upper, heat deflexions; lower , mechanical records; during isometric contractions and 
during lengthening under various loads. E f isometric (long), 40 g. A, shortening under 2*5 g., 
then isometric (short). B , C, D, lengthening under 52 , 57 and 63 g. 



Time (sec.) 

Figure 7 (B). Heat deflexions: A, isometric (long); B, isotonic, small load, then isometric (short); 
C, isotonic, small load, then lengthening under 59 g. D, net energy liberated during lengthening, 
i.e. (heat)-(work). B, mechanical record: note give, then slow lengthening. F, sudden give 
under 68 g. 


on a continual liberation of energy, might no longer be maintained. This is what we 
find: with too great a load the muscle gives, just as it does in relaxation when the 
stimulus ends, and the work of the load is turned into heat. For technical reasons 
the experiments on lengthening are very difficult, and at present an exact quantitative 
parallel cannot be drawn: qualitatively, however, the relations which have been 
established for shortening muscle seem to apply, with the necessary change of sign, 
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to lengthening muscle, showing that the processes involved are, to that extent at 
least, reversible. Had viscosity really been the basis of the relation between load 
and speed that reversibility could not have been found. 

We have considered so far the case of a contraction continuously maintained: 
it is interesting to see what happens when the stimulus ends and the muscle relaxes. 
In figure 8, A is the heat record of an isometric contraction due to a stimulus of 
o-6 sec. duration. B is the heat record and b the mechanical record of an isotonic 
contraction due to the same stimulus in which 39 g. was raised and held up, so that 
in relaxation no work was done on the muscle. C and c are the heat and mechanical 



Figure 8 . To show heat deflexion during absorption of mechanical energy in relaxation. o *6 sec. 
stimulus. A , isometric. B, isotonic, 39 g. load, all but 3 J g. held up in relaxation. C, isotonic, 
39 g. load, bearing on muscle in relaxation, b and c corresponding mechanical records. 

records of the same isotonic contraction in which the load was not held up but 
allowed to bear on the muscle during relaxation. The work done by the muscle in 
contraction was turned into heat in relaxation, and the excess of C over B is found 
in fact to be equal to the work. In this particular case the work was 30 per cent of 
the whole energy given out by the muscle. Apparently the process of relaxation is 
entirely irreversible: the muscle just gives under the load, as a wire gives under a 
tension beyond its elastic limit, and the work of the load is turned direct into heat. 

It will occur at once to an engineer that the observed relation between load and 
speed, figure 1, implies the existence of an optimum load, one with which the power 
output of the muscle is greatest. The rate of doing work is Pv . Using the characteristic 
equation this becomes bP (P 0 -P)/(P+a) which can be shown to be a maximum 
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when P/a = <\/(i + P 0 la) — i. In the frog P 0 /a = 4, so that P/P 0 =0*31: that is, the 
maximum power output occurs with a load about T 3 o of the maximum force which 
the muscle can exert. It is possible that in other muscles P 0 /a will not be exactly 4, 
but it can be shown that for variation of P 0 /a from 3 to 7 the optimum value of P/P 0 
changes only from 0*34 to 0-27. Thus in any practical case the optimum load is 
about xo of the maximum. It would be very interesting to find out whether tools 
and devices by which work is done, such as spades and oars, have been designed 
empirically for a load which is near the optimum in this respect. 

Maximum horse power, however, is only one factor in a motor: economy is 
equally important. In muscle the limit to a maintained energy output is set by the 
oxygen supply through the lungs and circulating blood: if the power expended is 
greater than corresponds to the maximum oxygen supply, fatigue and exhaustion 
set in. Hence it is interesting to inquire what load gives the greatest efficiency, the 
greatest ratio of work to energy. The dominant factors now are these: (a) apart 
altogether from shortening and doing mechanical work, the mere maintenance of 
a contraction requires energy, as is seen in the isometric heat deflexions of figure 5; 
(b) a greater load gives correspondingly greater work, but it results in a slower 
shortening which has to be maintained longer. 

These factors act in opposite directions, and a balance must be struck between 
them. If the load is small the shortening is quick and little energy is then required 
to maintain the contraction; but little work is done. If the load is great the work is 
great too; but much energy is required to keep up the contraction throughout the 
long shortening involved. If we suppose, for simplicity, what is only a rough 
approximation, that the energy required to maintain a contraction is proportional 
to its duration; and if we assume that the stimulus is cut short so that the energy 
supply for maintenance of contraction is stopped as soon as shortening is complete; 
then we may write down the following equations: 

Work=Pa;, 

Heat =ax+kt, 

where ax is shortening heat and kt is the energy required to maintain the contraction 
for time t. 

Hence the efficiency E= (work)/(total energy) 

= Px/[(P + a) x + kt\ 

=Pa/[(P-|-a) v + k]. 

With the aid of the characteristic equation we can eliminate v y and obtain 

{P*+a)a 1 (P 0 +K)K 1_ 

P 0 +a+K P+a P Q +a+KP 0 +K-P y 

where K^k/b. E is a maximum when 

( p + «)/(p„ + K-p)-y(g±f ■§). 

Now in frog’s muscle at o° c. all the quantities involved are approximately known. 
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In the earlier stages of an isometric contraction k may be taken as about 180 g.-cm. 
of energy per g. of muscle per sec., or for a i-cm. cube of muscle about 189 g.-cm. 
per sec. b is about £ of the muscle-length per sec., i.e. 0-33 cm./sec. Hence 
£=&/&=567 g. For the same block of muscle <2=400 g. and a/P 0 =o- 2 $. Substi¬ 
tuting these we find, for the highest efficiency, P/P 0 =0-46; and the calculated value 
of the highest efficiency works out at 39 per cent. Values of the efficiency are 
obtained experimentally as high as 37 per cent, and these with loads from 0-4 to 
0-5 P 0 . The agreement is good enough. 

These efficiencies refer only to the initial process. A prolonged recovery process 
follows contraction, during which about as much energy is given out, as heat, as in 
the contraction itself. The overall efficiencies, therefore, are only about one-half of 
those referred to. 

Apparently, therefore, the most efficient speed is somewhat less than that at which 
the greatest power is developed. The load for maximum efficiency is 46 per cent of 
ma-gimnm load: the load for maximum power is 31 per cent. Taking 39 per cent of 
ma-gimnm load, however, as a compromise, the calculated efficiency and the calculated 
power are both practically undiminished: the maxima involved are rather blunt. It is 
an a musing sidelight on the excellence of biological engineering that the maximum 
efficiency and the maximum power of a frog’s muscle are so nearly obtained at the 
same speed. Similar experiments and calculations should be made on other muscles, 
and if possible on those of man: though, with the latter, very different methods will 
be required! I suspect that closely analogous results will be obtained. 

The maximum speed of shortening also should be referred to: from the character¬ 
istic equation it occurs at zero load and is simply bP 0 /a. Since PJa is usually about 4 
the maximum speed of shortening is 4 b. With this, as in the isometric contraction, 
all the energy is turned into heat. 

Having disposed of the damped elastic theory, involving the supposed viscosity, 
in favour of that involving energy regulation, we have regarded the muscle as being 
transformed very rapidly by a stimulus to an active state, in which its behaviour is 
defined by the characteristic equation with the appropriate constants. We have 
omitted as yet an important factor which must now be shortly considered, an 
undamped and inert series elasticity. If a muscle contracting isometrically, figure 9, 
be suddenly released, the tension will drop to zero if the release be of sufficient 
extent, and then will develop again only gradually, along a curve which is similar 
to that of the initial development of tension when the stimulus began. If, however, 
the release be less, not more (say) than 10 per cent of the muscle’s length, the 
tension will not drop to zero but to some intermediate value from which it will 
redevelop as before. The muscle clearly consists of two parts in series, a purely 
contractile part governed by the characteristic equation, and a purely elastic part 
governed by ordinary elastic rules. 

Consider now the form of the isometric contraction—which, so far as the 
contractile portion C of the muscle is concerned, is not isometric at all, since it has 
to stretch the elastic portion E in producing an external tension. The development 
of the contractile state, when the stimulus is applied, we regard as instantaneous: 
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it is certainly very quick. C finds E at first at zero tension, and begins to shorten 
rapidly and to stretch it out: the tension of E, however, rises as it is stretched, so the 
load on C increases and its speed of shortening correspondingly diminishes. Thus 
the development of tension proceeds at a continually decreasing rate, governed by 
the characteristic equation and the amount of series elasticity. The force P is related 
to the time t by an equation 


-log e (i-P/P 0 )- 


P/Po tb/c 
i + a/P 0 i+a/Po’ 



Figure 9 . To illustrate method and result of quick release during isometric tetanus. Left, instrument. 
Right, tension records on moving drum. Note that for release less than 3-7 mm. the tension 
does not drop to zero: for more than 3'7 mm. it remains at zero for a finite time before it begins 
to redevelop. 


where c is the amount of stretch of the elastic component under the full isometric 
tension. This equation, with the known values of a/P Q , b and c, gives curves, 
figure 10, which closely represents those experimentally observed. There can be no 
doubt that the time taken for the tension to develop in an isometric contraction does 
not represent—as used to be thought—a lag in the development of the contractile 
state; but is occupied chiefly by the contractile portion shortening at a decreasing 
rate, as the tension in the elastic portion rises. 
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This series elasticity is of practical importance. Muscles, particularly mammalian 
skeletal muscles, are very powerful, and if they could exert their full force instantly 
against the inertia of the limbs damage would very probably result. Even as it is. 
in athletes, tearing of muscles, tendons and ligaments is not infrequent. With its 
series elasticity a muscle cannot instantly develop its full force: and while it is 
developing it the mass accelerated begins to move, and by the time that the muscle 
would have developed its full force the mass is moving fast enough to cause thal 
force to be appreciably diminished. 



Time {sec.) 

Figure io. Calculated isometric contractions, assuming a contractile part, governed by the character¬ 
istic equation (P+a) ( 0 + 6 )=constant, in series with an elastic part, and the usual values of thi 
constants. 

The elasticity acts, moreover, as a buffer against shocks: and it allows the muscle 
to accumulate a certain amount of potential energy in an isometric contraction and 
so to shorten suddenly, when required, through a limited distance, at very high 
speed. This potential energy has two very obvious signs on the heat records. In 
relaxation from an isometric contraction, the potential energy turns into heat and 
warms the muscle, like the falling load illustrated in figure 8, but less: a small 
upward hump A, figure 8, appears in the deflexion at the time when the tension is 
falling most rapidly. At the beginning of activity, on the other hand, all the heat 
records of isometric contractions, figure 5, show a rapid upstroke at first, much 
more rapid than the later deflexion. This represents the shortening heat of the 
contractile part of the muscle rapidly stretching the elastic part. In shortening we 
find extra heat produced and work done: the extra heat ax is apparent at once: the 
work P 0 xfz appears as heat in relaxation. Since P 0 /a is about 4 the latter should be 
about twice the former. Both effects can be exaggerated by including a spring in 
the attachment of the muscle to its recording lever: both can be diminished by 
making the attachments as rigid, and the tendons as short, as possible. 

Let us return to our two chief problems, that of the nature of the shortening 
heat that of the mechanism by which the rate of energy liberation is determined by 
the load. The shortening heat has been written ax g.-cm., where a is constant and 
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x is distance shortened: a has necessarily the dimensions of force, and in frog’s 
muscle at o° C. it is about 400 g.-wt./cm? of muscle cross-section; it is natural 
to think of it as a constant resistance to shortening. It is difficult, however, to 
believe that if a were of a frictional nature it would not decrease with a rise of 
temperature: and experimentally it does not. Further, if it were, there should be 
a difference 2 a between the loads at which a muscle (i) just shortens and (ii) just 
lengthens: 2 a is a rather large quantity, certainly much larger than the difference 
in question, if it exists. Moreover, there is evidence, not yet quantitative, that the 
heat of lengthening is negative: so the resistance cannot be of a viscous or frictional 
character. It is probably best, therefore, not to think of a as a real force, but simply 
of ax as heat set free in shortening x. 

Without a more concrete picture of the mechanism of muscle than we have at 
present it is probably not useful to speculate very far about the nature of the 
shortening heat; one or two analogies, however, may be pertinent. Consider the 
case of surface tension. This has a negative temperature coefficient, so that heat is 
given out when an area exhibiting surface tension contracts and does work. With 
an air-benzene surface, for example, the heat given out is calculated as about 
0*04 g.-cm. for each 1 cm? by which the area is diminished. We can imagine a 
i-cm. cube made up of 5000 films of substance A interleaved with 5000 films of 
substance B. If each interface had the same properties as one of air-benzene, the 
10,000 of them together would give a shortening heat of 10,000x0-04, that is 
400 g.-cm./cm.: the same as frog’s muscle. If we desired a molecular and not a 
thermodynamic analogy we might think of chemical affinities, or electrical attrac¬ 
tions, satisfied, and heat given out, by the folding up of chains of muscle protein 
during shortening. When more is known about the spatial pattern of the protein 
molecules, and of their mutual relationships, it may be obvious why shortening 
causes a proportional liberation of heat: at present we can only guess. 

The control exercised by the load on the rate of energy expenditure may be due 
to some mechanism as follows. Imagine that the chemical transformations associated 
with the condition of activity occur by passage through, or perhaps by the catalytic 
effect of, certain active points in the molecular machinery: and that when the 
tension in the muscle is high the affinities of more of these points are being satisfied 
by the attractions they exert on one another, and fewer of them are available to take 
part in chemical transformation. When the tension is low, less of these affinities are 
being involved in mutual attraction, and more of them are exposed to, or ready to 
take part in, chemical reaction. The rate at which chemical transformation would 
occur, and therefore at which energy would be liberated, would be directly pro¬ 
portional to the number of exposed affinities or catalytic groups, and so would be 
a linear function of the force exerted by the muscle, increasing as the force diminished. 
Other such schemes could easily be devised, by which the tension in the muscle 
fibre determined its rate of energy liberation. It would be impossible, again, to 
decide between them until we have a clearer idea, both of the spatial pattern of the 
molecular machinery and of the manner in which chemical energy is transformed 
in it into work and heat.. 
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Some ten years ago, when Rutherford was President, I was reading a paper to 
the Royal Society. I had apologized for what I thought was a rather adventurous 
theory and he—in the cheery way we all remember—interposed “Don’t worry 
about it, Hill: the physicists can do much worse than that”. If I could I would 
produce a theory of the mechanisms of which I have spoken to-day and leave the 
members of the Physical Society to go one better—or one worse! But I do not 
believe that we have yet a sufficient basis for a theory. Physiology is not yet ripe 
for overmuch hypothesis. What is wanted still is a more precise and quantitative 
knowledge of the facts; and we have seen to-day how much more easily facts can 
be fitted together, once they are accurately known. Twenty-eight years ago, on this 
very day, on n November 1910, Langley, then Professor of Physiology at Cam¬ 
bridge, suggested, in a letter which I still have, that I should “settle down to 
investigate the variation in the efficiency of the cut-out frog’s muscle as a thermo¬ 
dynamic machine”. One year later, being very young, I wrote at the end of my 
first paper on that subject, the following grandiloquent sentence, which Langley, 
who did not usually like such things, allowed me to publish: “ A complete investiga¬ 
tion of these facts will give us more real insight into the nature of the muscular 
machine, and therewith of all living tissues, than any theories of contraction ever 
founded by ingenious minds upon insufficient knowledge.” It was provocative, and 
I know it provoked an old gentleman who believed that I must be referring to 
himself: and to-day perhaps I should write it more humbly. But, in spite of its 
grandiloquence, I still think that it is true, and I should not like now to fall under my 
own youthful condemnation by proposing a theory of contraction on evidence which 
is still inadequate. 
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THE RELATION BETWEEN RANGE AND ENERGY 
FOR THE UPPER LIMITS OF /3-RAY SPECTRA 

By E. E. WIDDOWSON, University College, Hull 

Communicated by Prof. L. S. Palmer , 31 May 1938. Read in title 14 October 1938 

ABSTRACT. The linear relation jR = 0-460^ — 0*226, connecting the maximum range 
R in g,/cm? with the Konopinski-Uhlenbeck upper limit E z in Mv. for continuous 
j8-ray spectra, is obtained from experimental results; and those results which show large 
deviations from it are discussed. The {range, energy} relation for electrons in lead, 
aluminium and air is obtained from quantum mechanical formulae, and is found to be 
linear in the region under consideration. Reasons for the differences between the theo¬ 
retical and empirical relations are suggested. 


§1. THE RELATION BETWEEN RANGE AND ENERGY FOR 
KONOPINSKI-UHLENBECK UPPER LIMITS 

F EATHER (I) obtained the empirical relation R=aE+b (E >07 Mv.), where R 
is the maximum range in g./cm?, and E is the upper energy limit in Mv., 
for continuous /?-ray spectra; a and b being best represented by 0*511 and 
— 0*091 respectively. This relation applies to the upper limits determined directly 
from the experimental data. Upper limits obtained by extrapolating a Konopinski- 
Uhlenbeck plot (a) are, in general, higher than those obtained directly, and it is of 
interest to obtain a similar linear relation connecting the maximum range and the 
Konopinski-Uhlenbeck upper limit. 

The table gives results for those radioactive elements, emitting electrons or 
positrons, for which results have been obtained both for the maximum range, by 
absorption, and for the extrapolated Konopinski-Uhlenbeck upper limit, by expan¬ 
sion chamber or magnetic focusing. All available results are given except certain 
widely divergent values generally held to be in error. Figure 1 gives the maximum 
range plotted against the Konopinski-Uhlenbeck upper limit for the 14 elements 
listed in the table. In cases where two or more results are given for one element, 
their mean value has been used. 

The points corresponding to nine of the elements lie close to the straight line 
fitted to them by the method of least squares. Its equation is 

R = 0*460^5: - 0*226, .(1) 

where E K is the Konopinski-Uhlenbeck upper limit in Mv. The dotted line, which 
is shown for comparison, corresponds to Feather’s relation given above, between 
the maximum range and experimental upper limit, corrected in accordance with 
more recent determinations^, thus 

j r=o*536.E-o*i65. .(2) 


2-2 
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The remaining five points, for actinium B, radium C", mesothorium 2, uranium 
Xg and fluorine, which show considerable deviations, may be considered briefly. 
The Konopinski-Uhlenbeck upper limits for radium C", mesothorium 2 and 
uranium Xg, determined by Lecoin (4) with an expansion chamber, are all too low 
compared with results expected from relation (1). Lecoin states that in the case of 
uranium Xg the Konopinski-Uhlenbeck plot was not linear, and no great importance 
can therefore be attached to this result. The absorption measurements by Sargent^ ^ 
and Feather (l3) are in very good agreement with each other, and with the value 
obtained for the maximum range by applying relation (2) to the experimental 
upper limit of 2*32 Mv. found by Gray and Ward (ai) . It is probable that in this 



Konopinski- ZJhlenbeck upper limit in (Mv.) 

Figure 1. Relationship between range and energy for Konopinski-Uhlenbeck upper limits. 

case and in the case of mesothorium 2 and radium C" the expansion-chamber 
results are too low, and that the Konopinski-Uhlenbeck upper limits are approxi¬ 
mately 2-9 Mv. for uranium Xg, 2-5 Mv. for mesothorium 2 and 2*4 Mv. for radium 
C", as determined from relation (1). 

Determinations for actinium B are difficult owing to its short half-life and the 
overlapping of the / 3 -ray spectra of actinium B and actinium C". For this element 
the range is low in comparison with the Konopinski-Uhlenbeck upper limit: it is 
also low in comparison with the value of 0-23 g./cm? expected from the decay 
constant* 35 . Even this value is less than that obtained from the expansion-chamber 
result by relation (1), which is about 0-3 g./cm? 

The discrepancy for the point corresponding to F 17 (positron emitter) is pro¬ 
bably due to the fact that the value 0-55 g./cm?, at which thickness Danysz and Zyw 
state the positrons to be “completely absorbed” (I4) , is not strictly comparable with 
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the 4 end point’ used by other workers. A similar determination by Zyw for Sc 42(aa) 
gives a result correspondingly low compared with the maximum range obtained 
from the experimental upper limit by means of relation (2). The range for F 17 given 
by relation (1) is about 0*9 g./cm? 

We may conclude that in general the linear relation 

R =0-460^ - 0-226 ( E k >i-o Mv.) 

between the maximum range and Konopinski-Uhlenbeck upper limit provides a 
satisfactory representation of the experimental results. 


Element 

Maximum range 
(g./cm?) 

Reference 

--- 

Konopinski- 
Uhlenbeck 
limit (mv.) 

Method 

Reference 

AcB 

AcC" 

RaC" 

RaE 

ThC 

ThC" 

MsTh2 

UX 2 

F 17 

Si 31 

p32 

A 41 

As 73 

Dyies 

0*08 

0*60-0*65 
o*86 
j o*475 
lo*478 

0*98 

r°*79 

\0-84 

0*91 

Jl*IO 

\i*ii 

(0*675 

\o*57i 

0*720 

0*432 

1*400 

0*46 

l 

( 

( 

1 

(9; 

(9; 

11 

I3 < 

11 

I3 < 

H 

16 

(s: 

16 

is; 

§j 


1*25 

1*850 

i*95 

1*36 

2*70 

2*25 

1*900 

1- 850 

2- 4 

2*05 

(2*10 

U*i5 

i*5 

3*4 

1*4 

chamber 

chamber 

chamber 

mean value 

chamber 

chamber 

chamber 

chamber 

chamber 

chamber 

mag. focusing 

chamber 

chamber 

chamber 

chamber 

(4) 

' (7), (8) 

(10) 

(12) 

(4) 

(4) 

(15) 

(15) 

(i7) 

b 

$ 


The errors estimated by different workers are not strictly comparable, and are therefore 
not given in the table. 


§2. THEORETICAL DEDUCTION OF THE RELATION BETWEEN 
RANGE AND ENERGY 

The reason for the linearity of the relation between range and energy can be 
obtained from a consideration of the general theory of the energy-losses of an 
electron in its passage through matter. This subject was treated by Bohr and others 
by classical methods, and has been worked out more recently by Bloch * a3) , Bethe 
and Heitler (24) and others by the use of quantum mechanics. 

Now while in general the energy lost by an electron in traversing unit path 
varies rapidly with the energy, it is practically constant for energies from 0-7 to 
3-2 Mv., and it is between these values that the known upper limits of continuous 
/?-ray spectra lie. For energies below 0-7 Mv. the energy-loss is due almost entirely 
to inelastic collisions, and the loss per unit path decreases rapidly as the energy 
increases. The loss due to collisions is a minimum at about 1 Mv,, and thereafter 
increases steadily and very slowly, figure 2. Radiation losses cease to be negligible 
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after about x Mv., but for light elements they constitute less than one-tenth of the 
total loss for energies even up to 5 Mv. At very high energies radiation losses 
become enormous, so that the total rate of loss of energy increases rapidly. Curves 
showing the energy-loss per cm. of path in lead for electrons of energies from 

o*oi me? to 1000 me? are given by Heitler (as) . 

The energy-loss due to collisions has been calculated by Bloch 83 ; the average 
loss in Mv. per unit (g./cm?) of path for an electron is given by 

(-SL- Jwz ^r' si h r / 2+2log ^ + (rix?] ■ 



Figure 2. Loss of energy of an electron per unit path in lead, aluminium and air. 

where E is the energy of the electron in Mv., * is the length of path in g./cm?, N is 
the n umb er of atoms per cm? of the substance, Z is the atomic number of the 
substance, p is the density, <f> 0 is the cross-section of an electron, 6-57 x io -25 cm?, 
jS is the ratio of the velocity of the electron to the velocity of light, T is the kinetic 
energy -r me 2 , [1/(1 -jS 2 )*- 1] or 1-96 E, and IZ is the average ionization energy 
of the atom, I having the value i3-5V. l23) This formula is valid so long as 1/137. 

The energy loss due to radiation (Bremsstrahlung) being emitted by the electron 
as a result of deflexion in the field of an atom is given by (24) 

where <fi T a,a. is the appropriate cross-section, which reduces to 16^/3 for very smal, 
velocities, and to 4$ {log 2 (i*96i?+i)-i/3} for extremely high velocities. Values 
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for intermediate velocities, with which we are concerned, have been calculated by 
Bethe and Heitler (a4) . <f>—Z 2 r 2 / 137, where r is the classical electronic radius. 

The occurrence of the factor 0-51 and its reciprocal 1-96 is a result of the 
relationship r//wc 2 -1-962?, where E is in Mv., since imc 2 =o-si Mv. 

The values of (—dE/dx) 7 the total energy loss per unit path, and (~dE/dx) T a,a. 
are given for lead, aluminium and air, in figure 2. 

The average range R of the electron is given by 

f* dE 
Jo (-dE/dx)' 

and may be obtained by numerical integration from a graph of the reciprocal of 
(— dE/dx) plotted against E. The results for lead, aluminium and air are given in 



Figure 3. Range of an electron in lead, aluminium and air. 

figure 3, together with the empirical linear relationship (2) for experimental upper 
limits, 2? = 0-5362?-0*165. -AJuminium has been used for practically all the 
absorption determinations of upper energy limits, but the theoretical curves for 
lead and air are given for comparison. 

The first point of interest is the approximate linearity of the curves for aluminium 
and air for energies above 0-7 Mv. For aluminium the calculated values show that 
the slope nowhere differs by more than 3 per cent from its average value, in the 
region 0-7 to 3*2 Mv. This fact is striking in view of the multiplicity of operating 
factors.. Since the energy-loss due to collisions alone is a minimum at about 1 Mv., 
the curves cannot be accurately linear above this energy, for both collision and 
radiation losses are increasing with E. Complete linearity would be obtained only 
over a region where, for example, collision losses decreased with increasing energy 
and radiation losses increased, so that their sum was constant. Within experimental 
accuracy, however, the curve is linear over the region concerned, and even up to 
energies considerably higher than 3-2 Mv. 
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Secondly, divergences between the empirical and the calculated straight lines 
for alu minium must be considered, with regard both to the slope and the actual 
position. The average calculated value of i/( — dEjdx) between 0*7 and 3*2 Mv. is 
0*63, showing, about 16 per cent difference from the slope of the empirical line 
(0*536). The slope of the line fitted by the method of least squares to all available 
experimental upper limits was found to have a slope of 0*593, which is considerably 
nearer to the calculated slope. Upper limits of continuous spectra of ray and 
positron active elements may be considered together, since although at high 
energies the energy lost in passing through matter is slightly greater for a positron 
than for a negative electron owing to annihilation, for energies below 5 Mv. the 
difference is negligible (24) . 

With regard to the actual position of the line, the calculated range is from 20 to 

25 per cent higher than that found by experiment. It must be borne in mind, 
however, that the actual superposition of the two lines constitutes a far more 
stringent test than is usually applied; in most cases the variation of theoretical 
formulae with certain factors is tested by calculating some expression which should 
have a constant value. The discrepancy is probably due to two factors. In the first 
place, owing to scattering, some electrons are eventually deviated through so large 
an angle that they are not received by the counting apparatus, while others finally 
reach the counter or ionization chamber, but only after they have traced out paths 
considerably in excess of the direct path through the absorber. Even for homo¬ 
geneous /3 rays the form of the absorption curve is thus very dependent on the 
experimental arrangement (a6) , and although the total range of homogeneous jSrays 
appears to be approximately independent of experimental conditions, it is obtained 
from extrapolation of the absorption curve, which exhibits a tail owing to the 
straggling introduced by scattering. (The true straggling which also occurs is very 
small in the region under consideration^.) Thus although the effective range 
measured experimentally is a reproducible quantity fairly independent of experi¬ 
mental arrangement (a7) , it is not identical with the range defined theoretically. 

In the second place, similar considerations apply to the maximum range of 
inhomogeneous /} rays from radioactive substances. The form of the absorption 
curve depends on experimental conditions (8) , and again, the effective maximum 
range for which fairly reproducible results can be obtained is not identical with the 
maximum range defined theoretically (l) . While the experimental maximum range 
has a definite and consistent meaning, it is an empirical conception, and it will be 
considerably lower than the actual range of the electrons of highest energy emitted 
by the source. 

According to the present theory the range (g./cm?) of electrons increases with 
the atomic number of the absorber. Early experimental workers did not find this 
to be the case: Schonland (a8) found the range to be independent of the atomic 
number of the absorber for cathode rays with energy below 0*04 Mv., while accord¬ 
ing to Schmidt (a9) and Douglas (3o) the maximum range in g./cm? of /? rays from 
radium E is less in heavy than in light elements. Douglas points out, however, that 
the actual range, which includes the zigzag path through the absorbing material, 



Relation between range and energy for upper limits of ( 3 -ray spectra 25 

increases with atomic weight. Bloch shows that in the case of a particles the 
dependence of the range on atomic number of the absorber is very satisfactorily 
represented by the quantum-mechanical results. The apparent discrepancies are 
again probably due to the difference between the definitions of theoretical and of 
effective experimental range. 

In consideration of the character of the Konopinski-Uhlenbeck upper limit of 
/?-ray spectra, there is little to be gained from a close comparison of the theoretical 
{range, energy} relation with the empirical relation found in §1 connecting the 
maximum range and Konopinski-Uhlenbeck upper limit. The most significant 
result is the fact that the theoretical relation, as well as the empirical relation for 
both experimental and Konopinski-Uhlenbeck upper limits, is linear over the 
region which includes the upper limits of j8-ray spectra of radioactive elements. 
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THE EXTINCTION OF DISCHARGES IN GEIGER- 
MULLER COUNTERS 

By A. NUNN MAY, Ph.D., Halley-Stewart Laboratory, 

King’s College, London 

ABSTRACT '. The discharge in Geiger-Muller counters is discussed in terms of the 
Townsend theory. It consists of a series of electron avalanches, each avalanche being 
generated from photoelectrons ejected from the outer wall by the previous avalanche. 
At low currents the average number of photoelectrons per avalanche is small, and if the 
actual number for some avalanche happens to be zero, the discharge will stop. This accounts 
for the extinction of the discharge at low currents. The theory gives an exponential decay 
formula for the probability of the discharge lasting a given time, and the mean life-time 
increases exponentially with the current. This is in accord with Werner’s experiments, 
and his numerical values are in good agreement with the theory. 


§i. INTRODUCTION 

I T has been found by a number of experimenters (l) that the discharge in a 
Geiger-Muller counter can only be continuous if the current is allowed to be 
greater than a critical value, /mm- For currents smaller than this the discharge 
cannot be maintained without some external source of ionization. This fact is the 
foundation of all methods of using Geiger-Muller tubes as counters. By means of 
an external resistance, or some valve circuit, the current is kept below / m m when the 
discharge sooner or later stops. 

This instability at small currents is difficult to explain. Most of the recent 
workers on the subject ascribe it to the action of the space charge produced by the 
positive ions (2) or to fluctuations in this space charge (3) . This type of mechanism 
may well be important in special cases, such as the counters containing alcohol 
vapour which Trost (4) has investigated, but the following theory based on the 
essentially discontinuous nature of a small current appears to account for the 
extinction of the discharge without invoking any space-charge effects.* Before giving 
an account of this theory we must describe briefly the mechanism of the discharge 
in Geiger-Muller counters as it has been elucidated by other workers in terms of 
the Townsend theory. 

The usual form of counter consists of an outer cylinder, of a few centimetres’ 
radius down the axis of which a wire of about mm. radius is stretched. These are 
in a vacuum tight enclosure, inside which there is some gas at a pressure of a few 
centimetres of mercury.f A potential difference V is applied to the two electrodes, 

# Note added in proof. Since this paper was written the author has seen a paper by von Geel 
and Kerkumw who gave a similar theory; their treatment differs, however, in many points from 
that given here. 

t ■ The numerical data in this paper are for counters filled with hydrogen or oxygen. 
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the outer cylinder being negative. With proper adjustment of the potential V , any 
ionization occurring inside the counter leads to a discharge, but if by some means 
the current in the discharge is kept below /min the discharge will soon stop, and the 
counter is then reset ready for the next count. This is the normal, non-proportional 
operation of a counter. 

§ a PROPORTIONAL MULTIPLICATION 

If the potential V is less than the value V 0 at which non-proportional counting 
starts, then the counter acts proportionally. The electrons generated by the primary 
ionization are pulled towards the wire by the electric field, and in the strong field in 
the neighbourhood of the wire they acquire sufficient energy to ionize the gas by 
collision. The fresh electrons so formed ionize the gas in their turn, and so each 
primary electron gives rise to an electron avalanche containing in all, say, m electrons. 
When all these electrons reach the wire the discharge will stop, unless fresh electrons 
can be supplied from outside, which does not occur for low potentials. The electron 
avalanche therefore continues only for a time r about equal to that taken by an 
electron to reach the wire from the outer wall. In general r will be about io -6 of 
a second.* 

This type of discharge is often used in detecting small amounts of ionization Cs) . 
We are not at the moment concerned with this process except as a part of the 
normal, non-proportional discharge. 

§3. THE NON-PROPORTIONAL DISCHARGE 

It is found in practice that the multiplication factor m in the proportional 
discharge cannot be made much greater than io 4 . Above this figure the discharge 
continues for a time which is long compared to r. It is now generally admitted that 
this is due to the emission of photoelectrons from the outer wall of the counter, 
these being ejected by photons from gas molecules which have been excited by 
collisions with electrons in the avalanche to states of higher energy than the work 
function of the cathode (6) . Let the number of atoms or molecules so excited by 
one primary electron be sm , so that $ is a measure of the ratio of excitation to ioniza¬ 
tion produced by the electron avalanches. The probability that one of these excited 
atoms will cause the emission of a photoelectron from the outer cylinder will be 
ey, where e is the probability that the atom will lose its energy by radiation and not, 
for instance, by colliding with another atom, and y is the photoelectric yield from 
the outer wall in electrons per quantum. 

Thus the number of photoelectrons generated by each primary electron will be 
eysm, and if • T 

the discharge will be self-maintained. That is, on the average each avalanche of 
electrons will be followed by another of equal size. The corresponding value of m 

• The positive ions formed by the avalanche in the neighbourhood of the wire move away 
towards the outer electrode. Their speed is much less than that of the electron and they will take 
about io -s sec. to cross the counter. 
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we will call the normal multiplication, M, so that 


M— 


x 

eys' 


■(>) 


According to the measurements of Kreuchner <7) y is of the order of io -B for 
copper, and photons of about the energy involved here. Since es is probably of the 
order of x, M will be of the order of io 5 . For values of m less than M the successive 
avalanches decrease in size, and the discharge dies away. For values of m greater 
than M the avalanches increase in size, and the discharge grows. 

The value of V at which m reaches the value M is V 0 , the starting potential. For 
values of V considerably less than V 0 , the tube counts proportionally, since m is 
then considerably less than M and only the first avalanche is of any importance. 
When V is nearly equal to V 0 , m is nearly equal to M ; the first few avalanches will 
then be nearly equal in size, but the slow-moving positive ions formed by them will 
accumulate near the wire, and their space charge will distort the field, so as to 
reduce m. The subsequent avalanches therefore decrease rapidly, and the discharge 
stops. For values of V greater than V a , the initial multiplication is greater than M 
so that the discharge current increases. This causes the rapid development of space 
charge, and so decreases m. Finally equilibrium is reached when m=M, and the 
current attains a steady value, at which enough positive ions are formed by each 
avalanche to replace those which have moved away in the time r since the previous 
avalanche.* 

The conditions for this equilibrium have been studied by Werner (8 \ His 
equations give the distribution of space charge, and the current / corresponding to 
any given over-voltage (V—V 0 ). In particular I is proportional to (V— F 0 ). The 
potential across the counter is therefore given by 


V=V 0 +kl, 


(2) 


where k is the internal resistance of the counter and is generally of the order of 
1 megohm. 


The counter is normally used in series with a large resistance R. The total 
resistance in the circuit is then (R+k), and the current through the counter will be 
given by 


1 = 


U-V 0 
R+k ’ 


where U is the external potential applied to the circuit. 

A discharge which satisfies these conditions should continue to bum indefinitely. 
In fact, however, it will always be extinguished if the current in the discharge is less 
than the critical value 7 m i n , or if 


U-V 0 <(R+k)I ma . 


( 3 ) 


* 1 { M then the first few avalanches may form considerably more than the number of 
positive ions required by the equilibrium conditions. The multiplication will then be much less than 
M until this excess space charge has moved across the counter, and in this time the successive 
avalanches may have decreased to zero. This may be the explanation of the type of discharge observed 
by Trost'y, in which the discharge was extinguished by the positive ion space charge without the 
use of a high resistance in series with the counter. 
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This equation gives the range of applied voltage within which the discharge is 
still intermittent. The range in which the number of discharges is independent of U 
is generally much smaller than this, and since the counter is always used in this 
region, I is generally much less than /min. 


§4. INSTABILITY AT SMALL CURRENTS 


To explain this instability we must consider the discharge process in greater 
detail. Each avalanche of electrons occupies a time of about io -6 sec. Only during 
the last iO“ 8 sec. of this time are the electrons in the strong field near the wire. 
Nearly all the excitation of atoms of the gas will therefore occur during the last 
the time taken by the avalanche. In this time the photoelectrons necessary to bring 
about the next avalanche -must be generated. Thus the apparently continuous 
current actually consists of a chain of individual avalanches, the connexion between 
successive links of the chain being the emission of photoelectrons from the wall. If 
for any reason this connexion breaks, the discharge will cease. We proceed to 
calculate the probability of this break.* 

We express the current I in electrons per sec., a current of 1 jua. being equal to 
6*24 x io 12 electrons per sec. The multiplication being M, the number of photo¬ 
electrons emitted by the wall per second is I/M, since each photoelectron gives rise 
to (M—1) others in the discharge. Thus the average number n of photoelectrons 
ejected during each avalanche is given by 



(4) 


This is of the order of 10 assuming the value io 5 for M and io~ 6 sec. for r; and for I, 
1 ju,a., which is the order of magnitude given by Werner for counters containing 
hydrogen. 

If the average number of photoelectrons generated by each avalanche is as small 
as 10, there is a finite probability of the number for some particular avalanche being 
zero. It is just this which is believed to be responsible for the discharge stopping. 
The individual photelectrons are emitted quite independently, so that the proba¬ 
bility p 0 of n being zero for any avalanche is given by 

*>-«-*• .(s) 

The probability that n is at least x, and therefore that the discharge continues 
for at least one more avalanche is 

1 —p 0 , which = 1 - e _H . 

S imilar ly the probability that the discharge continues for at least Nr sec. is 

(1 -po) N , which=(1—.(6) 


• This account of the discharge is only strictly correct if all the primary ionization is formed at 
the same distance from the -wire. The error in the life-time predicted by the theory if this is not so 
will be of the order of t, and may be neglected. 






30 A. Nunn May 

If T is the mean life-time of the discharge, we can write this probability as 
Hence, (i - e - J *)=e" r l T 

or T^)- . (7) 

If we can assume that e~ n is small, then 

.( 8 ) 

Thus the probability of the discharge surviving for a given time at a current / 
is given by an exponential decay formula, in which the mean life T increases 
exponentially with I. 


§5. COMPARISON WITH EXPERIMENTS 

Werner (3) has measured the mean life-time of the discharge for various values 
of J, and obtained a formula of the type (8) for the variation of T. His equation is 

T=t 0 e«r\ .( 9 ) 

where V' is the over-voltage, which, by equation (2), can be replaced by kL 
Comparing equations (8) and (9) we obtain 

rl b T 
klOL 

M 

and T =* 0 

, 6*24 x io 12 t Q , v 

so that M= —- 9 ^ .(io) 

where k is expressed in megohms and a in reciprocal volts. 

Werner (3) gives the values of a, k and t 0 for counters filled with hydrogen and 
oxygen, and in the following table these are shown together with values for M 
deduced from equation (10). In accordance with the above deduction, r is taken as 
equal to t 0 . 


Gas 

Pressure 
(mm. of 
mercury) 




M 

H, 

124 

2-53 

4*5 

2*5 

i*4 x io 5 

o s 

4i 

i*57 

5*o 

6-s 

5-2 X IO 5 


It is an important verification of these views that as Werner has pointed out 
these values of r are of the order of magnitude we expect for the passage of an electron 
across the counter, and also the values of M agree with the estimates we have made 
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above from the fact that the multiplication in the proportional region cannot be 
greater than about io 4 , and from the orders of magnitude of e, y and s. Thus the 
theory not only predicts the correct formula for the variation of the life-time of the 
discharge with I y but without the use of any arbitrary constants gives a satisfactory 
quantitative agreement with the observations. 


§6. THE MINIMUM CURRENT 

The order of magnitude of /min may be deduced from these equations by 
remembering that / m in is the limiting current at which there is still a small pro¬ 
bability of the discharge breaking down. We can obtain this by making T large in 
equation (8). 

For instance, if we take T equal to io -2 or 1 sec. we obtain 

T 

~~ = io 5 or io 7 , 

T 


so that from equation (8) 10 or 15. 

Thus .(il) 

where n m m is the number of photoelectrons per avalanche at which the discharge 
just becomes stable, and from the above is of the order of 10. From the values of M 
and r found above we obtain a value for 7 m ia of the order of 1 /*a. in agreement with 
observation (3). If we substitute the value of M from equation (1) in equation (11), 
we obtain Imin in terms of the various constants of the counter, 


/min — 


#min 
eySr * 


(12) 


The substitution of this value of /min in equation (3) will give the range of 
applied voltages within which the discharge will be intermittent. 

In using the counter it is desirable to keep R as low as possible in order to 
obtain a quick recovery from each count. At the same time it is desirable to use a 
large over-voltage, since then the kicks themselves are large and even a partial 
recovery will give a detectable count. By equation (3) we see that these two con¬ 
ditions together necessitate a large value of /min- By equation (12) it will be seen 
that this can be obtained by reducing each of the factors in the denominator; that 
is, by reducing the time occupied by each avalanche and the rate of production 
of photoelectrons by a given current. 

In fact it is found that the functioning of a counter is very dependent on such 
conditions as the presence of impurities in the gas or of surface layers on the outer 
electrode, which would be expected to change these factors. In this connexion we 
may mention again the experiments of Trost in which the addition of alcohol 
vapour to the gas, and varnishing of the outer cylinder, were found to produce a 
considerable improvement in the working of the counter. 
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We cannot at the moment embark on any more quantitative discussion of the 
- above equation since the data which would be required are not available. Experi¬ 
ments on .the verification of the theory, and its application to the design of counters, 
are now in progress. 
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ABSTRACT . It is found that when powdered chromium prepared from chromium 
amalgam is heated with sulphur in vacuo , a series of ferromagnetic compounds is formed. 
The Curie points and specific magnetizations of the prepared specimens are recorded. 


5 1. INTRODUCTION 

C hromium and manganese belong to the elements of the iron group, but 
while manganese is well known to form ferromagnetic compounds when 
heated with diamagnetic elements, for instance, MnP, MnAs, MnSb and 
MnBi, and gives the ferromagnetic Heusler alloys when alloyed with copper and 
aluminium, the ferromagnetic behaviour of chromium in combination with other 
elements has only recently been appreciated. Ochsenfeld (l) found that certain 
combinations of chromium and tellurium are ferromagnetic, and Bates and Baqi (2) 
showed that there is good reason to suppose that chromium combined with hydrogen 
to form ferromagnetic compounds; a feature of both the hydrogen and tellurium 
compounds of chromium is that in some instances the magnetization rises to a 
maximum slightly above room-temperature, although little is known about its 
variation with applied field. Early this year Nowotny and Arstad (3) recorded that 
CrAs and Cr 3 As 2 are weakly ferromagnetic, but gave no details of their ferro¬ 
magnetic properties. 

Apart from the fact that ferromagnetism is a much more widely spread pheno¬ 
menon than is generally believed, it seemed from the behaviour of chromium and 
tellurium that an examination of compounds of chromium and sulphur was likely 
to lead to interesting results, although Mellor (4) records no ferromagnetic sulphides 
of chromium. Accordingly a series of compounds of chromium and sulphur were 
made from pure chromium, prepared by Bates and Baqi (2) by the distillation of 
chromium amalgam, which had not been heated to temperatures above 4oo°c. 
The several specimens were prepared as follows. Weighed quantities of chromium 
and sulphur in atomic proportions were placed in a large thick-walled pyrex tube, 
evacuated and sealed. This was first heated to ioo° c. and examined, the product 
consisting in each case of dark grey masses. Complete combination did not occur 
with specimens containing a high proportion of sulphur. The earlier specimens 
were next heated to 200° c. and examined, but as little change was observed, this 
treatment was later omitted, specimens being heated to 300° c. for about 1 hr. and 
phys. soc. LI, I 3 
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then examined. The product was generally a dark grey powder containing large 
nodules, and on heating to 400° c., partial fusion occurred. The specimens were 
finally heated to 500° c. for 1 hr., the end product consisting of black fused masses 
and of smaller globules with a highly polished surface and in some cases with a 
metallic appearance. The tube was opened and the contents were ground to a 
powder, which sometimes weakly adhered to a magnet. The powder was placed in 
a pyrex tube, which was evacuated, sealed, and annealed for 5 or 6 hr. at 400° C. 
No change in appearance was thereupon observed. Test samples were then placed 
in pyrex tubes, of internal diameter approximately 3 mm. and length about 10 cm., 
the tubes being half filled. These were then evacuated and sealed, a small hook 
being formed at one end of each tube to permit examination of the ferromagnetic 
properties by the method used by Bates and Illsley^ in their experiments on iron 
amalgams. 

When a uniform tube having a cross-section with an internal area of a is half 
filled with a powdered specimen and suspended vertically from one arm of a 
sensitive chemical balance, so that the upper level of the specimen lies midway 
between the plane pole-tips of an electromagnet while the ends of the tube are 
remote from the field, then 

8 mg—(k s ) H z +ac tH> 

where 8 m is the apparent decrease in mass on the application of a field H, k s is the 
paramagnetic susceptibility of the substance per unit volume and cr the saturation 
intensity of magnetization of the material. Hence, when ferromagnetism is present 
the graph of SmgjoiH 2 against x jH should be a straight line, whose slope is a measure 
of cr. 


§2. EXPERIMENTAL RESULTS 

The results for the several specimens are shown in figure 1, and the values of a 
per gramme of material and per gramme of chromium-content are given in the 
table. In the second column of the table are given the initial constitutions of the 
mixtures of powdered chromium and sulphur from which the specimens were 
made, while in the third are given the results of the chemical analyses made for us 
in the Chemistry Department through the kindness of Professor Gulland. 


Specimen 

no. 

Atomic ratio S/Cr 

<j/g. 

material 

O’/g- 

chromium 

Bp 

Initial 

Final 

1 


— 

0-0175 

— 

30 — — 

2 

1*0 

0*65 

o*i 34 

0-216 

30 — — 

3 

i *5 

i -37 

0-197 

0-327 

— 78 90 

4 

Z'O 

0*89 

0-072 

0*111 

30 — — 

5 

Large 

i *37 

0-0206 

0-038 

30 — 100 


The chemical analysis of specimens 1 and z was difficult as they consisted of 
parts which were soluble in boiling concentrated hydrochloric acid plus potassium 
chlorate and parts which were not. The insoluble portion in the case of specimen z 








Ferromagnetic compounds of chromium 35 

was definitely ferromagnetic and comprised some 14 per cent of the whole; the 
constitution of the soluble portion only is given in the table. 

The Curie points of the specimens were measured by the method devised by 
Bates, Gibbs and Reddi Pantulu (6) . The specimen was packed in a thin-walled 
pyrex tube about 4*5 cm. long and 3 mm. in internal diameter and suspended hori¬ 
zontally from a vertical pyrex fibre hanging from a fine phosphor-bronze suspension. 
The pyrex tube was enclosed in a furnace and the period of oscillation t was ob- 



Figure i. Graphs of magnetic pull as a function of i/H. 

served when the system vibrated in a constant magnetic field at chosen temperatures 
T. When 1/f 2 was plotted against T a curve showing a prominent kink at the Curie 
point was obtained; such curves are shown in figures 2 (a) and 2 (A), and represent the 
behaviour of the specimens when heated to 400° c. and then allowed to cool slowly* 
different temperature regions being shown separately in figures 2 (a) and 2 (A) for 
the sake of clearness. It was found that the magnetization exhibited by the specimen 
depended markedly upon the quenching of the specimen, the more rapid the 
cooling the less the intensity of magnetization of the specimen in the applied field. 

The above results show that at least two ferromagnetic combinations of chro¬ 
mium and sulphur are possible, with Curie points at 30° and 90° or ioo° approxi¬ 
mately, but the exact chemical constitution of these combinations is not known. 

3-2 
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In view of the importance of chromium in the manufacture of magnetic materials 
the results are of interest. Jaanus (7) has recently given a theoretical study of the 
magnetic effects of ferromagnetics in dilute concentrations in other materials. It is 



Figure 2. Curves showing variation of magnetization with temperature. 

not proposed to discuss his interesting results here, but it is desirable to point out 
that the results of Bates and Illsley and those of the present communication show 
that the value of the demagnetization factor 4 assumed by Jaanus is at least twice 
too large and that the coercive force must be considerably less than 30 oersteds* 
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ABSTRACT . The paper describes a method for the measurement of capacitance in 
terms of mutual inductance and resistance. The circuit is developed from the Carey- 
Foster bridge, and a combination of two bridge circuits used successively leads to the 
elimination of small correcting terms. The power factor also of the condenser under test 
is determined. The values of capacitance and power factor are deduced entirely in terms 
of two readings of a mutual.inductance and two readings of a resistance box. The screening 
of the bridge, including the mutual inductance, has been carried out in great detail, and 
the whole circuit is enclosed in an earthed screen within which certain of the components 
are again screened independently. The effects of stray capacitances within the network and 
between the network and earth are thus reduced to negligible proportions. The equipment 
is designed for measurements on capacitances ranging from 1000 /x/xF. to 2 fiF. at frequencies 
ranging from 50 to 3000 c./sec., and the probable errors are estimated as 5 parts in 10 5 on 
capacitance and 0-00005 on power factor at 1000 c./sec. At higher frequencies and for 
capacitances outside the stated range, the accuracy may be halved. The circuits are very 
adaptable and the bridges, as finally constructed, can be used also for the measurement 
of self-inductance and other quantities. 


§1. INTRODUCTION 

I T is perhaps not generally realized that, in the system of electrical measurements 
used in this country, capacitance is a secondary derived unit. There is, in other 
words, no primary standard capacitor with which other capacitors can be 
directly compared, and although, as a matter of practical expediency, capacitors 
are often calibrated by direct reference to capacitance substandards, the sub¬ 
standards themselves have to be measured in terms of the primary standard of 
mutual inductance at the National Physical Laboratory <I,2) , the fundamental 
standard to which all reactance measurements are ultimately referred. The induct¬ 
ance of this standard is computed from its dimensions, so that the ultimate standard 
of reference here is the unit of length. The measurement of capacitance is therefore 
of the type traditionally described as “absolute”, although there is in the measure¬ 
ments none of the finality commonly implied by that term. From the viewpoint of 
the experimenter, absolute measurements are characterized by the special diffi¬ 
culties attendant on correlating quantities of different physical natures, and they 
demand much more refined technique than the more common electrical measure¬ 
ment which is based on a simple comparison of quantities of the same kind. 
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The circuit which has been in use at the National Physical Laboratory for the 
past thirty years for the comparison of capacitance and mutual inductance was 
developed from Carey Foster’s classical network^, in which capacitance is deter¬ 
mined in terms of mutual inductance and resistance. Contributions to the theory 
and technique of this method have been made by a number of workers \ 

but the method required an apprenticeship, and considerable trouble had to be 
expended to achieve an accuracy of one part in ten thousand in capacitance measure¬ 
ments. With the improvements in the design and manufacture of substandard 
capacitors which has followed the rapid growth of the communications industry, it 
became apparent that something more certain in operation than the traditional 
circuit was required, and it was to meet the demand for more accurate and rapid 
calibrations that the work described in this paper was carried out. 


§2. PRINCIPLE OF THE PRESENT METHOD 

The Carey Foster circuit as arranged by Heydweiller (4) is shown in figure 1. 
The Wagner earthing arm there shown was added by Dye (>s \ If C is the capacitor 
under test, M is an adjustable mutual inductance, L and P are respectively the total 

w 


Y 

Figure. 1. Carey-Foster bridge (Campbell-Heydweiller). 

inductance and resistance of the arm XY, R is the resistance of the arm XZ 9 and S 
is the resistance in series with C, then, when balance is established, the values of 
capacitance C and power factor y of the capacitor under test are given by 


C=M/PP, .(2*1) 

y=a>C[R (L-MJ/M-S], .(2-2) 


o)/ 27 r being the frequency of the alternating current supplied to the circuit. These 
equations do not include the effects of small residual inductances and capacitances, 
which were first given in full by Butterworth (6) . Amongst other things, the measure¬ 
ments call for an accurate knowledge of P, a resistance which includes a highly 
inductive copper coil, and of L , the self-inductance of that coil, each of which 
quantities depends on co. Additional small correcting terms must therefore be 
added to the equations to take account of this. The original equations are given in 
references (6) and (7). They are too complicated to be given in detail here. 

The Wagner arm does not eliminate from the circuit the effects of impedance 
to earth from the junctions of C and S and of L and P, and spurious values of C 
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and y may result in consequence. The actual composition of the Wagner arm made 
it cumbersome and inelastic while the presence in it of an inductive component 
which may have a considerable stray magnetic field is undesirable. 

The main lines of attack leading to the evolution of the present method were 
directed to removing the objections outlined above. The first step was the complete 
elimination of S . A consideration of equation (2*2) shows that if S=o, the power- 
factor balance can be established by adjustment of L, if this can be effected without 
alteration of M. A simple method is to add a variable capacitor in shunt with P. 
The effective inductance of the arm then becomes approximately L — PK 2 ; see 
figure 2. We are then left with only one mid-arm junction in the circuit, that 
between L and P, and the difficulties arising from this are then met by adequate 
screening. 



Capacitance bridge: detector between Inductance bridge: detector between 

Xand Y Y md Z 

Figure a. New bridge. 


Next, the measurement of the effective resistance and inductance of the arm 
containing L and P must be made simply and accurately at the required frequency. 
This is done by converting the circuit into a modified Campbell-Heaviside in¬ 
ductance bridge, so that L may be measured in terms of M and P in terms of R, 
the latter being made continuously adjustable for this purpose. The simplicity of 
such a conversion will be apparent from a consideration of figures 2 (a) and 2 (£). 
In the latter, the resistors U, U are equal ratio arms. We then have the following 
equations for C and y. Let M x , R x be the values of M and P required in the 
capacitance bridge, and M a , P 2 those required in the inductance bridge. Then 


C=M 1 /R 1 R Zi .(2-3) 

y = aj(2M z -M 1 )/R 2 . .(2-4) 


The properties of the condenser are thus determined completely in terms of the 
properties of the mutual inductance and the resistance R . As will be seen later, 
this statement remains true when the effects of residual inductance and capacitance 
are taken into account. The practical importance of this is very great, for the pro¬ 
perties of M and R can, with proper design, be determined with high precision. 
There is thus at once a great advance on the earlier method, in which a knowledge 
of the characteristics of several components is required. 
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The Wagner earthing arm as originally used by Dye (5) tended to become un¬ 
manageable when M was small, owing to the fall in impedance of the branch WX, 
figure i. This is easily overcome, at the expense of a slight loss in bridge current, 
by the addition of a series resistance in this branch. The Wagner balance is then 
simply effected, with non-inductive components, by applying the principle of the 
well-known Maxwell inductance bridge. The arrangement is shown in figure 2, 
where r s is the added series resistance. 

The screening of the complete circuit must be arranged with a view to localizing 
and accurately defining the points of action of earth-capacitances, and to reducing 
to negligible amounts the earth capacitances of the junction of L and P, and of 
the common point X of the mutual inductance. The latter is especially important, 
for, although the point X is brought to earth potential in the capacitance bridge, 
figure 2 a, it cannot be so treated by any simple system in the corresponding 
inductance bridge, figure zb. The theoretically desirable screening arrangements 
are shown in figure 2: a fuller treatment of these and of the practical attempts at 
realization must be reserved for discussion later in the paper. 

§3. ANALYSIS OP THE CIRCUITS 

In the practical utilization of the circuits broadly described above, consideration 
must be given to the effects of stray impedance not only as affecting the individual 
properties of the components of the network, but also as affecting the behaviour 
of the network as a whole. Thus, in deriving the complete network equations, the 
resistances must be regarded as possessing finite phase angles, and the mutual 
inductances as possessing finite phase defects. These can be regarded as charac¬ 
teristic and individual properties of the components and can be measured as 
such. In addition, the assembly of the components in the network gives rise to a 
system of mutual impedances and impedances to earth, all of which must be taken 
into account in establishing the final equations of balance. Fortunately, the effects 
both of the defects of the components and of the defects of the network are small 
and it is therefore permissible to consider each independently. This leads to a 
considerable simplification of the analysis, which would otherwise become un¬ 
manageably involved. 

Considering first the circuit independently of the effects of stray mut ual 
impedances and impedances to earth, we define the following quantities; see figure 3. 
th is the mutual impedance operator of the mutual inductor at any setting x, A the 
impedance operator of winding in arm X Y, -q 1 the impedance operator of winding 
in arm WX at setting 1, & the impedance operator of arm XZ at any setting x of 
the resistor R, £ the impedance operator of the combination P-K in the arm XY, 
p the ratio of impedance operators of the arms U, U, and k the impedance operator 
for the capacitor C under test. 

The fundamental equations of the networks are then best derived by trans¬ 
forming the mutual inductance into a star of impedances from which mutual 
impedances are absent^. The results of these transformations are shown in 
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figures 3 a-b for the capacitance bridge, and figures 3 c-d for the inductance bridge. 
We then have to consider the four-arm bridges shown in figures 3 b and d, the 
equations of balance for which are easily seen to be 

^*=£i(£+A--/xi), .(3-1) 

(£2+^2 )=p (£+ A- to)- .(3 * 2 ) 

In practice, p is made as nearly as possible equal to unity. We may write it 
therefore as 1 -f 0, where 6 is a complex quantity of the first order of smallness. 
Thus equation (3-2) becomes 

(ft + ^) = (1 + 0) (£ + A - /*,). .(3-3) 



(c) (d) 

Figure 3. Network transformations. 


The ratio arms U, U can be reversed, and balance can be restored by slight 


alterations in £ a and fa to values £ a ' and fa. We then have 

+ -*)(£+A-ftO- .(3-4) 

Now 6 (fa—fa') will be of the second order of smallness and we may therefore, 
using f a and fa to represent mean values of £ a and fa, write 

la+Ma =£+A-/Z a . .(3-S) 

Thus 6 is eliminated from the equations. 

Substituting for £+A from equation (3-5) in equation (3-1), we get 

K=£i(h+2pn-IH)llh- .( 3 ' 6 ) 


From this equation the effective capacitance C and power factor, y of the capacitor 
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under test can be calculated. If w/277 is the frequency of the alternating current 
in the networks, we may write 

K=i/jaiC (i-jy) 

Pi =iwM x (1 +Sjtf,) 

/i a =Jt«)M a (i + 8 j|f a ) [■, .( 37 ) 


£i=Ri (1 +;S Bl ) 

^=i? 2 (1 4 -fix,) 


in which the Ms represent mutual inductance, the Rs represent resistance, the 8s 
represent small phase angles, and j is the operator rotating through a right angle. 

These values can now be substituted in equation (3-6). The approximate rela¬ 
tionship C=M 1 /R 1 R i in equation (3-3) can be used in simplifying first-order terms, 
and further, since neither 8# nor S R varies to any measurable extent for changes 
in M and R of the order assumed in equations (3-3) and (3-4), the question of mean 
values of S M and 8% does not arise. We then find, writing M a and R 2 for the mean 


values of M a and R 2 , 

C=M X {i+oo (M 1 8 Ml -2M 2 8 Mi )IR 2 }IR 1 R 2 , .(3-8) 

7=SjVi+8jSi+S i; 2 + co ( 2 M 2 —M 1 )/R 2 . .(3'9) 


The expression for C is still further simplified if we put 


cdMSju= a, 

where a is the impurity of the mutual inductance. The small correcting term in the 
bracket in equation (3*8) then becomes (ct x — 2<t 2 ). In general 

M 1 =2M 2 , 

and for most variable mutual inductances the law 


<tM = constant 

is approximately true. It thus follows that 

(oi-2<7 2 )=0 

and that in general (a* — 2c^)jR 2 will be completely negligible. We then have 

C=M 1 jR 1 R 2 . .(3-xo) 

The method thus automatically eliminates a number of small correcting terms 
and the final expression for C is similar to Carey Foster’s classical expression for 
his d.-c. bridge. 

The quantities 8,ar, are constants of the mutual inductance and the resistance 
R and their values can be predetermined for all values of M and R. Thus, from the 
practical viewpoint, the power-factor measurement is based on the two experi¬ 
mentally observed readings of M and on the value of i? a . The equation for power 
factor can in fact be written 

y=A+o >(2M 2 -M 1 )/R t , .(3-11) 

where A is a tabulated quantity characteristic of the circuit. 
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The values of C and y so determined must be corrected for the residual capacit¬ 
ance and power factor of the leads connecting the condenser to the measuring 
circuit. This leads balance is easily Obtained by disconnecting the condenser and 
balancing in the normal way. The value of M for this balance, will of course be 
very small. Some practical aspects of the leads balance are dealt with in later 
sections of the paper. 

The modification of the circuit equations arising from the presence of small 
stray impedances calls for very involved analysis which cannot be given in full 
here.* A brief summary of some of the results of the analysis is given in an appendix, 
and it is deduced that, with the screening system and technique adopted, the 
residual stray impedances will introduce uncertainties of the order of 2 parts in 
io e on capacitance values and uncertainties up to 3 x io -5 on power-factor measure¬ 
ments at 1000 c./sec. 

§4. THE CONSTRUCTION OF THE BRIDGES 

The facility with which a projected circuit and its associated screening system 
can be sketched out is often apt to mislead the experimenter into the belief that the 
practical problem of circuit arrangement and screening is correspondingly simple. 
This is by no means the case, for the circuit sketched as an open loop must in 
practice be arranged to have no appreciable magnetic field, and the disposition of 
leads in astatic pairs which are amenable to simple screening treatment and yet 
will not possess high capacitance or leakance to the screen, is too often in the end 
a matter of hopeful compromise. The problem was not made easier in the present 
instance by the need for assembling the bridges in permanent self-contained units 
of manageable size. Preliminary experiments brought out the desirability of 
building the inductometer as a separate instrument, the rest of the circuit forming 
a screened unit. 

The design and construction of the variable mutual inductance have been 
described in detail elsewhere (8) . The screening of the instrument is exactly as 
shown in figure 2. The fixed, or secondary, winding has an inductance of just over 
11 mH. and a resistance of 1 £ 2 . The adjustable windings provide a maximum 
mutual inductance of ii-ii mH., variation being provided by three decade dials 
and a slider, on which changes of o*oi /xh. can be easily read. The calibration of 
this instrument and the determination of its frequency errors and impurity will be 
referred to later. 

The remainder of the bridge circuit is built up of units supplied by various 
instrument firms to specification. The resistance R is a non-reactive resistance box 
with 5 decade dials and a constant-inductance slidewire, giving a maximum value 
of 11, in £ 2 . It is mounted in a glass tank containing transformer oil and screened 
by fine-mesh copper gauze which encloses not only the resistance coils but also the 
switch dials. The screen is connected to one end of the resistance as shown in 
figure 2. The resistance P consists of a number of non-reactive units arranged on 

* A paper dealing with the effects of stray impedances in bridge networks has recently been 
published by one of the authors*' 13 ^. 
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a dial so that resistances of o, 50, 100, 200, 500, 1000, 2000, 5 000 > 10,000 £2. and 
infinity can be obtained. This is mounted, oil-immersed and screened, in the same 
way as the resistance P, and the switch dial is duplicated so that the capacitance K 
can be connected not only across the whole resistance but also across any section. 
The condenser K is an adjustable mica condenser of good quality, and of 1 ^F. 
maximum capacitance, with a continuously variable air condenser of 1000 ^/af. 
maximum capacitance as a fine adjustment. It was supplied by the makers with its 
own screen connected to one terminal. 

The ratio arms are carried on a panel together with the switchgear for making 
the changeover from the capacitance to the inductance bridge, and are enclosed in 
a gauze screen connected to the earthed screens of the system. The Wagner arms 
are mounted on a separate panel. All the components are separated from each 
other by earthed screens by placing them in screened compartments in a screened 
box. These earthed screens are provided by facing the wooden structure of the 
box with sheets of perforated zinc. This makes a cheap, robust and efficient electro¬ 
static screen without introducing large areas of metal into the system, for it must 
be remembered that the mutual inductance has to be placed within a reasonable 
distance of the apparatus and there must be no risk of affecting its properties as a 
result of this proximity. 

The box containing the bridge circuits is about a metre long, 60 cm. wide and 
25 cm. deep. The lid is made up of a number of thin aluminium panels through 
which the operating handles of the various switches and dials pass, and which 
carry the appropriate engraving. These panels, which complete the earthed screen 
of the system, are readily removable for inspection and cleaning of switchgear. A sec¬ 
tion of one panel is hinged and conceals the main terminal system of the bridge, 
consisting of a number of small screened compartments which are built up from 
thin aluminium sheet and house all the terminals necessary for the external con¬ 
nexions except those leading to the inductometer and test condenser, which it was 
considered expedient to place at opposite ends of the box. Besides the supply and 
detector terminals, each pair of which is in its own screened compartment, a pair of 
terminals is provided in shunt with the condenser K and another pair in series 
with the resistance P. These four terminals are enclosed in a double-screened com¬ 
partment, the inner screen, which is insulated from the outer, being connected 
to the screens of P and K , while the outer screen is earthed. The points X, T, Z 
and the common point of the ratio arms are brought by double leads to terminals 
and copper cups containing mercury all housed in screened compartments. The 
current and potential leads thus provided for the four arms of the inductance 
bridge allow the measurement of the d.-c. resistances of these arms to be made with 
high precision. The cup and terminal on the leads from the point X are enclosed 
in a double-screened compartment, the inner screen being connected to the screen 
of resistance R while the outer screen is earthed. All the leads to this terminal 
system are screened or double-screened to conform with the conditions at the 
corresponding bridge points. A plan of the layout is shown in figure 4, on which 
the lettering corresponds to that in figures 2 and 3. 
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The leads to the test condenser are twinned and separated from each other by 
earthed screens. The effective capacitance between them is thus kept low, and their 
series inductance is small. The series resistance of these leads is also made as small 
as possible by the use of wire of as heavy a gauge as is practicable, since the loss in 
the leads may affect the measured power factor of the condenser (see below). The 
leads to the mutual inductance are made in a robust rigid unit conforming to the 
same screening arrangements as the mutual inductance itself and, in determining 
the effective properties of the instrument, this leads system is regarded as part 
of it. 



§5. OPERATING TECHNIQUE 

The bridge is designed primarily for measurements at frequencies ranging from 
50 c./sec. to 3000 c./sec., and the necessary supplies of current are assumed’ to be 
available. It may be taken as a general principle that the supply unit should be 
isolated from the bridge where possible as this makes for a stable system of earth- 
impedances and a consequent overall stability in the bridge balance points. In the 
present case, the isolation was effected by the use of a toroidal transformer, wound 
on a nickel-iron ribbon core and enclosed in an earthed screen, with an earthed 
screen separating the windings. The capacitance balancing of this transformer, 
although an attractive refinement, is not essential‘since a Wagner earthing arm is 
used. For audio-frequency work a valve amplifier and telephone are used as a 
detecting system, and these are isolated from the bridge by a transformer similar to 
that used in the supply circuit. The importance of the use of such a transformer 
here lies in the fact that it reduces the earth-impedances imposed on the detector 
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points and so facilitates the simultaneous balancing of the main bridge and the 
Wagner arm. If the earth-impedances of the detector points are allowed to assume 
magnitudes comparable with the impedances of the bridge arms, then this simul¬ 
taneous balancing may prove difficult or even impossible; the balances may 
become divergent. For power-frequency work, a vibration galvanometer of the 
Campbell type is used as detector, and as a rule no amplifier is necessary. 

Theoretically, the balance points are aperiodic when condensers of very low 
power factor are under test. In practice, however, circumstances may arise in 
which a departure from this condition is very marked, owing to the use of the P—K 
combination as a means of balancing out part of the self-inductance of the secondary 
winding of M. The effective resistance P' and effective inductance JJ of a condenser 
K in shunt with a resistance R are given by the following equations, in which 
wlzv is the frequency: 

P'=P/(i + co 2 P^), .(5-x) 

L'= -10*1(1 +u*P*K*). .(5-2) 

The approximate forms already quoted, 

P'=P 

and L'= — KP 2 


are valid only if 
We may put 
since 


o>*P*K* = a> 8 (L-MY/P* 
L'hL-M, 


and the conditions under which the balance points tend to depart from aperiodicity 
can be more clearly shown. For the normal working of the bridge, M is the maxi¬ 
mum reading of the inductometer and is therefore nearly equal to L. When P 
has its lowest practical value of 100 Q., the quantity oP (L — M) z /P z is of the order 
of o-ooi at 1000 c./sec. For low values of M, which in the extreme case include 
the very small leads readings, the term becomes large and the balance point becomes 
more dependent on frequency. Since the technique of the method involves the 
determination of P' and L' in situ, no error arises from this, but a practical incon¬ 
venience may be caused if the harmonic content of the supply is high, for balance 
will be obtained only for the frequency oj, and a background of harmonics remains 
in the telephone. Similar conditions may‘sometimes arise in establishing the 
Wagner balance, but the use of a simple resistance volume-control in shunt with the 
telephone is surprisingly effective in establishing good conditions for rapidly 
working into balance from a fairly large out-of-balance voltage, even when the 
harmonic content of the supply is as high as 5 per cent. 

An examination of equations (3-11) will show that for measurements on con¬ 
densers of poor power factor at power frequencies, the quantity (zM^—Mx) may be 
very large, and in fact it may well be that for some conditions the effective induct¬ 
ance of the arm ZY, even with K at zero, is too small to satisfy the conditions of 
balance. In the few cases in which this condition does arise the difficulty can be 
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met very neatly without the introduction of any extraneous inductive coils by the 
device of connecting a condenser between a tapping point on the P resistance and 
the Wagner earth point. The effect of a capacity C e connected in this way and 
flanked by resistances P x and P 2 > is to increase the inductance of the arm by an 
amount C e P 1 P 2 * The calibration and general quality of this condenser need not 
be of a high order, and by slightly overadjusting it the power factor balance can 
be made in the normal way on K. The successful use of this device depends, of 
course, on the correct adjustment of the Wagner arms. 

When the circuits are switched over to the inductance bridge, all the adjust¬ 
ments in the P arm remain unaltered and balance is obtained by adjusting M 
and R . The series resistance r 3 , figure 2, in the Wagner arm is best reduced to zero 
for this arrangement. A switch is provided for reversing the ratio arms, as was 
indicated in § 3. It is important that this switch shall effect the reversal without 
altering 8 , and, in addition, 8 should be as small as possible to start with. Part of 



Figure 5. Arrangement of ratio adjustor and reversing switch. 

the wiring of the reversing switch is shown in figure 5. The heavy copper leads 
LML', MN , and M x N f connect the studs of the switch and the actual 

coils. Preliminary adjustment was made during assembly to bring M and M ± to 
the mid-points of LL' and LfLf respectively, and MN and M X N' were adjusted for 
equality. The connexions between the switch and coil were thus made equal in 
resistance within less than o-ooi Q. for both positions of the switch. In order to 
reduce 8 , a small panel is incorporated in the system carrying a potentiometer of 
about 500,000 fi. resistance and a differential air condenser of about 200 /ajuf. 
capacitance. The connexions of these components to the ratio arms and reversing 
switch are shown in figure 5. This system can be preset, and equality of resistance 
and phase angle can be checked by reversal, and once this has been done subsequent 
reversals can be omitted in a series of measurements. 

Reference has already been made to the leads passing to the terminals to which 
the test condenser is connected. Exigencies of design necessitated that these leads 

* It can be shown that this device does introduce a small error in the determination of R2, but 
at the low frequencies at which this scheme is used, the error does not exceed 3 parts in 10 5 . 
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should be nearly a metre long, and in spite of all available precautions they possess 
resistance and inductance of such magnitudes that allowances must be made for 
these quantities in measurements on condensers of large value. If r and / are 
respectively the resistance and inductance of the leads, then at a frequency 
oj/z7t c./sec. the effective capacitance of the condenser under test is increased by a 
fraction lCa > 2 and its power factor by rCco. In the present case, the measured 
values are r= 0*030 Q. and Z= 1*04 ^h., so that at 1000 c./sec. the corrections on a 
i-j&F. condenser are 4 parts in io 5 on capacitance and 0*0002 on power factor. As r 
and Z are known to within 5 per cent, the application of these corrections is not 
likely to introduce any significant errors. 

The phase defect of the mutual inductance and the phase angle of R are found 
by reference to appropriate standards. Hartshorn (9) has described the use of a 
special standard of mutual inductance, the characteristics of which are determined 
from radio-frequency measurements, as a method for determining phase defect, 
while one of the present authors (lo) has described a series of resistors of calculated 
phase angles which are used for determining the phase angle of resistances of any 
magnitude. The phase defect of the specially constructed screened mutual in¬ 
ductance was negligibly small (less than 0*00002 radian) at all settings at a frequency 
of 1000 c./sec. The phase angle of the resistance R was determined for a number of 
settings, and the effects of variation of R on this phase angle were studied in 
sufficient detail to enable the phase angle for any combination of the dials to be 
deduced. The variation with frequency of the magnitudes of M and R has also 
been investigated, the former by assuming the invariability with frequency of a 
standard air condenser, which is measured on the bridge at various frequencies. 
This method of measurement, the results of which have been confirmed by tests 
against condensers ranging in value from 1000 to 10,000 ^f., has the advantage 
that the effects of certain stray impedances (see appendix) are correctly allowed for. 
The capacitance between the resistance R and its screen acts in shunt with the 
resistance and might therefore be expected to alter the effective resistance for large 
resistances at audio-frequencies. The comparison of R with resistors known to be 
invariable with frequency up to 10,000 c./sec. showed that at a setting of 10,000 Q. 
the change of R with frequency was only 4 parts in io 5 at 1000 c./sec. It is con¬ 
cluded that the properties of M and R are known with sufficient accuracy to permit 
the use of the bridge at frequencies up to 3000 c./sec. 

The absolute calibration of M is determined by a building-up system, starting 
from a direct comparison between M at the setting of 10 mH. and the primary 
standard of mutual inductance (8) . The values of R are determined by comparison 
with laboratory standard manganin coils. A set of such standards in pairs of 100, 
1000 and 10,000 £ 5 . will give, by the use of parallel and series connexions, a range of 
standard values of 50, 100, 200, 500, 1000, 2000, 5000 and 10,000 £X, and the 
values of R and P are chosen to fall in this series. The calibration of M is thus 
obtained in absolute c.g.s. units and the values of R are obtained in terms of 
laboratory standards calibrated both in absolute and in international units of 
resistance (ll) . 
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The value of C is thus obtained either in international units or in absolute 
units. The former is the value in general use in industry at the present time, but if 
the recommendations of the International Bureau of Weights and Measures are 
adopted, the latter will come into use in 1940. The relation, derived from the work 
mentioned above, is 

1 ju,F. international = (1-50 x io~ 5 ) /xF. absolute. 

In carrying out an actual calibration, the values of P and R are first chosen to 
give a convenient reading of M . Balance is obtained first on the capacitance bridge 
by adjusting M and K, the circuit is then changed over to the inductance bridge, 
and balance is obtained by adjusting M and i?, the presetting of the ratio arms for 
equality of resistance and phase angle having been carried out. The two settings of 
R are then compared with the appropriate d.-c. standards. The high quality of the. 
resistance R, together with the fact that, owing to oil immersion, its thermal 
stability is of a high order, makes it unnecessary to carry out these d.-c. calibrations 
for every test. The test condenser is then disconnected and the leads readings are 
obtained in an exactly similar manner. From these the effective capacitance and 
power factor of the leads are calculated, and the appropriate corrections are applied. 
It is found that the leads power-factor correction is less than o-oooi for capacit¬ 
ances greater than 2000 /xfxF. The leads readings can actually be regarded as circuit 
constants and it is not generally necessary to determine them on every occasion. 

As an overall test of the equipment, a three-dial mica condenser of total capacit¬ 
ance x fjuF . was calibrated throughout its range for capacitance and power factor at 
1000 c./sec. A set of values was also obtained by a building-up method (ia) in which 
the values of power factor are deduced on the assumption that the power loss of a 
standard air condenser remains constant for all scale settings, while the capacitance 
values are related to a single value (o-i /xF.) measured on the new bridge. In the 
following table are given the maximum and mean deviations between the values 
obtained by the two methods. The range of capacitance values covered was o*ooi to 
i*o jxF. and the table is drawn up in three sections, covering respectively the ranges 
o-ooi to 0*01 /xf., o*oi to 0*1 fM f. and o*i to i*o /xF. 


Table 1 


Deviation 

Capacitance (/xF.) 

Power factor 

0*001 to 0*01 

o*oi to 0*1 

o*i to 1*0 

0*001 to 
0*01 

o*oi to 
0*1 

o*i to 
1*0 

Maximum 

Mean 

zo parts in 10 5 

8 parts in 10 6 

4 parts in io 6 

1 part in io 6 

10 parts in io 5 

6 parts in io 5 

0*00009 

0*00005 

0*00008 

0*00004 

0*00008 

0*00003 


The conclusion is therefore drawn that the effects of stray impedances have 
been correctly assumed to be negligible and that the validity of the fundamental 
equations (3* 10) and (3*11) is such that at 1000 c./sec. the probable limits of error 
on capacitance do not exceed ± 5 parts in 10 s , and those on power factor do not 
exceed ±0*00005 for capacitances in the range o*ooi to 1 /xF. 
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The values recorded in the above table represent the results of a single series of 
measurements, taken without any checks. Numerous tests on subsequent occasions 
have shown that the accuracy estimated above may easily be doubled in any special 
case. 

The bridge has been used successfully at 50 c./sec. and the agreement found on 
capacitances ranging from o-oi to x juF. was substantially that found above for the 
measurements made at 1000 c./sec. The performance of the bridge at frequencies 
higher than 1000 c./sec. has not yet been explored in the same detail, but measure¬ 
ments have been made at a frequency of 3000 c./sec. on capacitances as low as 
5000 joijuF. with results which suggest that the accuracy is not worse than one-half 
that at 1000 c./sec. 

§6. CONCLUSION: GENERAL UTILITY OF THE CIRCUIT 

The experience obtained with the bridge has shown it to mark a very great 
advance on the systems which have preceded it, not only as regards the reliability 
of the results but also in the speed with which the measurements can be made. 
Routine tests have been carried out on condensers up to 2 /*f. capacitance and the 
practical upper limit of the measurable capacitance is regarded as 4 juF., for which 
P—R =50 Q., although in special cases capacitances as high as 10 juf. could be 
measured with a somewhat diminished accuracy. 

The circuit was primarily designed as a capacitance test set and it is considered 
to have fulfilled the original requirements. It is, however, very flexible and can 
be used for a number of other purposes. Incorporating as it does a Campbell- 
Heaviside self-inductance bridge, it can obviously be used for measuring self¬ 
inductances, and its range as a self-inductance bridge has been extended by the 
inclusion of additional ratio coils giving ratios of 10/1 and 100/1. The Campbell- 
Heaviside circuit cannot at this stage be regarded as suitable for high-precision 
measurements on large inductances at audio-frequencies, and for such measure¬ 
ments power frequencies are to be preferred. Small self-inductances of the order 
of a few microhenries may also be conveniently measured on the bridge if the 
inductometer is removed and replaced in the circuit by short-circuiting links, 
effective variations of self-inductance being obtained by variation of K. When the 
inductometer is removed, the bridge can also be used as a series-arm resonance 
bridge, a self-inductance being inserted in the P arm while P itself is set to infinity. 
The condenser K and the added inductance can then be put in series, and the 
bridge so adjusted can be used for the measurement of frequency or of total har¬ 
monic content of a supply wave. 


APPENDIX: THE EFFECT OF STRAY IMPEDANCES<* 3 > 

Stray impedances internal to the bridge. The references are to figure 3. Stray 
impedances between Q and X, X and W, W and Q, W and Y, and X and Y, 
modify the properties of M and of the P and R arms. The characteristics of these 
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components are determined in situ and therefore include the effects of these im¬ 
pedances. 

A small admittance I\, between Q and Z, figure 3 i, leads to a modification of 
equation (3*6) to 

K = f & + */*“rtL+rx {(A-ft) (£ + *)-£ (f, + A)}].(A X) 

ft 

If where Q is a small capacitance, the above equation can be inter¬ 

preted for three important practical cases: 

(a) X N/Xx, 

(b) AN2JU.!, 

(c) and /x x -> o. 

Let L be the reactive part of A, so that L is the self-inductance of the secondary 
of M , and let the resistance of the secondary be negligible in comparison with R x 
and R 2 (in practice it does not exceed 1 per cent of these values). Then the errors, 
AC and Ay, in C and y are as summarized in table 2: 


Table 2 


Case 

A C/C 

Ay 

A = 2/x x 

A^> fi x and fa-*o 

oi 2 M x C x 

0 

0 

coC^Ri 

coC x Lf CR% 


The third case is interesting, for it corresponds to the leads reading, for which 
y was found to be 0*007 and C was 28 /x/xf. If the whole of the leads power factor be 
assumed to be due to C x , then C x can be estimated from the above result, giving a 
value of 8 /x/xF. This therefore is an upper limit to the probable value of C l9 from 
which maximum probable values of a> 2 M 1 C 1 and cjC x R 2 can be calculated, giving 
the figures already quoted on p. 43. 

Stray impedances to earth . Stray impedances to earth from the points W, Y 
and Z are dealt with by the Wagner arm in both circuit arrangements. Impedances 
to earth from Q and X (the latter in the inductance bridge) are not dealt with. If 
admittances T 2 and T s connect Q and X respectively to earth, equation (3-6) must 
be modified to 

/Xi/C — fj [^2 + 2/X2— /Xi —{r a £ (fa — ......(A 2) 

Assuming r 2 =r 3 =y<oC 2 , the interpretation for the important cases fa=2fj, 
and /x x == o can be given in simple form. In the first case M 2 can be regarded as 
being altered by a fraction a> s C 2 (2 M 2 —L) which is almost always negligible since 
generally zM 2 and L are of the same order. In the second case the leads power 
factor is altered by an amount <dM 2 .w 2 LC 2 /R 2 , which is quite negligible for any 
reasonable value of C 2 at audio-frequencies. 


4-2 
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ABSTRACT. A detailed investigation has been made of the mechanism by which sound 
is transmitted between adjacent rooms in brick buildings. The relative importance of 
sound transmitted by the intervening partition and by die flanking walls and floors is 
deduced from measurements of their vibration, and it is shown that indirect transmission by 
the flanking walls and floors can be markedly greater than direct transmission through the 
intervening partition. It is shown, for example, that in one pair of average rooms the sound 
transmitted indirectly was about six times as much as that transmitted directly. A method 
of predicting the importance of the indirect transmission in any given case is described. 
It is concluded that in average buildings there is probably no advantage to be gained by 
installing partitions of special construction having sound-reduction factors greater than 
55 or 60 decibels. 


Si. INTRODUCTION 

T ransmission of sound through the structure of a building is important 
both because sound reaches, in this way, parts of a building which are remote 
from the original ndise and also because, as has been mentioned in an earlier 
paper* 1 *, conduction along the flanking walls and floors limits the insulation obtain¬ 
able between neighbouring rooms. This form of transmission has been referred to 
as transmission by indirect paths to distinguish it from direct transmission through 
an intervening partition. 

It is important to study the indirect transmission in an average building so that 
it can be allowed for in sound-insulation schemes. It is important, also, to ascertain 
whether the effect can be minimized by varying the construction of the building 
or by a suitable choice of material. 

A few measurements have been made by different workers in various types of 
building of the attenuation of sound travelling through the building fabric. 
A. Gastell (2) has measured subjectively the transmission of impact sounds in steel- 
frame buildings and in ordinary brick buildings, and has concluded that trans¬ 
mission by indirect paths is less important in those of the latter type. Berg and 
Holtsmark (3) have made objective measurements in an ordinary brick building of 
the transmission of audio-frequency vibration originated by a loudspeaker and 
conclude that sound is attenuated by an average amount of ^db./ft.in such buildings. 
The author made similar measurements^* in a reinforced-concrete building and 
observed an attenuation of about the same amount for a frequency of 200 c./sec. 
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In the present paper the chief problem discussed is the effect of indirect trans¬ 
mission upon the sound-insulation between a pair of adjacent rooms. A source of 
sound in one room generates vibrations in all the boundaries of the room. One of 
these boundaries, the partition between the rooms, is common to both rooms, and 
by its vibration will radiate sound directly into the second room. Of the remaining 
five boundaries, one, the wall opposite the partition, has no direct connexion with 
the second room; the other four, the flanking walls and floors, are extensions of the 
corresponding walls and floors in the second room and vibration can be conducted 
along them from one room to the other. Each wall may be taken to radiate sound 
energy in amounts proportional to the product of its area and of its mean square 



Figure i. 


amplitude of vibration. That radiated by the common partition constitutes the 
direct sound while that radiated by the other surfaces constitutes the indirect sound , 
and it was the purpose of the measurements described below to determine the 
relative importance of the two paths. 

Two buildings have been investigated, the measurements in one being on a 
more extensive scale than in the other. The first consisted of a modern block of 
flats built with brick. The building is approximately in the form of a square, is four 
storeys high, and contains two suites of rooms on each floor. The room-distribution 
is shown in figure i, which is a plan of the second floor and is representative of the 
lay-out on all floors. The outer wall is of cavity construction, consisting of two 4^-in. 
brick leaves separated by 2-in. air space, and the floors are of reinforced concrete 
5I in. thick covered with a wood floating floor insulated with rubber blocks. The 
interior walls consist mainly of plastered 3-in. hollow-tile partitions. 
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A set of six rooms was selected, figure 2, the central rooms of which were divided 
from the remaining rooms by a plastered 9-in. brick wall on one side and a plastered 
3-in. clinker concrete wall on the other. This disposition enabled the transmissions 
through the two partitions to be compared under identical conditions. 

§2. DESCRIPTION OF MEASUREMENTS 

A warbling note was generated in room 2, figure 2, by a loudspeaker and the 
intensity of the air-borne sound in each of the rooms was determined. Frequencies 
of 200, 700 and 2000 c./sec. were used for the measurements. The mean square 
amplitude of vibration of certain of the walls was also determined, a modified form 
of loudspeaker movement being used for this purpose. This instrument proved 
sufficiently sensitive to detect the vibration generated in a wall by a 50-w. loud¬ 
speaker working in a room over 100 ft. away. 



The measurements of the intensity of the air-borne sound gave the acoustical 
insulation against transmission vertically, horizontally and diagonally from the 
room containing the loudspeaker. The vibration measurements enabled the 
relative amounts of air-borne sound radiated by each of the walls to be calculated. 

Careful check measurements were made to confirm that the sound measured 
had actually been transmitted through the building structure and was not appre¬ 
ciably contributed to by sound leaking through apertures—for example, through 
gaps round the edge of doors. 

§3. RESULTS 

The results obtained are given in table 1. 

It will be seen that, as was to be expected, the 9-in. brick wall is more insulating 
than the clinker concrete wall, the difference between the average insulations being 
6 db. Actually, the difference which would have been expected from laboratory 
measurements is between 10 and 12 db. The observed effective sound-insulation 
of each partition is less by at least 5 db. than the figure determined by laboratory 
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Table i. Acoustical insulation against horizontal, vertical and diagonal 
transmission in set of rooms shown in figure 2 



Acoustical insulation (db.) 

Mean 

Mode of transmission 

At 200 
c./sec. 

At 700 
c./sec. 

At 2000 
c./sec. 

acoustical 

insulation 

Horizontal transmission from room 2 
to room 1 through 9-in. brick wall 
weighing 90 lb./ft? 

40 

45 

52 

46 

Horizontal transmission from room 2 
to room 3 through 3-in. clinker con¬ 
crete wall weighing 20 lb./ft? 

36 

40 

45 

40 

Vertical transmission from room 2 to 
room 5 through 5j-in. reinforced- 
concrete floor covered with wood 
floating floor insulated with rubber 
blocks and weighing 65 lb./ft? 

38 

47 

57 

47 

Diagonal transmission from room 2 
to room 4 

45 

5 i 

61 

52 

Diagonal transmission from room 2 
to room 6 

44 

52 

62 

52 


measurements for the sound reduction factor. The difference may in part be 
accounted for by the reverberation of the receiving room, though, as will appear 
later, there are other reasons for expecting the measured insulation to be lower than 
the laboratory figure. The total absorption in these rooms was not determined, so 
that a correction cannot be applied for this factor. By making the reasonable assump¬ 
tion, however, that the room surfaces each had the same average absorption coeffi¬ 
cient, we find that the differences between the corrections to be applied to the 
values obtained for the insulation of the two walls would be about 1 db. only. This 
is insufficient to account for the fact referred to above, that though the difference 
between the observed insulations should have been 10 db., it was actually only 6 db. 
To ascertain whether this effect arose from some unusual behaviour on the part of 
the partitions themselves, measurements were made of the actual vibration of the 
brick and clinker concrete walls. The mean differences between the vibration of 
the brick wall and of the clinker concrete wall are shown in table 2. 

Table 2. Amount by which the mean square amplitude of vibration of the 
brick wall was greater than that of the clinker concrete wall 


Frequency 

(c./sec.) 

Difference between 
mean square ampli¬ 
tude of vibration 
of walls (db.) 

200 

9 

700 

14 

2000 

15 


It will be observed that the average difference between the mean square ampli¬ 
tudes of vibration was 13 db., which differs, by an amount exceeding the experi- 
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mental error, from the difference between the intensities of the air-borne sound 
(6 db.) and corresponds more nearly with what would have been expected from 
laboratory measurements. 

It is clear therefore that sound was not transmitted through the intervening 
partitions only. As check measurements indicated that the additional transmission 
did not occur by doorways or windows, there is ground for believing that trans¬ 
mission along the flanking wall and floors may have been responsible. To test this 
point, measurements were made of the vibration of all the walls of rooms 1 and 3. 
It was not possible to determine the vibration of the structural floor as it was 
covered with an insulated wood floating floor and the amount of sound transmitted 
through the gaps between the floor boards was uncertain; the ceiling could not 
easily be reached and was for this reason not measured. The relative proportions 
of sound radiated by the partition and by the remaining surfaces of the room were 
calculated on the assumption (justified by measurements made in other buildings) 
that the ceiling had the same average amplitude of vibration as the walls, the radia¬ 
tion from the floor being neglected. Neglecting the floor involves only a small error, 
Jbably only of the order of 1 db., since its area is only about half that of the walls. 
The vibration of the windows, which could not be measured since it would be 
altered by the pressing of a vibration detector against the glass, was assumed to be 
the same as that of the walls. Actually the area of the windows was only a fraction 
of that of the walls, so probably no appreciable error is involved. In the calculation 
allowance had to be made for the fact that the vibration in the flanking walls 
decreased as the distance from the room containing the loudspeaker increased. 
A number of measurements had been made at equally spaced points on these walls 
and the arithmetic mean of the squares of the observed amplitudes was taken as 
the mean square amplitude of the wall. The contribution of sound energy from the 
wall was taken as proportional to the product of the area of the wall and the mean 
square amplitude of vibration. In view of the practical difficulty of determining 
ceiling vibration, measurements of the indirect transmission to room 5, below room 
2, were not made. The results obtained are given in table 3 and show the amounts 
by which the sound transmitted by indirect paths exceeded that transmitted through 
the partitions. 


Table 3. Calculated contribution of sound transmitted by indirect 
paths in the set of rooms shown in figure 2 


Mode of 
transmission 

Intervening 

partition 

Excess of indirect transmission 
over direct transmission 
through partition (db.) 

At 200 
c./sec. 

At 700 
c./sec. 

At 2000 
c./sec. 

Horizontally from 
room 2 to room 1 

9-in. plastered brick 
wall 

7 

8 

8 

Horizontally from 
room 2 to room 3 

3-in. plastered clinker 
concrete wall 

1 

0 

1 
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It will be seen that the indirect paths were definitely predominant in the case 
of transmission between rooms i and 2, but that in the case of transmission between 
rooms 2 and 3 they were only of an importance comparable with that of the direct 
transmission. The explanation is to be sought partly in the greater insulating value 
of the 9-in. brick wall between rooms 1 and 2 and partly in the fact that in room 1 
the area of the flanking walls was larger in comparison with the area of the partition 
than it was in room 3. The figures given for the indirect transmission enable the 
insulation provided by the partitions alone* to be deduced from the observed 
insulation between the rooms. 

Using results averaged for all three frequencies, we find that the insulation 
provided by the brick partition alone is about 55 db. while that provided by the 



clinker concrete partition alone is about 43 db. The difference between these 
insulation figures is 12 db. which is in very satisfactory agreement with the differ¬ 
ence, 13 db., obtained by measurements of the actual vibration of the two walls, 
and also with laboratory measurements. 

A similar but less extensive series of measurements was made on a pair of rooms, 
one vertically above the other, in a 3-storey building built with brick walls and 8-in. 
reinforced-concrete floors. Each room was bounded on two sides by the exterior 
brick wall which was 18 in. thick in the case of one room and 14 in. thick in the 
other. The construction is shown diagrammatically in figure 3. A loudspeaker was 
operated in one room and measurements of the intensity of the air-borne sound 
were made in the other, the concrete floor acting as a partition between them. 
Measurements of the vibration of the walls and floor enabled an estimate to be 
made of the relative amounts of sound transmitted by direct and indirect paths. 
The results obtained are given in table 4. 


This calculation does not include an allowance for the reverberation of the rooms* 
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Table 4. Transmission of sound between two rooms 
separated by an 8-in. concrete floor 


Frequency of test sound (c./sec.) 

200 

700 

1000 

Measured insulation against air-bome sound (db.) 

33 

45 

50 

Excess of indirect transmission over direct trans¬ 
mission through floor (db.) 

3 i 

2 

2 

Decrease of effective insulation of floor due to in¬ 
direct transmission (db.) 

5 

4 

4 


It will be seen that the indirect transmission was markedly greater than the 
direct transmission. Accordingly any improvement in the insulation provided by 
the floor alone would have a negligible effect. 

§4. DIAGONAL TRANSMISSION 

Measurements of the wall vibration were also made to examine the transmission 
diagonally between rooms 2 and 4, figure 2. From these results it was possible to 
calculate the difference to be expected between the air-borne sound-intensities in 
rooms 1 and 4, i.e. the difference between the insulation against horizontal and 
diagonal transmission. The figure obtained was within 1 db. of the experimentally 
observed figure, a satisfactory agreement. It has previously been assumed that a 
measurement of the insulation against diagonal transmission provides an indication 
of the contribution made, in the case of horizontal or vertical transmission, by the 
sound transmitted along indirect paths. The results show that this criterion is un¬ 
reliable; for the insulation against diagonal transmission is, as is shown in table 1, 
considerably greater than that for horizontal and vertical transmission, yet, as is 
shown in table 3, indirectly transmitted sound is predominant in at least one room. 
The reason for this apparent discrepancy lies in the fact that the vibration of the 
walls is attenuated by several decibels along the length of the flanking walls, this 
attenuation being more important in the case of diagonal transmission than for 
horizontal or vertical transmission. Roughly speaking, the wall vibration is halved 
in intensity for every increase of 6 ft. in the distance from the boundaries of the 
room containing the loudspeaker. The areas of wall nearest this room contribute 
most to the indirectly transmitted sound. In the case of horizontal or vertical 
transmission there is a substantial area of wall, near the room containing the source 
of sound, which vibrates with about the same amplitude as that part of the flanking 
wall which bounds the room containing the source of sound. As far as diagonal 
transmission is concerned, however, there is only a small area, in the comer adjacent 
to the room containing the source of sound, which vibrates with the maximum 
amplitude. 
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§5. POSSIBILITY OF PREDICTING MAGNITUDE 
OF INDIRECT TRANSMISSION 

In view of the importance, shown by these measurements, of transmission by 
indirect paths, a method of calculating the magnitude of the effect when buildings 
are being designed would be valuable. The results obtained during the measure¬ 
ments in the buildings referred to in this paper throw some light on this point. 

It is to be expected that the relative amplitudes of vibration of the walls of the 
room containing the source of noise will be calculable with sufficient accuracy from 
the curves relating sound-transmission through solid walls with their weight 
This is confirmed by measurements made in the buildings referred to in the present 
paper. The amplitudes of vibration of three of the bounding walls of room 2, 
figure 2, could be measured readily from outside the room. The vibration of the 
exterior flanking wall could not be measured, for obvious reasons, on the section 
of it which formed part of room 2. Measurements of the vibration of this wall in 
the rooms 1 and 3, close against the partitions dividing these rooms from room 2, 
showed, however, an amplitude slightly greater than that of the 9-in. brick partition, 
a result which accords with the weight of the wall. Similarly, measurements of 
the vibration of the exterior wall of the rooms shown in figure 3 proved that the 
amplitude was one or two decibels less than that of the floor, a difference to be 
expected from the relative weights. This behaviour may possibly be explained as 
follows. Where two walls or a wall and a floor meet they must, obviously, vibrate 
with the same amplitude. Hence, it is to be expected that, whatever the amplitude 
of vibration of the walls and floors bounding a room which contains a source of 
sound may be, the vibration of prolongations of these walls and floors will be 
influenced by the vibration of the other walls and floors to which they are con¬ 
nected. It is to be expected on this account that the observed attenuation of 
vibration travelling along a light wall will, in suitable circumstances, suffer a sharp 
change where the wall comes into contact with a heavier wall or floor. In fact, in 
rooms remote from that containing the source of sound, the amplitude of vibration 
of the walls and floors may be expected to tend towards the same average value; 
the vibration of the heavy elements may be supposed to have been increased by 
their contact with the light elements and conversely. In actual buildings the 
majority of the walls and floors usually seem to have weights of the same order, and 
hence would in any event be expected to vibrate with about the same amplitude; 
certain of the partitions have a light construction, however, and in the light of the 
foregoing discussion it is to be expected, as was found experimentally, that their 
amplitude of vibration will, except where they form part of a room containing a 
source of sound, be about the same as that of the heavy walls and floors in their 
neighbourhood. 

This circumstance fortunately limits the importance of indirect transmission. 
However, since the area of the flanking walls and floors in rooms of average shape 
tends to be large in comparison with that of the partition, it will be seen that when 
the partition has about the same insulating value as the walls, the contribution of 
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sound from the latter is likely to exceed that from the partition as, indeed, was 
shown in the case of the rooms described in this paper. 

Normally, partition walls would not be made heavier than the heaviest flanking 
wall, which is often an exterior wall, and attempts to improve the insulation of the 
partition wall would be made by adopting double or complex construction rather 
than by adding to its weight. Without additional weight the partition would not 
restrict the vibration of the flanking walls attached to it, so that there would seem 
to be no point in making such partitions much more insulating than the heaviest 
flanking walls and floors would be if they were treated as partitions. This means 
that in average buildings there is probably no point in installing partitions of special 
construction having sound-reduction factors greater than 55 or 60 db., unless steps 
are taken to reduce the indirect transmission. In certain circumstances increasing 
the weight of the partition might decrease the vibration of the flanking walls and 
thus effect an improvement, but this would only be expected to occur if the partition 
were heavier than any of the flanking walls and floors—a condition which is prob¬ 
ably rare. 
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ROTATIONAL ANALYSIS OF THE ULTRA-VIOLET 
BANDS OF GERMANIUM MONOXIDE 

By A- K. SEN GUPTA, M.Sc., the University College of Science 
and Technology, Calcutta 

Communicated by Prof . P. N. Ghosh , 9 May 1938. Read in title 24 June 1938 

ABSTRACT . From measurements on high-dispersion spectrograms, rotational structure 
analysis is made of the (1, 0), (2, o) and (0, 3) bands of the ultra-violet band system of 
germanium monoxide (GeO). The bands are found to be due to a X E -> x 2 ! transition and 
are thus analogous to the A bands of SnO and PbO, as has been suggested in a previous 
communication. Relevant molecular constants have been obtained for both the states. 
A few lines due to the less abundant isotopic molecules 70 GeO and 72 GeO have been ob¬ 
served in the (o, 3) band. 


§1. INTRODUCTION 

S o far only a single band system lying in the ultra-violet region between A2340 
and A3320 is known for germanium monoxide, GeO. It consists of a large 
number of bands degraded to the red and appears in the spectrum of an arc 
between carbon electrodes fed with germanium dioxide or potassium germani- 
fluoride or of an uncondensed discharge through the vapour of germanium tetra¬ 
chloride in an atmosphere of oxygen. Shapiro and his co-workers (l) have also 
secured weak indications of these bands in absorption. The observation of ger¬ 
manium isotope effect in several of the band heads has proved beyond doubt the 
identity of their emitter. 

The vibrational structure analysis of the bands has been carried out satisfactorily 
by several investigators^ 2 ’ 3 ’ 4) working independently. But no attempt has yet been 
made to study their rotational structure. Thus the nature of the electronic states 
involved in the transition remains still uncertain. It has, however, been suggested 
that since the band system also appears in absorption, its lower state corresponds to 
the ground state of the molecule and is in all probability a x 2 state as has been found 
in the case of the monoxides of group IV b ; while its upper state may be either X II or 
X E according as it is analogous to the fourth positive and the ultra-violet bands of 
CO and SiO respectively or to the A bands of SnO and PbO. Jevons and his co¬ 
workers are in favour of the first alternative in view of the complex structure of 
some of the strongest bands from their moderate dispersion spectrograms. They 
have not, however, overlooked the fact that the complex isotopic nature of ger¬ 
manium might be responsible for such a structure although in reality the bands are 
due to a X E -* X E transition. 

It was, therefore, thought desirable to undertake a complete rotational structure 
analysis of these bands with a view to ascertaining definitely the nature of the 
transition to which the band system is due. 
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The present paper reports the results of such an analysis carried out for the 
(1, o), (2, o) and (0, 3) bands. Each of these consists of only one P and one R 
branch, thus indicating that the band system in question is due to a X E -> X S transi¬ 
tion. In addition to the lines of these two branches a few faint lines due to the 
isotope effect of germanium have also been recorded in the (o, 3) band. 

§2. EXPERIMENTAL PROCEDURE 

From an inspection of the plates taken previously by the author with a Hilger 
Ei quartz spectrograph, it was found that the bands (2, o), (1, o), (1, 1), (o, 2) and 
(o, 3) are fairly intense. Of these (1,1) and (o, 2) bands are so much superposed by 
the structure lines of the neighbouring bands that they present a very complicated 
appearance. Hence the bands (2, o), (1, o) and (o, 3) were chosen for a study of their 
rotational structure. 

These bands have been photographed in the first order of a 21-ft. concave 
grating set up on a Paschen mounting and having 30,000 lines per inch with a 
6-in. ruled surface. For light source a carbon arc fed with potassium germani- 
fluoride has been used. An effective exposure of about 25 hr. was necessary for 
obtaining the bands with measurable intensity. Fine-grained photographic plates 
were used for securing the best definitions of the structure lines and Pfund iron-arc 
lines were utilized for comparison spectrum. 

Measurement of the structure lines was made with a Gaertner comparator 
(M1201 a) readable directly to o-ooi mm., and estimable to o-oooi mm. For each 
band at least four independent sets of measurements were carried out and reduced 
to wave-lengths in the usual manner. In no case did the individual wave-lengths 
data differ from their mean value by more than o*oi a. for any particular line. Re¬ 
ductions to vacuum wave-numbers were made with the aid of Kayser’s Schwin- 
gungszahlen. 

§3. ANALYSIS OF BAND STRUCTURE 

The high-dispersion spectrograms of the three bands investigated reveal that 
their resolution is complete except for a small region near the heads. Each band is 
found to consist mainly of two series of lines which are fairly long, owing to the high 
temperature of the source, and have nearly the same intensity. The two series may, 
therefore, be associated with the P and R branches of a band arising from a transi¬ 
tion involving similar singlet states. The possibility of one of these series being 
actually a blend of P and R branches while the other is a Q branch seems impro¬ 
bable from the following considerations. All the three bands, though they have 
different (v\ v") values, show practically identical structure. Further, the lines of 
(1,0) and (2, o) bands are very sharp in the regions in which the rotational isotopic 
shift would be nearly neutralized by the vibrational isotopic displacement. In other 
regions they look slightly diffuse. This feature can be attributed to the unresolved 
isotopic lines under the dispersion employed; their diffuse width, however, corre¬ 
sponds to,the calculated spread of the isotopic pattern. On the other hand, a few 
faint lines due to the less abundant isotopic molecules 70 GeO and 72 GeO have been 



64 A. K. Sen Gupta 

observed in the (o, 3) band. Hence one can conclude that the diffuseness of the 
lines should not be attributed to unresolved A-type doubling. This rules out from 
consideration a transition involving x n states and leads one to assign the band 
system in question to a transition. 

After the two main series of lines in each band had been sorted out, the next step 
was the identification of each series and the assignment of quantum numbers to the 
lines belonging to it. As the bands are degraded to the red, the series of lines start¬ 
ing from their heads should evidently belong to the R branch. This method of 
identification was not possible in this case owing partly to incomplete resolution 
near the heads and partly to the fact that the lines of the two branches appear as 
close doublets which coalesce into single lines as they approach the head. A little 
further from the head one can, however, identify the neighbouring lines of the 
components of the doublets as belonging to either R branch or P branch merely 
from a visual inspection of their relative photographic intensities. Once this had 
been achieved, it was only a matter of trial to find out the proper combination 
relationship between them and thereby to arrive at the unique assignment of their 
K numbering. Since no lines with low K values have been observed in these bands, 
owing to incomplete resolution near the head, it was not possible to secure the 
further confirmation of the correctness of assignment of the band system to a 
1 E -> 1 E transition from the criteria of missing lines. 

It is well known that the combination differences, A 2 T (K), between the lines of 
R and P branches of a band are given by 

' A 2 T'(K) = R(K)-P(K), 

A 2 T" (K)=R (K- 1 )-P (K+ 1). 

According to the combination principle all the bands having the same upper 
vibrational state should yield sets of values of \T' (K) which are numerically 
identical; and similarly all bands having the same lower vibrational state should give 
identical sets of values of A 2 r" (K). For each of the bands analysed the wave- 
numbers of the lines with their K numbering as well as the values of A 2 T' (K) and 
A 2 T" (K) are given in table 1. 

§4. CALCULATION OF MOLECULAR CONSTANTS 

The rotational energy of a molecule in a X S state being given by 
T {K)—B V K (. K+ i)+D v K 2 (K+1 )*+... 
the combination differences A 2 T (. K) can be expressed as follows: 
t±T(K)=T{K+i)-T(K-i) 

-4B 9 (K+i) + ZD 9 (K+W, 

where terms small in comparison with 8 D V (K+Q* are dropped. Both B v and D v 
depend upon v according to the relations 

* Bv~B e — ct(v J r\) 

~B 0 —<xv 
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n(K) 


Kisa 


R(K) 

P(K) 

(e'-o) 

\T" (K) 

(o'=3) 

58i8*oo 

13*06 

38812*28 

08*70 

05*00 

00*99 

38796*75 

89*02 

85*00 

80*13 

75*41 

70*52 

65*57 

59*20 

58 

64*80 

34647-15 

34637-35 

33-59 

30*10 

26*32 

22*43 

18*31 

14*02 

09*57 

05*60 

00*96 

34596-36 

92-04 

55-»i 

65-38 

08*70 

53*20 

55-50 

6673 

44-40 

87-68 

5672 

03*70 

46*73 

56-97 

68-30 

40*90 

81-77 

5913 

66-87 

*799-05 

40*40 

58-65 

70-46 

37*35 

77-53 

59-82 

6875 

93*52 

33*24 

60*28 

73-05 

33*59 

72-15 

61-44 

70-46 

88*69 

27*00 

61*69 

73-85 

30-10 

66*89 

63-21 

72-48 

82*91 

19*67 

63*24 

75-73 

26-32 

6i*ii 

65-11 

74-07 

77*68 

12*96 

64*72 

77-64 

22-43 

56-03 

66*40 

77-^8 

71*59 

05*27 

66*32 

79-35 

18-31 

50-38 

67-93 

66*33 

38698*33 

68*oo 

81-36 

14-02 

■ 44-75 
38-70 

69-27 

79‘6i 

59*60 

90*23 

83*03 

69*37 

83-30 

09*57 

70-87 

81-30 

53*90 

70*87 

84-95 

05*23 

32-72 

72-51 

83-23 

47*39 

74*65 

72*74 

87*00 

00*27 

26-34 

73-93 

85-28 

40*91 

66*90 

74*01 

88*6o 

34595*38 

19-95 

75-43 

8699 

34*34 

58*79 

75*55 

90*61 

90-29 

13-28 

77-oi 

88-74 

£31 

50*30 

77 *i 8 

93-36 

85-28 

06-64 

78-64 

90*63 

41*98 

78*90 

94-78 

80-08 

34499-66 

00*42 

92-57 

12*96 

32*70 

80*26 

96-22 

74*73 

92-71 

82*01 

94*20 

06*63 

24*66 

81 *97 

98-07 

69-21 

85-88 

83-33 

96-01 

3698*33 

14*89 

83*44 

100*12 

63*70 

78-71 

84-99 

97*77 

9i*34 

06*51 

« 

87*80 

101*42 

58*07 

71-44 

86-63 

99-60 

83*35 

38596-91 

103*44 

52*06 

6fIo 

87-96 

iox-45 

75*7o 

87*90 

105*36 

46*20. 

56-62 

89-58 

103-26 

67*32 

77.99 

89-33 

107*47 

40*00 

48*80 

91-20 

105*05 

5»*99 

68*23 

90*76 


33*71 

41*15 

92-56 

106-96 

50*70 

41*90 

48*00 

93-90 

110*99 

112*92 

27*04 

20*56 

33*04 

25*01 

94*00 

95*55 

108-70 

110*61 

33*06 

37*78 

95*28 

114*56 

*3*57 

16*43 

w 

112-60 

24*26 

27*34 

96*92 

n 6*20 

06*64 

34499*66 

07-96 

114*13 

14*89 

i6*86 

98*03 

118*35 

34399*44 

100*22 

115*92 

05*57 

05*91 

99*66 

120*18 

92*71 

90*72 

101*99 

117-65 

8596*12 

38494*71 

83*51 

101*41 

122*06 

85*29 

82*01 

103*28 

119-65 

86*63 

103*12 

123-69 

78*01 

73.06 

*°4*95 

106*43 

121-27 

76*69 

72*43 

104*26 

125*79 

7°*45 

64*02 

123-42 

66*49 

60*84 

105*65 

127*36 

62*46 

54*59 

107*87 

125*^5 

45*97 

49*33 

37*14 

108*83 

129*35 

54*7i 

46*97 

45*2° 

35-83 

109*51 

111*14 

126*63 

128-53 

35*72 

25*30 

110*42 

I33'i° 

38*79 

26*18 

112*61 

130*35 

24*88 

I2*§7 

112*01 

I35*°4 

30*80 

16*62 

114*18 

132*20 

14*14 

00*68 

113*46 * 

136*80 

22*09 

°6-|9 

H5*5o 

134*18 

02*82 

38388*08 

114*74 

138-41 

13*55 

34296*62 

116*93 

136*09 

8491*52 

8o*oi 

75*73 

115*79 

140-30 

°4*57 

86*oo 

1 *8-57 

137*75 

62*52 

117*49 

142-14 

34395*81 

75-80 

120*01 

*39*3* 

68*79 

49*38 1 

119*41 

143*97 

86*96 

65-26 

I2I-70 

141**9 

57*2i 

36*04 

121*17 

145*65 

S3 

54*62 

123*23 

142*82 

$6 

23*14 

122*32 

147*31 

44*14 

124-72 

126-29 

144*80 

146*55 

10*00 

123*68 

149*65 

59*34 

33*05 

20*92 

38295*81 

125*11 

151-46 

50*14 

22-31 

I27-83 

148*22 

08*67 

82*22 

126*45 

153**6 

4°*33 

11-12 

129*21 

*50*34 

8396*00 

67*66 

128*34 

154*78 

30*32 

34199-80 

I30*52 

*51*96 

83*60 

53*89 

129*71 

20*57 

88-37 

132-20 

*53*58 

71*96 

58*70 

45*46 

31*71 

18*21 

04*82 

{8291*29 

76-67 

62*10 

48*17 


10-64 

00*84 

34290*24 

79*6o 

68*8i 

58-07 

48-40 

37-64 

20-48 

14-87 

76-74 

65-40 

I33.9O 

135*44 

*55**7 
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and D v =D e +/?(© + $) 

=D 0 + fiv. 

Here B e and D e are the extrapolated values of B v and D v corresponding to a non¬ 
vibrating and non-rotating molecule. 

The mean value of the combination differences have been taken in cases where 
there was more than one datum available for a particular pair of rotational levels. 
For each vibrational level, the first approximate value of B v was determined by a 
graphical method. This was used to calculate also the approximate value of D v from 
several data of A 2 T (K). Then by successive approximation and repeated trials B v 
and D v were assigned their final values. When (A 2 T (K) — 8 D V (K +1) 3 ) is plotted 
against K, the points lie very closely on a straight line; this shows that there is no 
need for considering higher-power terms to represent A fT (K). 

The variation of D v with v was found to be of negligible magnitude. From the 
variation of B v the values of a and B e were determined. I e and r e were then evaluated 
from the following relations: 


Ie 


27*66 ± 0*04 
5 B e 


X IO~ 40 


g./cm? 


and 


T 2 
' 6 


I e (A x + A 2 ) 
1-649 a x a 2 


xio 24 


cm?, 


where A x and A 2 are the atomic weights of the constituent atoms of the diatomic 
molecule. In table 2 the values of the several constants thus evaluated are given. 


Table 2. Rotational constants of GeO 


Upper state 

Lower state 

0*4018 cm: 1 

B e " = 0*4704 cm: 1 

: 0*4000 cm: 1 

Bq" —0*4689 cm: 1 

0*3960 cm: 1 

= 0*4601 cm: 1 

0*3926 cm: 1 

a" = 0*0029 cm: 1 

0*0037 cm: 1 

2V= —4*30 x 10 ” 7 cm: 1 

! — 6*07 X IO~ 7 cm: 1 

r/= 1*647 x IO " 8 cm. 

1*782 x io“ 8 cm. 

68*94 x io“ 40 g.cm? 

1/ = 58*89 x io~ 40 g.cm? 


To ensure the correct evaluation of B v and D v for each vibrational state, values of 
A 2 T (K) were calculated from the theoretical equation and compared with the 
observed data. In general the agreement between them was satisfactory. A check 
on the correctness of the values of B and D is afforded by the theoretical relation, 


viz. 



On substitution of the proper values of B e and D e it is found that = 653*8 cm: 1 
and co e "=984*1 cm: 1 These values are in sufficiently close agreement with those 
obtained from the vibrational structure analysis of the bands on the basis of the 
data of their band heads. 

A further check on the correctness of the analysis is obtained from the approxi¬ 
mate relation between r e and a> e as given by Morse (s \ viz., o) e r e z = a constant, which 
phys. soc. LI, I 
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has a value equal to 3000 x io -24 cm? for diatomic molecules composed of atoms of 
nearly equal mass. But if the masses of the atoms are unequal, as in the present 
case, the value of this constant should be greater. This condition is satisfied, since 
we have 

cd =3689 x io -24 cm? and oj e "r e " 3 =4384 x io -24 cm? 

An additional check is afforded by a rule due to Birge (6) which states that the 
quantity 2x e BJoi. is approximately equal to 1*4 ± 0-2. In the present case one finds 


2 x e 'B e ' 


a 


= 1.39 


■2X "B " 

and 2 X °p- =i-2o. 


The value of the internuclear distance in the ground state of GeO, obtained 
from the present analysis, is also of the right order of magnitude as is evident from 
a comparison of values of r” for the other monoxides of group IV b included in 
table 3. 


Tables- Internuclear distances of the ground states of group IV6 monoxides 


Molecule 

r: 

Source 

CO 

1*127 

Read ( 7 ) 

SiO 

1'SOS 

Saper< 8 > 

GeO 

1-647 

Present work 

SnO 

1-832 

Mahanti and Sen Gupta ^ 

PbO 

1-918 

Christy and Bloomenthal< IO > 


§5. ROTATIONAL ISOTOPE EFFECT 

Aston (ll) has reported that germanium has five isotopes as follows: 

Mass number 70 72 73 74 76 

Abundance 21*2 27-3 7-9 37-1 6*5 

The spectroscopic evidence of the existence of all these isotopes has been secured 
by Shapiro and his co-workers (r) from observations of isotopic heads in the less 
refrangible band system of GeS. Very recently the author (3) as well as Jevons and 
his co-workers (4) have also identified band-heads due to the less abundant mole¬ 
cules, 70 GeO and 72 GeO, accompanying, in favourable cases, those of the main 
molecule 74 GeO in the band system in question. One may, therefore, expect to 
observe the isotope effect in the rotational structure of the .bands under investiga¬ 
tion. 

From the theory of the isotope effect in the band spectra of diatomic molecules 
it is evident that the total isotopic shift (which is the algebraic sum of the constant 
vibrational shift and the varying rotational shift) in the (2, o) and (1,0) bands will 
gradually diminish at first from its maximum value at the head to zero, and then 
increase with opposite sign. Thus in each of these two bands we should have a 
region in which the lines would appear fairly sharp, while on either side of this 
region they would appear broad or diffuse if the dispersion is not sufficient to resolve 
their isotopic components. Such features have actually been observed in these two 
bands. The structure of the (2, o) band near the head looks very complex, owing 
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Table 4. Rotational isotope effect of germanium in the (o, 3) band of GeO 


K 

7a GeO 

70 GeO 

R* (K) 

Av 

(obs.) 

Av 

(calc.) 

R ( (K) 

Av 

(obs.) 

Av 

(calc.) 

67 

34461-39 

8*78 

8*66 

34452-45 

17-72 

17-77 

68 

53-24 

8*92 

8*70 

44'75 

17-41 

17-86 

69 

t4S-83 

8-68 

8-73 

36-55 

17-96 

17-93 

70 

37-90 

8-79 

8-77 

28-77 

17-92 

18*01 

7i 

29‘62 • 

9-07 

8*8i 

20*78 

17*91 

18*09 

72 

*21*88 

8-58 

8-85 

12*19 

18-27 

18*18 

73 

*13-37 

8-51 

8*90 

03*82 

18*06 

18*27 

74 

*04*51 

8*86 

8-94 

*395-58 

17-79 

18-35 

75 

*395-58 

8-93 

8*98 

+86-43 

18*08 

18*44 

76 

+86-43 

9*15 

9-03 

77-42 

18*16 

18-53 

77 

*77-85 

9*n 

9*07 

*68-56 

18*40 

18*62 

78 

*68-56 

9*29 

9*n 

58-94 

18*91 

18*71 


59-52 

9*04 

9*16 

49-5° 

19*06 

18*81 

80 

34350-14 

8*90 

9*21 

+34340-43 

18*61 

18*90 

81 

+4°"43 

9*11 

9*25 

+30-69 

18*85 

19*00 

82 

+30-69 

9*23 

9-30 

2 I*II 

18*81 

19*10 

P 

*30-46 

9'37 

9*35 

+10-73 

19*10 

19*20 

P 

tio-73 

9*73 

9*40 

01-33 

19*13 

19*30 

85 

*00*84 

9*34 

9*45 

290*84 

19*34 

19*40 

86 

291*43 

9*41 

9*50 

8 l*22 

19*62 

19*50 

87 

80*79 

9*45 

9*55 

70*79 

19-45 

19*60 

88 

70*23 

9*37 

9*60 

59*93 

19-67 

19*71 


* Superposed on a main branch line, f Superposed on an isotopic branch line. 


Table 5 


K 

7a GeO 

7 »GeO 

P'(K) 

Av 

(obs.) 

Av 

(calc.) 

P*(K) 

Av 

(obs.) 

Av 

(calc.) 

54 

34462-97 

8-47 

8-65 

34453-62 

17*82 

17-76 

55 

55-io 

9*00 

8*69 

+45-83 


17-84 

56 

47-76 

8*86 

8*72 

*38-69 

17*93 

17-91 

57 

40*57 

8*53 

8*76 

31*00 

18*10 

17-99 

58 

32-08 

9-07 

8*8o 

22*77 

i8- 3 8 


59 

23-98 

9*06 

8*84 

14-54 

18*50 

18*15 

60 

fi6*43 

8-58 

8*88 

06*89 

l8*X2 

18*23 

61 

*34407-96 

8-47 

8*92 

34398-34 

18*09 

18*32 

62 

*34399-44 

8*52 

8*96 

89-69 

18*27 

18*41 

63 

*90*72 

8*72 

9*01 

81*32 

18*12 

18-49 

64 

*82*01 

8-71 

9-05 

71*99 

18-73 


65 

*73-06 

8*95 

9*09 

— 

— 

18-67 

66 

*64-02 

9*04 

9*14 

*54-59 

18-47 

1876 

67 

*54-59 

9*43 

9*18 

* 45 - 3 o 

18*72 

l8*85 

68 

*45-3° 

9-29 

9*23 

*35-83 

l8*76 

18-95 

69 

*35-83 

9*47 

9-27 

*26*29 

19*01 

19*04 

70 

*26-29 

9*54 

9.32 

*l6*62 

19*21 

19-14 

7i 

*16-62 

9-67 

9*37 

+07-49 

18*80 

19*24 

72 

+07-49 

9*13 

9*42 

+34297-46 

19*16 

19-34 

73 

+34297-46 

9*13 

9*47 

+87-51 

19*08 

19*44 

74 

+87-51 

9*21 

9*52 

+ 77 -II 

19*61 

19-54 

75 

+77-11 

9*38 

9'57 

66-94 

19-55 

19-64 

76 

66*32 

9*64 

9*62 

56-34 

19*62 

19-75 


* Superposed by a main line, f Superposed by an isotopic line. 


5-2 
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probably to the overlapping of the resolved isotopic components of the lines of the 
two branches. 

On the other hand, the vibrational and rotational isotopic shifts are of the same 
sign on the low-frequency side of the origin of the (o, 3) band and thus add together 
to give the total isotopic shift. For this band, the magnitude of the vibrational 
isotopic displacement alone is also fairly large, being 7-6 cm: 1 for 72 GeO and 
15-5 cm: 1 , for 70 GeO. One may, therefore, expect the isotopic components of the 
lines to be resolved under the dispersion used. In fact, their presence has been 
definitely ascertained. In several cases, however, they are found to be superposed 
upon the lines of the main molecule. It is only for high values of K that the super¬ 
position is less prominent and the agreement between observed and calculated 
isotopic shifts is fairly satisfactory. For illustration a few of these lines are included 
in tables 4 and 5. 
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ABSTRACT . The characteristic temperature of magnesium oxide is derived from 
measurements of the intensity of x-ray reflections at 86° and 293 0 K. The result obtained, 
© = 715° ±44, agrees favourably with a recent determination by Ribner and Wollan who 
give © -743° K., a value which, they state, carries “a rather large probable error”. 


I N a recent paper Wollan and Harvey (6) have suggested that magnesium oxide is 
a particularly suitable substance to use as a standard in making comparative 
measurements of the intensities of x-ray reflections from powders at different 
temperatures, since “it has the advantage that it is readily obtainable in the form 
of a fine powder and also, due to its very high characteristic temperature, the 
effect of temperature on the intensity of reflection is very small We thought it 
desirable to determine the characteristic temperature of magnesium oxide by the 
x-ray method before utilizing this suggestion. In the meantime Ribner and 
Wollan (5) have published the results of an entirely independent x-ray deter¬ 
mination of this quantity which agrees approximately with the value we have 
obtained, but in view of the great difficulty of making an accurate determination 
by means of x rays, it seems worth while to give a brief account of our own experi¬ 
ments. 

The experiment consists in measuring the intensities of reflections at two 
temperatures, actually 86° and 293 0 K. Then assuming that the exponent M in the 
expression for the dependence of the reflected intensity on temperature is given by 
the Debye-Waller expression,* 

(6 h*T/mk&*) [® (x)+x/4] (sin 2 6)/ A 2 , .(1) 

where 0 is the characteristic temperature, x=*®/T, and <S> (x) is the Debye function, 
we can calculate 0 from the experimental results. If I m and I s6 are the intensities 

* This applies strictly to cubic lattices containing atoms of one kind only; for lattices containing 
more than one kind of atom, M will be different for the different atoms. Ribner and Wollan show 
that for magnesium oxide a mean value of M is obtained by assuming a single value of M for the 
even order reflections and taking m in the Debye-Waller expression to be the mean atomic mass. 
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of a reflection hkl at the two temperatures, then 

(JWAw) = exp {z (M m - = exp (zAM hlcl ), 


or (W-^203) = ' 2 *i±M hk i. 

For two reflections hkl and h'k'l\ we have 

2 (AMftftj—AMfc W ) = l°g« {(7^) /(f 1 ) 


-iog.{(r HL ) /(/»»*-' 

lViVfcT/8S' \*h'7c'V 


MZ'h'k’l' 


(a) 


( 3 ) 


From a consideration of these equations it is seen that we could obtain © by 
combining equations (1) and (2) provided we could measure directly the ratio 
(Iw/hm)hki- Since the intensities I 86 and I 293 must be measured on separate oc¬ 
casions, their ratio cannot be obtained unless there is some means of measuring or 
controlling very exactly the intensity of the radiation incident on the powder at the 
two temperatures. This difficulty might be overcome by utilizing Brentano’s 
suggestion (l) for inserting a thin reflecting powder or crystal in the primary beam 
before it reaches the powder under investigation, a reflection from which would 
give a measure of the intensity in the primary beam. It will be seen, however, that 
in the present connexion the difficulty is eliminated by using equations (1) and (3), 
for then we have to measure only the ratios of the intensities of two reflections 
separately at the two temperatures. Since four intensity measurements are required 
to evaluate the quantity {(W/ m y(/ Ml // M rW in equation (3), it might 
appear that the use of equations (1) and (2) has an advantage in that only two 
intensity-measurements are required, but as two intensity-measurements would 
also be required for the substance inserted in the primary beam, there would 
still be four intensity-measurements necessary for each determination of 0 . The 
use of equations (1) and (3) is therefore not attended by any disadvantage which 
would not also be present in the use of equations (1) and (2). It is easily seen that 
in order to use equations (1) and (3) successfully to evaluate © the two reflections 
hkl and hk'V must be separated as widely as possible, for otherwise the quantity in 
the curly brackets will be of the order of unity and the probable error in the natural 
logarithm will be comparatively large. Since for cubic crystals, 

(sin 9 )/\ = V(* 2 + h % + P)/za 9 
equation (1) may be written in the form 

M=b(h*+#+F)=liLh*, 

where b = (3h*T/za 2 mk® 2 ) [ 3 > (x) +ac/4], 

and equation (3) can be written in the form 


zAi [2^—2^]=log, /(Iml) 1 

(\ 1 h'k'l'/&l Vh'k'l'/ 293 J 

A6=Iog e /UIml\ l/a pa*_SA'*]. 


whence 


(4) 
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The experimental method consisted in reflecting radiation from a flat plate of 
powder in the manner previously described (2,3) . The widest range of reflections 
which could be obtained with a single setting of the powder, CuKoc radiation being 
used, was from the 220 to the 422. Since magnesium oxide has the rocksalt type 
of structure, the structure factor for the even order reflections is of the form 
4 (Mg 4 - 0 ) and, as Ribner and Wollan (5) have shown in detail, we are able from 
measurements of these reflections to obtain a mean characteristic temperature for 
the lattice. We have therefore confined our attention to making careful measure¬ 
ments of the 220, 420 and 422 reflections; their relative intensities at the two 
temperatures together with the probable errors calculated by the usual Gaussian 
formula are given in table 1. In table 2 are shown the essential stages in the calcu¬ 
lation of A b. Since the quantity {{lKkilh'k'i)wl{hkilh'k'i)m!s has values which do 


Table 1. Relative intensities at 86° and 293 0 K. 


hkl 

-^86 

^293 

220 

104-7 ±o-7s 

99*4 ±o- 6 6 

420 

108-7 ± o-6 a 

97‘5 ±0^6 . 

422 

116-7 + 0-84 

103*1 ±o*5 ? 


Table 2. Calculation of A b 


hkl 

h'kT 

2A 2 

£/z' 2 

£/? 2 -£A' 2 

f / hki \ j ( hki \ 1 

lWfcT/86/ \Ifc'feT/293> 

> 

II 

1 • 
b: 





■■ 

1*058 ±0-0137 

0*00235 ±0*00055 





■9 

1*075 ±o*oi4o 

0*00225 ± 0*00040 


Mean A b =0*00230 ± 0*00034 


not differ greatly from unity the question of the probable error in the final results 
must be carefully considered. We have taken the probable percentage error in 

t0 be the square root of the sum of the squares of the 
probable percentage errors in the four separate intensities. The probable error 
in A b has been found by taking the logarithms of the upper and lower limits of the 
quantity in curly brackets. The probable error in the final mean value of A b is 
taken as the mean of the errors in the separate values of A b, divided by y/z\ this 
error is of the order of 15 per cent. Fortunately 0 is approximately proportional to 
VAft, so that the probable error in 0 will be of the order of 7 per cent. 

From the expression for b given above we easily calculate values of A b for a 
range of values of 0, and hence by interpolation we obtain the value of © corre¬ 
sponding to the experimentally determined A b. The result obtained is 

© = 715° ±44° K. 

This result agrees within the limits of experimental error with the value found 
by Ribner and Wollan (s) , namely 743° k. ; they state that the value carries “ a rather 
large probable error ” but they give no estimate of its magnitude. Assuming their 
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error to be of the same order of magnitude as in the present work, we may take the 
average of the two investigations as being the most probable value of © obtained by 
x-ray methods, namely 

©=729°±30°k. 

From specific-heat measurements, Gunther (4) has obtained a value for © equal 
to 768°; Ribner and Wollan Cs) have also estimated a value of © from available 
specific-heat data and they give a value of 744 0 . The limits of probable error are 
not specified in either case but they are stated to be large by Ribner and Wollan; 
from the data given by the latter authors, it appears that the probable error is of the 
order of ±20°. There is, then, a general agreement between the x-ray and the 
specific-heat values of ©, though the former appears to be somewhat smaller than 
the latter. 

The experiments described above were assisted by a grant for apparatus from 
the Government Grant Committee, and by a maintenance grant from the Depart¬ 
ment of Scientific and Industrial Research to one of us (P. R.). 
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ABSTRACT '. Measurements are made of the intensities of x-ray reflections from cad¬ 
mium powder at 86° and 293 0 K. Absolute values of the ratio / 86 // 293 are obtained from 
comparative measurements on a composite specimen of cadmium and aluminium powders. 
The results are discussed in relation to recent theoretical work regarding the effect of 
lattice vibrations in hexagonal metals on the intensities of x-ray reflections. It is shown 
that the lattice vibrations in cadmium are considerably greater parallel to the c axis than 
in the basal plane. Values are calculated for the mean atomic displacements in different 
directions in the metal at 86° and 293 0 k. (see figure 2), and the results are also expressed 
in terms of characteristic temperatures: 0 O (parallel to the c axis) = 107° and 0^ (normal 
to the c axis) = 164.5° K * These results are compared briefly with similar results for zinc 
and magnesium, and with values obtained from specific-heat measurements. 


§1. INTRODUCTION 


AN investigation of the asymmetry of the atomic vibrations in cadmium has 
been carried out by the’method recently used for a similar investigation of 
JL JL magnesium (2) in which the intensities of x-ray reflections from the powdered 
metal are measured at two temperatures, room temperature 293 0 k., and liquid-air 
temperature, 86° k. Previous measurements on cadmium at room temperature 
made by one of us (l) some years ago indicated a marked asymmetry of the atomic 
vibrations but gave no absolute values for the atomic displacements. It therefore 
seemed worth while to apply the technique described in the paper on magnesium 
to a detailed study of cadmium. 


§2. EXPERIMENTAL DETAILS 

The cadmium powder was prepared by precipitation from cadmium sulphate 
solution by the addition of finely powdered zinc. The best conditions for obtaining 
a powder free from appreciable impurities were carefully determined. In the 
method finally adopted zinc powder, freshly filed from a pure zinc rod and sieved 
through a gauze with 350 meshes to the inch, was added to a cold solution of 
cadmium sulphate; the solution was vigorously shaken and the precipitate washed 
by decantation and quickly dried on filter paper at room temperature. 
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The measured values of the intensities reflected from the cadmium powder at 
the two temperatures were standardized by comparing suitable cadmium reflections 
with reflections from aluminium, a specimen of mixed cadmium and aluminium 
powders being used. The same experimental arrangements were employed as have 
been described in the recent paper on magnesium 

§3. RESULTS 

The experimental results are set out in table 1, the first four columns of which 
give respectively the indices of the reflections, the relative intensities* I m and / 2d3 
corresponding to the two temperatures at which measurements were made, and the 


Table 1. Intensities of x-ray reflections from cadmium at 86° and 293 0 k. 


I 

2 

3 

4 

5 

6 

7 

Reflections 

fse 

I2&3 

■^86/^293 

MmEBM 

(/se/Tm) 2 

Relative values 

Krjjjgfl 

Relative 

Absolute 

1122 

iii *5 

108*6 

1*026 

0-982 

1*008 

1-334 

2020 

19-2 

21*3 

0*901 

o*99i 

0-893 

1181 

2021 

88-s 

91*4 

0*968 

°*99s 

0*966 

I*278 

1014 

29*3 

23*2 

I*26l 

0-98, 

1-347 

I*650 

2022 

29*8 

28*6 

I*040 

0*996 

I*036 

1-370 

2023 

77-6 

6o*8 

I*276 

0*995 

1*270 

i*68o 

2130 

30*1 

26*2 

1*149 

0*994 

I*I4I 

1 ‘ 5 2§ 

2131 

157*9 

137*3 

1*150 

0*979 

1*125 

1-488 

2132 

oo‘9 

44*9 

1-356 

0-98, 

1*338 

1-769 

2025 

89*8 

42*3 

2*121 

°' 94 b 

3-004 

3-651 

3032 

I75*i 

122*9 

1*425 

0-964 

1-374 

r-8i6 


ratio -^293 • The change in the lattice dimensions of cadmium when cooled to 
86° k. is sufficiently large to produce an appreciable change in the angles at which 
reflections occur; since the intensity of reflection depends, among other things, on 
the Bragg angle 0 >, allowance must be made for the change of 0 when the crystal is 
cooled. The intensity reflected by a flat layer of powder is given by the relation 


I cc pS 2 f T 2 c/> ( 0 ) A, . (1) 

where (0) = (1 + cos 2 20)/(sin 6 sin 20 ), 

A = [sin (20 - a)]/[sin (2 0 — a) + sin a], 


a is the angle of incidence of the radiation on the surface of the powder, f T is the 
scattering factor at temperature T, p is the multiplicity factor, and S is the structure 
factor. We can therefore make allowance for the change of intensity of a reflection 
due to a change in the lattice dimensions between two temperatures, by means of 
the following relation : 


(f 8e \ 2 — ( W293 a 2 m) 

V293' '^293 ( 4 ( 0)86 -^86 J 


( 2 ) 


* Whereas previously in measuring relative intensities we have set one reflection (usually a 
strong reflection which is well focused) equal to ioo-o, in the present case we have preferred to set 
the sum of the two reflections, 11S2 and 2o3i, equal to 200*0 since under the conditions of the 
experiment they are equally well focused and are of comparable intensities. 
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For the majority of the reflections investigated <j> ( 9 ) and A change in opposite 
directions when the powder is cooled and consequently the factor in the curly 
brackets differs from unity by less than 1 per cent, but for the higher-order re¬ 
flections it amounts to several per cent and cannot, therefore, be neglected. In 
calculating this factor we have taken the mean coefficients of thermal expansion 
between 293 0 and 86° k. to be 55 x io -6 parallel to the c axis and 15 x io~ e normal 
to the c axis; these values are based on the results obtained by Owen and Roberts (7) . 
The following values have been published for the lattice constants of cadmium : 

0=2*97235 c = 5*6038 g (Owen and Roberts (7) , at 18 0 c.) 

0=2*9731! £ = 5-60694 (Jette and Foote (6) ) 

0 = 2*9736 c = 5*6095 (Fuller (3) ). 

We have used the values obtained by Jette and Foote (6) , since these lie intermediate 
between those of Owen and Roberts (7) and of Fuller (3) . 

The values of (<£ 293 ^293/^86 A&) calculated from these data are given in the 
fifth column of table 1, and hence we obtain the values of (/se/jW 2 given in the sixth 
column of the table. 

The second part of the investigation consists in placing these values of (/seZ/sssa) 2 * 
which are essentially relative values, on an absolute scale by a comparison of suitably 
placed reflections from a mixture of cadmium and aluminium. The most favourable 
reflections for such a comparison are the 1122 and 2021 from cadmium and the 
220 and 311 from aluminium. The results are set out in table 2. The intensities of 


Table 2. Comparison of intensities from cadmium and aluminium 


[BHU 


3 

4 

5 

~ 

7 

8 

1 

■■ 



f <^283 -^2031 

1 ^86 -^86 i 

(fJfmY 


n 

•^86 

86/^293 

Relative 

Absolute 

Mean absolute 
values 

A1 220 
Cd 1122 
Cd 2021 

A1 311 
Cd 1122 
Cd 2021 

100*0 

135*7 

104*1 

100*0 

103*9 

79*2 

100*0 

160*9 

117*6 

100*0 

120*3 

87-3 

1*000 

I*l 85 

1*130 

1*000 

1*158 

1*105 

1*001 

0*998 

1*004 

1*003 

0*998 

1 *004 

1*001 

1*183 

i*i34 

1*003 

1*156 

1*109 

1*118 

1*322 

1*266 

i*i66 

i*345 

1*291 

Cd 1122: 1*334! 
Cd202i: 1*278/ 


the cadmium reflections are given relative to the aluminium reflections at the two 
temperatures and hence knowing the values of (/se/Zwa) 8 for the aluminium re¬ 
flections we can calculate the corresponding values for the cadmium reflections. 
The essential stages of the calculation are indicated in the table, and it will be seen 
that we have again made allowance for the effect on the reflected intensities of the 
small changes in <j> ( 9 ) and A. The values assumed for (/ 86 // 2a 3) for the aluminium 
reflections have been calculated from the experimental results obtained by James, 
Brindley and Wood (s) who investigated the intensities reflected by single crystals 
of aluminium between room temperature and that of liquid air. Their results are 
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expressed in the following form: the scattering factor f T at temperature T is 
related to the scattering factor/, for the atom at rest, by the equation 

/r=/e- M , 

where, for the (A, k, l) reflection, 

M=(A 2 +A a +/ a )[3*87x io- 5 r+o-i77/r-277/T 3 ]. .(3) 

Hence (/se/Zass) 2 = 

It will be seen from the seventh column of table 2 that for each of the two 
cadmium reflections there is good agreement between the two values of 
obtained by comparison with the aluminium reflections, the mean values of which 
are given in the final column of the table. 

We now use the absolute values of (fsdfm) 2, f° r the 1122 and 2021 reflections 
to place the relative values in the sixth column of table 1 on an absolute basis. The 
necessary data are collected together in table 3 and the final absolute values of 
{fstlfmY are given in the seventh column of table 1. 


Table 3 



(/as//293) 

Ratio of 

Reflections 

Absolute values 

Relative values 

absolute values 


from table 2, 
column 8 

from table 1, 
column 6 

relative values 

1122 

1*334 

1-278 

_-_! 

1-008 

i '323 

2021 

0*966 

1-323 


Mean ratio, 1*323 


§4. DISCUSSION OF RESULTS 

It has been shown in previous papers (2 ’ 9,1 o) that for hexagonal crystals the 
exponent Min the equationcan be expressed in the form 


M 0 = 


6 h*T 

mk 




sin 2 x(j 


(sin 0 /A) 2 , 


(4) 


where $ is the angle between the c axis and the normal to the reflecting plane, Q , 
the so-called “quantization factor”, is [</> (x) + x/4], <j> (x) being the Debye function 
while x=@/T, 0 is the characteristic temperature which is to be regarded as a 
function of ift, m is the mass of the atom and the other symbols have their usual 
significance. The suffixes o and 90 attached to the quantity ( Q /© 2 ) indicate values 
corresponding to directions parallel and perpendicular to the c axis. This equation 
can be compared with the experimental results as follows. We have 


whence 


l°ge (fst/fm ) 2 —2 (^293 “ — 2AM, .(5) 


loge 

(sin 0 /A) 2 mk 



...(6) 







An X-ray investigation of atomic vibrations in cadmium 77 

where the symbol A ( TQ /© 2 ) denotes the change in ( TQ / 0 s ) between 86° and 
293 0 K * table 4 are given the values of ifs and cos 2 ifi calculated from the equation 

cos ip - (i) {4 (A 2 -kh + k*)f 3 + . (7) 

where h, k and l are the indices of the reflection and R is the axial ratio; this table 
also gives the values of [log, (fnlfm)*] (sin 0 /A)- 2 . 

According to equation (6) we should expect to obtain a linear relation between 
[l°g« (fstlfm)*] (sin 0 /A) -2 and cos 2 ifi. These quantities are plotted in figure 1, where 
the vertical line attached to each observation indicates the probable experimental 
error; the error has been calculated from the probable errors in the measured 



Table 4 


Reflection 

10 16 (sin0)/A 
at 293 0 

' 

(degrees) 

COS 2 1ji 

( fsfi/fi 293)^ 

Probable 

percen¬ 

tage 

error 

(/se/A®) 2 v. 

(sin 2 0)/A 2 XI ° 

1122 

0*381 

62*1 

0*220 

i*334 

o*6 

1*99 ±0*04 

2020 

0*388 

90*0 

0*000 

1*181 

2*0 

i*io±o*I3 


0-397 

77-x 

0*050 

1*278 

0*7 

1*55 ±0*04 

1014 

0-406 

28*6 

0*771 

1*650 

2*4 

3*04 ±0*14 

2022 

0-428 

6S*3 

0*174 

i*37° 

i*9 

172 ±0*12 

2023 

0-472 

55’4 

0*322 

i*68o 

2*0 

2*33+0*09 

2130 

0-514 

90*0 

0-000 

i-Sgg 

3*0 

i*56±o*ii 

2131 

0-522 

80*1 

0*029 

1*488 

1*4 

1 *46 ±0*05 

2132 

0-544 

70*9 

0*107 

1769 

2*2 

i*93 ±0*07 

2025 

0-591 

41*0 

0*569 

2*651 

1*6 

279 ± 0*05 

3032 

o-6io 

73*o 

0*086 

1*816 

1*2 

1 *61 ±0*03 
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intensities obtained by means of the usual Gaussian formula. The best straight line 
calculated by the method of least squares is shown; the point corresponding to the 
2020 reflection lies well off this line and was therefore neglected in making the 
calculation. From the gradient and intercept of the line we obtain the following: 



\ (IQ) _ a 

(IQ) 1 

mk L 

\© 2 Jo 

v©v«J 


and 

whence A (W)„“ 3 ' 62 ** mr “ 


Taking A=6*554 x io -27 , £ = 1-372 x io -16 and m= 112*4 x 1*649 x io -24 , 
we obtain A (TQ/© 2 ) 90 =0*741 x io -2 

and A (r£)/© 2 )„= 1*789 x io -2 . 

The corresponding values of © derived by a graphical method are 

©o = 107° K., 

© 90 = 164.5° K. 


Using these values of 0 we now calculate the root-mean-square atomic displace¬ 
ments as a function of iff and of the temperature. For the particular cases o° and 
90°, we have for the mean-square displacements 


—5 3h*T 



and 


« 90 2 


3 WT 
47 r 2 mk 



and for the mean-square displacement in any direction 

u^ — Uq 2 cos 2 iff -h Uqq 2 sin 2 iff. 

The following numerical results, expressed in Angstrom units, are obtained: 

T= 86 °k.: u 0 2 — 0*0101, %^ = o-oo44 7 ; vW^o-ioo, == o*o66 8 , 
when T=293 °k.: 2^=0-0330, 2^ = 0*0140; VV = o-i82,V%?==o*ii8. 

Figure 2 shows the root-mean-square displacements at 86° and 293°K. as 
functions of the angle iff. 

Finally it is of interest to compare the present results for cadmium with those 
obtained by Wollan and Harvey (8) for zinc using a similar x-ray method. The 
characteristic temperatures obtained by Grlineisen and Goens^ from experiments 
on the thermal expansion of single crystals of cadmium and zinc may also be con¬ 
sidered. These data are set out in table 5. For both metals the 0 ’s from the x-ray 
data are less than those given by Griineisen and Goens, while the ratio @ 90 /® 0 has 
larger values from the x-ray measurements than from the thermal-expansion data. 
When the values of 0 for zinc are compared with the corresponding values for 
cadmium obtained by the two methods, we see that there is a somewhat greater 
difference between the ©s derived from the x-ray data than between those obtained 
from the thermal expansion data. 
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Figure 2. Polar diagram of root-mean-square atomic displacements in cadmium at 86° and 293 °k. 
The vertical axis of the diagram corresponds to the c axis of the crystal and the horizontal axis to the 
basal plane. 


Table 5. Comparison of the characteristic temperatures of 
cadmium and zinc 


___! 

Cadmium 

Zinc 

Zinc/ 

cadmium 

x-ray determinations 

Given by Grvineisen and Goens from , 
thermal expansion data 

|° 

1<=W©0 

107 

164*5 

1 '54 
160 

214 

i *34 

170 

285 

i-68 

200 

320 

i-6o 

i '59 

i '73 

1'25 

1 '49 


§5. COMPARISON OF X-RAY MEASUREMENTS WITH 
SPECIFIC-HEAT MEASUREMENTS. 

Added in proof, 5 December 1938 

It is also of interest to compare the ©s from the x-ray data with the values 
obtained from specific-heat measurements. Since the latter are values averaged 
over all directions in the crystal lattice, we must first calculate average values from 







80 G. W. Brindley and P. Ridley 

the x-ray results. The mean square displacement in a hexagonal crystal is given 
by the equation 

Wav. 2 = !(«? + 2 w^ 2 ). .(8) 

Correspondingly we have 

©^? = 3 (®? + ©^)' . (9 ^ 

The results are collected together in table 6 for the three hexagonal metals 
magnesium, zinc and cadmium. In our previous paper on magnesium (a) we pointed 
out that there was an appreciable difference between the mean x-ray value, 331°, 
and the specific-heat value, 290°. In the meantime, Dr Blackman has kindly 
drawn our attention to a more recent determination of the specific heat of 
magnesium by Clusius and Vaughan (ll) , who state that “above 30°K. a © value 
of 322 0 reproduces a fairly Satisfactory atomic heat value”. This improves very 
considerably the agreement between the 0s from the x-ray data and from specific- 
heat data. For zinc there is also a reasonably good agreement between the 0 
values obtained in the two ways, but for cadmium the ageement is not so close. 


Table 6. Comparison of 0 from x-ray data and © from 
specific-heat data 


Metal 

Axial ratio 

From x-ray data 

From 

specific-heat data 

©0 

®90 

©av. 

Magnesium 

1*624 

339 

327 

331 

322 

Zinc 

1*856 

170 

285 

225 

235 

Cadmium 

1*886 

107 

164.5 

136.6 

172 
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ABSTRACT . The formulae normally employed in the application of the critical- 
frequency method of measuring upper-atmospheric ionization are examined and are shown 
to be appropriate in the case of ionospheric regions which are thick when measured in 
terms of a wave-length. The complications arising from the occurrence of ionized clouds 
or strata embedded in the normal regions are described and interpreted. 


§1. INTRODUCTION 


T he critical-frequency method of measuring upper-atmospheric ionization, 
using vertical radio-wave sounding ( ' 1 ' 2 \ has now been adopted by many stations 
in different parts of the world and a fairly extensive long-term investigation 
of the ionosphere by means of it is now in progress. The essential procedure is as 
follows. The equivalent height h f is found as a function of the radio-wave frequency 
/, and, from the {h\ f} curve, the critical frequencies are noted. From the mag¬ 
nitude of the critical frequency for either the ordinary or the extraordinary wave 
components, the maximum ionization-density in any region can be calculated. 


§3. THE RELATION BETWEEN CRITICAL FREQUENCY 
AND MAXIMUM IONIZATION-DENSITY 

The various critical phenomena which attend the propagation of waves in the 
ionosphere are usually interpreted in terms of the magneto-ionic theory. In the 
general formulation of this theory, Appleton^ has shown that the refractive index ft 
of the ionized medium becomes equal to zero when 

a=-i, (1) 

or when a = — 1 ± (2) 

while ft, attains an infinite value when 

.^ 
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The nomenclature here adopted is somewhat similar to that used by Lorentz, and 
may be conveniently written as follows: 


a = 


_ 7 rm/ 2 J 

~ Ne • 


W’ 


7t = 


7 rmff T 
Ne* 9 


and 




2 Ve 2 * 


Here 2 V represents the number of electrons, of charge e and mass m, per cm?, 
/ is the frequency of the exploring radio waves, and f 3 , f T and f L are the electron 
gyro-frequencies corresponding respectively to the earth’s total, transverse and 
longitudinal magnetic components. The so-called Lorentz polarization term is 
denoted by l. 

By virtue of the fortunate fact that the normal conditions for the reflection of 
either the ordinary or the extraordinary wave at normal incidence (i.e. /x, 2 = o) are 
independent of the angle between the wave track and the direction of the earth’s 
magnetic field—see equations (i) and (2)—the same formulae relating the maximum 
ionization-density in a given region to the critical penetration frequency / can be 
used in any part of the world. The numerical magnitude of N depends, however, 
on whether the Lorentz polarization term l is included or not in the fundamental 
formulae of the magneto-ionic theory. If the polarization term is neglected, so 
that Z=o, equations (1) and (2) become, in practical form, 


2 V= / 0 2 = 1*24 x io“ 8 / 0 2 (ordinary wave), .(4) 


and N= ™ ( f x 2 ±f x fn) = 1 *24 x io" 8 ( f x 2 ±f x f H ) (extraordinary wave),.(5) 

where f 0 and f x are the critical frequencies for the ordinary and extraordinary waves 
respectively. The first of these two formulae is applicable as the expression of the 
condition for zero refractive index (^ = 0) for all values of/ 0 . The second formula 
(upper sign) is valid when f x <f H . When f x >f H the same formula with the lower 
sign is relevant. 

For the conditions expressed above the group velocity of the waves falls to zero 
with the refractive index. The group velocity is zero also when the refractive index 
becomes infinite. The practical relation between N and / for such conditions 
(Z=o) may then be obtained from equation (3) as follows: 

N = 1-24 x io- 8 / 2 ( ftlfl ) ■ .(6) 

Equation (6) applies for the extraordinary wave when f>f H , and for the ordinary 
wave when/ <f L . When f L <f<f a the condition /*= oo cannot be fulfilled. When 
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f > f hi equation (4) applies alone for the ordinary wave. For the extraordinary wave, 
condition (5) is reached before condition (6), so that the wave is reflected at the 
level at which the refractive index is zero. Some experimenters (4) , however, claim 
that they have observed simultaneous reflections from ionization levels given by • 
conditions (4), (5) and (6). 

When /< f L , condition (4) is reached before condition (6) for the ordinary 
wave, so that the former relation should still be used as the criterion of reflection. 
Martyn and Munro have, it is true, claimed that they have detected critical effects 
expressed by both equations, but it is possible that they were confusing ordinary 
waves and extraordinary waves (s) . 

When the Lorentz polarization term is included,* so that l=\, equations (1) 
and (2) become, respectively, 

86 xxo-%* . (7) 

and N-l 7 ^ (/»W a ) = i-86x 10-* (f* ±fj a ). .(8) 

The corresponding equation (3) for 00 becomes, for the quasi-transverse con¬ 
ditions we are considering, rather complicated and is best illustrated by the {^ 2 , N} 
curves given by Miss M. Taylor (6) . One special point of practical interest which 
arises in this case may, however, be mentioned here. Although at low frequencies 
the condition /z 2 =o determines the levels of reflection for both the ordinary and 
extraordinary waves—see equations (7) and (8)—there is a certain range 
of frequencies in which the condition /z 2 = 00 is reached for the extraordinary wave 
before the condition /z 2 =o. In an {h\f} curve the value of h! would then be expected 
to increase rapidly as / increases towards f\. Since the value of f\ is not related to 
the maximum ionization of the layer in question, it must not be confused with 
a true critical penetration frequency. It represents, in fact, the lowest frequency 
for which the condition /z 2 = 00 is reached, with increasing 2 V, before the condition 
/z 2 = o. In the corresponding case in which the Lorentz polarization term is not 
included ( 1 = 6 ) a similar, though not physically analogous, {&',/} curve is to be 
expected as/approaches /#. This particular matter has been lucidly explained by 
Goubau (7) in his exposition of the fundamental magneto-ionic equations. 

Two important problems arise in connexion with the selection of critical fre¬ 
quencies from {h\ /} data. The first arises from the fact that, for the conditions in 
which the refractive index [i of the medium vanishes (this being the criterion chosen 
to represent the condition of reflection) the ray treatment breaks down and a wave 
treatment has to be substituted. This particular matter is of interest in the deter¬ 
mination of both region-2? and region-.? critical frequencies. The second matter 
arises in connexion with what we have called the abnormal region-? phenomenon <8) . 

* Evidence in favour of its inclusion has recently been published by Booker and Berkner^ ao \ 


6-2 
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§3. THE INFLUENCE OF LAYER-THICKNESS ON THE RELATIONS 
BETWEEN GROUP HEIGHT, ECHO-INTENSITY, AND FREQUENCY 

In order to discuss this matter it is necessary to consider first the relation 
between electron-content N and the height h in the atmosphere. Following Chapman 
we shall assume that the relation between N and h is 


AT=AT 0 ^^-^ sec x), .( 9 ) 

where rr — ° - » .(10) 


and N 0 is the maximum ionization formed at height h 0 when the angle of incidence 
X of the sun’s rays is zero. Thus z is the height measured in terms of H as the unit 
reckoned from the level h 0 . From equation (9) we can show that N is a maximum 
when cosx = £“* m - Let the value of this maximum be iVmax and its height h m . 


It is then easy to show that 

iV=iVmax ei .(xi) 

or iV=iVma X .. (12) 


where y is the height, relative to the level of maximum ionization, measured now 
in ordinary, not scale-height, units. 

Since we are especially interested, so far as penetration phenomena are con¬ 
cerned, in conditions near the top of the layer in question we can expand equation (12) 
for small values of y . It then becomes 


iV — iVmax 


(■ 



(! 3 ) 


In other words we may assume as a first approximation that the distribution 
of ionization is parabolic. We shall consider critical-frequency phenomena for such 
a region first in terms of a ray treatment and secondly in terms of a wave treatment. 
To simplify the discussion we neglect the influence of the earth’s magnetic field. 

It has previously been shown (9) for a parabolic distribution of ionization, 
in which 


N= 




(14) 


that the relation between group path P' and frequency / for the ordinary wave is 

. (,5) 

Here /„ is the critical frequency and y m is the semi-thickness of the layer. Thus, in 
terms of a ray treatment, the equivalent height h! should tend to infinity as / 
approaches the critical value/,. Also it is obvious from the ray treatment that the 
intensity of reflection should drop sharply to zero as soon as the frequency exceeds 
the critical value. 

We now turn to consider similar matters in terms of a wave treatment. The 










Critical-frequency method of measuring upper-atmospheric ionization 85 

case of a layer having a triangular distribution has already been considered by 
Hartree (lo) , so far as variation of reflection coefficient with frequency is concerned, 
and from his investigation it is possible to show that, for a layer which is thick in 
relation to the vacuum wave-length A c corresponding to the critical frequency, there 
is a very rapid fall of reflection coefficient with frequency increase near the critical 
value, and that the reflection coefficient p is always 0*5 at the critical frequency. 

The corresponding matter for a parabolic layer has been investigated by 
Dr H. G. Booker, to whom we are greatly indebted for permission to quote here 

his results. Dr Booker finds for such a region, where/(= )/ c , and y m ^> —, that 

27 r 

7z^5= ex p (/«-/)} • .( i6 ) 

In this case the value of p is 0707 when/=/ c . Now reasons have been given 
recently for concluding that a rough approximation for region E is obtained by 
assuming a parabolic distribution with y m equal to 20 km., the corresponding 
value for region F being 100 km. On substitution of either of these values for y m 
in Booker’s formula, it is easily shown that there should be a very sharp change from 
reflection to penetration at the normal values of critical frequency. 

It should, of course, be added that we have so far considered only the question 
of electron-limitation, having neglected the influence of collisional-friction absorp¬ 
tion. Now the work of Eckersley (ll) , Farmer and Ratcliffe Cl2) , and White and 
Brown (l3) has shown that such absorption becomes very marked when the frequency 
approaches the critical value, causing the value of p to fall rapidly as/approaches/ c . 
For a thick layer we now see that it must be the important factor, and the above 
considerations confirm the correctness of the assumption made by the above- 
mentioned authors, that electron-limitation is not appreciably effective when / 
is less than f c . 

From his wave treatment of the parabolic layer Dr Booker has further shown 
that the equivalent height at the critical frequency is not infinite, as indicated by the 
ray treatment, but is given by 

V = *0+^! + loge^}, .( 17 ) 

where A 0 is the height of the lower boundary. 

If, as before, we assume that y m =20 km. for region E, and also take h$ as 90 km., 
we find that at the critical frequency A/= 286 km. In the corresponding case of 
region F, where we take y m =ioo km. and h 0 = 200 km., we find that when/=/., 
h' = 1462 km. In both cases, therefore, we should expect very great group-retarda¬ 
tion effects as shown by great effective heights. With senders of great power it 
might be possible to measure this maximum equivalent height though, with the 
powers normally used, absorption limitation phenomena usually cause the echoes 
to fail before h! reaches the value h' given by equation (17). 
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§4. THE SELECTION OF CRITICAL FREQUENCIES 
FROM {h'J} DATA 

From the above discussion we may say that if electron-limitation alone were 
operative the critical frequency of either region E or region F (both regions being 
thick as measured in terms of a vacuum wave-length) could be selected as the 
frequency at which the reflection coefficient falls sharply. With a very high- 
powered sender it is probable that this criterion might be useful, but with the lower- 
powered senders mainly used the exact frequency at which echoes from any region 
cease to be detected is usually determined by the absorption associated with group 
retardation. It is therefore more reliable, in the present state of our technique, 
to select the frequency at which the increase of hf with / is very rapid. We have 
already seen that in the case of both regions E and F the increase of equivalent height 
due to group retardation for frequencies just less than the critical value should be 
very considerable. This is the criterion which is used by us in connexion with the 
published measurements of critical frequency made at the Radio Research Station, 
Slough. It should, however, be added that in practice the differences obtained 
by means of the two criteria are extremely small. Days of severe absorption can 
be detected because the part of the {h', /} curve where h' increases rapidly with / 
is then blotted out. This fact is important in the determination of f F2 , where 
we are concerned chiefly with the border between reflection and no reflection. 
On the other hand, for regions E and F L we are concerned, in the absence of intense 
abnormal region-2? ionization, with the sudden discontinuity of the height of 
reflection. Except in the case of very severe absorption/^ 0 is then clearly evident. 
It is, in fact, remarkable how sharp the discontinuity in the {h', /} curve is, there 
being practically no frequency overlap of simultaneous reflection from regions E 
and F . In the case of the determination of f Fl , which can be made in the day time 
only, no ambiguity exists because we are concerned with the determination of the 
frequency at which a maximum of h f occurs for conditions under which the reflected 
wave (the ordinary wave especially) is of quite appreciable intensity. 

§5. CRITICAL-FREQUENCY PHENOMENA FOR REGION E 

As was pointed out in the last section, the determination oif E ° is quite straight¬ 
forward except when it is complicated by the presence of what we have called the 
abnormal region-i? phenomenon. There is then no very marked increase of h' 
with /. Moreover, the frequency at which the change-over from reflection from 
region E to reflection from region F occurs often varies in an irregular manner. 
A fairly complete account of the incidence of this abnormal region-2? phenomenon 
in both high and medium latitudes has been given by us recently (8) . In the present 
paper the discussion will be continued. 

We can best approach the matter by considering conditions in which the abnormal 
region-2? phenomenon is absent. Such conditions are often found at the equinoxes. 
In figure 1 is shown an (equivalent-height, frequency} curve for the magneto-ionic 
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ordinary component on 9 October 1937 at 1430. It will be seen that the marked 
group-retardation effects which are experienced in studying region-F critical- 
frequency phenomena are here present, so that the selection of the region-F 
critical frequency is now a simple matter. There are, however, many occasions, 
particularly during the day time in summer, when the { f } curve is as shown in 



Frequency (Me./sec.) 

Figure i. Simple {equivalent-height, frequency} curve at 1430 G.m.t. at 
Slough on 9 October 1937 



Frequency (Me./sec.) 

Figure 2. {Equivalent-height, frequency} curve for SJough at noon 
on 4 May 1937, showing abnormal region-E phenomenon. 


figure 2, which represents conditions at noon on 4 May 1937. It will be seen that 
where f<f u ° (note f E ° is shown at 3-55 Mc./sec. in figure 2) the { h',f} curve is 
normal except that very marked group-retardation phenomena, which occur when 
/ approaches f E °> are not shown. Instead, the value of h' after reaching a certain 
value falls rapidly to a height which is maintained constant. There is to be noted 
also at a higher frequency, marked a 1 in figure 2, a change-over from reflection at 
region-F levels to region-F levels with little or no group retardation. Moreover, 
there is a certain amount of frequency overlap a x a% in the process. At a higher 
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frequency the same phenomena are discernible for the extraordinary wave. For the 
time being, however, we concern ourselves only with the phenomena of the ordinary 
wave. 

It is very important that observers should state what criterion has been selected 
to denote the critical frequency for the normal region E caused by ultraviolet light 
when conditions are such as are illustrated by the { h\f } curve in figure 2, since some 
take what we have called above f E ° while others take the frequency/^, at which 
region-F echoes are first seen.* As will be seen later, we believe that the value 
shown as f E ° is very close to the true critical frequency for the normal region E y 
and that the frequency f AE has no significance at all in this connexion. 



Gm.t. 


Figure 3. Typical variation of /g° and on a summer day. 
f J 3 ° 1 —©—; IaEj — x -• 


In figure 3 is shown a plot of values of f E ° and f AE during a summer day. It 
will be seen that f E ° varies regularly over the day-time period while the frequency 
f AE varies irregularly. We now turn to a more detailed consideration of the sig¬ 
nificance of the latter. 

It might, at first sight, be thought that the persistence of reflection beyond the 
normal critical frequency of region E is to be explained on the basis of the region 
being a thin one. We have, however, argued against such an explanation by pointing 
out that on a day on which the phenomenon is absent the {<h ', /} curve shows that 
region E must be many wave-lengths thick, and that there is no reason for assuming 
that the value of the scale height H of the atmosphere, which determines this 
thickness, should vary from day to day. Instead we have suggested that there are, 

* Judson^ I4 \ for example, takes the critical frequency to be “the lowest radio frequency which 
penetrates the region at normal incidence 
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embedded in the normal region Z?, scattering centres or reflecting strata of greater 
ionization-density which produce the persistence of reflection for frequencies higher 
than f E °. This suggestion at once explains the group-retardation phenomena asso¬ 
ciated with f E ° in figure 2, for region E is sufficiently thick to cause them. If the 
patches or strata of abnormal region E are assumed to be thin as compared with the 
normal region Z?, the absence of marked group retardation in the frequency range 
a ± a 2 , and in the case of M~ reflections (which we have previously shown to be 
caused by the agency of the abnormal region E) is also explained. 

Best, Farmer and Ratcliffe (is) have pointed out that, under very slightly disturbed 
conditions, abnormal effects may be due to clouds of more intense ionization 
immersed in a simple region. Very often we have found that, when the extension 
of reflection beyond f E ° is not large, the echoes returned are irregular in character 
such as might be caused by scattering from patches. But when abnormal region- 2 ? 
echoes are returned for frequencies extending over 1 Mc./sec. beyond f E °> the 
heterogeneous character disappears and reflection persists from a fairly constant 
level. It is probable that, on such occasions, a thin sheet is formed by the coagulation 
of a large number of ionized clouds. On rarer occasions this thin sheet may be so 
dense as to constitute what we have called “intense-Z?” conditions. On such 
occasions reflection persists up to frequencies beyond the region-F critical value. 

We have made a number of experiments to see if abnormal region-Z? conditions 
are simultaneously observed at the two stations of Slough and Cambridge, which 
are 60 miles apart. No marked agreement was found between the results obtained 
at the two stations, a fact which illustrates the local character of the phenomenon. 
Under intense-Z? conditions in summer, however, the densely ionized stratum must 
be of much greater extent since, as was found some years ago (l6) , they are frequently 
associated with conditions extremely favourable to long-distance transmission. 

The influence of abnormal region-E height on normal region-E critical frequency . 
If we suppose, as an extreme case, that the abnormal region E has a sharp boundary, 
it is easy to see that the measurement of f E ° will be strictly accurate only when this 
boundary is at or above the level of maximum ionization in normal region Z?. 
If the abnormal region E is slightly lower than the maximum in region Z?, the 
measured value of f E ° as shown in figure 2 will be too low. The evidence we 
have been able to gather from a study of events on successive days with varying 
values of f AE supports this view. When the equivalent height of the abnormal 
region E is low, f E ° is correspondingly reduced. 

We have very frequently noticed that, when the height of abnormal region E 
{hf AE j is abnormally low, the group retardation effect round f E ° is less marked and 
f AE is high. In other words, the further the agency causing abnormal region E 
penetrates downwards in normal region E the more intense is the ionization caused 
by it. We thus see how the abnormal region E can develop into what we have called 
“intense region E”. On such occasions the phenomena indicating f E ° are entirely 
absent and reflections from a constant level occur over the whole frequency range. 

The seasonal variation of abnormal region-E height. In figure 4 are shown plots 
of the monthly means of h E and h' AE at noon. In the same graph are exhibited 
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the monthly means of the heights of abnormal region E at night. Interesting dif¬ 
ferences are noted in the seasonal trend of these three quantities. In the first place 
the variation of h E ' is such as we should expect. Owing to the more nearly vertical 
solar incidence in summer we should expect h E ' to be less in summer than in winter. 
It is, however, possible that this difference is exaggerated, since with our present 
experimental arrangements, in which region-E echoes cannot be determined for 
very low frequencies, it is possible that group retardation has added somewhat to 
the equivalent height h E ' in winter, since measurements have to be made at fre¬ 
quencies nearer to the critical value. The fact that h' AE in the day time varies to 
a much greater extent, even though the measurements are unlikely to be influenced 
by group-retardation phenomena, is very surprising. That it varies in this way 
confirms our view that abnormal region E is due not merely to local irregularities 



Figure 4. Monthly means of h Et —©—; h' AE (day),- X-; 

and h' AE (night),-• -— 

in normal region E but to an additional agency which forms additional patches or 
strata of ionization. 

Temporal sequences in the formation of abnormal region E. It quite frequently 
happens in the day time that, on frequencies exceeding f E ° , echoes are returned 
from several regions of different heights which are all less than that of region F 1 . 
If the history of these regions is traced on a succession of half-hourly {h' y f} records 
it is found that they are first noticeable as ledges on region 1 F 1 and that their penetra¬ 
tion frequencies are then only slightly greater than that of the normal region E. 
At this stage they cause the usual group-retardation effects for frequencies nearly 
critical. They can next be detected as separate regions at an equivalent height of 
150 to 180 km. Later, they still produce a small amount of group retardation on 
waves just penetrating them, but they are evidently becoming thinner and more 
densely ionized. They continue to fall in height and increase in density until they 
lose their separate identity and form the abnormal region-E stratum described 
above. The number of intermediate regions, as the ionization levels between 
regions E and E x may be called, existing at one time is never large. It is unusual 
to observe more than two or three. Generally it may be said that this phenomenon 
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of ionization falling in height and building up the abnormal region 2? begins just 
after sunrise and continues until about noon; the reverse process of regions of 
ionization increasing in height has never been observed. There is a tendency, though 
less marked, for the process to be repeated in the afternoon just before sunset. 
During the dark hours abnormal region- 2 ? reflections are returned from a fairly 
constant level, though often there is a slight fall in height immediately after the 
onset of reflection and a slight rise in height just before reflection ceases. 

The trailing-echo phenomenon . On many occasions we have noted echoes of 
weak intensity from a level of about 90 to 100 km. persisting throughout the whole 
of the frequency range, which may otherwise reveal normal conditions. Such echoes 
are returned from levels well below the abnormal region-2? centres or strata, and 
very rarely obstruct completely the passage of the waves to higher levels. 

§6. FURTHER DISCUSSION OF THE ABNORMAL 
REGION-E PHENOMENON 

We have previously (I7) noted a transient type of reflection, lasting only a few 
seconds and caused by scattering from temporary ionic cloudlets, which is found 
by day and night round about the 100 km. level. We stated that these short-lived 
echoes were not registered by the usual method of recording. Using greater sender 
power and faster photographing equipment Watt, Wilkins and Bowen (l8) , and later 
Eckersley (l9) , have succeeded in obtaining registration of these transient effects. 
They also confirm our observation that the effects occur during the night as well 
as during the day. 

It may be that the abnormal region E is formed as the aggregate of such ionic 
cloudlets, but in many cases they must be sufficiently closely situated to form 
a definite stratum which is impenetrable for a certain frequency range. When an 
abnormal region-2? echo is noted simultaneously with a region-2^ echo of normal 
amplitude, it is clear that the abnormal region-2? echo is scattered from a cloud which 
may not necessarily be, and probably is not, overhead. On the other hand, when 
region F is cut off altogether one must assume an abnormal region- 2 ? sheet which 
is immediately overhead. This need not be very large, and indeed it is probable 
that the phenomenon is, to some extent, dependent on the relation between the 
size of the obstacle and the relevant Fresnel half-wave zones. 

A word should be said concerning the phenomena attending the penetration 
of abnormal region E when reflection is gradually transferred from region E to 
region F with a certain amount of frequency overlap, as shown for instance at a x a % 
in figure 2. Since we have pictured abnormal region E as resulting from the 
coagulation of a number of electronic cloudlets we may consider the stratum as 
being irregular in its maximum ionization in horizontal extent. Penetration of the 
more weakly ionized parts may therefore be Considered as starting at a x while that 
of the more densely ionized parts is complete at a%. 
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§7. SCATTERING IN REGION F 

We have examined our region-jF records to see if there is any evidence of a 
phenomenon comparable to that experienced in the case of region E. In summer, 
both by night and by day, the {h\f} curves are quite simple and show few traces of 
reflection for frequencies beyond the critical value. During the winter nights, 
however, it is most usual to find persisting reflection of an irregular character when 
the critical frequency is exceeded. From the beginning of October the number of 
hours during which the phenomenon is encountered gradually increases, night 
after night, reaching a maximum in December, when it occurs for more than 12 hr. 
around midnight, and afterwards gradually becoming less prominent until the end 
of March. The phenomenon is rarely encountered during the months from April 
to September. 

There is, however, a marked difference between region-F scattering and the 
abnormal region-J? phenomenon. The echoes in the former case are always broadened 
and complicated in character; moreover, the equivalent height of the lower delay 
edge of the echo gradually increases with increase of frequency. When the critical 
frequency is exceeded there is no rapid fall of equivalent height followed by 
reflection from a constant level, such as is experienced in the fully developed region-i? 
phenomenon. 

The region-F scattering is evidently due to local irregularities which appear to 
form within the region when the sun is down, whereas the abnormal region-i? 
reflections are due to reflection from a preferred height, from strata which may, on 
occasion, coagulate to form an intensely-ionized sheet. 
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ABSTRACT . The band absorption of radiation incident on the atmosphere at any 
zenith angle x is considered, when the relation between the absorption coefficient a and 
the wave-length A has the form of the error function, so that 

cc\ = oc 0 $~ ( *”*Q )2 A a «=a 0 e~ za , 

where /=(A-A 0 )/A W , and the intensity of the incident radiation is either constant across 
the absorption band or varies linearly across it. 

The height distribution of absorbed-energy density, the height of maximum volume 
absorption, the spectral composition of the energy absorbed at any level, and the pro¬ 
portionate daily variation of absorption density, are first discussed without any special 
assumption as to the height distribution of the absorbing constituent in the atmosphere. 

The height distribution of absorbed energy per unit mass of air is shown to depend 
only on a single function of a single parameter /z, which itself depends on the level, the 
angle of incidence and the total absorption coefficient A 0 of the atmosphere in the 
centre of the absorption band. 

The general results are afterwards discussed in relation to the special case of an 
exponential height distribution of the absorbing constituent, with scale-height H. It 
is shown that in this case, whatever the angle x> (i) the height of maximum absorption 
per unit volume is at a distance 0'6i6 H below the level of maximum monochromatic 
absorption at the centre \ of the band; (ii) the maximum volume density of absorbed 
energy at angle x is cos x times that for vertical incidence, as in the case of monochromatic 
absorption; (iii) above the level of maximum band absorption the height distribution of 
absorption differs only slightly from that in the case of monochromatic absorption, but 
below the maximum level the band-absorption layer extends further down than the 
monochromatic-absorption layer. If the absorption in the band-fringes where | l [ >z be 
neglected, the band-absorption layer is thicker than the monochromatic-absorption layer 
by approximately zH , the excess thickness being in the part of the layer below the level of 
maximum, absorption. 


§ 1. INTRODUCTION 

I N two previous papers (I,a) I have considered the absorption of monochromatic 
radiation in an atmosphere which was either plane-stratified (l) or on a spherical 
earth (a) . It proved possible to express the results in a simple and general form 
by the use of suitable units and parameters. In particular, it was shown that the 
graph giving the height distribution of the volume density of absorbed energy was 
of a simple definite form for any atmosphere in which the density varies expon¬ 
entially with the height;* individual cases differ only in respect of the scales of 

* Such an atmosphere will be called an exponential atmosphere . 



94 S. Chapman 

height and energy density. The volume density of absorbed energy was referred to 
in (l) and as the rate of ion-production, it being supposed that each absorbed 
quantum of the monochromatic light ionized one atom or molecule, or at least that 
the number of ions produced was proportional to the amount of light absorbed. 

The principal radiations absorbed in the earth’s atmosphere are not mono¬ 
chromatic, nor are all the absorbing constituents distributed exponentially. In the 
case of absorption by ozone, in particular, neither condition is satisfied. The 
absorption in the terrestrial atmosphere is in large part effected by molecules, not 
by atoms, and is of band character, not line absorption. The former results are 
valid for each monochromatic component in an absorption band, but the height 
distribution of the total absorbed energy for any band involves an integration of 
overlapping monochromatic distributions. 

So far as I know, this subject has not hitherto been treated mathematically, 
and our ideas are rather vague as to how the resultant height-absorption curves 
will differ from those for line absorption. In the latter case the distribution may 
fairly be called layer-like, since most of the absorption of a monochromatic beam 
occurs within a height-interval of about 4#, where H is the local scale-height of the 
atmosphere* (§ 3). When the absorption occurs over a spectral range in which 
the coefficient of absorption 0^ at the wave-length A varies from a maximum olq 
to zero, the energy distribution may be expected to be less layer-like; but it is 
desirable to gain proper quantitative information on the subject. 

This is here attempted, by considering a specially simple and mathematically 
convenient form of absorption band (§ 2). In §§ 2-11 general formulae are de¬ 
veloped for an atmosphere in which absorption is effected by a single constituent 
gas distributed in height in any manner. In §§ 12-16 the special form of these 
results is considered for an atmosphere in which the density of the absorbing 
constituent is an exponential function of the height. 


PART I 

§2. THE ASSUMED FORM OF ABSORPTION BAND 

In actual absorption bands the curve giving a* as a function of the wave¬ 
length A is often complex and serrated; it is hardly necessary to take account of 
the details of such bands, and in this paper I consider the simple relation 


“A = a o exp { - (A - A^/A 2 w } = c^e~ l \ .(x) 

where /=(A-A 0 )/A U . .(2) 


This represents a band symmetrical about its mean wave-length Ao, at which a 
attains its maximum value oq,. The distribution corresponds to the well-known 
error law, and the constant \ w determines the spread or width of the band. 

Half the area under the {a, A} curve is contained within a A-interval of width 
0‘954^ and centred at Aj, that is within the range \ < A < Ao+o-477A w . 

* The term “scale-height” was introduced in my article in Reports on Progress in Physics, 8, 
4 * (1936)- 
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Within the range fourfold as large, namely between Ao + zA*, 99-5 per cent of the 
area under the {a, A} curve is included; further, at A + 2A W , or /= ±2, a=cv 4 or 
0*018300. The band within this range will be called the limited band, and the parts 
outside will be called the band fringes. 


§3. THE DISTRIBUTION OF THE ABSORBING GAS 

Suppose that the absorption expressed by equation (1) is due solely to one 
atmospheric constituent gas. Let M denote the total mass of this constituent in a 
complete vertical column of unit cross-section. Let mM denote the amount in this 
column above a height h, so that m denotes the fraction of the gas that lies above 
this height. The height distribution of the gas depends on the relation between 
m and h so that, say, m=f(h) (3) 

The density p of the gas at the height h is given by 

pdh= —Mdm, 

« .(4) 

the minus sign corresponds to the obvious fact that m decreases upwards. Clearly 

772 = 0 at A = oo 3 772 = 1 at A = o. .(5) 

It is convenient to say that the height h corresponds to “ the level m, ” where m is 
given in terms of h by equation (3). 

In the previous papers (l,a) it was supposed that the absorbing gas was distri¬ 
buted exponentially, i.e., that ^ 

where H is a constant called the “local scale-height” of the atmosphere. In this 
case it is readily seen that ,, KlrT , x 

In the present paper m will often be used instead of the height h as the 
independent variable specifying level. This makes it possible to deal with the 
absorption in a general way, whatever the height distribution of the absorbing 
gas, and to defer consideration of particular height distributions to a later stage. 

It is convenient to write a */r /o\ 

*^0 =a (r^> ..(8) 

and to call A 0 the total central absorption factor for the band. 


§4. THE GENERAL EQUATIONS OF ABSORPTION 

Consider a beam of monochromatic radiation within the small range of wave¬ 
length A to A+iA, incident at an inclination x t0 the vertical on a plane-stratified 
atmosphere. 

Let S (772, x, A) dX or, more briefly, S\d\, denote the intensity of this beam at 
the level m. The intensity outside the atmosphere will be denoted by Sao( A) dX y 
independent of x- This S „($-S(o, x ,X). .(9) 
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In traversing the interval of level from m to m+dm the beam-intensity changes 
by the amount dS\, where dS\= — sec x dm, 

(xx being the absorption coefficient for radiation of this wave-length. Hence 

S x = S a, (A) exp (- a A Mm sec x). .(io) 

The mass density of absorbed energy of this wave-length, that is, the energy 
absorbed per unit mass at the level wz, will be denoted by E (m, x, A) dX or, more 
briefly, by ExdX\ thus the energy absorbed per unit area in the thin layer between 
m and m+dm is MExdXdm . Since the normal cross-section of the inclined beam 
passing through unit area of this layer is cos x> we have 


Ex= ~Mlim COSX= W CXp sec *)■ 


(») 


The volume density of energy absorbed at this level m or height h will be denoted 
by I (h, x, A) dX or, more briefly, by I\dX; clearly I x dh = —ME x dm, so that 

. 

The above formulae apply to each spectral element within an absorption band. 
We wish to consider the total mass density F (m, x) and volume density J ( h , x) 
of absorbed energy, these being the integrals of Ex and lx over the whole band. 


Clearly 

F (m, x ) = E (m, x, A) dA= E\dX, .(13) 

J —00 J — 00 

/(A,x)=f° I(k,x,X)dX=r I x dX, .(r 4 ) 

J — 00 J — 00 

J=- MF t- .«s> 


The corresponding integrals over the range of A corresponding to 
will be denoted by adding the sufiix L to F or J. 


§5. THE TOTAL-ABSORPTION MASS AND VOLUME DENSITIES 
F, J FOR THE SPECIAL BAND-FORM 

We now introduce into equation (11) and thence into equation (13) the special 


band-form (1), obtaining 

i^ooj S„ (A) exp ( — P—tzJVlme- 1 - sec x) dX, .(x6) 

whence, writing ^=0 ^Mm sec x=A$n sec x .(1 y) 

(cf. (8)), we get i ? =« 0 A« ) | ^S„ (A) exp (— Z 2 —jctc- ia ) dl. .(18) 


This value, inserted into (15), gives J for the special band-form considered. 
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§6. THE INITIAL SPECTRAL DISTRIBUTION OF THE 
ABSORBED RADIATION 


Further discussion of equation (18) depends on the form of the function 
Soo (A), which represents the spectral intensity distribution of the radiation before 
the latter enters the atmosphere. Two simple cases alone, which on account of the 
symmetry of the band-form are equivalent as regards F ', will be considered here. 
The first is c m c , v 

£00 (A) = Soo, .(1.9) 

where Soo is a constant; the second is 


Soo (A) = S* + IS m ' (Z-(A-Aa>/(A«)), .(20) 

where *SV is another constant, representing the slope of the spectral-energy graph; 
equation (20) corresponds to a uniform increase or decrease of Soo (A) with respect 
to / or A, and equation (19) is merely the particular case of vanishing slope Sao'- 
In the case of the solar radiation absorbed in the earth’s atmosphere, equation (20) 
is a rough first approximation to the form of the spectral-energy curve, over the 
main part of each principal absorption band; a closer approximation could of 
course be obtained by expressing Soo (A) in the form of a power series in /, the next 
approximation being the addition of a term \l 2 SJ r to equation (20). 


§7. THE ABSORBED-ENERGY MASS DENSITY AT ANY LEVEL 


On substituting in equation (18), the expression for S n (A) given in equations 


(19) or (20), we get, in either case, 

F-FJW, .(21) 

where F 0 = 9 A m .(22) 

and <E> (f0 = 2 tt _ ^ f exp ( — l 2 — pe- 12 ) dl , .. (23) 

Jo 

in which the initial factor is taken so that 

®(°)= i > .(24) 

and F^F 0 . .(25) 


The simplicity of the relation (21) is notable: for it shows that F(m>x)IF Q is 
expressible as a function of the single variable p given by equation (17)—which 
depends on A 0 (defined as olqM), x , and the level m , but not on the half-width A w 
of the band, nor on the position Aq of the band in the spectrum. 

The corresponding results for line absorption or monochromatic radiation 
may be put in die form £, (,).J A 00-^.rt, .<a6) 

where (A), .(27) 

and ma= oc A Afmsecx- .(28) 
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In both cases* at the top of the atmosphere where m =o and therefore /*=o 
and (i\=o, the function or <Z>x is unity, so that F 0 and E\ 0 dX represent the initial 
density of the absorbed energy per unit mass. As we descend in the atmosphere 
m and ju or fi\ increase and O or <t>x steadily decrease; that is, the mass density of 
the absorbed energy decreases steadily downwards, owing of course to the increasing 
attenuation of the beam. 

If we consider the energy (F L , say, or F 0 $> L ) absorbed within the range 
—L<Z<L of the band, ignoring the energy of shorter and long wave-lengths, 
equation (21) must be replaced by 

F l =F$> l (fF)=F 0 2 ' 7 T~ i pexp (-Z*-/*«-**) dl. .(29) 

J 0 

When L =2 this gives the mass density of absorption excluding the band fringes 

(§2). 


§8. THE FUNCTIONS 3 > and 

00 p—(n+l)W 

Since exp (- Z 2 - ne~ li ) = S (- p) n ——j—, .(30) 

“ d Jo V<n+1>!S dl ^V(nTry . (3I) 

it is dear that ® W=| * . ^ 


This series enables 4 > to be conveniently calculated, directly up to about /x = 5, 
and thereafter up to about /* = 10 by using Euler’s transformation.* From about 
fj,= 10, however, even when this transformation is used, the calculation of <D from 
this alternating series becomes increasingly laborious, and another form of ex¬ 
pression for <X> must be used. 

Column (3) of table 1 gives values of O calculated from equation (32) for values 
of fji from o to 10. Column (2) gives values of (^), which by equation (26) is 
e-P, for comparison. The fourth column gives values of 

i-eri* , x 

^V(^log e fi ) 9 . (33) 

when 1 (this expression is not real when fx< 1); this is an asymptotic approxi¬ 
mation to 0 (fj), as is shown below; the fifth column of the table shows the per¬ 
centage error of the approximation. 

To obtain the approximation (33) for O, the integral in equation (23) is divided 
into two parts over the ranges o to l 0 and l 0 to 00, where 

Iq= Vlogc /*; 


* Cf. Bromwich^. A check on the calculations is obtained by applying the transformation 
from two different values of n. 
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at Z 0 , if n> 1, the integrand has its maximum value, which is i/j ue; this is small 
when ju, is large. Changing the variable from l to u> where 

Z 2 =Z 0 2 + m, so that 2 ldl=du, 

and e- l *=e~ u liA, exp ( — l 2 — ^-* a ) = (i//i) exp (— 


equation (23) becomes 
f° 

where i x == 

J-Zo 2 


exp (— u —e - " 8 ) du _ f z ° 2 exp (©—e”) dv 

V(V+«) "Jo V(V-«) ’ 


f ” exp (—u — e~ u ) du 

Jo V(4 a +“) 


Table i. (/x), $ (jx), and <J> 2 (/x) 


(34) 



® A (^) or e-P 
( x 10 5 ) 

( X 10 s ) 

i-e-fi 

Error 
(per cent) 

■C |« 


pVfrloge /J.) 

( X 10 s ) 

0*0 

100,000 

81,873 

100,000 

86,949 

_ 

_ 

468 

0*2 

— 

— 

467 

0*4 

67,032 

75,846 

— 

— 

466 

o*6 

54,881 

66,383 

— 

— 

466 

o-8 

44,933 

58,304 

— 

— 

465 

1*0 

36,788 

51.393 

00 

+ 00 

464 

i‘S 

32,313 

38,107 

45,889 

+ 20*4 

462 

2*0 

13,534 

8,208 

28,946 

29,297 

+ 1*2 

460 

2*5 

23,531 

21,641 

— 4 *o 

457 

3*0 

4,979 

17,964 

. 17,049 

- S ’ 1 

455 

4 *o 

5 *° 

1,832 

674 

248 

12,2x2 

8,743 

11,760 

8,834 

- 3*7 

- 1*3 

4S J 

448 

6*0 

6,967 

7,007 

+ o*6 

444 

8*0 

34 

4,793 

4,889 

+ 2*7 

436 

10*0 

5 

3,589 

3,718 

+ 3*6 

426 

20*0 



1,630 

— 

389 

25*0 

— 

— 

1,258 

— 

370 

50*0 

— 

— 

570 

— 

300 


In tj the exponential factor is very small except when © is quite small; clearly 

4 > j | exp (v—e v ) = ^ j\~ e "de v =j- (e _1 — e~^), 

and the difference between i x and (e -1 —e - ^)/Z 0 is very small when 4 is large. Similarly 

h<T f ex P (—u — e~ u ) du=y f e~^' l de- u =j (i — e -1 ), 

*o J 0 J o % 

but (i — e -1 )/Z 0 is very nearly equal to 4 when l 0 is large. Hence an approximation 

to equation (34), when / 0 is large, is 

. (35) 

namely equation (33). It is not difficult to see that when Z 0 is large, the error in the 
above approximation to i 2 exceeds that in the approximation to Z l5 and that there- 

7-2 








IOO 


S , Chapman 

fore equation (33) will tend to ® (ju,) from above. This is in accordance with table 1; 
when ju, is 1 or nearly 1, the percentage error of equation (33) is large and positive, 
but near /x=2 it falls to zero and, changing sign, rises to a negative numerical 
maximum of about 5 per cent at ^ = 3, whence it decreases to zero again at about 
^=5*7; when ju>5*7 the percentage error would appear to be positive; at /*=io 
it seems to be still on the up grade, but it must ultimately decrease to zero. 

In June 1936 1 referred to the function ® (y) in a letter to Prof. N. S. Koshliakov 
of Leningrad, mentioning that I had obtained the first term i/^vV loge v) in its 
asymptotic expansion and saying that I had been unable to obtain further terms. 
A few days after the receipt of my letter he sent me the following asymptotic 
expansion, which had been obtained and proved in different ways independently 
by himself and by his colleagues Drs A. Svetlov and Stroganov; they kindly allow 
me to quote it here: 


®G0- 


P logs h) 


( n —1 

1+ s 

1 ?c=i 


1 - 3-5 

' 2 s . k\ 




Owing to the lack of tables of the integrals appearing as coefficients in this formula 
I have not been able to use the expansion for numerical calculation. 

With a view to the evaluation of we may also consider <E> — <& L , which is 
given by 


Clearly 


°“° i= ^yr exp di =f( L > /»)• 

/(L,o)=erf(L)^-jy^Z, 


gn /(A M) _ 2 (~l) H f c 

8fi n -s/ir Ji 


exp {-(«+1) Z 2 — ju,e _!a } dl, 


I 9 ”/(A /*) ) 2(-i) n f 

1 3m" j/t-o Vir Jj 


erf {V( ” + ’) i) > 


so that by Maclaurin’s theorem 

$ 0000-«f (L)+ J x erf {■*/(» +1) L) 


.( 3 6 > 

where L ( x ) denotes Laplace’s continued fraction, which is a slowly varying 
function.* 

From this formula (L being taken as 2) the values of 3 >-<I> 2 in the last column 
of table 1 have been calculated. 


# J. Burgess has given the values of L (ac), to 15 decimal places, for values of x at intervals of 
o*i from ac = 3*o to 6*0, in which range L# ( x) increases from 0*9518 to 0*9866. Burgess also gives 
values of (1 — erf x) for values of x from o to 3 at intervals of o*ooi or 0*002. 
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§9. THE HEIGHT OF MAXIMUM VOLUME ABSORPTION 
The volume density J of absorbed energy is given by equations (15) and (21), 


as follows : 

J — — MF dmjdh = — MF 0 (dmjdh ) O (//,). .(37) 

The corresponding result for line absorption is 

I\— — MEx ( dm/dh ) = — MExfdmfdh) e-v-K .(38) 


It is of interest to find the maximum values of these expressions (which will be 
denoted by J x and I\ x , since they naturally depend on the inclination x of the beam 
of radiation) and the heights h x or h\ x at which they occur; the corresponding 
values of m and (or will be distinguished by the same suffixes. 

The condition for the maximum may be expressed in the form 

d log e O ( fji ) d\L dm^d log e (< dmjdh) _ q 
dfi dm dh^ dh ~ 9 

or, since dfji/dm = fi/m, by equation (17), 

O' (fi) d 2 m /(dm\ % f N f x 

» Wffi- - m im/hh) = -* (”*>• .(39) 

where ' denotes differentiation. Clearly if;, being a function of h , is also a function 
of m. 

Since, by equation (23), 

O' (//,) = 27 r~i [ exp (— 2Z 2 — pe- 12 ) dl, 

Jo 

it follows that O' (fi) < O (/j) 

for all values of fi greater than o. 

Using the expression (32) for O (fi), the condition (39) may be put in the form 

S (— fj,) n /n ! V( w + 2) 

<P(m)=iJ. |-• .(40) 

2 (- [x) n jn ! V(” + i) 

0 

The corresponding equation in the case of line absorption is 

fa ( m \) = -«A = J“A > .(41) 

by equation (26). 

These equations cannot be solved until the height distribution of mass in the 
atmosphere is assigned, since ip (m), as equation (39) shows, depends essentially on 
this distribution. 
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§ io. THE SPECTRAL COMPOSITION OF THE ENERGY ABSORBED 

AT ANY LEVEL 


The spectral composition of the energy absorbed at any level is represented by 
E\IF , the integral of which over all wave-lengths is unity by equation (13). When 
the band-form is given by equation (1), and the spectral intensity of the radiation 
outside the atmosphere is uniform as in equation (19), 


Ex 2 exp (— l 2 — fie- 12 ) 
~F~~Vn 0 (] u) 


( 43 ) 


which, when expressed, as here, in terms of the variable l instead of A, depends 
only upon the one parameter [i. It is illustrated in figure 1 for values of fi from 



Figure 1. Spectral composition of the band-absorbed energy at different levels. 

o to 3; /jl = o corresponds to vanishingly small absorption, in which case (for light 
of uniform spectral intensity) the spectral distribution of the absorbed energy is 
simply proportional to the band-form (1). When the function Ex/F has 

a single maximum, 2at J=o; when ^>1 it has two maxima, of amount 
zjeiFb (fi) at 1 = ± V^oge P, and at l =0 it has a minimum value 2 e-^j^rr. 

In general 5 ao(A) will not be uniform over the band; if it has a uniform variation 
across the band, as in equation (20), F is unaltered, but a term (ISJ/Soo) Ex is 
added to Ex . This will modify the curves of figure 1, raising the ordinates on one 
side of /=o or A=A 0 and lowering them on the other. 
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§11. THE PROPORTIONATE DAILY VARIATION OF 
ABSORPTION DENSITY 

At a station at an angular distance 9 (the co-latitude) from the north pole, the 
zenith distance x of the sun, the source of the absorbed radiation, varies throughout 
the day according to the equation 

cos x=sin S cos 9 + cos 8 sin 9 cos 0 , .(43) 

where 0 denotes the local time reckoned from noon in angular measure at the rate 
27 t per day, and 8 denotes the sun’s north declination at the season considered. 

At noon, when 0=o, - /iQ ~ , * 

^ ’ X=Xo = ^-(0+8). .(44) 

At the equinoxes 8 = 0 and 0 ranges between +\n and —far; at other seasons 
the limiting values of 0 are given by 

cos 0= — tan 8 cos 9 , .(45) 

the range being greater or less than 7r according as 8>o or 8<o. In all cases x 
ranges from xo to 90°. 

The mass density of absorbed energy F bears the same ratio to the volume 
density J at all heights h or levels m, by equation (15), assuming that the com¬ 
position of the atmosphere itself is uniform; this may not be true at high levels, 
though it is probably substantially true, except as regards ozone and atomic oxygen, 
up to 100 km. Hence their proportionate variation throughout the day is the same, 

thUS JJhiA x) €>(a 0 Mm S ec x ) 

J(h,Xo) F ( m > Xo) $ fa Mm sec xo)' .^ 

The corresponding formula for monochromatic radiation of wave-length A, is 

£ x > 'ty =exp- tt o- Mm(aee x- 8ec x 0 ) . .(47) 

E(m, Xo> \) F 

In reference (i) curves were given (figures 2-5) showing the variation of the 
ratio (47) as a function of the solar time. Similar curves for equation (46) could 
easily be constructed for any value of o^Mm, but will not be given here; since <X> (n) 
decreases less rapidly than e~^ as ju. increases, it is clear that the ratio (46) will 
exceed the corresponding ratio (47) for the same values of a^Mm, x and Xo- 


PART II 

§ 12. THE HEIGHT OF MAXIMUM VOLUME ABSORPTION 
,The results of § 9 will now be completed for an exponential atmosphere (§ 3), 
for which, as in equation (7), m=e _ A/ s . 

so that, by equation (39), (tn)—i. '• .(49) 

In this case the level m\ x or h\ x of maximum volume density of absorption of 
monochromatic radiation of wave-length A is given by equation (41) as 

H.( 5 °) 
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m Xx = *l*xM sec x, 
h Xx =H log e (a X M sec x) 
=A A +Hlog e secx, 


■(SO 

( 52 ) 


where h x is the value of h Xx corresponding to vertical incidence, for which x —°5 
^ is ’ h x =H log„ (& X M). .( 53 ) 


In the case of band absorption the level of maximum absorption for an ex¬ 
ponential atmosphere is given by equations (40) and (49), thus 


the solution is 

or 

or 


Z(-i)« p n ln ! \/(n 4* 2 ) 

0 

l_i —-- 

S ( — 1)” / w n ln ! V( K + I ) 

0 

/4o= 1-8517, 
w z =rt)/oc 0 M sec x, 
h x =H\og e (i/m x ) 

=H loge (aoM sec xlfr o) 
=h 0 +H log e sec x, 


( 54 ) 

■( 55 ) 


( 56 ) 


where h 0 =H log e (a,, M/ /x 0 ) 

log, ^=^-0-6x626#. .(57) 

Consequently the level of maximum volume absorption of the band absorption 
is at a distance 0 - 6 x 67 / below the corresponding level for the monochromatic 
radiation in the centre A 0 of the absorption band. It is of course natural that the 
level of maximum volume absorption should be lower, in the case of an absorption 
band, than the level for monochromatic absorption in the centre of the band, 
because this is the least penetrating component of the band. It is remarkable that 
the difference of level is the same for all values of x- 

We may note also that at the level of maximum volume density of band 
absorption, where ^=^=1-8517, 


O (/io) = 0-31326, ® z ( no ) = 0-30866, .(58) 


whereas at the level of maximum monochromatic absorption (/u.=^ x =x), 

$ a(w x ) = °a(i)=« _1 = 0-36788. .(59) 


§13. THE MAXIMUM VOLUME ABSORPTION 

The maximum volume density of absorbed energy, at any angle of incidence 
X, is denoted by I Xx d\ for monochromatic radiation of line width dX, and by J x for 
the band absorption. The former is given by equations (12), (26) and (28), after 
the substitutions dmjdh — —mjH, and p x =x; this gives 

/, - mME Xo ex P ( “ A*A) _ (MA^oo (A) cos x) _ r ... v 
A *“ H ~ Hex pi -'Aocosx, 


(60) 
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where 4 = S„ (A )jH exp 1; .(61) 

I^dX is clearly the maximum volume density of absorbed energy for vertical 
incidence. 

For band radiation we have, from equations, (15), (21), (17) and (22), putting 

Jx = ~h~ ® (Mo) = — —jf~ N® W cos x 

=Jo cos x, .(62) 

/o=7 ^ *>«> (^=0-514^ 

= i *397 4 o 4- .(63) ■ 

This radiation of course extends over all wave-lengths. The last form given for J 0 
implies that the maximum volume density of absorbed energy for the actual band 
is the same as that which would correspond to a uniform absorption band of width 
1 *3974 > in which and S^X) had the constant values a 0 and (cf. the last 
paragraph of § 2). 




where 


§ 14. THE HEIGHT DISTRIBUTION OF VOLUME ABSORPTION 

The height distribution of the volume density of absorbed monochromatic 
energy of wave-length A is given by equations (37, 38), which for an exponential 
atmosphere may be expressed in the form 

h (. h > x)=4> exp (i-z x -e~*x sec x )*, .(64) 

where z\ is a new measure of the level, reckoned from the height h x , equation (53), 
as datum, the unit of height being now taken as H ; that is 

z \ = (h-h\)/H. .(65) 

The factor i\ 0 is the maximum volume density of absorbed monochromatic energy 
at vertical incidence. 

The corresponding result for the absorption band is 

J ( h , x)=/o« - *® (f*)/® (Po)=Joe~ z ® sec x )/Q (^) 


=/ 0 e-*3> (/x 0 e-* secx)/0 (p<>) 

= 3-192 / 0 <r z $ Ov* sec x ), .(66) 

where z=(k-h 0 )IH=z^+log e /j, 0 =z^+0-616. .(67) 


The difference between z and z^ corresponds to the difference between the levels 
A 0 and h^ already referred to in § 12. At z- o, when x=°> J Q 1 , x)=7o- The 
maximum value of J , for any given value of x, occurs at the level z x , where, by 

equation (56), z x =(h x -h 0 )IH= log e sec x . 

* Compare equation (17) of reference (1). 
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In. figure i of reference (i) graphs of I\ 0 (A, x)lh *o are given for various values 
of x, for monochromatic radiation of wave-length A 0 ; they give the height distri¬ 
bution of monochromatic absorption in the centre of the band, at the angle of 
incidence x> as a fraction of the maximum absorption (at ^ = 0) at vertical in¬ 
cidence (x=o). Two of these curves, for x = 0 X = 45 °> are reproduced as broken 

lines in figure 2 , for comparison with the corresponding curves J (A, x)IJo f° r band 
absorption for various values of x- The J // 0 curve is on a height scale the height 
scale for the JjJ 0 curves refers to z, so that, as is convenient for comparison, the 
Ijl 0 and JIJo curves for any value of x have at their maximum the same level and 
the same abscissa. If the /// 0 curves were drawn on the same height scale as the 
I/I 0 curve they should all be lowered through a distance o* 6 i 6 . 



Figure 2. Relative height distribution of absorbed energy:- J/J Q for total band;-- /2//0 for 

limited band;- Ijl 0 for monochromatic absorption in the centre of the band. The unit of 

height is H, and the level of maximum band absorption is o- 6 i 6 H below the level of maximum 
monochromatic absorption in the centre of the band. The curves I/I 0 are drawn so as to make 
their maximum coincide with that of the curves JIJ Q for the same zenith angle; actually they 
should all be raised through a height 0*616 H. 


The ratio of JIJ 0 to ///„, that is, the ratio of the abscissae of corresponding 
points on the ///„ and ///„ curves in a figure such as figure 2 , is given by 


JjJ^jdLJo 3-1922 (^e-* sec x ) 

I {ti, X )II 0 gl-z-e-’ see x 


( 68 ) 


where ti=h + 0-616//. This ratio (68) is a function of the single parameter y 
« b " by -- -(6,) 


so that 


y=e~* sec*, ^ = 


•( 70 ) 
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Table 2 gives the values of this ratio for various values of y; the corresponding 
values of z when x~° and when x=45° are indicated also. Since 

z =log e sec x— log e y, 

the values of z corresponding to two different values of x, say Xi and x*. but to the 
same value of y, differ by log„ (sec xi/sec xa)» which is independent of y. (It may 
be noted that, for any value of Xi, y=i at the level of maximum J/J 0 or ///„, 
that is, at the level z x , since z x =log e sec x> in which case log* y= o, and y = 1.) 


Table 2 


y 

UU0WU0) 

z when x — ° 

z when *=45° 


0 

i -174 

co 

00 

1 

s*r 

= 0*1080 

I-I29 

2*226 

2*572 

1 _ 
Mo’ 

= 0-5400 

1*035 

o-6i6 

0-962 

1 

I 

0 

0-346 

j i°* 

11 

= 2-7025 

i*53i 

-o -994 

-0-658 

12 - 

Mo’ 

= 5*4005 

9*33 

-1-686 

~ 1*340 


Table 2 shows that when y< 1, corresponding to heights above the level of 
maximum ///„ or I/I 0 for any given value of x> JIJo somewhat exceeds ///„, 
though their ratio is not greatly different from 1; the ratio increases from the 
minimum value of 1, for the pair of corresponding levels where J/J 0 and ///„, 
for any value of x, are at their maximum, to 1-17 at infinite height. 

When y> 1, corresponding to levels below that of maximum JIJo or IJ 0 , the 
above ratio rapidly increases, so that JIJo comes to exceed I Jo very considerably 
at quite small distances below the level of their maximum. This is because J/J 0 
decreases much more slowly than IJ 0 . This may be seen from the following 
approximate expression for JIJo, derived by adopting the approximation (33) 
for <t> and putting /x =y^y: 

nr a/ \ 0-972cosx(1—\ 

//Jo=3-i92J cos x O fay)- V(o-6i6+Iog^) ~ .< 7I > 


The approximation (33) is correct within a few per cent when ju. > 2, so that equation 
(71) is valid if i^y>2, or if y>2fa, or z< log,fa/2)-log e cosx, which equals 
- 0-077 - l°ge cos x- In this range, equation (71) indicates that JIJ 0 decreases very 
slowly as ar - 00; even when z = - 100, JIJ 0 cos x is still only slightly less than o-1. 

Consequently, for any value of x> the band nature of the absorption only 
slightly affects the height distribution of the volume absorption, in relation to the 
level and the value of the maximum volume absorption, above this level of maxi¬ 
mum; but below it, the absorption extends downwards much farther than in the 
monochromatic case, that is, the absorption layer is much less sharply limited on its 
under than on its upper side. 
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§15. ABSORPTION IN THE LIMITED BAND, AND IN 
THE BAND FRINGES 

It is not difficult to see, however, that the slow decrease of J/J 0 below the level 
of maximum for any value of x, that is, below s=# x =log e sec x> is largely due to the 
slight but very deeply extending absorption of the radiation in the band fringes. 

The ratio of the absorption in the fringes to the total absorption, for any value 
of ft, is the ratio of the sixth to the third column in table 1. When ft< fto or 1*8517 
this ratio is less than 461/31326 or 0-0147; hence if ^ = ^3;, this ratio (0-0147 or 
less) corresponds to y < 1, or to heights above the level of maximum JI Jo- Con¬ 
sequently in the upper part of the band-absorption layer, for any value of x? the 
fringe absorption at any level is less than 1J per cent of the total absorption at the 
same level. 

When much greater values of ft are considered, however, the ratio increases 
rapidly; thus, for the fraction of the total absorption corresponding respectively to 
the band fringes, and to the limited band | l | < 2, we have the values given in 
table 3, for five values of ft or y. 

Table 3 



5 

10 

25 

50 

y 

S/^o. 
i.e. 2-702 

lo/fto. 
i.e. 5-405 

2 5/f*o. 
i.e. 13-51 

So/rt). 
i.e. 27-02 

Fringe (per cent of 
total) 

5-1 

11*5 

29*4 

S2’7 

Limited band (per 
cent of total) 

94'9 

88-5 

71-6 

47’3 

X = o 

z 

JIJo 

J2/J0 

-o*99 

o-754 

0708 

— 1-69 
0-619 
o-549 

— 2*60 
0*542 
0-383 

-3‘3 0 

0-491 

0-232 

X=45° 

k 

-o-66 

0*533 

0-501 

- 1 ‘34 

0-438 

0-388 

-3-35 

0-383 

0-270 

“2-95 

o*347 

0-164 


The height z corresponding to ft is log e sec x + log e ft 0 —log e ft, values of which, 
in the cases x=o and x=45°> are also given in table 3. In the next rows are given 
the corresponding values of JjJ 0 and / 2 //o> where J 2 denotes the value of J for 
the limited band, between l— 4-2 and Z= — 2. The value 0-23 of JJJo* which may 
be taken as roughly marking the lower limit of the absorption layer, is attained 
(if X=o) when z — — 3-3, whereas I/I 0 , for radiation of wave-length A equal to A 0 , 
attains this value, if x = o, when z equals about —1-3. Thus the absorption layer 
due to the limited band has a thickness, below its maximum level, exceeding that 
for a monochromatic absorption band by about zH. 

Below the level z= —3*3 the major part of the radiation absorbed is radiation 
in the band fringes. It is not unlikely that though the absorption formula (1) is 
satisfactory for the purpose of discussing the absorption of radiation within a 
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moderate wave-length interval from the wave-length of maximum absorption 
coefficient, it is unsuitable for the radiation farther away, where the value of a, in 
actual absorption bands, may decrease with | 11 more rapidly than e- l% . 

In figure 2, the absorption curves for the limited band, in the cases x = o, 
X —45 0 for levels below the level of maximum J\J Q , are indicated by dot-and-dash 
lines; at and above the level of maximum JIJ 0i the J 2 jJ curves are scarcely dis¬ 
tinguishable, on the scale of the figure, from the JIJ 0 curves. 

§16. CONCLUDING REMARKS 

If the absorbed radiation here considered were effective in dissociating or 
ionizing the absorbing molecules, the rate of dissociation or ion-production per 
unit volume by absorption of radiation of wave-length A would be proportional 
to I\ (A, x) J the factor of proportionality would in general be a function of A, 
perhaps varying inversely as the quantum energy hv (where v is the frequency, 
equal to c\ A) and therefore as A, if the efficiency per quantum is the same for all 
wave-lengths within, say, the limited band. If the variation of A over the width 
of the limited band can be neglected, then the rate of dissociation or ion-production 
will be proportional to J (A, x) ; iu that case the preceding theory enables curves 
giving the rate of ion-production to be drawn, as a function of time (at any height) 
or of height (at any hour angle </>), as was done in reference (1) for monochromatic 
radiation. 

Further, if the dissociated constituents recombine at the rate pnn', where n 
and v! are their numbers (supposed equal) per unit volume, and p is a recom¬ 
bination coefficient, either varying with or independent of the height, it is possible, 
at least by graphical methods, to calculate the value of n at any height and time (l) . 
This will not be done here, however; nor will we here consider the height 
distribution of the band absorption and the dissociated molecules, atoms or ions, 
when the absorbing constituent is not distributed with a density varying ex¬ 
ponentially with the height (although the earth’s atmosphere presents such a case, 
in the absorption of light in more than one band, by ozone or by water vapour). It 
is hoped, however, that the present theory will be of value as a first step towards 
such more complicated problems, should they need to be considered in detail in 
the future. 
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ABSTRACT. A method is described of measuring the polarization of a downcoming 
wireless wave which has been reflected obliquely from the ionosphere. Two rotatable 
crossed loops are adjusted to be in quadrature by dephasing one forwards and the other 
backwards 45 0 from resonance. With the usual goniometer technique the search coil gives 
zero pick-up when the tangent of the angle at which it is set is equal to the ratio of the 
axes of the projected polarization ellipse, and the frames are turned so that their planes 
are along the axes of this ellipse. Results obtained on medium-wave broadcasting stations 
are compared with ellipses calculated on the magnetoionic theory for an assumed angle of 
emergence and direction of the earth’s magnetic field. The comparison shows that, within 
the present accuracy of the apparatus, the absorption due to electronic collisions does not 
appreciably affect the limiting polarization of the emergent wave, and sets an upper 
limit of io 6 per sec. to the collisional frequency in the region where the polarization 
assumes its limiting value. The experiments also suggest that the ratio of the number of 
ions to the number of electrons in this region is not greater than 10,000, and further work 
with increased accuracy should give valuable information relevant to the inclusion of the 
Lorentz term in the magnetoionic theory for the E layer. 


§1. INTRODUCTION 

I T is well known that according to the simple ray treatment of the magnetoionic 
theory, as given by Appletonthe limiting polarization of a wireless wave 
emerging from the ionosphere depends only on the characteristics at the lower 
edge, and not on the unknown distribution of ionic density above. The more 
complete analysis of Booker (a) shows that this conclusion is in general justified 
when the initial gradient of ionic density, with respect to height measured in terms 
of wave-lengths, is small. 

As the ray comes down through the ionosphere, it travels into regions where 
the ionic density is decreasing, but the collisional frequency is increasing. Thus 
although the state of polarization becomes less affected by the density, it' may be 
modified by the increasing absorption. In the lower regions of the ionosphere the 
absorption may therefore influence the polarization, if the coefficient of absorption 
is large where the density is still appreciable. 

For short waves, since the absorption term a is inversely proportional to the 
wave frequency,* the limiting polarization depends only on the angle between the 

* a is the ratio of the collisional frequency to the wave frequency, except for a constant. 
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emerging ray and the direction of the earth’s field, and on the ratio of the gyro- 
magnetic frequency to the wave frequency. On long waves, however, the absorption 
may be the controlling factor, and cause the limiting polarization to become circular 
under all conditions, except when the ray is nearly perpendicular to the magnetic 
field; this point is further discussed in appendix I. 

It follows, therefore, that in the measurement of the polarization of the down¬ 
coming ray, we have a method of determining whether the absorption is producing 
any appreciable modification, since we can with reasonable accuracy predict the 
polarization in the absence of absorption. In the event of the experimental results 
confirming the calculated values, we can interpret them as setting an upper limit 
to the collisional frequency at the lower edge of the ionosphere. We can also con¬ 
firm, in this case, that it is the free electrons in the ionosphere which play the 
predominant part in the process of ionic refraction. 

§2. GENERAL EXPERIMENTAL METHOD 

The technique of polarization measurements has been developed by Appleton 
and Ratcliffe (3) in England, and by Green (4) in Australia, and they have shown that 
waves in the medium broadcast band reflected from the ionosphere have a left- 
handed polarization in the northern hemisphere, and a right-handed polarization 
in the southern hemisphere. These observations are in accordance with the magneto¬ 
ionic theory, which predicts that in general the extraordinary ray is more heavily 
absorbed than the ordinary ray, especially when the wave frequency is in the 
region of the gyromagnetic frequency. These experiments have been mainly 
concerned with conditions in which the polarization is nearly circular. 

The experiments to be described were carried out in 1933, and in them an 
attempt was made to work at more oblique incidence, and to check the observed 
shape and position of the polarization ellipse with the computed values. As the 
fundamental principle of the experiments consists in receiving the downcoming 
ray on a pair of crossed vertical loops, the characteristics actually measured are 
those of the ellipse obtained by projecting the magnetic vectors in the wave-front 
on to the ground. For the wave-lengths with which we are concerned, we can 
assume that the earth is a perfect conductor, so that the wave reflected from the 
ground merely adds to the downcoming wave, without altering the characteristics 
of the projected ellipse. The dimensions of the loops and their height above the 
ground are small in comparison with the wave-length. 

In appendix II the analysis is outlined by which we have related the ellipse on 
the wave-front to the ellipse on the ground. The experimentally observed ellipses 
are compared with these computed ellipses, which are obtained by assuming that 
the ray has not suffered any lateral deviation, and that the angle of elevation on 
arrival is known in terms of the distance between the transmitter and receiver and 
of a given equivalent height of the ionosphere. 

The crossed loops are mounted on a common vertical support, so that they can 
be revolved together, and are connected by means of slip rings to the field coils of 
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a goniometer. They thus form a small rotatable Bellini-Tosi system, but each loop 
contains a series condenser so that it can be tuned to resonance. If the loops are 
both accurately tuned to the incoming frequency, a vertically incident circularly 
polarized ray will induce equal currents in the goniometer field coils, which will be 
in quadrature, whatever the position of the loops. If, however, we detune one 
loop 45 0 forwards and the other loop 45° backwards, so that their impedances are 
both increased by a factor of V 2 but are now in quadrature, the currents in the 
field coils, though still equal in amplitude, will be in phase or antiphase. The 
search coil, instead of picking up equally in all directions, will now give a zero at 
one of the 45 0 positions and a maximum at the other, and these positions will be 
interchanged if the sense of rotation of the circularly polarized ray is reversed. 

The application of this system to the determination of the sense of polarization 
of wireless echoes reflected at vertical incidence has already been described As 
the earth’s field in England makes an angle of about 20° with the vertical, the 
downcoming rays at vertical incidence will be very nearly circularly polarized. The 
presence of a split pair of echoes is therefore strikingly shown by the see-saw effect, 
as one echo is suppressed and the other appears, when the search coil is rapidly 
turned from one 45 0 position to the other. 

A signal arriving at oblique incidence will produce the same effect on the loops 
as a signal at vertical incidence possessing the polarization characteristics of the 
ellipse obtained by projection on the ground, as described above. If the loops are 
both in tune, the currents in the field coils will now only be in quadrature when the 
loops are rotated so that they lie along the axes of this ellipse. Then when the 
loops are detuned 45 0 backwards and forwards respectively, the search coil will 
again give a zero. But this zero will no longer be at one of the 45 0 positions, but 
at an angle whose tangent is the ratio of the axes of the ellipse. To obtain a zero 
we must therefore have two conditions fulfilled simultaneously: (1) the loops must 
lie along the axes of the ellipse, and (2) the search coil must be set at an angle 
whose tangent is equal to the ratio of the axes of the ellipse. 

Conversely, if a zero is obtained, the positions of the loops and the search coil 
define the orientation and the shape of the ellipse; moreover, the sense of rotation 
can be deduced from the quadrant in which the zero on the search coil is obtained. 
The loops thus form a polarimeter with which the ellipse can be completely defined. 
It is obvious that when the ratio of the axes is nearly unity, i.e. the polarization is 
nearly circular, this ratio can be measured with good accuracy, but the position of 
the axes will be indefinite. Similarly when the ellipse is very narrow, the position 
of the axes can be determined with considerable accuracy, but the ratio can only 
be measured very approximately. In comparing the observed results with the 
computed values it is therefore best to choose the conditions so that the ratio of 
the axes is between, say, 0-3 and o*6. 

In practice, of course, a good and steady zero can only be obtained if the 
incoming signal consists of a single reflected ray. If more than one ray is present 
(for instance, if there is a second-order reflection, or if both left-hand and 
right-hand components are present) the resultant polarization may have any 
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characteristics, depending upon the accidental amplitude and phase relations of the 
individual rays. By using the pulse technique it may be possible to separate the 
echoes and examine the polarization of each in turn. But in the medium broadcast 
band it may not be allowable to transmit pulses, and it is in any case difficult on 
the longer waves to obtain the necessary resolution. 

The experiments described in this paper were actually made on the carrier 
waves of several broadcasting stations. To obtain accurate polarizations we have to 
rely on the fact that the extraordinary ray is generally suppressed by absorption, 
and that the first-order reflection from the E region is sometimes predominant. 
The observations indicate quite clearly whether this is the case or not, arid only 
those which give definite evidence of a single reflected ray are selected for com¬ 
parison with theory. Before proceeding to the experimental results we will give a 
brief description of the apparatus and the technique involved. 

§3. DESCRIPTION OF APPARATUS 

The successful use of the polarimeter depends upon the accurate phasing of the 
loops. The necessary adjustments are made by using a local signal from a screened 
oscillator and attenuator. The output from the attenuator is fed into the loops by 
two similar variable mutual inductances. These mutuals are screened from one 
' another, and are mounted in the box containing the goniometer and the socket in 



which the support of the loops rotates. The secondaries of the mutuals are con¬ 
nected symmetrically, by means of split windings, into their respective loop 
circuits, and the primaries can be connected, either singly or together, by means of 
low capacity switches to the output potentiometer of the attenuator, see figure 1. 

The mutuals and the attenuator are calibrated so that, if required, the loops 
can be used to measure the absolute field-strength of an incoming signal by com¬ 
parison with a standard signal from the oscillator, as in a field-measuring set working 
on this principle. The loops shown, consisting of a single turn in the form of a 
phys. soc. LI, 1 8 
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square on a diagonal of 5 ft., were made for work on 60 m., for which the apparatus 
was designed. For the medium-wave tests, similar loops with five turns were used, 
and it was found that the short-wave mutuals and goniometer were still satisfactory 
and gave ample sensitivity. 

The output from the goniometer search coil is fed into a superheterodyne 
receiver, in which the second detector is followed by a d.c. amplifying valve. The 
anode of this valve is connected to the work plate of a cathode-ray tube, which will 
therefore register the presence of an incoming carrier wave, even in the absence of 
modulation. The local signal is first accurately adjusted to the required frequency 
by causing it to beat with the carrier wave of the broadcasting station to be observed. 
The adjustments are then made in the daytime, either by using a local signal veiy 
strong compared with the ground wave from the station, or by choosing a time when 
the station is not transmitting; this was more feasible at the time when the experi¬ 
ments were made in 1933 than at the present time with the greatly increased 
service hours. 

During the adjustment of one loop the other is open-circuited, and the primary 
of its mutual is disconnected from the attenuator. The loop is first tuned accurately 
to resonance, the cathode-ray tube being used as a visual indicator, and then the 
strength of the signal is adjusted to bring the displacement on the screen to a pre¬ 
determined mark. From the known calibration of the mutual the coupling is then 
altered until the injected e.m.f. is increased by a factor of V 2 - The loop is now 
detuned, by increasing the capacity, until the displacement on the screen is brought 
back to the standard mark, when its impedance will have a phase angle of +45°. 
In this way the adjustment is made entirely independent of the calibration and 
linearity of the receiver. The process is then repeated for the other loop, except 
that, in detuning, the capacity is decreased to produce a phase angle of —45°. 

The loops have now to be tested for possible coupling between them. A signal 
is injected into one of the loops, with the other disconnected, and the output of 
the search coil is cut down to zero by rotating the coil until it has zero coupling 
with the field coil in the loop circuit. The other loop is then connected, the primary 
of its mutual being left in the open-circuited condition. As the search coil will be 
making maximum coupling with the field coil of this loop, any e.m.f. induced from 
the first loop will be registered to the fullest extent. An adjustment is provided on 
the framework supporting the loops for altering the angle between their planes 
until the induced e.m.f. is reduced to zero. When this adjustment has been made 
the loops should be ready for use. 

If now two equal equiphase signals are induced in the loops, the currents will 
be equal but in quadrature, and the output of the search coil will be independent of 
its position. This condition may be used as a criterion of the correct adjustment of 
the loops, but a much more accurate test is to inject e.m.fs. in quadrature so that 
the currents are in phase or antiphase, when the search coil will give a zero at one 
of the 45 0 positions, as with a vertically incident circularly polarized ray. This result 
can be achieved by making the primary circuit of one of the mutuals purely in¬ 
ductive and the other purely resistive. 
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In figure x the two loops with their tuning condensers Q and C 2 , the split 
secondaries of the mutuals, and the goniometer field coils are shown diagram- 
matically. The two mutual primaries L ± and L a can be joined in parallel, through 
the low capacity keys K x and K 2 , across the resistance i? a of the potentiometer 
Ri+R 2 . The part R 1 is made large compared with R 2 and with the output impedance 
of the attentuator, so that there will be no appreciable throw-back from the loops 
on to the attenuator. The circuit of L 2 also contains a series resistance R and a 
condenser C. When the key K 2 is closed at the beginning of the adjustments to 
loop 2, the condenser C is used to tune the primary circuit to resonance. Assuming 
that the resistances of the primary windings and L a are small compared with 
the inductive impedances, the impedance across R 2 due to the circuit of I< a is 
simply the resistance R, while that due to the circuit of L x is the inductive impedance 
ipLi- 

If e is the e.m.f. across i? a when both circuits are connected across it, and if 
the two mutuals are adjusted to M x and M z respectively, the ratio of the two induced 
e.m.fs. will be 


e 

ipLi 


ipMl lR ipMi ~'M 2 ipLf 


The e.m.fs. are thus in quadrature. R is a fixed resistance for any given range 
of frequencies, so that it will only be equal to pL± on one particular frequency. The 
ratio of the e.m.fs. can, however, be made equal to unity by adjusting the values of 
the mutuals M x and M 2 . This is not, however, really necessary, as a zero can be 
obtained with the search coil at some angle other than 45 °, as with a vertically 
incident elliptically polarized ray when the loops are along the axes of the ellipse. 
The proper adjustment by this method is not determined by the position where the 
zero on the search coil occurs, but by the goodness of the zero so obtained. 

It remains to show how the sense of polarization can be determined with the 
polarimeter. Depending upon which of the loops is tuned forwards and which 
backwards, the sense of rotation is related to the quadrant in which the zero on 
the search coil lies; obviously to each zero there will be another one in the opposite 
quadrant. If we adopt the convention that a particular loop is always detuned 
forwards and the other one backwards, it is a comparatively simple matter to deter¬ 
mine the sense of polarization always to be associated with any given quadrant. A 
ground wave from a local transmitter is received with both loops connected and 
tuned to resonance. The direction in which the signal is coming relative to the 
loops, and the quadrant iri which the search coil gives a zero, are noted. Knowing 
for which of the loops, considered separately, the o° and 90° positions of the search 
coil respectively correspond to maximum coupling, we can then work out the 
required relation. ■ 

When the loops had been set up in this way, they were used to determine the 
sense of polarization of echoes at vertical incidence, and the results agreed with the 
observations of other workers iii confirming the predictions of the magnetoionic 
theory. 


8-2 



n6 


T. L. Eckersley and G . Millington 


§4. EXPERIMENTAL RESULTS 

Of a number of stations observed, only two gave results which could definitely 
be interpreted in terms of a single reflected ray, Radio Normandie and Poste 
Parisien. Particulars of these two stations are given in table 1; the wave-lengths 
have, of course, been altered since the time the observations were made in 1933. 

Table 1 


Station 

Wave¬ 

length 

(m.) 

Frequency 

(Mc./sec.) 

True 

bearing 

E. of N. 
(deg.) 

Distance 

from 

Chelms¬ 

ford 

(km.) 

Radio Normandie 
Poste Parisien 

225-9 

328-2 

i -33 

0-914 

183-5 

156 

220 

350 


At Chelmsford, Essex, where the observations were made, these stations in the 
daytime gave a good ground wave, but in the evening the sky wave was pre¬ 
dominant. The presence of the ground wave prevented the obtaining of a perfect 
zero when the polarimeter was adjusted to suppress the sky wave, and the criterion 
of a good balance was the steadiness of the residual signal. Actually, however, as 
the unbalanced sky wave was so much stronger than the ground wave, the residual 
signal due to the ground wave did not seriously blur the sharpness of the minimum 
in the balanced position. 

Some preliminary experiments were carried out on Hilversum, with a wave¬ 
length 298-2 m. and at a distance of 320 km., before the technique described above 
was perfected. Settings were not carefully observed, but the results served to 
show that a position could be found where the received signal was nearly constant 
at its day value. These tests showed that the polarimeter could be used as an anti¬ 
fading device for a station near enough to give a workable ground ray at the 
receiver. During periods when the signal reflected from the ionosphere was pre¬ 
dominantly a single left-hand polarized ray, this ray could be suppressed by cor¬ 
rectly setting the polarimeter, even though it was many times stronger than the 
residual ground ray, so that in effect the steady ground ray alone was received. 

This effect was even more strikingly observed on Radio Normandie. On the 
evening of 1 April 1933, the signals from this station were remarkable for the extent 
and rapidity of the fading. This varied over an extreme range of the order of 50 to 1 
in the course of 4 or 5 sec. In spite of this, an adjustment of the polarimeter could 
be obtained for which the signals maintained their uniform residual day value. 
Although variations could be seen on the screen of the cathode-ray tube, they 
could not be detected by ear over a period of about an hour and a half. 

On other occasions, however, conditions were much more variable, implying 
that the reflected ray was complex. On a wave whose frequency 1*33 Mc./sec. was 
so near to the gyromagnetic frequency 1-32 Mc./sec., it is unlikely that there was 
any measurable right-handed (extraordinary) component, so that the complexity 
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was attributable to multiple reflections, or to partial penetration through the E 
region with reflection from the F region above. Even when conditions were 
variable, it was found that there were short periods during which the signals 
remained steady, and the polarization ellipse took up a limiting position. 

It was thus possible to tell when the simple conditions prevailed for which the 
results could be selected for comparison with the theory. When the conditions 
were variable, the changes were often too quick to be followed on the polarimeter. 
In order to help in detecting the steady periods among the prevailing variable 
conditions, it was found useful to set the loops along the axes of the calculated 
ellipse. During the steady periods the position of the goniometer search coil was 
then quite sharply defined, although the correct orientation of the loops was not. 
It was obvious, however, that the minor axis of the ellipse lay nearly along the 
great-circle direction of the transmitter. 

On 1 April 1933, when the conditions were unusually steady, the setting of the 
search coil was 31 0 , implying a ratio of axes equal to tan 31 0 or o*6oi. The setting 
of the loops gave the minor axis at 20-5° west of north, although, as has been ex¬ 
plained, this was indefinite. Observations were also made on 28 September and on 
8 and 9 October, when conditions were much more variable. On 28 September, 
however, after sunset, good conditions became more prevalent, and minima were 
obtained on the search coil at values between 30° and 33 0 , giving ratios between 
0-58 and 0-65, while the setting of the loops gave the minor axis at 9*5° east of north. 

Now if it is assumed that the limiting polarization is unaffected by absorption, 
the ratio of the axes of the ellipse on the wave-front is o-88. The polarization is 
nearly circular, so that we should expect the minor axis of the ellipse on the ground 
to lie near to the great-circle direction. If the equivalent height for the ray-path* 
is taken to be 100 km., the angle of elevation of the ray at the ground is 42 0 18', and 
computation shows that the ratio of the axes on the ground for the ordinary ray is 
0-595, with the minor axis at 5-5° east of north. The observed values, which were 
for a left-handed polarization, show reasonable agreement with these computed 
values. 

If we suppose, however, that absorption is affecting the limiting polarization, 
and take the extreme case when the polarization on the wave-front is circular, the 
projected ellipse will have its minor axis along the great-circle direction, 3*5° east 
of north in the present case, and the ratio of the axes will simply be sin 42 0 18' or 
0-673. I n deciding between the two extreme cases, we can compare the observed 
ellipse with the computed ellipses, as regards both the ratio and the position of 
the axes. In our present case the computed position of the minor axis for no 
absorption is too near to the great-circle direction, and the experimental values too 
indefinite, for this criterion to be of any use. The experimental values for the ratio 
of the axes favour the no-absorption condition, but we obviously need a case in 
which the difference between the two ellipses is more marked. 

Fortunately the other station, Poste Parisien, which also gave good experimental 
conditions, provides a much more definite distinction between the two cases. For 
no absorption the ratio of the axes on the wave-front is 0*665, and the projected 
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ellipse has a ratio of 0-348, with a minor axis at 26*3° west of north. Assuming 
again an equivalent height of 100 km., the angle of elevation is 29 0 44', and in the 
extreme case of absorption the ratio of the axes is 0-495 with the minor axis along 
the great-circle direction of 24 0 west of north. Thus although the directions of 
the minor axis in the two cases are again too close to be of any use as a criterion, 
there is a considerable difference between the two computed ratios. 

A test was made on the evening of 27 September, when good balances were 
obtained with the loops giving a position for the minor axis at 28-5° west of north, 
with a variation of 5 0 on either side. The most consistent reading for the search 
coil was 18 0 , but all the readings, though not numerous, were contained between 
15° and 19 0 . The ratio given by tan 18 0 or 0-325 is thus close to the computed 
value for no absorption, while the ratio of 0*495, corresponding to the other extreme, 
would imply a search-coil setting of 26° 20'. While it must be admitted that the 
number of observations was not large, some half-dozen in all, this setting of 26° 20' 
lies well outside the range 15 0 to 19 0 in which the readings for the minimum on 
the search coil all actually occurred. Thus these results show that the absorption 
does not play a controlling part, and that, on the other hand, within the limits of 
accuracy of the apparatus, it does not produce an appreciable effect on the limiting 
polarization. 

The experimental and computed data are summarized in table 2 for reference 
and comparison. 

Table 2 



Calculated ellipse 
no absorption 

Calculated ellipse 
limiting absorption 

Observed ellipse 
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of 

axes 

Bearing of 
minor 
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(deg.) 
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axes 

Bearing 

mino 

axis 

dio 

ormandie 

30-7 



34’° 






ste 

arisien 

19*2 j 

0-348 

36-3° W. of N. 

j 26-3 

0-495 

34° W. of N. 

15 to 19 

0*268 to 0*344 

385 

±S°W.< 


§5. DISCUSSION OF RESULTS 

In seeking to interpret these results as giving an upper limit to the collisional 
frequency at the lower edge of the ionosphere, we need to know how large the 
absorption term a can be before an appreciable change occurs in the polarization 
ellipse. The analysis in appendix I, in which the ratio of the magnetic vectors in the 
wave-front, in and perpendicular to the plane containing the direction of the ray 
and the direction of the earth’s field, is given as a function of 1 — fa, shows that this 
ratio, when a is small, is altered in magnitude by a factor between 1 and ^(i+ol 2 ) 
by the inclusion of oc. The vectors are no longer in quadrature, but the phase is 
only changed by an angle which is less than tan” 1 a. 
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When a=o-i, it follows that the change in the shape and position of the polari¬ 
zation ellipse on the wave-front, and hence of the projected ellipse, is very small, 
and would not be measurable with the polarimeter. But in the particular case we 
are considering of Poste Parisien, a value of a equal to 1 changes the ratio of the 
axes of the projected ellipse from 0-348 to 0-38, and the position of the minor axis 
from 26-3° to 20-5° west of north. Now a ratio of 0-38 would imply a search-coil 
setting of about 21 0 , and we can therefore construct table 3. 

Table 3 


Search-coil 

setting 

Condition 

i 9 ° 

Computed for a = 0 

21° 

Computed for a = 1 

26° 20' 

Computed for a very large 

18 0 

Observed with polarimeter 


(Limits 15 0 to 19 0 ) 


While it must be admitted that there is some uncertainty as to the limits of 
accuracy to be assigned to the setting of the search coil, the general results obtained 
both on Radio Normandie and on Poste Parisien suggest that in the latter case the 
true setting would not exceed 21 0 as an outside limit, the value of 26° 20' being 
well outside the probable value, as has been stated above. We feel therefore that the 
observed results may be interpreted as setting an upper limit of 1 to the value of a 
at that part of the ionosphere which controls the limiting polarization. 

Now since, in terms of the collisional frequency v c , the absorption term « is 

gi ™ lby a -vjfin,. 


where v is the wave frequency (equal to 0*914 Mc./sec.) and £ is a constant equal to 
f according to Burnett (6) , the condition a < 1 gives v c < fiirv, i.e. <4*3 x io 6 collisions 
per sec. From the table given by Chapman (7) , the value of v c for electrons is 
3*3 x io 6 at a height of 80 km. and is 3*5 x io 5 at 100 km. We thus conclude from 
our results that, as far as its effect on the propagation of medium wireless waves is 
concerned, the ionic density is inappreciable at a height of about 80 km. 

In interpreting these results, we have assumed that the gyromagnetic frequency 
is determined in terms of electronic charge and mass. If the refraction of the waves 
were controlled by ionic charges, the effective value of r, the ratio of the gyro- 
magnetic frequency to the wave frequency, would be controlled by the mass of the 
ion. On the medium waves we are concerned with, this would imply that the 
limiting polarization in the wave-front should be circular. Our contention that 
the limiting polarization is only modified slightly, if at all, by the absorption, is 
therefore also equivalent to showing that the free electrons must play the pre¬ 
dominant part in ionospheric refraction. 

If we assume that the ions present are singly charged oxygen atoms, their 
effect would only be comparable with that of the electrons if the ratio of the 
number of ions to the number of electrons were of the order of 15,000. But we 
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should expect a ratio of, say, 10,000 to produce an appreciable effect on the limiting 
polarization. This figure is interesting, for it is given by Booker and Berkner (8) as 
the probable value deduced from their P'f results, which they quote in support of 
the suggestion that the Lorentz theory holds in the E region. It therefore appears 
desirable to make further observations before the difficult problem of deciding 
whether the Lorentz term should be included can be settled. 

It would be useful to carry out further medium-wave tests with pulse trans¬ 
missions. If, for instance, conditions could be found in which the downcoming 
ray was at right-angles to the earth’s field (as, for example, for vertical incidence 
on the magnetic equator where the earth’s field is horizontal), the effect of the 
absorption term would be to leave the ray plane-polarized but to twist the plane of 
polarization through an angle tan -1 a. This suggests that we could lower the limit 
set to a by choosing conditions in which the field is nearly transverse to the emergent 
ray, since a has then a big effect on the orientation of the polarization ellipse. 

Some preliminary work has been done on short waves with the pulse technique, 
which shows that extremely well-defined minima can be found for which the settings 
of the search coil and of the loops are quite critical. The readings show a systematic 
variation with changing ionospheric conditions (for instance, in the region of the 
critical frequency), and imply, for an oblique transmission, that the angle of arrival 
is altering. The polarimeter, in effect, gives an indirect method of measuring the 
angle of incidence of downcoming rays, and should supplement the spaced-frame 
technique. Alternatively if the angle of incidence is determined with a pair of 
spaced frames, the polarimeter can be used to check the magnetoionic theory 
without having to assume an equivalent height of the ionosphere. 

These short-wave tests were largely vitiated by local distortion. The site on 
which the original medium-wave experiments were made has since become un¬ 
suitable for such measurements, partly owing to the unavoidable accumulation of 
other apparatus near the loops in a small hut. The polarimeter is soon to be moved 
to a large hut on a new site, and it will be set up in a relatively isolated position, 
where the incoming signal should be free from local distortion. By taking special 
care to avoid stray pick-up, and by careful calibration of the goniometer, it is hoped 
to narrow down the limits of accuracy on the medium waves so that the upper limit 
of oc may be more closely defined. 


§6. CONCLUSION 

We have seen that a pair of crossed loops can form a polarimeter enabling us to 
measure completely the polarization characteristics of a downcoming wireless 
wave. Medium waves at oblique incidence can be used to test the correctness of 
the magnetoionic theory, and to decide whether the polarization is appreciably 
affected by the absorption caused by collisions. Although the results so far obtained 
are of a rather preliminary nature, they indicate that the effect is small, and they 
allow us to set an upper limit to the collisional frequency at the lower edge of the 
ionosphere. 
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The polarimeter has proved to be a useful instrument of research. It suffers ' 
from the disadvantage that, unlike the comparator, it is not direct-reading and 
cannot be used to follow rapidly changing conditions. But, on the other hand, when 
its use is combined with the pulse technique, it is capable of a higher resolution 
and accuracy in the examination of the structure of a complex echo pattern, where 
the individual echoes maintain their characteristics long en.ough for a balance 
position to be found. The polarimeter has the additional advantage that, since the 
information is obtained from the setting of the aerial system itself, the results are 
independent of the adjustment of the receiver, whereas accurate alignment of the 
two receivers is necessary in the comparator method. Further, the cathode-ray 
tube merely becomes an indicator of a zero adjustment in conjunction with an 
ordinary linear time base, the measurements being unaffected by any distortion or 
defocusing that may be present in the tube. 

The use of the polarimeter is therefore a helpful supplement to direct obser¬ 
vation with the comparator. A cross check on the two methods is thus provided, 
and their respective advantages are combined. 
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APPENDIX I 

In presenting the analysis relating to the limiting polarization and the pro¬ 
jection of the ellipse on to the ground, in a form applicable to all cases, care has to 
be taken in defining the conventions to be used. 

We take a set of rectangular axes Ox, Oy and Oz such that Oz is vertically 
upwards, and in the horizontal plane Oy is 90° measured anticlockwise from Ox. 
Oy is chosen as the great-circle direction from the transmitter to the receiver. 

A point T is taken on Oz, figure 2, and through it a line TR is drawn parallel 
to the downcoming ray and cutting Oy in R. Another line TH is drawn parallel 
to the direction of the earth’s field and cutting the horizontal plane xOy in H. 

The elevation of the ray at R is LTRO , equal to <f>, say, and the elevation of 
TH at H is LTHO , equal to D, so that, by definition, </> and D are both essentially 
positive and between o and 90°. If Z.ROH = 9,6 will be defined as positive when OH 
is measured anticlockwise from Oy 9 and to include all possible positions it can be 
taken as positive from o to 180 0 , and negative from o to -180 0 . 
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Now through T draw U'TU parallel to Ox, so that U'TU will be the horizontal 
line in the wave-front through T, and V'TV in the vertical plane zOy and per¬ 
pendicular to TR. V'TV is chosen so that TV makes an acute angle with Oz. 

In figure 3 the plane of the paper represents the wave-front through T, with the 
ray going down through the paper at T. TV is therefore 90° measured anticlockwise 
from TU. On this plane two lines at right angles, TP and TQ, can be drawn 
which are respectively perpendicular to and in the plane RTH. The ratio of the 
magnetic vectors along TP and TQ is given by the magnetoionic theory in terms of 
the angle e between TR, the direction of the ray, and the direction of the earth’s 
field, the ratio r of the gryomagnetic frequency to the wave frequency, and the 
absorption term a. At the lower edge of the ionosphere the limiting polarization 
is independent of the Lorentz term. 


z 



V 



As the direction cosines of TR are o, cos <f>> —sin <f>, and those of TH are 
— sin 6 cos D, cos 6 cos D, — sin D, the value of «■ is given by 

cos € = ± [cos 9 cos D cos (j> -h sin D sin </>] 

according as the field acts towards or away from the earth. 

The general equation for the ratio of the magnetic vectors on the wave-front is 


R= 



r sin e tan g 
2 (1 — ta) 



t sin g tan € 
2 (1 — ta) 



and the rays become plane-polarized when € = 90°, i.e. when tan <f>— — cos 6 cot D. 
When €=o the rays become circularly polarized. 

When the field is transverse and the rays are plane-polarized, the ordinary ray 
is unaffected by the earth’s field. The magnetic vector is therefore perpendicular 
to the earth’s field, i.e. the magnetic vector is along TP. Similarly for the extra¬ 
ordinary ray the magnetic vector is along TQ . Since for the two rays the reciprocal 
relation 


TQ 


TP 
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always holds, then as € goes from o through 90° to 180 0 , ( TQITP) QT a and 
(TP/TQ)ext go from 1 to o and back to 1 again. 

It is therefore only necessary to evaluate R for values of | R | between o and 1. 
If \ | t sin € tan € | =x, then when a=o, j R | = —#4* Vi 1 -f # 2 )- By writing 
# = cot cl >, where co is in the range o to 77/2, | R | is obtained, thus 

| R | = — cot co + cosec co=tan \co. 

If € 0 is the angle in the range o to 77/2 for which sin € 0 = | sin e| it is a simple matter, 
by means of the parameter co, to plot | R | as a function of e 0 for various values of r, 
as in figure 4. From these curves, for a = o, the ratio of the axes of the polarization 
ellipse in the wave-front can be obtained, and the sense of rotation is determined 
by the rule that the ordinary ray is left-handedly polarized, and the extraordinary 


0-8 
0-7 
0*6 
|tf| 0-5 
0-4 
0*3 
0-2 
0-1 


€ (degrees) 

Figure 4. 

ray is right-handedly polarized, when € is less than 90°, and vice versa when € is 
greater than 90°. 

If a is not zero but is very small, then for the extraordinary ray 
*!=n±c | *o | [1—toe cos col 

according as €< or >90°, where | *0 | is the value of | R | when a=o. The initial 
effect of introducing a is therefore to produce a very small change of amplitude, 
and a phase-shift of —tan -1 (a cos co). When, however, a is not small, the changes 
in R must be worked out from the complete expression. 

When a is very large, * approaches ± t, i.e. the limiting polarization becomes 
circular, except when e is nearly 90°. In this latter case the effect of a is to change R 
from ±l!zx to ±t(i-ia)/2#, i.e. the amplitude ratio is increased by a factor 
y^i and the phase is altered by —tan -1 a. 
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APPENDIX II 


In considering the projection of the ellipse on to the ground it is first necessary 
to know the angle between the axes TP and TQ , and the axes TU and TV in the 
wave-front. The direction cosines of TP can be expressed in terms of 8 , D, and <f> 
from the fact that it is perpendicular both to TR and to TH. The direction cosines 
of TQ can then be determined from the fact that it is perpendicular to TR and TP. 

If in figure 3 the angle between TQ and TU is ip, considered positive when TQ 
is anticlockwise from TU, then from the direction cosines of TQ it follows that 

tan rft =tan D cosec 8 cos <p—cotd sin cp. 

As a check that the sign of tan \p is correct, 6 may be taken as + 90° and <p as o p , so 
that the ray is horizontal; with our conventions it is then obvious geometrically 
that if*=D, which agrees with the form tan ip = tzn D assumed by the equation. 

For a given pair of values for D and 0 , as <j> is increased from o to 90°, the axes 
TP and TQ revolve in the wave-front relative to the axes TU and TV. By differ¬ 
entiation we get 

sec 2 ifjdif1 = — [tan D cosec 9 sin cp + cot 8 cos <p] d<p. 

Since D and <j> are essentially positive and between o and r, when 8 is between 
o and \tt the rotation is clockwise. When 8 is between o and — \ir the rotation is 
anticlockwise. But when 6 is between and tt, or —^7T and —it, the rotation 
changes its sense when tan <p = — cos 8 cot D. As we should expect, this is also the 
condition that the polarization shall become plane, when e = 90° and the field is 
transverse to the ray, as was seen in appendix I. 

The angle ip having been determined, the magnetic vectors along TP and TQ 
can be resolved along TU and TV. The resultant vectors along TU and TV , 
which are not in general in quadrature, project on to the ground without change of 
phase, TU projecting along Ox and being unaltered in amplitude, while TV 
projects along Oy with reduction in amplitude by a factor sin <j>. 

If we call these vectors (Ox) z and ( Oy ) z , in the case of an imperfectly con¬ 
ducting earth we must add the effects of the reflected waves (Ox) R and ( Oy ) R7 so 
that for the total vectors we have 


(Ox) = (Ox) z + (Ox) R 
and (Oy) = (Oy)i -(Oy) R . 

Now {Ox) R = (Ox ) 1 Px , 

where the reflection coefficient p x = j p x j e L x* and is given by 

(€ — 2 lctXc) sin 4> — V(g — 2tcr\c — COS 2 <f>) 
Px (e — ztcrXc) sin <f> + V( € — ziorXc —cos 2 <f>) 9 


and similarly (Oy) R = (Oy) I p y , where 

*-1 


_ zioXc — cos 2 <f>) 

sin <f> + >\/(€ — zlcXc — cos 2 <f>) 9 
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in which e— zusXc is the equivalent specific inductive capacity of the earth when 
the conductivity a is measured in e.m.u. 

Thus the effect of the reflected ray may be included by modifying (Ox) T by 
an amplitude factor 

V(i+a | p x | cos x* +1 P® | 2 ) 
and a phase angle of tan -1 - J £* I Kb 

I + | />* | COS Xx 

and modifying (Oy) z by an amplitude factor 

v'(l-2|p„| cos Xi/+ I Pv | 2 ) 

and a phase angle of tan -1 - | sinx„ 

1 — I /V I sin Xv 

From the ratio of the amplitudes and the relative phases of the vectors (Ox) 
and (Oy) the orientation and shape of the final ellipse can be obtained. This process 



can be reduced to a simple graphical one by the construction of two charts relating 
the ratio of the axes of the ellipse, and the angle the major axis makes with Ox or 
Oy, to the ratio and phase of the vectors along Ox and Oy. 

Consider in figure 5 two vectors at right angles along OX and O Y. Ox is chosen 
to be the vector of greater magnitude and OF is defined to be 90° anticlockwise 
from OX. We can then write 

OF/OZ=re tS , 

where r< 1 and 8 is the phase angle of OF relative to OX. Now as 8 alters, the 
major axis oscillates between two limiting positions A^OA ly and A^OA % at an 
angle of tan" 1 r on either side of OX , i.e. it always makes an angle which <45° 
with the direction of the larger vector. If the angle XOA be called y for phase 
angle 8, and if y be taken as positive when OA is measured anticlockwise from OX, 
we have the following rules: (1) When sin 8 is positive, the sense of rotation is 
right-handed or clockwise, and when sin 8 is negative, the sense of rotation is 
left-handed or anticlockwise, (a) When 8 is in the range — o, y is positive, 
and when 8 is in the range 7r, frr, y is negative. 
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In the wave-front, for the case in which a can be neglected, we have exactly 
the converse process. The magnetic vectors along TP and TQ define the axes of the 
ellipse, and we have to find the resolved vectors along TU and TV. | y | is given 
by | ^ | or 90 — | ift | according to which ray we are considering, and R is obtained 
by the method described in appendix I from the values of r and €, from which we 



R 

Figure 9. 


have to find r and S. Now from the curves of figures 6 and 7, or by computing 
from the relations 

tan 

and t=* 

we can construct a converse set of curves as in figures 8 and 9 for determining 
r and 8 when R and y are given. The value of 8 is determined from 8 0 by a converse 








128 


T. L. Eckersley and G. Millington 

application of the rules given above. If, for instance, with our definitions y is 
positive, S must be in the range — r, o, r, and if in addition the ellipse is assumed 
to the right-handed so that sin 8 is positive, 8 must lie in the range o to \n. 

In the general case in which a modifies the polarization ellipse, so that the 
vectors along TP and TQ are riot in quadrature, we can obtain the resolved vectors 
along TU and TV by first finding the position and shape of the ellipse relative to 
TP and TQ from figures 6 and 7; this ellipse is then resolved into the vectors along 
TU and TV by means of figures 8 and 9. In this way the most general case can be 
treated by means of these curves, so long as care is taken to observe the conditions 
attached to i?, r, 8, and y, namely that (1) R and r < 1; (2) 8 is the phase of the 
smaller vector OY relative to the larger OX , where the former is measured 90° 
anticlockwise from the latter; and (3) y is measured positive when the major axis 
OA is measured anticlockwise from OX. 

In applying this analysis to the computation of the cases quoted in the paper, 
the value of D was taken as 70°, and the magnetic north was assumed to be n° 
west of true north. The gyrofrequency was taken as 1*32 Mc./sec., corresponding 
to a wave-length of 227-1 m. 
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THE ORIGIN OF RADIO-WAVE REFLECTIONS 
IN THE TROPOSPHERE 

By J. H. PIDDINGTON, M.Sc., B.E., Ph.D., 

Walter and Eliza Hall Fellow of the University of Sydney 
Cavendish Laboratory, Cambridge 

Communicated by Prof, E. V . Appleton , F.R.S ., zi June 1938 

ABSTRACT '. The evidence relating to the reflection of radio waves in the lower 
atmosphere is critically examined. It is shown that reflection is most probably due, not 
to ionized layers as was previously supposed, but to discontinuities in the concentration 
and state of the water content. It is considered probable that all reflections causing 
echoes of semi-path less than about 25 km. (B-region echoes) take place within the 
troposphere. 


§1. INTRODUCTION 

I N a number of papers published within the last few years, experiments demon¬ 
strating that radio waves are reflected from atmospheric levels within, or very 
near, the troposphere (1,2 ’ 3) have been described. Of such experimental investiga¬ 
tions, the most convincing is that adopted by Watson Watt, Wilkins and Bowen <4) , 
who have obtained definite photographic evidence of the radio echoes in question. 
By using the well-known Breit and Tuve technique of radio-pulse-production they 
succeeded in detecting echoes with group-time delays corresponding to a semi-path 
as short as 10 km. The results were interpreted by them as demonstrating the semi¬ 
permanent existence of four or more highly reflecting ionized strata in the lower 
atmosphere, about 10 km. above ground level, each with a reflection coefficient of 
the order of 0*7, 

The same phenomena have more recently been examined by Appleton and 
Piddington <s) who, as a result of experiments in which accurate measurement of 
effective reflection coefficients were included, conclude that the echoes under con¬ 
sideration are not reflected from layers at all, but are signals of very low intensity 
indeed reflected from scattering centres in the lower atmosphere. If the equivalent 
reflection coefficient p is defined as the ratio of the electric field produced by the 
scattering agency at the receiver to that due to an infinite, plane, perfectly reflecting 
layer situated at the same distance, Appleton and Piddington find that p is of the 
order of 0-00003 instead of the value 0*7 stated above. They therefore suggested 
that if their conclusions concerning the magnitude of the reflection coefficients were 
correct the echoes were not necessarily due to ionization, but might possibly be 
caused by other types of atmospheric discontinuities, constituting what they term 
the B region. 
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In the present paper the nature of the possible reflecting agencies is considered 
in greater detail. The value of p assumed for purposes of calculation is 0*00002 at a 
signal frequency of 9 Mc./sec.; this is in accordance with the experimental results 
referred to above* s \ It should, however, be mentioned that such a low value of p is 
not in agreement with the conclusions of Colwell and Friend (l) , who interpret their 
results as indicating the presence of well-defined layers of some permanence and 
capable of effecting noticeable absorption of wireless waves which have been 
reflected from higher atmospheric levels. 

§2. THE LOCALIZATION OF THE SCATTERING CENTRES 

If the transmitter and receiver used in observing echoes from scattering centres 
are situated a short distance apart, as is usually the case, then the intensity at the 
receiver of a wave reflected from a small scattering centre is inversely proportional 
to the square of its distance r from the point of observation. If, however, there are 
a number of such centres, say n per unit volume, distributed uniformly, then the 
number at distances between r and r + 8r from the receiver is proportional to r 2 , 
and as the echoes from these arrive at random phases the total intensity is pro¬ 
portional to the square root of the number of centres in the given zone. Combining 
the two factors thus operative it is seen that the echo-intensity should be inversely 
proportional to r. It is unlikely, of course, that n would be independent of height 
above ground level, so that the above relation may be expected to hold only approxi¬ 
mately. 

The authors of reference (4) have pointed out that in a typical snap photo of 
B-region echoes, the amplitude of what they term the fifth-order reflection is about 
0*2 times that of the first-order reflection. But if we cease to regard the gradually 
decaying echo system as comprising multiple reflections from a small number of 
discrete layers, the obvious interpretation to be placed upon this fact is that the 
reflection coefficient of the scattering centres is everywhere the same, the gradual 
decay being caused by spacial attenuation and complying with the simple distance 
law enunciated above. The agency causing reflection might, therefore, be in the 
form of clouds, and since these would be effective as reflectors when situated above 
a point some distance from the transmitter, an echo which has a delay corresponding 
to a semi-path of 20 km. might really be reflected from a region of a height much 
below 20 km. 

The experimental technique of Watson Watt, Wilkins and Bowen (4) did not 
permit of the detection of echoes of semi-path much below 10 km. There is every 
indication from their records, however, and from those of other workers Cl ’ 3) that 
reflection takes place from centres situated well within the troposphere. 

Other experiments, the details of which need not be given here, have given 
support to the view that the echoes may arrive at the receiver from directions 
making considerable angles with the vertical, and in the light of the subsequent 
theoretical investigation of the nature of the reflecting agency it is regarded as 
highly probable that all B-region echoes might well originate within the troposphere. 
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§3. THE POSSIBILITY OF REFLECTION BY LAYERS 
OR CENTRES OF IONIZATION 


Let us first examine the possibility of reflection due to ions or electrons. Four 
cases may be considered: layers of electrons, layers of heavy ions, clouds of electrons 
and clouds of heavy ions. The ions would most probably be singly charged oxygen 
molecules, and if there are N of these present per cm? and the conductivity is <7 e.s.u. 
and the dielectric constant K e.s.u., then the reflection coefficient of a layer with a 
sharp boundary is given by 

2 _(?Z-l ) 2 + /C 2 / x 

9 - (»+i) 2 + /c a ’ . W 


where n and k are the refractive index and absorption coefficient respectively of the 


ionized medium. Further, 

zn 2 =V(K^+^)+K 9 .( 2 ) 

2k 2 ass y/\(K. 2 + ^.crV 2 ) — Ky .(3) 


if r is the period of the reflected wave. 

If we follow Appleton and Chapman in putting the retarding force on an ion in 
the medium as mvu, where m andV are the mass and the velocity of the ion and v 
its frequency of collision with neutral molecules, then the usual Lorentz theory 

- jpr Ne* 


K= 1- 


m(p 2 + v 2 )’ 
Ne 2 v 


m (p 2 + v 2 Y 


•(4) 

•(5) 


where e is the electronic charge andp the wave angular frequency. From equations 
(4) and (S) 

I —K =~— =2 ot (p/v). 


Since we are interested at the moment in frequencies of the order of 9 Mc./sec. 
we have p = S x to 7 - At a height of 10 km. above ground level the pressure <9> is 
about 190 mm. and the temperature is 220° K.; the collisional frequency of electrons 
with molecules is, therefore, about 1-3 x io 11 per second and of heavy ions 6 x io®. 
The condition vpp is therefore seen to hold in both cases, so that (1 —K) is small 
compared to 2 <jt and the case is one of conductivity reflection. Equations (2) and 
(3) become 

271® = VC 1 + 4°' 2 T 2 ) + I, 

2 K 2 = -t/C 1 + 4°’ 2t2 ) — 1 • 

If or is small, as is the case, we may write, approximately, 
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so that equation (1) becomes 



If we now put /> = 2 x io -5 and r= io -7 sec., then 

<7=400 e.s.u., 

the corresponding ion-density being given by 

, T mva * © • ® 

N=— 2“ = 6 x io 8 10ns per cm: 

If, on the other hand, the reflecting body is a cloud of ions small compared to a 
wave-length, the reflection coefficients may be shown to be given by 

when ^> 

where c is the velocity of light in vacuo, r the distance of the cloud from the observer, 
and Q the total number of ions in the cloud. Substituting the original values of 
p, v and p we have, approximately, 

<2 = 2 x io 20 ions 

necessitating a density of about 4 x io 11 ions/cm? if the cloud is a sphere of diameter 
10 m. 

If the reflecting agency is an electron cloud or layer we find equally high values 
of conductivity to be necessary, and as the collision frequency is 1-3 xio 11 per 
second and the probability of attachment to oxygen molecules is about io~ 5 per 
collision, the rate of production of free electrons must be enormous, about 5 x io 10 
per cm?/sec. in the case of a layer of electrons. 

The greatest difficulty encountered in trying to account for B-region echoes in 
terms of free electricity is to account for the high conductivity required. In this 
connexion it is important to note that the highest value of conductivity found in the 
troposphere when continuous recording was used on the Explorer II balloon flight (6) 
was 2*5 x io~ 3 e.s.u., which is in agreement with the earlier works of Wigand (7) . The 
least value necessary to account for the echoes has been shown to be 400 e.s.u., 
which is greater by a factor of about 160,000. It seems unnecessary to dwell on the 
difficulty of explaining the processes of production and maintenance of sharply 
bounded volumes of ionization in the troposphere, since if they had existed their 
presence would almost certainly have been detected during the frequent measure¬ 
ments of conductivity carried out during balloon ascents. 


§4. THE PROBABLE PROCESS OF REFLECTION 

We have seen above that it is highly improbable that B-region echoes could be 
due to a process of reflection by free electrons or ions. We therefore now proceed 
to consider the possibility that these echoes may result from reflections from dis- 





The origin of radio-wave reflections in the troposphere 133 

continuities of the atmospheric dielectric constant, due to changes in composition. 
It is at once apparent that water-vapour molecules, which have a large permanent 
dipole moment, make a very considerable contribution to the total dielectric con¬ 
stant of a moist atmosphere. If we write (K— 1) as the contribution to the dielectric 
constant due to any particular gas present in the atmosphere, then (K— 1) for air 
at normal temperature and pressure is 5-9 x io -4 and for water vapour at its satura¬ 
tion vapour pressure at o° c., (K— 1) is 3*9 x io -4 . The distribution of water vapour 
in the atmosphere is much more irregular than that of the other common components 
and, in addition, the three states in which water exists have widely different di¬ 
electric constants at the frequencies under consideration. Water is, therefore, the 
most probable agency to account for the observed reflections. 

A radio wave incident on a surface at which the dielectric constant changes will 
be partially reflected, and if the transition is sudden the reflection coefficient may 
be written 

n— 1 
p ~n+1 9 

where n is the refractive index on one side of the boundary and unity that on the 
other. In the atmosphere n = ^/K, and to a sufficient degree of accuracy we may write 


K — 1 



In the case of water in its three states, K will vary irregularly throughout the 
atmosphere because of variations in the amount present per cm? and also because 
of variations in its state. 

The value of the dielectric constant of water vapour at radio frequencies has 
been determined experimentally by several workers. Stranathan (8) appears to 
have eliminated the usual errors due to adsorption at the plates of the test condenser, 
and his results will be used. We may write for the dielectric constant 

K-i=A+B/T , 

where A and B are constants for given water-vapour density and T is the absolute 
temperature. Stranathan’s results only extend down to about 20° c., but if we 
extrapolate we find 

K— 1 = 127 q e.s.u. at 273 0 K. 

where q g./cm? is the water-vapour density. This value is in agreement with the 
calculated value if we take the permanent dipole moment of a molecule to be 
i-8 x io - " 18 e.s.u. We then find 

K -1 = 12-iq e.s.u. at 273 0 K. 

The small discrepancy is due to neglecting the term A, which allows for the mean 
polarisability of the molecules in the field of force. The dielectric constant of water 
in the liquid state maintains a value of about 80 e.s.u. up to the frequencies with 
which we are dealing (9) , so that for the liquid state we have 

K— i = 8 oq e.s.u. 
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Ice, however, shows a rapid fall in dielectric constant at frequencies of a few 
kc./sec., and at 6Mc./sec. it has a value of about 3 e.s.u. according to the Interna¬ 
tional Critical Tables , so that 

jKT — I = 3S r e.s.u. 

It is clear, therefore, that any change of state of water which occurs in the tropo¬ 
sphere so as to form a boundary which is sharp compared to a wave-length may 
result in partial reflection of electromagnetic waves. 

In the table are shown the mean temperatures for the year at various levels in 
the troposphere, as measured with sounding-balloons sent up from Kew Observa¬ 
tory in I935 (I0) . During the balloon flights measurements were also made of the 
relative humidity of the atmosphere by means of a hair hydrograph. Although this 
instrument is not very reliable, and the measurements of the relative humidity at 
very low temperatures are probably far from accurate, the results are suggestive, 
and in view of the scarcity of other similar data we quote them. 

The hydrograph is calibrated by immersion in water, the reading being taken 
as corresponding to a relative humidity of 95 to 100 per cent. It is suggested that 
when the reading exceeds this value supersaturation may exist. Of 47 balloon 
flights during which the humidity was measured, 17 suggest supersaturation at one 
height at least, while in 30 cases the relative humidity at one or more heights was 
over 90 per cent. Since successive readings were taken at points J or 1 km. apart 
in height, the rate of change of humidity cannot be traced. 

We include, therefore, in the table the values of the density of water vapour 
corresponding to the saturation vapour pressure at the various temperatures. In 
the next column are shown the values of the contribution to the dielectric constant 
of this water if it is in the liquid state. In the final column are listed the reflection 
coefficients which would result from a sudden discontinuity in the presence of 
water. It is not suggested that any such complete discontinuity occurs, the tabula¬ 
tion being made as a basis for further reasoning. 


Height 

(km.) 

Mean 

temperature 

(°K.) 

Saturation 
density of 
water 

(g./cm? x io 6 ) 

Dielectric 
constant 
(e.s.u. x io 6 ) 

Reflection 
coefficient 
x io 5 

2 

273 

4-85 

39 

10 

4 

262 

1-98 

16 

4*o 

6 

249 

0-62 

5 

1*2 

8 

235 

0*15 

1*2 

o*3 

10 

223 

0*04 

o*3 

0*07 


Two processes now appear to be the most likely to form a sharp reflecting 
boundary. Saturated or supersaturated water vapour, by cooling and condensing, 
will raise the dielectric constant very considerably, even though the total amount of 
water is the same on either side of the boundary. Such a process might cause 
noticeable reflection without the formation of clearly marked clouds, since reflecting 
strata need only be very thin. Drops of water solidifying to ice would give a similar 
result. If the drops were supercooled, in the manner that has often been indicated 
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by ice-formation on aircraft (ll) , a sharp boundary might result. The former process 
might be expected in the alto-cumulus and cirro-stratus levels, and lower, and would 
be particularly marked in thunderstorm areas where large quantities of warm moist 
air are moving upwards. Watson Watt, Wilkins and Bowen (4) find a marked corre¬ 
lation between the strength of B-region echoes and thunderstorms, which they 
attribute to the ionizing effect of the latter. 

In considering reflections from small clouds it is of interest to note that a 
comparison may be made between the reflection coefficients of a cloud and those of 
an infinite plane layer of the same dielectric constant by an application of Huyghens 5 
principle. The secondary waves originating at the various parts of the reflecting 
surface combine at the receiver to give a signal strength depending on their ampli¬ 
tudes and relative phases. If the problem is simplified by assuming that the cloud 
presents a flat circular face to the receiver, then the method of Fresnel zones is 
easily applicable and it may be shown that the equivalent reflection coefficient of 
such a cloud, of diameter 775 m., at a distance of 5 km. for 30-metre waves, is 
double that of an infinite plane layer of the same refractive index. Thus, small 
clouds may be quite effective reflectors of radio waves, and if the reflecting surface 
is at all concave towards the transmitter the equivalent reflection coefficient may 
be many times greater than that of an infinite plane sheet. Such effects are often 
noticed in reflections from ionospheric regions E and F. 

We conclude that the observed value of p, namely 2 x io -5 , can be accounted 
for on a theory of reflection by water molecules. If this explanation is correct, a new 
method of investigating the distribution of water in the troposphere is available 
and further work with very high-powered pulse transmitters sending signals of 
duration less than 20 p.stc. may be expected to add greatly to our knowledge in this 
field. 
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DISCUSSION 

Dr F. J. W. Whipple. The author has apparently found that ordinary clouds 
can reflect wireless waves. When it is recalled that clouds are very efficient reflectors 
of the very short aetherial waves which constitute light this is not very surprising. 
Perhaps it would be more remarkable if clouds did not interfere at all with the 
propagation of wireless waves. 

Dr R. L. Smith-Rose. I gather that the object of the paper is to suggest that 
under certain conditions radio waves may be reflected in the troposphere at a surface 
of discontinuity between air and a cloud containing water in the liquid or solid form 
as well as vapour. If this interpretation is correct, the sentence immediately above 
the table on p. 134 is rather strange. 

I should like to enquire what justification the author finds for assuming that the 
relations giving the dielectric constant of gaseous mixtures may be applied with 
equal validity to a non-molecular mixture of air and water in the liquid or solid 
form. This assumption is the basis of the equations at the foot of p. 133 and top of 
p. 134. In a cloud in which some 50 per cent of the water present may exist in liquid 
form, the actual volume of such liquid amounts to only 2 or 3 parts in a million of 
the total volume of the cloud, and the water will be in the form of discrete drops. Is it 
certain that in such a case the dielectric constant of the mixture of air and water can 
be derived in the same way as in the case of a mixture of gases by taking into account 
the partial pressures? 

The figure for the value of (K— 1) for water vapour on p. 133, line 7, appears to be 
incorrect. It should be 0*62 x io -4 (i.e. 12*7 x 4*85 x io~ 6 ). Also the heading of the 
4th column of the table on p. 134 is incorrect in that the figures tabulated refer to the 
value K — 1 and not K. It would be as well to emphasize throughout the paper that 
since the values of reflection coefficient sought are very small, the corresponding 
values of K do not depart very much from unity, and this is the basis for assuming 
the equation p = (K— 1)/4 to hold (see p. 133). 

Dr E. H. Rayner. The short-time variability of radiotransmission which has 
been mentioned may be associated with another type of variability which has been 
disclosed as a result of international radio research. On behalf of the Union Radio 
Scientifique Internationale I have organized special transmissions for the inter¬ 
national comparison of standards of frequency and for physical research. One 
method has been to generate a frequency at Teddington which is constant to the 
order of 1 part in 100 million. By means of a multivibrator a wide selection of 
frequencies is available from any basic frequency and 1000 c./sec. is convenient to 
choose, as it is audible and suitable for telephonic transmission. This frequency is 
sent by wire to the British Broadcasting Corporation and used to modulate one or 
more transmitters simultaneously. On reception it is compared with the local stan¬ 
dard by measurements of the beat frequency between them. In general the direct 
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measurement of two standard frequencies of 1000 c./sec. is not satisfactory since, 
if they are correct to about 1 in a million, which is common, the beat will be only 
once in a quarter of an hour; and transmission conditions may render its determina¬ 
tion uncertain. A method of increasing the accuracy of comparison is to multiply 
the incoming frequency automatically by, say, 1000, raising it to the level of a 
million, and to obtain a frequency of a nominal value of a million from the local 
standard. A difference in the fundamental frequencies of 1 in a million will now 
produce 1 beat a second instead of one about every quarter of an hour and, if the 
beat frequency is steady, a comparison to a few parts in 100 million can be made in 
a few seconds. 

It is found, however, that the beat frequency is generally unsteady under these 
conditions. Records of it have been made at the Laboratory of the Union Inter¬ 
nationale de Radiodiffusion in Brussels with a siphon recorder registering the trans¬ 
mission from Droitwich. The effect is more marked at greater distances and with 
higher carrier frequencies. The beat frequency is irregularly fast and slow compared 
with the correct mean value, generally changing appreciably every second, and it has 
been found in Berlin, using the medium wave band (250 to 350 metres), that the 
wobble of the modulation frequency in about three seconds may have the same 
effect as a change of path of the order of 60 km. 

These experiments, for traffic reasons, have had to be made in the early hours of 
the morning, and in order to determine whether the effect might be due to equipment, 
etc. it was repeated in daylight, when reception at Brussels showed that it had 
practically disappeared. There seems, therefore, to be a kind of fluttering of the 
transmission conditions at night, even over comparatively short distances and with 
long carrier waves. 

At the Congress of the Union Radio Scientifique Internationale held in Sep¬ 
tember, 1938, in Venice, a special Committee was set up.at my suggestion to follow 
up the possibilities of research in this direction. 

Mr R. Naismith. Several years ago it was shown* that, near the Orfordness site, 
there were marked coastal deviation effects amounting to an error in bearing of as 
much as 2-5° on a wave-length of 1000 m. Now that the reflection coefficient is as 
low as 0-00003 it would seem quite possible to obtain energy corresponding to this 
value from various points along such a coast even when the antenna system is not 
favourable for this direction of transmission. 

This suggestion would also explain the semi-permanent nature of the reflecting 
strata which has been observed. 

Author’s reply. The author’s reply will be published in a later part of the 
Proceedings . 

# R. L. Smith-Rose, Radio Research Special Report No. 10 (H.M. Stationery Office). 
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ABSTRACT. This paper contains some ionization curves for the E region based on 
Chapman’s theory of the solar ionization of a rotating atmosphere, and calculated mechani¬ 
cally by means of a Bush differential analyser. An attempt is made to reproduce the 
experimental results obtained by Best, Farmer and Ratcliffe in Cambridge, and it is 
found necessary to assume a greater rate of recombination during the day than during the. 
night. This assumption is confirmed by some curves calculated for observations made at 
Washington on 31 August 1932, when an eclipse of the sun took place. The observational 
data have been published by Kirby, Gilliland and Judson. 


§1. INTRODUCTION 

I N two well-known papers Chapman (l) has shown how to calculate the ionization 
in the ionosphere on the following assumptions: (1) that the atmosphere is 
spherical, (2) that the molecular density decreases exponentially with height 
(so as to be an isothermal homogeneous atmosphere), (3) that the incident radiation 
is absorbed according to a mass absorption law, (4) that electrons are lost by 
recombination, the recombination coefficient being constant. He has shown that 
the ionization-density at any instant and at any height is given by a certain differential 
equation containing an adjustable parameter cr Q depending on the recombination 
coefficient and on the intensity of the ionizing radiation. 

Chapman has obtained some numerical solutions of this equation showing the 
variation of ionization-density at different levels in the atmosphere throughout the 
day at certain specified places and at various times of the year. In connexion with 
the interpretation of radio experiments it is usually more important to know how 
the maximum value of the ionization-density varies with time than to know the 
actual distribution with height. Millington (a) has given a method of obtaining the 
maximum value approximately without calculating the density at all levels, and has 
made a series of calculations by using this method. The numerical work involves 
a great deal of labour. 

In connexion with the interpretation of the results of radio investigations of the 
ionosphere it is of importance to be able to calculate the ionization-distribution 
and the maximum ionization-density as a function of time, for various assumed 
values of the parameter o* 0 in Chapman’s equation. If several different values are 
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to be taken for comparison with experiments it is important to be able to perform 
the calculations rapidly. 

This paper is an account of some calculations of this kind carried out mechani¬ 
cally by means of a Bush differential analyser. The curves shown here were calcu¬ 
lated for conditions corresponding to some experiments which had been performed 
in Cambridge by Best, Farmer and Ratcliffe (4) , and in America by Kirby, Gilliland 
and Judson (s) . Different values of a 0 were taken in order to see which fitted best. 

In addition to the curves necessary to determine the maximum value of the 
ionization, special attention has been paid to the ionization at low levels in the 
ionosphere, in view of the fact that this is important in connexion with the absorption 
of short waves and the reflection of very long ones. 

§2. METHOD OF CALCULATION 

The notation used is taken from Chapman’s paper. H is the scale height of the 
atmosphere, h the height under consideration, I rate of production of electrons 
at height A, and N number of electrons per c.c. at height h \ I and N are functions 
of the height and the zenith angle of the sun. Further, h 0 is the height at which I 
is maximum when the sun is overhead, I Q is the value of I at h 0 when the sun is 



Figure i. Set-up of the differential analyser for the equation 
°«% + ^ =F *>• 

overhead; N 0 the equilibrium value of N at height h when the sun is overhead, and 
a the recombination coefficient in seconds units. 

Write z=(h-h a )IH, 

v=NIN„, 

F=I/I 0 , 

tfo= 7 * 27 x io- s /dVo» 


and let <f> be the time in radians. 
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The differential equation for the number of electrons per cm? at a fixed point 
as a function of time, when recombination is allowed for, is then 

°b %j > +v 2 =F ( < l > ’ *)• .(*) 

Chapman shows how to calculate the function F for an exponential atmosphere 
illuminated by homogeneous radiation; it is given by 

F=exp (i 

where / is a function of the zenith angle, x> of the sun, and of H, and is tabulated 
by Chapman. Unless x is large it is very nearly equal to sec x- 

During the night F=o, and equation (i) has the solution 

i 6 

- = — •+- constant. 

V Oq 

The set-up of the differential analyser is shown in Bush’s notation in figure i. 
It will be seen that the function F is introduced from an input table, and that v 2 
is obtained by integrating v with respect to itself. The condition imposed on the 
solution of the equation is that the initial value of v shall be reproduced after 
24 hr. The correct value is easily determined by trial and error. 

In all of the present work a value of 10 km. has been taken for the height H 
of the homogeneous atmosphere in the E region. The actual height in kilometres 
above the datum level to which each of the following curves refers is therefore ten 
times the value of z corresponding to it. A curve for a given value of z would not 
be much altered if H were subjected to a small change, but it would then refer to 
a different height. 

Two different values of <j 0 have been taken, namely 0*098 and 0*032. If N 0 is 
taken as 1*9 xio 5 , these imply that a = 4Xio“ 9 and i*2xio~ 8 respectively, in 
seconds units. 


§3. DISCUSSION OF THE CURVES 

Figures 2 and 3 give the detailed curves for Cambridge on 31 July and 
21 December respectively; the value of cr 0 is 0*098. Figures 4 and 5 are the corre¬ 
sponding curves for <7 0 =0*032. Some supplementary curves for very low levels 
are given in figure 6. 

As would be expected, the curves for the larger value of <r 0 (smaller a) show 
more lag between the changes of ionization and the movement of the sun than do 
those for the smaller value. In each case, however, the lag is small where the layer 
is densest, but increases as we come down from this level. It will also be noticed 
from figure 6 that at very low levels the maximum ionization attained is less for the 
larger value of a 0 (smaller a) than for the smaller one. This means that a layer in 
which there is much lag has a sharper lower boundary than one in which there is 
less lag. 
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The data in figures 1 to 4 have already been discussed by Best, Farmer and 
Ratcliffe. In figures 8 and 11 of their paper they plot their experimental values for 
the maximum density of ionization present in the E region at various times of day, 






muH i 


4 6 8 10 12 14 16 18 20 22 24 

Hours 

Figure 2. Cambridge, July 31; 0-0 = 0*098. 



Figure 3. Cambridge, December 21; 0-0 = 0*098. 

and also the theoretical curves for cr 0 =0-098 and for <r 0 =0-032, obtained by taking 
the envelope of the curves in this paper. They point out that whereas the value 
cr 0 =0-098 is in agreement with the rate of decay of ionization during the night, 
both in summer and in winter, it gives too much lag in the daytime. The curves 
for <r 0 =0-032 are in better agreement with the daytime experimental results, but 
if anything still show too much lag. 
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In support of this observation they refer to some measurements made by 
Kirby, Gilliland and Judson (5) in Washington during eclipses of the sun. To 
check the conclusion further sonfe theoretical curves have been worked out for the 
latitude of Washington and the time of the year, 31 August (1932), at which one of 
the eclipses took place. Figures 7 and 8 give the curves for a day on which no 
eclipse takes place, and figures 9 and xo for the eclipse day. Only the afternoon 
portion of the latter curve is shown, as the morning part is the same whether there 
is an eclipse or not. These curves were obtained by multiplying Chapman’s rate of 



Figure 6. Cambridge; curves for very low levels, a, July 31, 2= —2 ,00 = 0-098; b, December 31, 

z= —i, 00 = 0-098; c, July 31, 2 = -2, 00 = 0-032; d, December 21, 2= — 1, 00=0-032. 

ionization F by a factor representing the fraction of the sun’s disc exposed (given by 
Kirby, Gilliland and Judson in their paper) and solving the differential equation (1) 
with this as the input function. 

By comparing the curves with and without the eclipse the ratio of the ionization 
during the eclipse to its value at the same time on a normal day can be found. This 
is plotted in figure 11 for the two values of cr 0 concerned, and also for quasi¬ 
equilibrium conditions (tr 0 =o, a very large). The experimental results also are 
included in the figure. 

Here again the agreement of the experimental values is with the quasi-equili¬ 
brium curve, or with the curve for cr 0 =0-032, rather than with the one for ct 0 =o ' o 9^- 

§4. APPROXIMATING TO THE ENVELOPE 

Mention has been made of Millington’s method of approximating to the 
envelope of the {v, </>} curves without drawing the individual curves. It consists in 
solving the differential equation 

a *% +v * =G W' 
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where G (</>) is the envelope of the set of F (<£, z) curves. This method has been 
applied to all the cases given above, including the eclipse, the machine being used 



Figure 8. Washington, August 31 ; <r 0 = 0*032. 


to solve the equation. On the straightforward diurnal curves for Cambridge or 
Washington it gives results agreeing very closely over the mid-day period, and 
showing a discrepancy amounting to not more than 2 per cent of the maximum 
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jure 9. Washington, August 31, with eclipse. Figure 10. Washington, August 31, with 

cr 0 = o*o98. eclipse. 0-0 = 0*032. 



Figure 11. Percentage of ionization during the eclipse compared with its value on a 
normal day. The crosses are experimental points. 
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ionization at other times. The same accuracy is shown in the case of the eclipse 
curves. It would therefore appear that the method is quite reliable for these values 
of er 0 . 
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Figure 12. Cambridge, December 21; o- 0 = o’4. The dotted curve is the approximate 
envelope obtained by Millington’s method. 

As a matter of interest, and to test the method in a more severe case, some 
curves have been worked out for o- 0 = 0-4. These are shown in figure 12, together 
with the approximate envelope. The error here is greater than before. It amounts 
to 4! per cent in places, and affects also the mid-day period. 
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ABSTRACT. The variation with temperature of the electrical resistance of specimens 
of amorphous carbon and of Acheson graphite has been determined for temperatures 
between o° c. and 900° c. The results obtained are compared with those recorded by other 
investigators. The work is to some extent complementary to that of Powell and Schofield, 
who determined the thermal and electrical conductivities of the same materials between 
750° c. and 2500° c. Two samples of Acheson graphite showed minima of resistance at 
about 390° c. and 430° c. respectively. 


§1. INTRODUCTION 

T he work described in this paper formed part of a joint investigation carried 
out some years ago by the Physics and Electricity Departments of the 
National Physical Laboratory. The materials dealt with were the same as 
those examined by Powell and Schofield (l) , namely a particular kind of amorphous 
carbon (containing 80 per cent of petroleum coke and 20 per cent of lamp-black) 
and Acheson graphite. The investigation made by Powell and Schofield was 
directed mainly to the determination of the electrical and thermal conductivities 
of these materials at temperatures between about 750° c. and 2500° c. The work 
described here was concerned with the measurement of the electrical resistance of 
the same materials between o° c. and about 900° c. and was thus complementary 
to their work. 

§2. EXPERIMENTAL ARRANGEMENTS AND PROCEDURE 

The materials, in the form of rods 57 cm. long and 1*6 cm. in diameter, were 
heated in vacuo in a nichrome-wound resistor-furnace sufficiently long to enclose 
the whole rod (figure 1). For the resistance-measurements a fixed current from a 
battery was passed through the rod and through a standard resistance of 0*0107 
in series with the rod, and the potential-difference across the working section of 
the rod was compared with that across the standard resistance. The rod itself was 
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fitted into a cradle consisting of four steatite rings, large enough to slip over the rod 
and mounted symmetrically on two lengths of steel studding provided with nuts to 
secure the rings in position. Graphite end caps, screwed on to the ends of the rod, 
prevented any appreciable movement of the latter in the cradle and provided good 
electrical contact for the measuring-current. The measuring-current leads were 
attached to copper terminals screwed into the graphite caps. The whole framework 
afforded a secure support for the specimen, the thermocouples, and the potential 
leads. The steatite rings also served as radiation shields and helped to maintain a 
uniform temperature over the working section of the rod. 

The temperature of the working section was determined with two chromel- 
alumel thermocouples, situated about 6 in. apart between the two inner steatite 
rings and previously calibrated in the Heat Division of the National Physical 
Laboratory. The thermocouples and potential leads, enclosed in silica tubing for 
insulation, were carried through holes in the rings. Owing to their tendency to 
break away during heating, the thermocouples could not be fixed into the rods; 



Figure i. A , copper terminals; B, rubber bungs; C, carbon; F, furnace; G, graphite end caps; 
L, measuring-current leads; P, potential leads; P, steatite rings; S, silica tube; T, thermo¬ 
couples ; V, connexion to vacuum pump; W, water cooling. 


they were therefore mounted just above the surface of the specimens. The potential 
leads were of nichrome wire tamped firmly with lamp black into holes, usually 6 in. 
apart (in one case 5 in.), drilled radially in the rod. The whole assemblage was 
enclosed in a silica tube, 1 metre long, which could be evacuated, the ends of the 
tube being closed with rubber bungs carefully sealed into it. The necessary leads 
were passed through the bungs, which were then coated with sealing-wax solution 
to prevent air leakage at the points of emergence of the leads. The silica tube was 
inserted in the furnace and, with the heating current switched on, was adjusted in 
position until the temperatures registered by the two thermocouples were practically 
the same. In this position the ends of the tube projected from the furnace, and 
were water-cooled to prevent melting of the seals. The pressure in the silica tube 
was measured with a McLeod gauge reading down to a pressure of 0-005 nun. of 
mercury. 

After the rod had been adjusted in the cradle, its resistance was determined 
at room-temperature. The furnace current was then switched on and measurements 
were made at intervals corresponding to temperature increases of about 50°. In 
making an individual resistance measurement, the thermocouple readings were 
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first determined. Next the measuring current was adjusted to a fixed value, and 
the potential difference across the working section was measured. The measuring 
current was then reversed and the potential difference redetermined. By taking 
the mean, any thermal or stray electromotive forces were eliminated; generally the 
potential-differences before and after reversal agreed within one part in one 
thousand. The thermocouple readings were again taken and finally the potential- 
difference across the standard resistance was determined. The temperatures 
registered by the two thermocouples seldom differed by more than 1 per cent. In 
general the specimen was taken steadily up to as high a temperature as possible and 
then allowed to cool, measurements being made both during the heating and cooling 
processes. A complete run usually occupied about 24 hr. Except during the pre¬ 
liminary heating, when gas occluded in the carbon was given off, the pressure 
inside the silica tube rarely exceeded 0*1 mm. of mercury at temperatures up to 
about 750° c. Between this temperature and 900° c. it rose sharply in all runs to 
about i-o mm. It is possible that air diffused more readily through the silica at 
temperatures above 750° c. than at lower temperatures, and this may have accounted 
for the increase in pressure between 750° c. and 900° c. 

§3. RESULTS 

Five carbon rods were examined. With one exception two complete sets of 
observations were made on each rod; a complete set of observations involved 
resistance-measurements during both the heating and the cooling of the specimen. 
The {resistance, temperature} curves were practically identical in character for all 



Figure 2. Variation with temperature of the resistance of a 5-inch section of a carbon rod. 
(Specimen 5.) ® experimental points, 

the specimens; a typical example is shown in figure 2. In all cases the resistance at 
room-temperature (about 18 0 c.) was unaltered by heating up to 900° c. 

The values of R t /R 0, where R t is the resistance at f c., were determined by 
interpolation from the individual {resistance, temperature} curves and are tabulated 
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in table i; the value of jR 0 , the resistance at o° c., was easily determined by extra¬ 
polation. The maximum variation in the value of R t /R 0 at any given temperature. 
was less than i per cent. 

Table i. Values of R t /Ro for five carbon rods 



A relation of the form 

jRi=i?o (i —3*17 x io~ 4 * +173 x 10- 7 i£ 2 — 6-3 x io“ n t z ) 

was found to represent the experimental results with considerable accuracy. The 
same relation also gave values of resistance in satisfactory agreement with those 
determined by Powell and Schofield (l) for similar carbons at temperatures between 
750° c. and 1300° c. Powell and Schofield found that when the carbons were 
heated much above the latter temperature permanent changes occurred, affecting 
the shape of the {resistance, temperature} relation, the magnitude of the effect being 
dependent on the temperature to which the specimen was raised. For example, 
a carbon fired to iioo 0 c. had at iooo° c. a resistance 78 per cent of that at o° c.; 
for a carbon fired to 2430° c. the corresponding value was 46 per cent. Hansen (a) , 
working with carbon electrodes made by the American National Carbon Company, 
observed that when the carbon was heated to temperatures above that at which it 
was fired during manufacture, the {resistance, temperature} relation altered. 
Decrease in the cold resistance and in the weight of the specimen also occurred, 
the amount of decrease in both cases being dependent on the temperature to which 
the carbon was heated. 

The resistivities at o° c. of the five carbons referred to in table 1 were 0*0051, 
0*0050, 0*0055, 0*0051 and 0*00520.-cm. respectively with a mean of 0*0052. 
These values were about 12 per cent lower than those found by Powell and Schofield 
for similar carbon in the form of tubes. 

The variation of the resistance of carbon with temperature has also been 
studied by Somerville (3) , Noyesand Hansen (3) . Somerville does not specify 
the nature of his carbon, but it would seem that it was of the extruded variety. 
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For comparison his values of R t /Ro at different temperatures are shown in figure 3. 
Up to about 8oo° c. they are practically identical with those obtained in the present 
investigation. The specimens examined by Noyes consisted of untreated carbon 
filament made from braided silk. Their resistances were measured over a tem¬ 
perature range of 2200° k. A direct comparison with his results can be made less 
readily, since Noyes recorded relatively few results between o° c. and 900° c. and 
none at all between ioo° c. and 700° c. The broken line shown in figure 3 was 
derived from the linear relation which he considered to represent his values 



Temperature (°c.) 


Figure 3. —, curve calculated from the relation 

R t — Ro (1 — 3*17 X io~ 4 2+ 1-73 x io“ 7 i 2 -6*3 X io” 11 / 3 ); 

O, experimental values for carbon (see table 1); +, experimental values obtained by Powell 
and Schofield for similar carbon; A* values obtained by Somerville for carbon; -—, relation 
obtained by Noyes for carbon; 0 , Acheson graphite specimen 1 (in vacuo); x, Acheson 
graphite specimen z (in nitrogen). 

adequately over the whole experimental range. Between o° c. and 900° c. this 
relation does not differ by more than 2 per cent from the values given in table 1; 
this is perhaps rather surprising in view of the fact that the carbons examined were 
not of the same type. Hansen, on the other hand, found that the resistance of the 
carbon electrodes examined by him decreased more rapidly with temperature. 
For example, at 400° c. the resistance was about 83 per cent of the value at o° c., 
while at 900° c. it had fallen to 63 per cent. The corresponding values for the 
carbons referred to in table 1 were 89*5 per cent and 81 per cent respectively. 
The resistivity of the latter was about one and a half times that of Hansen’s carbon, 
whose resistivity was 0-00348 £2.-cm. 

For purposes of comparison the effect of temperature on the resistance of 
Acheson graphite also was investigated. The results of measurements made on a 
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rod of this material in vacuo are shown in figure 3. Values obtained for another 
specimen heated in an atmosphere of nitrogen are also shown in that figure. 
Although for the first 200° the resistance of the graphite decreased with increase in 
temperature more rapidly than that of the carbon, it ultimately reached a minimum 
and then increased with further increase in temperature. The two specimens had 
resistivities at o° c. of 0*00079 and 0*00088 Q.-cm. respectively, approximately 
one-sixth of that of the carbon; and the minima occurred at about 390° c. and 
430° c. At these temperatures their resistances had fallen to 84*6 per cent and 83*1 
per cent respectively of the corresponding values at o° c. Samples of Acheson 
graphite examined by Powell and Schofield (I) , with resistivities at o° c. of 0*00082 
and 0*001054 Q.-cm. respectively, showed minima at 450° c. and 520° c.; at these 
temperatures their resistances decreased to 80*4 per cent and 74*6 per cent of the 
corresponding resistances at o° c. Noyes (4) and Hansen (3) have also studied the 
behaviour of heated Acheson graphite. Noyes did not state the resistivity of his 
specimen, but found that the resistance was a minimum at 550° c., when its value 
was 77*5 per cent of that at o° c. Hansen’s graphite had a resistivity of about 
o*ooi Q.-cm. at 25 0 c. The resistance appeared to be a minimum at about 1500° c., 
a much higher temperature than in the cases already mentioned; the minimum 
resistance was, however, only about 65 per cent of the value at 25 0 C * 

The results suggest that the minimum resistance occurs at a lower temperature 
and is larger relative to the resistance at o° c. in the case of the better-conducting 
varieties. Nishiyama (s) , who subjected carbon to very high temperatures, found 
that the temperatures at which the resistance became a minimum depended on the 
temperature to which the sample had been previously heated and on the duration 
of the heating process. His work suggested that the more complete the graphiti- 
zation of the sample, the lower became its resistivity at o° c. and the temperature 
at which the minimum occurred. The variation in the resistivities of the different 
samples of Acheson graphite mentioned above, and in the temperatures at which 
the minimum occurred, may be due to differences in the degree of graphitization. 
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ABSTRACT . The thermal conductivity K is derived in terms of the difference in tem¬ 
perature which, in the steady state, is set up between the axis and the surface of a rod or 
tube of the material when the latter is electrically heated in an evacuated enclosure. The 
electrical conductivity a is derived in the course of the same experiment from measure¬ 
ments of the current flowing in, and the potential-difference across, a length of the rod 
located near the centre. Solutions of the heat-flow equations are obtained for the case in 
which K and the electrical resistivity p are not constant but vary with temperature in a 
linear manner. 

Experimental results are given for a variety of carbon consisting of 80 per cent of 
petroleum coke combined with 20 per cent of lampblack at temperatures up to about 
2000° c. and for Acheson graphite up to about 2700° c. Evidence for the graphitization 
of carbon is obtained in that the results for this material at the highest temperatures tend 
to conform with those for graphite. 

At normal temperatures the Lorenz functions, KpjT of carbon and graphite are re¬ 
spectively about 17 and 200 times as great as the value normally obtained for metals. 
The values, however, decrease rapidly with increase in temperature, and at 1700° c. the 
Lorenz functions of both materials are only about 4 times as great as those of metals. 


§1. INTRODUCTION 

T he main purpose of the present paper is to describe a method which has 
been employed at the National Physical Laboratory for the determination of 
the thermal conductivities of a number of varieties of carbon up to very high 
temperatures. 

The only materials of general interest dealt with were graphite and a particular 
make of amorphous carbon, and these alone are discussed below. The investigation 
was primarily designed for very high temperatures (a limit of 2700° c. was reached) 
and the method of measuring thermal conductivity tended to decrease in accuracy 
towards the lower limit of temperature, namely 750° c. This latter consideration 
applied particularly to graphite, owing to its high c6nducting power, and as some 
theoretical interest attaches to this material it was thought worth while to continue 
the investigation of it, by a different method, down to atmospheric temperature. 
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The work just mentioned has now been completed by one of us (R. W. P.) and 
described in detail elsewhere (l) . The relevant data are incorporated in the present 
paper. 

§3. THE THEORY OF THE METHOD 

Of the methods available for the measurement of thermal conductivity, that 
suggested by Mendenhall for materials which are conductors of electricity, and 
applied by Angell (2) to aluminium and nickel, appeared to be the most promising 
for the present investigation. In this method a steady current of electricity is 
passed through a long cylindrical bar of the material. For an appreciable distance 
on each side of the centre section of such a bar, the temperature of the surface 
and of each of the underlying cylindrical shells will be sensibly uniform, so that the 
electrical energy dissipated in this portion will flow radially to the surface. The 
thermal conductivity can then be obtained from a measurement of the rate of 
energy-dissipation in the chosen portion of the bar and the difference in tem¬ 
perature between the axis and the surface. It will be observed that, provided the 
theoretical condition of cylindrical isothermals is fulfilled, the stray leakage of heat 
is eliminated, the only sink being that constituted by radiation from the surface. 
This freedom from leakage of stray heat, and independence of auxiliary heating 
systems, gives the present method considerable advantages for measurements at 
extremely high temperatures. 

Consider a section of a bar of radius r and length x in which, as was postulated 
above, the isothermal surfaces are cylindrical, and let its thermal conductivity and 
electrical resistivity be denoted by K and p respectively. Suppose further that a 
steady current of electricity is flowing through the bar and that the fall of potential 
is E volts per cm. of length. Then the equation which expresses the fact that the 
heat flowing radially out of a cylindrical surface within the bar is equal to the 
electrical energy dissipated inside this surface is as follows: 

j^dT [ r E 2 x2Trrdr , x 

— 27rrxK -j- = -, .(I) 

dr Jo p w 


where T is the temperature at any point within the bar. If K and p are constants 
this leads, as Angell shows, to 


T 2 


T _gV 

1_ 4 Kp’ 


(a) 


where r x is the radius of the bar and T x and T % the temperatures at the surface and 
axis of the bar respectively. In most practical cases K and p vary with temperature, 
and this disturbs the radial temperature-distribution given by equation (a). Using 
this equation, however, Angell obtained a second approximation and was able to 
show that in the cases with which he was concerned, namely bars of nickel and 
aluminium i*2 cm. in diameter, the disturbance was negligible. The maximum 
temperature-difference between the surface and the axis of the bar in the cases 
dealt with by Angell appears to have been only of the order of i° c. Since, however, 
in the experiments on carbons now to be described, temperature-differences as 
great as 300° c. are encountered, it is necessary to consider the matter in greater 
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detail. This can conveniently be done by assuming that both the thermal con¬ 
ductivity and the electrical resistivity vary with temperature in a linear way for the 
range of temperature between the surface and axis of the bar in any particular 
experiment. Thus 


K=K s {i+x(T-T a )} and p=p% {i+f}(T—T 2 )}. 
Substituting in equation (1) and solving in series* form we obtain 

T z -T 1 =Ary ji + (— Ary+( ~-i- ” 6 °^ + 5 ^ 2 ) (Ary ) 2 

| p6oa 3 + 2 66a 2 ft +59ft 3 ^ 

where A = E 2 j^\X 2 p 2 . 


•(3) 


This expression gives the temperature-distribution inside the rod in terms of 
j K 2 and p 2 > which are the axial values of the thermal conductivity and electrical 
resistivity, and the temperature variation of these quantities. 

For the purpose of an actual measurement of thermal conductivity it is con¬ 
venient to express the temperature-difference between the axis and the surface in 
terms of the mean conductivity and resistivity. Thus if K am and p am are the arith¬ 
metic means of K and p for the axis and surface, it can be shown that the formula 
transforms to 


Tz-T^Cr^ 


UJ-Cry-£iSEZ& 
(4 72 


(C r £( r 4* 2 - 29 ^ ~ 70 2 ) (CV) 3 

(Cri } 576 


where 


C— B 2 1am P am 


(4) 


Since, as will be shown later, p am is very nearly equal to the true mean resistivity, 
the formula can be expressed in terms of W, the watts-dissipation per unit length, 
by substituting WJ\-nK am for Cry. It will be noted that the series on the right-hand 
side of equation (4) depends mainly on the value of jS, the temperature variation of 
electrical resistivity, all the terms after the first vanishing when /? is equal to zero. 

The data set out in table 1 give an indication of the energy necessary to heat 
carbon rods of different diameters in vacuo to various external temperatures, and 
enables an idea to be obtained of the magnitude of the temperature-difference 
between the axis and the surface, and of the relative importance of the various 
terms of equation (4). 

These calculations were originally made from the very meagre information 
available at the time as to the various constants, but in table x the data have been 
recalculated in the light of our own determinations. The values employed were 
#=0-03 w./cm.-°c., p=0-004 £l.-cm., <*=0-0008, and j8=— 0-0002. Since only 
the general order of the effects are now in question it suffices to treat p and K as 
constants (see columns 4 and 7), except when the convergence of the series is under 
examination (see the last 3 columns of table). 

* We are indebted to Dr W. S. Stiles of the National Physical Laboratory for advice in the 
solution of this equation. 
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Table i. Calculated data for carbon rods of various diameters 


156 


Diameter 
of rod 
(cm.) 

Surface 

tem¬ 

perature 

(°K.) 

Energy ■ 

radiated 

(w./cm.) 

Resistance 

(D./cm.) 

(p constant) 

Current 

(amp.) 

Potential- 

gradient 

(v./cm.) 

Tempera¬ 
ture-differ¬ 
ence between 
axis and 
surface (°c.) 
(k constant) 

Relative 
values of terms 
of equation (4) 
(per cent of 
first term) 

2nd 

term 

3rd 

term 

4th 

terrr 

0-5 

IOOO 

9 

0*021 

21 

o *44 

25 

0*1 

0*0 

0*0 


1300 

26 


35 

o *74 

70 

o *4 

0*0 

0*0 


1600 

59 


54 

1*12 

160 

o*8 

0*0 

0*0 


2000 

144 


84 

1*76 

380 

i -9 

0*0 

o*o 

1*0 

IOOO 

18 

0*0052 

60 

0*31 

50 

o *3 

0*0 

0*0 


1300 

52 


100 

0*52 

140 

o *7 

0*0 

0*0 


1600 

118 


150 

o*8o 

320 

i*6 

0*1 

0*0 


2000 

288 


240 

1*20 

760 

3*8 

o*6 

0*0 

2*5 

IOOO 

45 

0*0008 

230 

0*19 

120 

o*6 

0*0 

00 


1300 

130 


400 

0*32 1 

350 

17 

0*1 

0*0 


l600 

295 


600 

0*50 

800 

4*0 

o *7 

0*2 

4 *o 

IOOO 

72 

0*0003 

+70 

0*15 

200 

1*0 

0-0 

0*0 


1300 

210 


790 

0*26 

550 

2*7 

o *3 

0*0 


1600 

470 


1200 

o *37 

1250 

6*2 

i *7 

o *9 


From consideration of these data and a knowledge of the energy-supplies 
available it was decided that for experiments up to about 1200° c. rods about 
2*5 cm. in diameter should be used, and that proportionately smaller rods should 
be employed for higher temperatures. It is seen that for the 2-5-011. rod the 
second term of equation (4) only amounts to 17 per cent of the first for the external 
temperature of 1027° c., and in all cases it appears that the subsequent terms can 
be neglected. 

In practice it was thought desirable to use a specimen in the form of a thick- 
walled tube, as this enabled the inner temperature to be observed by sighting into 
the small axial hole. 

The full solution corresponding to equations (3) and (4), that is, taking into 
account the temperature variation of both K and p, has not been found for this 
case. Apparently a series cannot be obtained in terms of r , nor a convergent 
expansion in terms of fa — r a )/r 2 unless the internal radius r 2 is greater than half of 
the external radius r 1 . However, assuming a temperature variation of thermal 
conductivity but a constant electrical resistivity, the following expressions are 
found. 

For the overall temperature-difference in terms of j K am 



and for the temperature-distribution over the cross-section in terms of K 3 


T 2 


T=B\i + -B + -B*+$f B 3 +... 

2 2 O 


( 6 ) 


4 K>P 


r a -r 2 a (1 + 2 log£- 


where 
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The effect on the value of of the temperature-variation of resistivity 

in the case of a solid rod has been shown to be equivalent to a correction of 17 per 
cent for the case mentioned above. It is obvious that the effect would be of similar 
magnitude for the case of the thick-walled tube actually used. Subject to this 
small correction, formula (5) has been adopted for evaluating K am for specimens in 
tubular form. 

In the preceding account, attention has been devoted mainly to a method for 
the determination of thermal conductivity. In all investigations of thermal con¬ 
ductivity it is of interest to make simultaneous measurements of the electrical 
conductivity. For many good conducting metals the ratio of the two conductivities 
has been found to be so closely proportional to the absolute temperature as to 
enable the thermal conductivity to be predicted from a measurement of the electrical 
resistivity. Although it was not anticipated that a simple relation of this kind would 
be found for the class of materials to be included in the present investigation, it 
was at the outset considered that the inclusion of measurements of the electrical 
resistivity would probably yield results of theoretical interest, which would sub¬ 
sequently become of practical importance should they eventually enable approxi¬ 
mate values of the thermal conductivity of carbon materials to be deduced from the 
simpler measurement of electrical resistivity. 

A further advantage of the present method is that the electrical resistance of the 
working portion of the specimen is measured incidentally to the determination of 
the energy-dissipation. It should be borne in mind, however, when a comparison 
is attempted, that whereas the thermal conductivity is measured radially the 
electrical conductivity is measured longitudinally, and that the two conductivities 
would not be equally affected if local variations, such as transverse cracks, should 
occur in the material. 

Since the measurement is of the total resistance of a section of a specimen in 
which a heavy radial gradient exists, it becomes necessary to determine to what 
temperature this resistivity is to be assigned. If p m is the mean resistivity as found 
in any experiment, then in the case of a solid rod we have 


7 TT 2 r r x 271 rr , 

p n -\, Pi{i + P{T-T,)} ar ' 


( 7 ) 


If the temperature-distribution is assumed to be given by equation (3), this 
can be shown to reduce to 


{■+0[■w)+ — (*■,?+- 


i 8 a 2 + 23 Kj 8 + i7/? 2 

72 

Now the temperature T m to which p m is to be assigned is given by 

Pm~ Pi {!+/? ( T m ~ T 2 )}. 

Hence 


}■ 


.( 8 ) 

•( 9 ) 


(T m -T,) = 


*£{*+“±2 


(Ar^) + 


i8a 2 + 23 oc)3 +17/? 2 


W) 2 +... .(10) 
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The temperature T m does not differ greatly from the mean of the axial and 
surface temperatures ( T^+T^jz , which is given by 

III T * -r 8 = -.! + g (Ar^) + l8oc2 + +5 ^ (^ 4 r 1 2 ) 2 +...|.(n) 

Therefore 

W) + l8aa ~g~^ 2 (^ 2 ) 2 +... 


2 ( 12 
HTt-TJ 


[2ot-p 6a 2 — a/3 —4/S 2 

|-^-+ ES (r * rJ . 


= approx. .(12) 

Hence T w , the resistance temperature, is obtained from the mean of the axial 
and surface temperatures by applying a correction proportional to the square of the 
difference between these temperatures. For a temperature-difference of 300° c. 
and on the basis of the values of oc and /? given earlier the correction amounts to 

7° c - 

The equation (12) applies only to the case of a solid rod and the corresponding 
formula has not been obtained for the case of the thick-walled tube used in some of 
our experiments. However, equation (6) gives the temperature-distribution in this 
latter case as affected by the a coefficient, which is the more important in deter¬ 
mining the magnitude of the correction, and using this equation for a step by step 
integration, it would appear that the corrections for carbon range from about 3 0 C. 
for a temperature-difference of ioo° c. to i8°c. for a temperature-difference of 
300° c. 


§3. APPARATUS AND EXPERIMENTAL PROCEDURE 

Preliminary observations had shown that for a rod 2*54 cm. in diameter a 
length of 75 cm. gave a central portion well over 20 cm. in length which was 
uniform in temperature. For the initial experiments a tube of this size having an 
axial hole about 0*3 cm. in diameter was chosen. 

In figure 1 the tube is shown supported along the axis of a cylindrical water- 
cooled enclosure capable of being evacuated. The water flows through the space 
formed by two concentric tubes of brass, soldered to brass end pieces, and fitted 
with brass frames to hold two glass windows 20 cm. long and i*8 cm. wide. These 
were situated on opposite sides of the enclosure and allowed a full view of both 
sides of the specimen to be obtained and enabled the surface temperature of the 
central section of the rod to be measured by means of an optical pyrometer sighted 
normally through the window. The left-hand end of the apparatus was closed by 
means of a brass plate fitted at the centre with a water-cooled glass window. 
Through this window it was possible to sight along the axis of the specimen, and 
to observe the internal temperature by means of an optical pyrometer focused on 
to a small piece of refractory material located at the centre of the specimen. 
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The brass plate which fitted the other end of the apparatus carried the two 
electrodes. This arrangement permitted the assembly of the specimen, and any 
auxiliary gear, to be completed before insertion into the cylindrical container. 
The details of this part of the apparatus are shown in figure 2. Each electrode 
consisted of an unbroken run of copper pipe, with a go and return passing through 
the end plate to allow a water circulation. The copper pipe was bent to the shape 
indicated, with a vertical loop, at the extremity farthest removed from the end 
plate. To the top of this loop was sweated a brass plate, while lower down on each 




Figure 2. Details of apparatus attached to end plate. 


branch of the loop a thread was soldered carrying a nut so as to give a vertical 
adjustment for a second brass plate sliding on the loop. Between these brass plates 
were held two blocks of graphite internally capped so as to grip a true sphere, also 
of graphite. The sphere was drilled with a hole 2-54 cm. in diameter, for the 
insertion of the full-sized specimen, or of an adapter of the same diameter for use, 
as described later, with a smaller specimen. The sphere was split into three portions, 
to give an adjustable grip on the specimen. This use of a cup-and-ball construction 
gave two self-aligning bearings for the specimen, and on tightening up the bottom 
nuts the electrode assembly could be rigidly clamped without strain on the specimen, 
at the same time giving an excellent contact for the heavy current required, which 
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ranged up to some 800 amperes. Each copper pipe was insulated from the end 
plate by fibre bushes, the joints being made vacuum-tight by pulling down on to 
rubber washers as shown. The adapters referred to above consisted of graphite 
rods 2*54 cm. in diameter, drilled at one end to allow the insertion of smaller 
specimens, figure 2. Thus the size of the specimen, both as to diameter and length, 
could be chosen so as to fit in with the temperatures it was desired to reach and the 
particular pressures of electric power available. The limit of power, namely 12 kva., 
was not sufficient to allow of the attainment of high temperatures with the larger- 
sized specimens when these were allowed to radiate freely to the water-cooled 
enclosure, and with a view to extending the temperature range for such specimens 
a radiation shield could be interposed between the specimen and enclosure. This 
shield, a section of which is shown in figure 2, consisted of a tube of carbon let into 
end pieces of mabor and thermally insulated with soot, the whole being contained 
in an outer brass cylinder. The shield was pierced with holes which could be used 


Potential leads 



for sighting on to the specimen or for carrying potential leads required for the 
energy measurements. 

Several forms of potential contact were used, two of which are shown in 
figure 2. That on the right of the figure consists of a graphite rod passing through a 
closely fitting bush in the radiation shield and resting with its sharply pointed end 
on the surface of the specimen. On the left is shown a tungsten wire 0*015 cm * in- 
diameter, insulated with fireclay or thoria tubing and inserted into a small hole in 
the specimen so as to serve as a potential contact. For the lower temperatures the 
wire was usually cemented into the hole with a mixture of pitch and carbon, while 
for higher temperatures contact was made in various ways, for example, by tying 
the wire after passing it through a small hole skimming the surface, or by hanging 
the wire over the specimen. When graphite rods were used as potential leads 
without the radiation shields, they were held in the rider arrangement shown 
separately in figure 3. This method was found to be the most satisfactory and with 
it readings were obtained up to 2700° c. 

For the energy-supply alternating current was used, the skin-effect being negli¬ 
gible for the frequency of 50 cycles employed. Several methods were used for the 
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measurement of the energy supplied to the working section. For example, the 
watts could be read directly from a Drysdale-Tinsley astatic wattmeter, in which 
the main current was passed through the heavy stationary coil, and the suspended 
pressure coil was connected to the potential leads from the specimen. The total 
resistance of the leads, including contact resistance at the surface of the specimen, 
was about io Q. The resistance of the pressure-coil circuit of the wattmeter was 
varied from ioo to 300 Q. and a small proportionate correction for the lead re¬ 
sistance applied to the readings. 

The energy was also determined by an independent measurement of the 
current through and resistance of the working portion of the specimen. For the 
former measurement a Weston precision ammeter of the dynamometer type was 
used. The resistance was measured immediately after the a.-c. supply had been 
switched off by comparing the potential-drop across the working section with that 
across a standard resistance when the same direct current passed through each. 
The e.m.fs. were measured on a potentiometer and by using a Moll galvanometer 
of very short period and by switching the direct current over from a steadying 
circuit of similar resistance, it was found that the voltage drop on the working 
section could, after several trials, be obtained within about 2 sec. after switching 
off. The process was repeated with the current reversed so as to enable stray 
e.m.fs. to be eliminated. 

To provide a further check on the energy-measurements the voltage drop on 
the working section was determined by a low-range Weston a.-c. voltmeter. As 
the resistance of the potential leads was of the same order as that of the instrument, 
a somewhat large correction had to be applied which, however, could be checked 
by a comparison of the values obtained on the two scales of the instrument. 

The energy-measurements given by the three methods outlined above seldom 
differed by more than 1 per cent and pointed to a power factor for the circuit of 
nearly unity. 

In addition to the measurement of energy, the dimensions of the specimen 
and also the difference in temperature between its axis and surface had to be deter¬ 
mined. The former presented no special difficulties, but in the case of the latter, 
precautions had to be observed. Both surface and axial temperatures were measured 
by means of a disappearing-filament optical pyrometer, which had been calibrated 
by sighting through a specimen of the window glass on to a black-body furnace. 
Calibrations were also obtained with a totally reflecting prism included in the 
system, as this was frequently used to avoid overmuch shifting of the pyrometer 
itself. 

It was necessary to verify that the optical pyrometer focused on to the plug 
at the centre of the axial hole in the specimen gave the true value for the internal 
temperature. Satisfactory agreement was obtained when a thermocouple was also 
used to measure this temperature, a result which was to be expected, as the internal 
conditions approximated closely to those of a black body. In the case of the external 
temperature it was not practicable to use thermocouples, and with the optical 
pyrometer allowance had to be made for the emission coefficient of the specimen. 

phys. soc. LI, 1 11 



16a R. W. Powell and F. H. Schofield 

The conditions of the experiment allowed an estimate of the emission coefficient 
to be formed, owing to the fact that the apparent black-body temperature of a 
surface, of emissivity less than i, differs according as the temperature is estimated 
on the basis of monochromatic or of total radiation. The difference in the value of 
the apparent temperature obtained by the two methods is illustrated in table 2, 
which gives the figures for emissivities from o -8 to i-o. 


Table 2 


Tem¬ 

perature 

(°c.) 

Method of obtaining tem¬ 
perature, M, monochromatic 
radiation for 0-65 /x.; 

R , total radiation 

Difference between apparent black-body 
and true temperatures for emis¬ 
sivities of 

1*0 

0*90 

0-85 

o-8o 

700 

R 

0 

25 

36 

49 


M 

0 

S 

7 

10 


R-M 

0 

20 

29 

39 

IOOO 

R 

0 

3i 

48 

63 


M 

0 

8 

12 

17 


R-M 

0 

23 

36 

46 


In the case of our experiments the apparent temperature of the outer surface 
of the specimen for monochromatic radiation was given by the optical pyrometer, 
which worked on an effective wave-length of 0-65^., while the apparent tem¬ 
perature for total radiation was calculated from a knowledge of the area of the 
working section and the energy radiated from it. The last-mentioned quantity was 
obtained by deducting from the total energy dissipated, as given by the electrical 
measurements, the small loss due to convection in the rarefied gases in the en¬ 
closure, which can be shown to be about 1 per cent of the total. The mean of a 
large number of experiments on carbon between temperatures of 700° and iooo° 0. 
gave a difference between the monochromatic and total radiation temperatures of 
30° c. It will be observed from table 2 that the mean difference over this range is 
33 0 c. for an emissivity of 0-85 and 22 0 c. for an emissivity of 0*90, so that apparently 
the emissivity of the carbon tube falls within these limits. 

It is of course recognized that this conclusion is based on the assumption of a 
constant emissivity for carbon throughout its spectrum. However, the estimate is 
not inconsistent with the value obtained by Mendenhall and Forsythe (3 *, who by 
a different method found an emissivity of o-86 for carbon at iooo° c. 

The corrections to the pyrometer readings required for an emissivity of 0-86 
are +7 c. at 700° c. and 4- ii° c. at iooo° c. For carbon these corrections amount 
to about 6 per cent of the difference between the internal and external temperatures, 
and hence affect the values of the thermal conductivity to a like amount. 


§4. RESULTS 


The experimental results which it is proposed to consider are those obtained 
for a typical variety of carbon and for some specimens of Acheson graphite. The 
carbon specimens were stated to consist of 80 per cent of petroleum coke combined 
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with 20 per cent of lampblack, a baking temperature of the order of noo°c. 
having been employed in their manufacture. 

Thermal conductivity of carbon . Figure 4 contains the results for a number of 
determinations of the thermal conductivity which were carried out by means of the 
method previously described at mean temperatures ranging from 750° to 1200° c., 
on three specimens of carbon having external and internal diameters of approxi¬ 
mately 2-6 and 0*5 cm. respectively. A straight line has been drawn through these 
points which indicates that the thermal conductivity of the carbon increases from 
°* 00 S75 cal./cm.-sec.-°c., at 750° c. to a value of 0*0080 at 1200° c. This line has 
been reproduced in figure 5, where results covering a much wider temperature 
range are given, and in which data obtained for carbon by other investigators are 
included. 



Figure 4. Variation of thermal conductivity of carbon with temperature over range 750 to 1200° c. 

X Specimen no. 1. © Specimen no. 2. + Specimen no. 3. 

The experimental results at higher temperatures were obtained for two tubes 
having an external diameter of only 0-985 cm. and an axial hole 0-46 cm. in diameter. 
These smaller tubes were composed of the same type of carbon as the larger ones 
previously used. It will be seen from the data given later in table 3 that the room- 
temperature electrical resistivities of these carbons did not differ greatly from that 
of the larger specimens. In figure 5 the results for the smaller tubes have been 
numbered to show the sequence in which they were observed. The {thermal- 
conductivity, temperature} curve from 1200° c. upwards appears to be a reasonably 
good extension of the line found for the lower temperature range, but shows a 
marked curvature in the direction of increasing conductivity at the higher tem¬ 
peratures. After heating to temperatures above about 1500° c., points obtained on 
cooling lie above the initial curve. The amount by which the thermal conductivity 
has been increased is seen to be greater the higher the temperature to which the 
carbon has been heated. 

It should be remarked that the measurement of thermal conductivity at the 
highest temperatures was accompanied by experimental difficulties. For an 
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accurate determination it is necessary to ensure that the steady state of temperature 
has been reached, and then to measure the difference between the internal and 
external temperatures- The point numbered 9, for instance, was obtained under 
conditions which were considerably removed from this. Apart from the changes 
occurring in the material as a result of its being heated to the high temperature, the 
pressure in the enclosure no longer appeared to be sufficient to prevent a certain 
amount of burning, and the appearance of the surface was continually changing. 
This rendered the actual measurement of the surface temperature difficult, and made 
the magnitude of the emissivity correction uncertain. However, the temperature- 
difference amounted in this instance to some 140° c., so even for these poor con¬ 
ditions the probable error is not likely to exceed 20 per cent. The thermal-con¬ 
ductivity curve obtained after heating the carbon to about 2000° c. is seen to be in 



Figure 5. Variation of thermal conductivity of carbon with temperature over range o to 2000° c. 

© Specimen no. 4. # Specimen no. 5. 

approximate agreement with that obtained by Worthing (4) for a carbon filament. 
Several low-temperature determinations which have been made for carbon are also 
given in figure 5. These include determinations by Weber (s) , Barratt (6) , Stormer (7) 
and Holm (s) for various gas carbons and by Cellier (9) for arc carbons, and the results 
of some measurements carried out at the National Physical Laboratory by D. E. A. 
Jones on a specimen taken from another batch of 80/20 carbon, which at 20° c. had 
a specific resistance of 0*0066 £ 2 .-cm. The results of the present investigation have 
shown that the firing temperature has a large effect on the conductivity, and this, 
as well as other factors, such as possible differences in the raw materials and methods 
of manufacture, probably accounts for the variations. It is noteworthy that a 
positive coefficient of conductivity with rising temperature is shown in all cases. 

Electrical resistivity of carbon. The results of some of the electrical resistance 
measurements, which were made in the course of the same experiments, are 
plotted in figure 6. Data for five different specimens are reproduced, and in order 
that the general character of the effect of temperature on the resistance may be 
more clearly seen, the results for the different specimens have in each case been 
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adjusted to correspond to an initial resistivity of 0*0056 Q.-cm. The actual initial 
and final resistivities obtained for the various specimens are set out in table 3, and 
the initial resistivities are seen to be sufficiently alike to justify this procedure. 


Table 3. Specific resistances of carbon specimens before 
and after heating 


Details of the specimens 

Maximum 
temperatures 
reached (° c.) 

Specific resistance at 


Diameters (cm.) 

o° c. (Q.-cm.) 

No. 

Internal 

External 

Internal 

External 

Before 

heating 

After 

heating 

■ 

0*52 

2*62 

1356 

1059 

0*00572 

0*00639 

1 

0*50 

2*6i 

1124 

912 

0*00560 

o*oo63 8 

ilf 1 1 

0*52 

2*6l 6 

1251 

995 

0-0055, 

0*00552 


0*46 

0-985 

1780 

1603 

0*0056 4 

0*00580 


0-46 

0-984 

— 

2000 

0*0056 6 

o*oo59 8 

Kfl 

o*44s 

0-984 

2240 

2000 

0*0059! 

0*0064! 

mm 

0*244 

0-585 

2500* 

2360 

0*00624 

0*00591 



Temperature (° c.) 


Figure 6. Variation of electrical resistivity of carbon to 2100° c. and of graphite to 245o°c. 
Carbons: O Specimen no. 2. © Specimen no. 4. • Specimen no. 5. O Specimen no. 6. 
A Specimen no. 7. Graphites: • Specimen no. 2. + Specimen no. 3. x Specimen no. 4. 


Over the temperature range 750-1200° c. experimental points have been plotted 
in figure 6 for one of the larger-sized tubes. The general agreement is such that 
the inclusion of all the data would lead to confusion in the diagram. The mean 
curve gives values of 0-83 and 0-78 for p T lp 0 at 8oo° and iooo° c. respectively, which 
are in close agreement with values obtained by Somerville (I0 \ and also those 
obtained by Collier, Stiles and Taylor at this Laboratory. The curve drawn in 
figure 6 over the lower temperature range is based on results obtained by the 
last-mentioned workers, being taken from figure 3 of the accompanying paper (ll) . 
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It will be observed from the data given in table 3 that specimens no. 1 and no. 2 
showed increases in resistivity of 10 and 14 per cent respectively as a result of the 
heat treatment, whereas that of no. 3 showed a slight decrease. These changes, 
which only occurred after points at the highest temperatures had been obtained, 
probably result from a combination of diverse effects. The decrease may result 
from changes, such as the volatilization or alteration of constituents, which take 
place when the baking temperature is exceeded. The increase may be due to 
oxidation, or to a longitudinal separation of the particles as a result of the strains 
caused by the inner surface of the tube being at a considerably higher temperature 
than the exterior. Such cracks were at times observed to have developed in planes 
at right angles to the axis, and specimen no. 2 actually broke into three portions 
during cooling after the maximum temperature had been reached. 

In dealing with the determinations in the high-temperature range the experi¬ 
mental points obtained for each specimen have again been numbered in the order 
in which the observations were made. When a close examination of these results is 
attempted one again-finds evidences for the presence of opposing influences, tending 
on the one hand to decrease the resistivity, and on the other to cause an increase. 
Thus the points in the neighbourhood of 1300° c. which were first obtained for 
both specimens no. 5 and no. 6 lie below the extrapolation of the line originally 
drawn to 1200° c.; but after the specimens have been taken to higher temperatures, 
the increase in resistance occurs and the points for these specimens and for no. 4 
lie on a common curve. 

As regards the general character of the results, it is quite evident that on 
heating beyond 1500° c. the resistivity follows a curve that bends downwards from 
the direction of the original line. The heavy line which has been drawn from 1200° 
to 2130° c. passes through points obtained on first heating specimens nos. 4, 5 and 6. 
The results for specimen no. 7, whose initial resistivity was somewhat greater than 
that of the other specimens, fall on a curve very similar in shape, but displaced to 
give rather higher values. Electrical-resistivity results for this specimen were 
obtained up to a measured external temperature of 2360° c. In this experiment the 
specimen was surrounded by the radiation shield, and no observations of the 
internal temperature were made. Approximate values for this were derived by 
assuming a knowledge of the thermal conductivity and calculating the temperature- 
drop through the walls of the tube. The results obtained indicate that the rate of 
fall of resistivity with increase in temperature becomes smaller beyond 2100° c. ’ 
Successively lower curves are again followed on cooling to lower temperatures, 
and the greatest reduction observed for this type of material is obtained after 
heating to the mean temperature of 243o° c. Whereas the resistivity of the carbon 
after being fired at noo° c. decreases on heating to iooo 0 c. to 78 per cent of its 
value at o c., the resistivity of a carbon which has been fired at 2430° c. decreases 
to 46 per cent of its value at o° c. on being heated to iooo 0 c. It seems reasonable 
to conclude that still greater decreases would be obtained by heating to yet higher 
temperatures. 

When figures 5 and 6 are compared, it is seen that each increase in thermal 
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conductivity which has resulted from the specimen being fired at a higher tem¬ 
perature has been accompanied by a corresponding decrease in electrical resistivity, 
that is, by a corresponding increase in electrical conductivity. 

Reverting to the resistivity data given in table 3, it is seen that the heat treatment 
does not appear to have produced a correspondingly large decrease in the resistivity 
at normal temperatures; in fact, for five of the specimens the resistivity is greater 
after heating than before. It is again difficult to assess to what extent a decrease due 
to one effect is masked by the opposing effects already mentioned, and the fact that 
for two of the specimens a small decrease is observed indicates that some change of 
the kind noted at high temperatures is apparent at normal temperatures, although 
its magnitude appears to be considerably smaller. 

In order to obtain further information on this point an experiment was sub¬ 
sequently carried out in which a small carbon tube was placed inside a larger 
carbon tube. The outer tube was heated by the passage of an electric current, and 
maintained at an external temperature of 2000° c. for 3 min. It was hoped that 
when heated in this way the inner carbon rod would be less affected by strain and 
oxidation. Table 4 shows the results of measurements made before (/) and after 
( F ) heating. 


Table 4. Changes of carbon produced by heating to 2000° c. for 3 min. 
I denotes initial and F the final value 


—-—-■— 1 

1st test 

2nd test 

External diameter (cm.) I 

0-585 

0-586 

F 

o-575 

0-576 

Internal diameter (cm.) I 

0-28 

0*28 

F 

0*28 

0-28 

Length between potential points (cm.) I 

3-44 

3'5 a 

F 

3-40 

3-48 

Mass (g.) I 

— 

i-88 

F 

— 

1-83s 

Resistance per unit length (H./cm.) I 

0-0273 

0*0274 

F 

0*0277 

0-0270 

Percentage change 

+ 1*5 

4*1*8 

Resistivity (H.-cm.) I 

0*00568 

0*00570 

(allowing for shrinkage) F 

0-00549 

0*00555 

Percentage change 

-3*3 

-2*7 


It will be observed that shrinkage of the specimen has occurred in each of the 
tests. This is an effect which had not been considered in the earlier experiments. 
Had the potential leads been pegged into the rod and had the contraction of the latter 
been ignored, the final resistance per unit length would have agreed to within 1 per 
cent with the initial value. When allowance is made for shrinkage of the specimen 
a decrease in the true specific resistance of the order of 3 per cent is obtained. This 
additional evidence supports the earlier conclusion that the heat treatment has a 
much smaller effect on the resistance at room-temperature than it has on the 
subsequent {resistance, temperature} curve at higher temperatures. 
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It should be mentioned that Hansen (ia) has quoted very different results from 
the foregoing for carbon electrodes manufactured by the National Carbon Company. 
Carbons having an original cold resistivity of 0-0035 Q.-cm. were fired to tem¬ 
peratures of 1200 0 , 1600°, 2000°, 2400°, 2800° and 3500° c., after which the cold 
resistances were 0-0032, 0-0030, 0-0027, 0-0023, 0-0018 and 0-00078 Q.-cm. re¬ 
spectively. His results also differed in giving a much more rapid decrease in 
resistance with increase in temperature; thus the resistance at 1200° c. was about 
60 per cent of the cold resistance compared with the value of 76 per cent obtained 
in the present work. Shrinkage and loss of weight were observed by Hansen also. 

Thermal conductivity of Acheson graphite . Acheson graphite was found to have 
a thermal conductivity at 8oo° c. of the order of twenty times that of carbon. This 



Figure 7. Thermal conductivity of Acheson graphite to 27oo°c. O Specimen no. 1, 
• Specimen no. 2. 4 - .Specimen no. 3. x Specimen no. 4. □ Specimen no. 5. 


high conductivity made it very difficult to carry out the tests on specimens of the 
normal size over the lower part of the visible temperature range. Indeed, the 
temperature-drop through the walls of the material was so small compared with the 
correction to be applied to the surface temperature that at times the corrected 
surface temperature exceeded the measured axial temperature. Values of the 
thermal conductivity for specimen no. 2, derived from four sets of data for which 
reasonable temperature-differences ranging from 8° to 27 0 c. were obtained, are 
plotted in figure 7, but for specimens limited to an outer diameter of 2-6 cm. the 
method was not really considered suitable for tests on graphite at these temperatures. 
On the other hand, the high thermal conductivity of the material made it practicable 
to employ the normal longitudinal heat-flow method for tests at lower temperatures. 
Determinations were made in this way over the temperature range 30-270° c. 
for another specimen of the standard size, specimen no. x, for which 
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po°c. = o-ooi 10 Cl-cm. A heating coil was wound on one end of the tube, and a 
water-flow calorimeter was fitted to the other end. Heat-losses from the specimen 
were prevented by an outer guard tube, and the heat flowing in the rod was deter¬ 
mined from the rate of flow of water in the calorimeter and its rise in temperature. 
Measurement of the temperature-gradient established in the specimen was made 
by means of a series of thermocouples pegged into its surface. This gave sufficient 
data for the thermal conductivity to be evaluated, and the results are plotted in 
figure 7. They indicate a conductivity of 0*29 at o° c. The curve through this series 
of points has been extrapolated to pass through those obtained in the range 8oo° to 
iioo° c. for specimen no. 2 which had a similar resistivity ( p 0 ° c .= 0*00105 £l-cm.). 

The other specimens for which experimental points are plotted in this figure 
were in the form of solid rods, 0-965 and 0-62 cm. in diameter. Specimens no. 3 
and no. 4 had the same initial resistivity, p 0 * c> =0-00077 fl-cm., whereas that of 
specimen no. 5 was 0-00067 Cl. -cm. Thermal conductivity values have been 
obtained for these specimens over the temperature range 1400° to 2700° c. by the 
present radial heat-flow method. To enable the axial temperature of the rod to 
be measured, small radial holes about 1 mm. in diameter were drilled to the centre 
of the rod, and the pyrometer was sighted into the bottom of these holes. An 
objection to this procedure is that the presence of such a hole interferes with the 
current-distribution at the point where the temperature-difference is measured. 
In the case of the smaller rod, for which this disturbance would be the greater, the 
hole will cause the resistance at its mid-plane to be about 10 per cent greater than 
in the rest of the rod. Some of this extra energy would no doubt be conducted 
laterally by the graphite, so the error due to the presence of the hole will be less 
than 10 per cent. A more serious practical difficulty was again the measurement of 
the surface temperature, for frequently at these high temperatures the rod no 
longer appeared uniform; its surface became pitted and assumed a very mottled 
appearance. However, at temperatures above 2000° c., where this trouble became 
most noticeable, the temperature-difference between the axis and the surface of the 
rod ranged from 150° to 340° c., so the errors in the ultimate values of the thermal 
conductivity should not be unduly great. 

Independently of the present investigation, one of the authors has since 
published (l) results of the thermal and electrical conductivities of a sample of 
Acheson graphite from o° to 8oo° c. This material had a specific resistivity at 
o° c. of 0-00082 Q.-cm., so does not differ greatly from that of specimens nos. 3 
and 4. The effect of temperature on the thermal conductivity of this sample of 
graphite is shown by the heavy line drawn in figure 7; and it will be seen that a 
reasonable extrapolation of this curve passes through the points obtained at much 
higher temperatures in the present investigation. The thermal conductivity of 
graphite appears to reach a minimum value of 0*026 at about 2400° c. The points 
in the region of 1600° c. which lie well below the curve were mostly obtained after 
the rod had been heated to much higher temperatures. 

Electrical resistivity of Acheson graphite . Curves showing the temperature- 
variation of the specific resistance of the various graphites have been included in 
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figure 6. The upper curve was obtained for specimen no. 2 over the complete range 
from room-temperature to noo°c. at a time when the temperature could be 
measured by means of a thermocouple inserted into the axial hole. The curve has 
a minimum at about 520° c., at which the resistivity is 74-6 per cent of the value at 
o° c. (0-001054 £l.-cm.). The curve below this is that obtained in the independent 
investigation to which reference has been made. It also indicates a minimum value, 
but for this specimen, which had specific resistance at o° c. of 0*00082 £L-cm., the 
minimum value occurs at 450° c. and is only 80-4 per cent of the o° c. value. 
Curves for two other specimens of graphite are also given by Collier, Stiles and 
Taylor (ll) , and it will be seen that these are similar in character and show a similar 
variation as regards the position and magnitude of the minimum. 

At higher temperatures the experimental values for the rods with p 0 equal to 
0-00077 lie on a linear extrapolation of a curve situated about 5 per cent below that 
for the specimen with p 0 equal to 0-00082 £2.-cm. 

§5. DISCUSSION OF RESULTS 

Evidence for grapkitization of carbon. In considering the causes of the changes 
which occur in the conductivities of carbon heated to sufficiently high temperatures, 
the well-known fact that graphite is formed by such heating of amorphous carbon 
appears to give a likely explanation. It is evident from the results plotted in 
figures 5 and 6 that a change which can be attributed to partial graphitization of the 
carbon occurs when the material is heated above about 1700° c. For not only are 
the absolute values of the thermal and electrical conductivities of carbon tending 
towards those obtained for graphite, but after carbon has been heated to 2400° C. 
the form of the {resistance, temperature} curve appears to be intermediate between 
that of the original carbon and graphite. Our observations on two specimens of 
graphite show each of these curves to have a minimum which is more pronounced 
and occurs at a higher temperature for the poorer conducting graphite, whilst the 
carbon, which has only been heated to 2400° c., and is a very much poorer graphite, 
shows signs of approaching a minimum resistance of just under 40 per cent of the 
room-temperature value. Since the foregoing work was completed, Nishiyama (l3) 
has studied carbon filaments which have been heated to successively higher tem¬ 
peratures, and has obtained further evidence for changes of this type. After i*| hr. 
heating at 3000° c. the minimum was brought to so low a temperature that a graphite 
was obtained which had a positive coefficient from room-temperature upwards, 
x-ray analysis showed the graphitization to be accompanied by the growth of larger 
crystals within the carbon, which, prior to heat treatment, had given the diffuse 
photograph of an amorphous material. 

§6. RELATION OF THERMAL AND ELECTRICAL CONDUCTIVITIES 

For most metallic conductors the value of the Lorenz function, that is, the 
thermal conductivity multiplied by the electrical resistivity and divided by the 
absolute temperature, is about 0-58 x io“ 8 and remains nearly constant over wide 
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ranges of temperature. The values of this function for the two carbon materials 
studied in the present investigation are set out in table 5 and have been plotted 
in figure 8. Data for the two graphites which had resistivities at o° c. of 0*0001054 
and 0*00082 Q.-cm. respectively are included. The value given at o° c. for carbon 
is derived from the experimental data obtained by Jones. It will be seen that 
at o° c., carbon and graphite have Lorenz functions which are respectively 17 and 
200 times as great as that possessed by good metallic conductors. 


Table 5. The Lorenz function L of carbon and graphite 


Temp. 

(°c.) 

Carbon 

Graphite I 

Graphite II 

Resistivity 

K 

L x xo 8 

Resistivity 

K 

Lx io 8 

Resistivity 

K ; 

Lx ic 

0 

250 

500 

700 

1000 

1200 

1500 

2000 

2500 

1500* 

0*00663 

0*00474 

0*00444 

0*00426 

0*00395 

0*00284 

0*00315 

0*0039 

0*0055 

0*0070 

0*0080 

0*010 

0*025 

0*018 

9*5 

2*7 

2*44 

2*31 

2*23 

3-12 

3*03 

0*00x054 

0*00084 

0*000785 

o*ooo8o x 

0*00086 

0*29 

0*218 

o*x6 

0*128 

0*088 

X12 

35 

16*2 

io*5 

6*o 

0*00082 

0*00068 

0*000659 

0*00068 

0*00072 

0*00076 

0*00082 

0*00096 

0*00109 

0*402 

0*29 

0-21? 

0*178 

0*128 

0*100 

0*064 

0*036 

0*029 

120*8 
37*8 
18*5 
12*4 
7*2i 
5 * ij 

2 * 9 < 

1 - 5 ! 

I*I< 


* After being heated to 2000 0 c. 



Figure 8. Variation of Lorenz function of carbon and graphite with temperature. 

It is well known that metals of low thermal conductivity have Lorenz functions 
which at room-temperature are about twice as great as those of good conducting 
metals, and that these high values decrease with increase in temperature. The 
departure is of a quite different order for the materials now under consideration, 
and in this instance it is the better-conducting material which shows the greater 
departure. Indeed, at normal temperatures, the thermal conductivity of graphite 
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is higher than that of many metals which show no departure from the Wiedemann- 
Franz-Lorenz law. 

With increase in temperature the Lorenz functions of carbon and graphite also 
are seen to decrease rapidly. The two curves meet at about 1700° c. where the value 
is only about 4 times the normal metallic value. In this temperature region the 
present value is seen from the figure to be in fairly good agreement with the curve 
representing Worthing’s values (4) for a carbon filament. 

The curve for graphite continues to decrease with increase in temperature, and 
by 2500° c. the Lorenz function is only 1*14 x io“ s . The equation suggested for the 
Lorenz function of graphite in the earlier paper (l) , viz. L = 0*0294 T -1 ' 8 , only holds 
for the present results to a temperature of about 1200° c. Beyond this tem¬ 
perature the equation gives higher values than those obtained experimentally, the 
predicted value at 2500° c. being 1*87 x 10 -8 . 

With regard to this divergence, and also to the increase in the Lorenz function 
which is observed to take place for carbon as 2000° c. is approached, it should be 
remembered that the present values are derived on the assumption that the thermal 
conductivity, measured in a radial direction, and the electrical conductivity, 
measured in a longitudinal direction, are comparable quantities. This assumption 
is no longer true if local changes which have more effect on conduction in one of 
these directions than the other occur in the specimens on heating. It will therefore 
be realized that the foregoing results for the Lorenz function, whilst they can be 
accepted as showing the general nature of the change which occurs in this quantity 
over the range of temperature covered by the experiments, cannot be regarded as 
having an accuracy as great as that of the determination of either the thermal or the 
electrical conductivity. 
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ABSTRACT . The specific inductive capacity of diamonds in bulk has been measured 
by the method of mixtures, the most accurate single determination being 5-66 at 27*8° c. 
and 800 c./sec. A general mean value of 57 applies within a standard error of 1*5 per cent 
over the range of temperature from -65° c. to +85° c. and from 300 to 3000 c./sec. and 
within a standard error of 3*2 per cent for a frequency range from 50 to 5000 c./sec. while 
no change within a standard error of 2 per cent was observed up to i-6 Mc./sec. Reasons 
are given for supposing the present value more accurate than those hitherto obtained, and 
it is also shown that the value deduced agrees satisfactorily with the refractive index on the 
basis of Maxwell's law and shows consistency with the relationships of specific inductive 
capacity to atomic number and the periodic table which hold for other elements. Some 
observations are made on other physical properties of the diamond and on the theory of 
the specific inductive capacity of mixtures. 


Si. INTRODUCTION 

Origin of the investigation . In two communications Addenbrooke (l) has drawn 
attention to a number of relations which hold between the dielectric constant or 
specific inductive capacity of the non-metallic elements and their other physical 
properties. In particular, Maxwell's law relating to the refractive index appears to 
be fairly accurately obeyed, a fact which does not receive the attention which it 
deserves in text books. Data on the specific inductive capacity of carbon as diamond 
were uncertain and at Mr Addenbrooke's suggestion, and with his good offices and 
assistance, the Electrical Research Association undertook its measurement. The 
diamonds employed were only available on short loan on account of their value, so 
that great refinements in technique were not possible, but data to a known reliability 
were obtained over as wide a range as time permitted. 

An early determination by Pirani ^ at audio frequencies gave a specific in¬ 
ductive capacity of 16*5 but his experimental methods were open to serious objec¬ 
tion. Schmidt^ used very short waves, probably of the order of io 8 to io 9 c./sec. 
(30 cm. to 3 m.) and a method of mixtures. The test condenser formed part of an 
oscillating circuit coupled to a Lecher-wire circuit with a movable bridge and 
adjusted to resonance. A calibration was obtained with liquids of known specific 

* Based on Ref. L/T87 of the British Electrical and Allied Industries Research Association. 
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inductive capacity. A second calibration was obtained with the diamond immersed 
in the liquids. Where the two curves intersected the specific inductive capacities 
of diamond and liquid were equal and the value for the former could thus be 
deduced. By this means a value of 5-50 was obtained with an estimated accuracy 
of 5 per cent. More recently Sir Robert Robertson, Fox and Martinfound the 
specific inductive capacities of the two types of diamonds discovered by them. 
They used a high frequency of the order of 50 Mc./sec., determining, by substitu¬ 
tion in an oscillating circuit, the change in capacity of an air condenser due to the 
insertion of a diamond; the irregular shape was allowed for by comparison tests on 
glass models of known specific inductive capacity. They quoted values of 5-01 and 
4-88 for the two types, but considered this difference to be within the limits of 
experimental error. Mention should also be made of the work of Rosenholtz and 
Smith (5) who immersed mineral powders in a mixture of methyl alcohol and carbon 
tetrachloride in the presence of a divergent electric field produced between two 
needle points. The alcohol was added until the powder was no longer attracted to 
the needles, when it was assumed that the specific inductive capacity of powder 
and liquid were the same. The specific inductive capacity of the liquid was then 
deduced from the composition. A value of 4-58 is given as the result for diamond 
powder by this method, but it must be regarded as a lower approximation of low 
accuracy since it is admitted by the authors that different results are obtained if 
the specific inductive capacity of the liquid is decreased from a higher value than 
if increased from a lower value. 

The measurements made on single diamonds require, in effect, the value of, or 
ratio between, very small capacities, and encounter the difficulties inherent in such 
tests. In addition, large crystals of a certain shape must be used, and are likely to 
give anomalous results. Accordingly, it was desired to make a measurement of the 
average value for a large number of small crystals, as perfect as possible, over as 
wide a range of frequency as possible. By this means a larger capacity can be 
employed with correspondingly increased accuracy and range of frequency. One 
obtains, however, a mean value for the various orientations of the crystal, but 
Schmidt showed with other crystals that the change of specfic inductive capacity 
with orientation is usually small and he was unable, apparently, to observe any 
differences in the diamond. 

Type of diamonds used . The Diamond Corporation, when approached by Mr 
Addenbrooke, agreed to assist and referred the question to their adviser, Prof. 
W. T. Gordon. After the latter, with Mr Addenbrooke, had inspected a large collec¬ 
tion of diamonds of all types, a collection of fine blue-white melee stones was con¬ 
sidered the most suitable. These stones were small natural crystals of octahedral 
form selected to be as perfect and as regular as possible by the experts of the Diamond 
Corporation and afterwards passed by Prof. Gordon. Since the crystals were 
selected to be of this regular characteristic diamond form, no further account of 
the morphology is required except to indicate that, although the collection included 
a certain number of split, broken and imperfect crystals, the number of twin or 
multicrystals, conchoidal fractures and fragments, was very small. The crystals 





(a) Cube face $) Cleavage face 

Figure I. Representative electron diffraction patterns for diamond (Professor Finch). 
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were all of about the same size, the average diameter being 1*85 mm. and the 
average weight 10*5 mg., so that an unusually homogeneous collection of good, 
natural crystals was employed. About 6000 stones were originally loaned, of which 
about 4000 were employed in the tests. 

Two main determinations of the density were made on portions of the collection 
giving values of 3*514 and 3*518 at 20° c. Cohen and 01 ie (6) give 3*514 at 18 0 c., 
Wigand (7) gives 3-518 at room-temperature, while Robertson, Fox and Martin (4) 
give a number of values for different diamonds ranging from 3*508 to 3*517 at 
15 0 c. for their type 1, which is the common type. 

Some specimen electron-diffraction patterns were obtained by the courtesy of 
Prof. Finch, who selected a small set of specimen stones. Two patterns at different 
orientations, obtained by reflection, are shown in figure 1. Prof. Finch reported 
that all the diamonds examined gave normal characteristic patterns, while the 
definition and simplicity of the patterns indicated that the surface planes were 
parallel to the true crystal faces, that is, the stones were true natural crystals. It 
was considered, therefore, that the diamonds employed might be taken as typical 
of this form of crystalline carbon. No attempt was made to separate the two types 
of diamonds, since the second type is so rare as to be unlikely to affect the results 
in tests of the nature envisaged. 

Electrical resistance of diamonds . Some experiments were made on the electrical 
resistivity of typical diamonds selected by Prof. Gordon as representative, the 
diamonds used in the capacity tests being too small for this purpose. The method 
employed was the electrostatic induction-balance method of Townsend for the 
measurement of small currents. About 100 v. was employed and the electrodes 
were of thin metal foil backed by soft metal pads. No consistent differences were 
observed where it was possible to test in more than one direction, but owing to the 
irregular shape of the specimens the accuracy was probably only about 10 or 20 
per cent. 

Table 1. Resistivity 


Specimen 

no. 

Description 

Resistivity at 25° c. 
(D.-cm?) 

D.2 

Octahedron, blue white, Angola 

9*6 X IO 12 

D.3 

Octahedron, blue-white, Congo 

5-5 x 10 12 

D.S 

Cube-Octa-Dodecahedron, B.C.K. 

IO X IO 12 

D.6 

Cube-Dodecahedron, B.C.K. 

4*8 x 10 10 

D.8 

Spinel Twin, B.C.K. 

5*7 x I© 12 

D.t> 

Cube, B.C.K. 

II X IO 12 

D.io 

Cube-Octa-Dodecahedron, black, B.C.K. 

14 X IO 12 

D.ix 

Cube, yellow 

5*5 x 10 12 

D.13 

Carbonado, Brazil 

About io 8 

D.14 

Carbonado, Brazil 

About io 7 

D.i S 

Cube-Octa-Dodecahedron, B.C.K. 

1*1 X IO 12 


It is seen that the values for all the diamonds proper are of the same order and 
indicate highly insulating properties. The low-resistance carbonados or borts are 
black, but are valued on account of their greater hardness. 
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§2. EXPERIMENTAL METHODS 

The method used consists essentially in the determination of the specific 
inductance capacity of a mixture of the solid with a liquid or gaseous medium of 
which the specific inductive capacity either has been predetermined or is measured 
simultaneously. By the use of several immersion media of which the specific 
inductive capacities lie on either side of that of the solid, the latter can be deter¬ 
mined by interpolation. The complete determination of the specific inductive 
capacity of the diamonds with a number of media was restricted to the two fre¬ 
quencies 800 and 2000 c./sec. and the two temperatures 27*8° c. and 54*4° c. For 
ill other frequencies and temperatures air was employed as the immersion medium 
and the variation of the specific inductive capacity of the diamond was computed 
from the variation of the specific inductive capacity of the diamond-air mixture. 
Tests were made in a thermostat and continued until constant results were obtained, 
a period of several hours usually being required. The range of the investigation 
covered frequencies from 50 c./sec. to i-6 Mc./sec. and temperatures from —65° c. 
to 8o° c. 

The condenser equipment . For rapidity, and to minimize the effect of any small 
changes in the medium and in the test conditions, the condenser system was 
arranged so that the specific inductive capacity of both the mixture and the immer¬ 
sion medium could be measured simultaneously. Since dismantling and reassembly 
for the purpose of inserting the solid were necessary operations between measure¬ 
ments, it was essential that the main condenser should permit assembly to a high 
degree of accuracy. 

The construction of the composite condenser is evident from figure 2. The 
bottom plate formed the high-voltage electrode while the middle plate, mounted 
concentrically within a guard ring, formed the low-voltage plate of the main diamond 
condenser. The separating washers were of accurately ground glass, fitted into 
recesses in the plates, and were of such thickness as to allow the guard ring to form 
a boundary for the diamonds. The uppermost plate provided the high-voltage 
electrode of the auxiliary condenser for the determination of the specific inductive 
capacity of the media, the other electrode being the middle plate. The spacing 
washers in this case were of mycalex and were separated by nuts in order to split 
the leakage path. With the exception of the top plate, which was of brass, the con¬ 
denser components were of stainless steel. A cylinder of sheet copper and the 
electrode which was surplus to each condenser provided the requisite electrostatic 
screening. The diamonds were packed as tightly as possible in a single layer, giving 
a volume ratio of 0-334. 

Immersion media . The liquid media consisted of either castor oil or mixtures of 
castor oil and nitrobenzene in varying proportions.* The power factor of the castor 
oil was low—of the order of 0-2 per cent at 27*8° c. and 0-9 per cent at 54-4° c.— 
and remained stable for measurements made at 800 c./sec. With the mixtures of 


* The castor oil used was of pharmaceutical quality and the nitrobenzene of analytical quality. 
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castor oil and nitrobenzene the initial power factors were appreciable and progres¬ 
sively increased with time, particularly at the higher temperature. 

The two liquids were de-aerated in a separating funnel and shaken together in 
vacuo. The mixture was then admitted slowly into the bottom of the previously 
evacuated desiccator containing the condenser through a glass dropping-tube. 
Evacuation was continued until all bubbles were removed. 

After each test the condenser and diamonds were thoroughly washed with 
alcohol and dried. 



Figure. 2. Construction of test condenser for the determination of the specific inductive capacity 
of diamonds. A , brass clamp for glass tube; B, J-in. B.S.F. bolts (3 at 120° apart); C, stain¬ 
less steel washers; D, mica washers; E, high-voltage brass electrode; F, mycalex washers* 
G, low-voltage stainless steel electrode; H, glass washers; /, stainless steel guard ring; 
/, high-voltage stainless steel electrode; K, mica washers; L, stainless steel washer* 
M, rigid clips on 2 B.A. screws displaced at 15 0 with respect to each other. Low-voltage 
connexion screened by copper tubing connected electrically to guard ring. 

Measurement of capacity . The audio-frequency measurements were made by 
substitution in a low-voltage Schering bridge employing as detector either an 
amplifier and telephones or a vibration galvanometer, the guard ring of the con¬ 
denser and all screens being connected to the Wagner earth arm. The air capacity 
of the main condenser determined at 800 c./sec. together with the subsidiary and 
stray capacities are shown in table 2. Corrections for the latter were made where 
necessary, and a correction was made for the slight overestimation of the specific 
inductive capacity of the medium by the upper condenser. 

The radio-frequency measurements were made only on the lower condenser. 
This can be considered as an equivalent delta network where C x and C g are the 
capacities of the guard ring (including the screens) to the low-voltage and high- 
voltage plates respectively and C y is the required capacity between the low-voltage 
and high-voltage plates. If each capacity is short-circuited in turn, the sum of the 
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other two capacities is obtained, whence C v is given by 

C,-* {(C x +c y ) + (C y +C z )-(C z +C x )}. .(1). 

These composite capacities were determined by substitution in the tuned circuit 
of a radio-frequency oscillator containing a variable precision condenser arrange¬ 
ment. An auxiliary oscillator loosely coupled to the main oscillator served as an 
indicator of tuning, the beat frequency being adjusted to 800 c./sec. by beating with 
a standard 8oo-c./sec. signal. The leads connecting the test condenser and auxiliary 
apparatus to the oscillator were screened, the screens being connected to the 
screens and guard ring of the test condenser which were always connected to the 
earthy side of the oscillator. 


Table 2. Air capacity of condenser components measured at 800 c./sec. 


Capacity measured 

Value. (/njuF.) 

High-voltage to low-voltage electrode of main condenser 
Stray capacity over edge of guard ring 

Leads to bottom condenser 

Leads to top condenser 

34*4 ±0-2 

0*74 ± 0*03 

0*57 ±0*03 

1*02 ±0-03 


It is to be observed that the values of C x and C z were considerably greater than 
C y , C t being the larger. In order to obtain the maximum accuracy, therefore, a 
variable air condenser covering the range (C x +C y ) was employed, the additional 
capacity for the other two measurements being supplied by a fixed screened mica 
condenser. In view of the cancellation of the latter capacity in the final calculation 
for C y7 its accuracy depended only on the accuracy of the air condenser and the 
stability but not the absolute value of the fixed capacity. As an alternative method 
the effective range of a standard 100- to 1200-^F. variable air condenser was 
reduced to the appropriate value by connexion in series with a fixed air condenser, 
the law of combination being expressible in a linear form which served to facilitate 
both calibration and interpolation. 

§3. EXPERIMENTAL RESULTS 

Interpolation methods . It is essential that any formula which purports to com¬ 
pute the specific inductive capacity of a mixture, in terms of and e z , the 
specific inductive capacities of the solid and liquid components respectively, 
should satisfy the condition 

Thus, if the experimental values of e m /e l and the values of eje,, calculated from 
some possible formula, are plotted against e m , then the two curves obtained must 
intersect at the point where 

€ m __ _ 

This condition of intersection at a particular point substantially increases the 
accuracy to which the curves can be drawn and hence gives a greater accuracy of 
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interpolation than can be obtained directly from the curve for e m /«j. This applies 
even though the formula which has been employed in the calculation of e m /e, is 
not completely valid. The absolute accuracy is then determined by the accuracy of 
interpolation and the authenticity of the interpolation curves in the region of inter¬ 
section which depends on the accuracy of the experimental values of e t and e m and 
of the resulting computation of e,. From these considerations the error in the 
absolute determination is estimated to lie well within 1 per cent. 

In a preliminary investigation carried out with glass beads, special cases of 
Wiener’s general formula* were examined in respect of their applicability to the 
determination of the specific inductive capacity of the immersed solid, and were 
found adequate as a basis of interpolation although invalid for purposes of calcula¬ 
tion. In the diamond tests a new type of approximation was employed which took 
into account the size of the solid units as well as the volume ratio, the diamonds 
being considered as small contiguous spheres resting on the lower condenser plate. 
The disturbing effect of a dielectric sphere of volume v can then be represented by 
a dipole at the centre of the sphere of moment 

(3/4*)JSb {(«-!)/(« + *)}, 

where E is the normal field and e is the ratio e 4 /e t . In order to obtain correct boun¬ 
dary conditions at the electrodes these dipoles must be successively reflected in the 
electrode surfaces, while in order to take the mutual influence of different spheres 
into account each dipole must be successively inverted with respect to all the other 
spheres. For the first-order dipoles the simplest approximation is that obtained by 
assuming that their effect is similar to a uniform sheet of dielectric of the same 
volume but is multiplied by a factor v, less than 1, to take into account the finite 
spacing of the dielectrics, whence if P is the normal polarization 

A P %vnv /€—1\ (e—1 \ 

P-AP - d U+zj-^U+z/’ 

where n is the number of particles per cm?, d the distance between electrodes, and 
p the volume ratio of solid to total space. It is assumed that the image dipoles 
without the electrodes have no effect on the field within and that a disturbing 
potential AV is set up with negligible contribution of flux. 

The inverted dipoles are multiplied in successive orders by — (e — i)/(e+2) and 
a function of the mutual distances, so that as a first rough approximation 


e«M=x/(i-/). 


whence 


* The formula is as follows: 



where ju is the proportion of the total volume occupied by the solid and u is a form factor which takes 
into account the effect of the shape of the solid on its contribution to the specific inductive capacity 
of the mixture. 


12-2 
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Taking v as 0*9 and p as 0*334, the error in the computation of e s from formula 
(2) was not greater than 3 per cent over the range of liquid media employed, i.e. for 
values of € s je l from 0*82 to 1*2. On the other hand, for large values of e s /e z such as 
obtain with gaseous media, the error in the calculation of e s is so large as to render 
the method of computation unreliable. The above approximation would therefore 
appear to be satisfactory only in the cases in which the specific inductive capacity 
of the media approximates to that of the immersed solid. 


Table 3. Interpolation results at low frequencies 


Temperature (° c.) 

27*8 

Frequency (c./sec.) 

300 

800 

2000 

4000 

Experimental values of and e m 

*1 


€l 

€ m 

*z 



€ m 

6'4s 

6 *z 4 

4-6 6 

5'7s 

tt. 

4*95 

III 

6*4e 

4‘6e 

p5 

6'4o 

6 - 8 e 

4*97 

s 

6'4e 

6 *4 6 

6 * 2 6 

€ s (interpolated) 


S -66 

5*7i 


Temperature (° c.) 

54*4 

Frequency (c./sec.) 

300 

800 

2000 

4000 

Experimental values of € Z and e m 


€ m 


€ m 


€ m 



6 *o 5 

6 *o 5 


4*7? 

5*49 

5*93 

6 * 2 ! 

4*3? 

5*3s 

5*9e 

6'3i 

4*7? 

5*48 

5*93 

6 *i 4 

5*9e 

5*9s 

€ s (interpolated) 


| S’ 81 

S'79 



Audio-frequency measurements. The experimental values of e m and € t are shown 
in table 3 together with the interpolated values of e s . Figure 3 comprises a typical 
pair of curves showing the experimental values of <r m /e z and for the values of e w /e s 
calculated from equation (2). The experimental results obtained for the higher 
frequency are rather less consistent than those obtained at the lower frequency. 
A change of frequency from 800 to 2000 c./sec. causes a change in € s of less than 
1 per cent, the variation being in opposite directions for the two temperatures, and 
probably attributable to experimental error. This is confirmed by the values of 
e z and e m , also shown in table 3, for check tests carried out at 300 and 4000 c./sec. 
with one of the liquid media. A change of temperature from 27*8° c. to 54*4° c. 
causes an increase in £ at both frequencies: the variation of 2*6 per cent at 800 c./sec. 
and 1*4 per cent at 2000 c./sec. is too great to be accounted for by experimental 
error and appears to be an intrinsic effect. 

Table 4 summarizes the results for the additional check tests made in air over 
an extended range of temperature and frequency. There appears to be no consistent 
variation of e m either with frequency or with temperature, so that the discrepancies 
must be attributed to experimental error. It can be shown from equation (2) that, 
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where the medium is air, a given percentage change in the specific inductive capacity 
of the solid causes only about one-fifth as great a variation in the specific inductive 
capacity of the mixture. The possible variation of e s with frequency or temperature 
is within the limits of uncertainty associated with the group of values, namely a 
standard error of 1*5 per cent from 300 to 3000 c./sec. or of 3-2 per cent from 50 to 
5000 c./sec. 



4-8 5-2 5’6 6-0 6-4 6*8 

Values of e m 

Figure 3. Experimental values of € m /e l and calculated values of <r w /e 3 at 27-8° c. 

and 800 c./sec. 


Table 4. Low-frequency check tests with air over extended 
range of temperature and frequency 


Frequency 

(c./sec.) 


€ 

m 


-6s°c. 

28-8° c. 

54 * 4 ° c. 

00 

0 

0 

p 

50* 

I *S 9 o 

i' 59 2 

1-563 


200* 


1-563 



300* 


1-587 



500 


1- 57 s 



800 

I- 57 s 

1' 57 * 

1-584 

I- 57 s 

2000 

1-581 

1-581 

1-584 

I * 57 o 

3000 

1-581 

1-581 

i- 59 a 


5000* 


i- 57 s 

1 i-6o, 



* These results are not very accurate owing to the lack of sensitivity of the detector at 
these frequencies. 

Radio-frequency measurements. In order to eliminate the effect of change of 
capacity due to a change in the disposition of the diamonds between different series 
of tests, one determination of each series was always made at 800 c./sec. and was 
used as a standard of comparison. With the direct substitution method the results 
were corrected for residual inductance (about o-8 /xH.) in the leads of the test 
condenser, while National Physical Laboratory calibrations at ioooc./sec. and i-6 
Mc./sec. permitted the correction of small errors in the measuring condensers. 
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The ratios of e m at various frequencies to e m at 800 c./sec. are given, in table 5. The 
standard deviation is of the order of 0*4 per cent, corresponding to a standard 
deviation in the specific inductive capacity of the diamonds of 2 per cent. The 
series-condenser method, owing to a different distribution of errors, does not lend 
itself to the same type of correction, so that the divergence from unity is, in general, 
greater than with direct substitution, although the results lie within the limits of 
experimental error for the particular test conditions. The random variation with 
frequency suggests that € s is independent of frequency within a standard error of 
2 per cent. 

Table 5. Radio frequency measurements 



Ratio of e m 

Method of measurement 

800 

Radio-frequency (kc./sec.) | 


c./sec. 

35*5 

175 

308 

600 

1600 

A. Direct substitution 

1*000 

1*000 

i-oo 6 * 

i*oo 3 



o* 99 o 

B. Series-condenser method 

1*000 


I*OI 7 

0*983 

I*OO 0 

I*OO 0 


1*000 




o* 99 s 

i*oo 3 


1*000 





I*OI 2 

Mean of B results 

1*000 


I*OI 7 

0*983 

o* 99 s 

i*oo 5 


# This value was obtained for a new disposition of the diamonds. 


§4. DISCUSSION OF RESULTS 

The value 5-66 at 27-8° c. and 800 c./sec. compares closely with that obtained 
by Schmidt, namely 5*5, by the method of mixtures, but is higher than the values 
found by Robertson, Fox and Martin, whose method is, however, attended with 
great difficulties. These comparisons, nevertheless, definitely support the view that 
the specific inductive capacity is independent of frequency up to the order of some 
hundred megacycles per second. 

Walter (8) made a careful determination of the refractive index of diamonds for 
the various Fraunhofer lines. The refractive index increased slightly with frequency 
as shown in figure 4, lying between 2*4 and 2*47. Peter (9) made up a diamond prism 
and deduced therefrom a limiting low-frequency refractive index of 2-38. Robertson, 
Fox and Martin give an index of 2*41 at A5461. These various values are indicated 
in figure 4 and may be said to agree with an extrapolated value of about 2-38. This 
corresponds on Maxwell’s law to a specific inductive capacity of 5-67, which is in 
close agreement with the value measured. 

Such extrapolations are always questionable, particularly in view of the infra¬ 
red absorption bands studied by Robertson, Fox and Martin. However, the 
evidence is fairly strong for the view that the specific inductive capacity of diamonds 
is a constant of the diamond and arises from a polarization provided, as on the 
Lorentz theory, by electronic actions of the same type as those involved in the 
transmission of optical waves. 
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Table 6 summarizes the most representative modern values for data which 
were originally collected by Addenbrooke (l) , together with the present result, and 
indicates that Maxwell’s law applies fairly closely for all the elements measured, 
even though the value of n 2 employed in general is not extrapolated but corresponds 
to the D line. 



Figure 4. Refractive index of diamond. ® Walter. ® Extrapolated value from Peter. 
© Robertson, Fox and Martin. 


Table 6. Comparison of specific inductive capacity with refractive index 


Element 


H 

He 

Ne 

Ar 

Kr 

X 

Cl 

Br 





134 

553 

838 

1353 

— 

—. 





134 

568 

854 

1404 

— 

— 

Liquids 

€ 

1*21 

1*048 

— 

— 

— 

— 

— 

— 


n % 

1*21 

1*048 

— 

— 

— 

— 

— 

— 


€ 

— 

—, 

— 

— 

— 

— 

i -97 

3*12 

■H 

n % 

— 

— 

— 

— 

— 

— 

i*88 

27s 

Element 


I 

0 

S 

N 

P 

c 

Se 


Gases 

(«- l) x io 6 

— 

543 

— 

581 

— 

— 

— 



(tt a — i) X IO 6 

— 

539 

— 

584 

— 

— 

— 


Liquids 

€ 

— 

1-47 

— 

i *45 

— 

— 

— 



n 2 

— 

1*40 

— 

i ‘45 

— 


— 


Solids 

€ 

4-00 

— 

4*00 

— 

3-85 

5*66 

6*14 



« 2 

3'70 

— 

4*00 

— 

4-14 

5-67* 

6*04 



• Extrapolated value. 


Cuthbertson (lo) also arranged the molecular or, more appropriately in the 
present instance, the atomic polarization of the elements in the form of the periodic 
table. The atomic or molecular polarization is given by 


P= 


6-1 W 
e+2 d ’ 
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where € is the specific inductive capacity, W the atomic or molecular weight and 
d the density. He then found that certain simple ratios existed between consecutive 
elements in the same row or column. His data have more recently been revised by 
Dobieslaw Doborzynski ^ and mean values from the most recent observations lead 
to table 7, in which the value for carbon deduced from the present investigation on 
the diamond, namely 2*08, has been included. 

The value for carbon gives exactly integral relations with hydrogen and helium 
and approximately simple relations with the other members of Group O. The atomic 
polarization of an element depends upon the distribution of electron orbits and the 
screening exercised by the inner orbits. The calculations made by Van Vleck 
and others become rather complicated when applied to elements of high atomic 
number. The present relations suggest that these effects are much simpler than the 
theory would, at first sight, seem to indicate. 

Addenbrooke has gone further and has deduced certain relative electric attrac¬ 
tions and relative energies from the specific inductive capacity and has compared 
these quantities with other constants such as the atomic number, melting and 
boiling points, and surface tension. Owing to the high subliming point of carbon 
the thermal comparisons do not appear valid for this element, a result which is to 
be anticipated since the infra-red absorption bands do not seem to be related to the 
specific inductive capacity whereas, on Lindemann’s theory, these oscillation 
numbers should determine the melting point. As regards atomic number, Adden- 
brooke’s curves for the elements will be unaffected, since although he used Schmidt’s 
value, a slight arithmetical error caused his final result to agree actually with the 
value found in the present work. 

There still remains, however, the question of the effect of temperature. In the 
method of mixtures the specific inductive capacity of the mixture is a function of 
the product of the specific polarization of the solid and its relative volume. This 
product does not change as a result of thermal expansion, so the negative tem¬ 
perature coefficient of the specific inductive capacity due to this cause should be 
absent. The thermal expansion of the apparatus should not have a primary effect 
since only ratios are involved between tests on the same apparatus. 

Nevertheless, the change with temperature observed in the absolute deter¬ 
minations lay outside the apparent limits of experimental error. On the other hand, 
the relative tests over a wide range of temperature showed no consistent effect. 
It seems probable that the specific inductive capacity is substantially independent 
of temperature, as it should be on the Lorentz theory, and that the variation 
observed is due either to secondary effects or to a defect in the method of mixtures 
when the latter is applied to complex liquids not completely stable at the tempera¬ 
ture of test. The secondary effects, if valid, are in any case small. 




to O group 
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§5. CONCLUSIONS 

{a) An accurate determination of the specific inductive capacity of diamonds 
in bulk indicates that the value is 5*68 ± 0*03 at room-temperature and at frequencies 
from 500 to 3000 c./sec. The most accurate determination gave 5*66 at 800 c./sec. 
and 27*8° c. There appears to be a slight increase with temperature of the order of 
1*5 to 2*5 per cent at about 6o° c. This, however, is not consistent, and com¬ 
parative observations indicate that the specific inductive capacity is, in general, 
constant to within 2 per cent from — 65° c. to +85° c. 

(&) The specific inductive capacity of diamonds has been shown to be in¬ 
dependent of frequency to within a standard error of 1-5 per cent from 300 to 
3000 c./sec., of 3-2 per cent from 50 to 5000 c./sec. and of 2 per cent from 800 c./sec. 
to 1*6 Mc./sec. 

(c) The value so found agrees with Schmidt on single stones within the limits 
of error of the latter’s measurement. It is higher than that found by Robertson, 
Fox and Martin, but the single stones employed by them introduced considerable 
difficulties of measurement. It is also in agreement with the optical refractive index 
on the basis of Maxwell’s law. 

(1 d ) The specific inductive capacity of the diamond is thus probably a true 
constant of the crystalline element, in agreement with the hypothesis of Lorentz. 
The relationship with the atomic number and position in the periodic table en¬ 
visaged by Addenbrooke and Cuthbertson is confirmed, but the connexion with 
other, particularly thermal, constants is open to doubt. 

(e) The method of mixtures employed in the experiments offers possibilities 
of the accurate determination of the specific inductive capacity of solids in the form 
of small particles or powders, but it is unsafe to employ formulae for extrapolation 
from measurements on mixtures. 
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DISCUSSION 

Mr G. L. Addenbrooke. My work on connexions between the specific in¬ 
ductive capacity of the non-metallic elements and their other properties has been 
referred to in the paper. It was in connexion with this that the uncertainty of the 
electrical data regarding carbon in the form of the diamond, and the desirability 
of obtaining completer and more accurate data became apparent, not only from a 
theoretical point of view, but also from the important part carbon plays in the 
constitution of so many insulating materials. It is now some six years since I 
brought this to the notice of Mr Wedmore, director of the Electrical Research 
Association, and obtained the offer of the Association to co-operate in the necessary 
work, the results of which are before you in this paper. Briefly the work covered by 
the paper divides itself under two headings: the first covers the theoretical con¬ 
siderations which must be taken into account when one is dealing with a mixture of 
substances, the other covers the methods of manipulation to be used in dealing 
with substances in granular form which require a number of experiments and 
need complete washing and drying between each set. I think Dr Whitehead has 
succeeded in putting in very convenient form the points which must be taken into 
account theoretically in dealing with mixed substances; and again I think much 
credit is due to Miss Hackett for the successful way in which she has carried out 
the experimental work without any loss from the 4000 stones which were involved 
in the experiments. 

On p. 183 of the paper the authors have given a very neat table in which the 
specific inductive capacity of the non-metallic elements is compared with the square 
of the refractive index. This shows how closely Maxwell’s law is obeyed and should, 
I think, be quoted in text-books in the future, as it puts Maxwell’s law on a clear 
and solid basis. The law also covers a number of compounds in which hydrogen is 
united with the non-metallic element, but it fails when oxygen is included in the 
compound. 

I was anxious in these experiments to see how carbon would fall in with the 
other elements, as its atomic volume 3-4 is so very small in comparison with theirs 
—for instance, that of iodine, which is about 27. Now the molecular polarization 
of carbon according to the formula atomic volume x(E—i)/(J?+2) is about 2-2 
and thus falls into its proper place in a diagram representing atomic numbers as 
abscissae and the relative polarizations or attractions as ordinates. Such a diagram 
also shows how the inductive capacities of these elements vary with their atomic 
numbers and their positions in the periodic table. 

It does not seem to be generally recognized what a fundamental property 
specific inductive capacity is. For instance, to give one of these non-metallic 
elements an electric charge is to store energy in it in accordance with its atomic 
number and weight, and its position in the periodic table. If, now, the temperature 
of the element is raised or lowered, there is hardly any change in the inductive 
capacity or in the energy stored, and this is the case down to the absolute zero of 
temperature. But heat is also a storage of energy, and though this storage per 
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degree does not vary much above ordinary temperatures, it falls off rapidly until it 
becomes negligible near the absolute zero of temperature. 

It is true that the electrical storage of energy is effected by creating strains 
between the oppositely charged components of the atoms while the storage of heat, 
so called, is effected by increasing the motion of vibration of the atoms or molecules 
as wholes. This motion of the atoms or molecules of the substance itself is, however, 
brought about initially by production of strains due to electromagnetic radiations 
from the source which produce similar strains in the atoms to those set up by an 
ordinary electric charge and these by resonance cause a vibratory motion of the 
molecules which is dissipated in subsidiary radiations through the substance giving 
rise to heating, except when it is transparent, that is, when the radiations are pro¬ 
pagated through the substance in an orderly manner and without irregular dissipa¬ 
tion of their energy. 

Dr D. Owen. The principle of the mixture method employed by the authors 
in their capacity bridge determination of the dielectric constant of diamonds seems 
the only sound one to employ in a condenser method when the specimen is given 
in fragmentary form. Thring proposed a formula to deal with the calculation in the 
case of a'mixture of a liquid and a solid dielectric, but there is no doubt that the 
formula is unsound. The true approach is to find a liquid whose dielectric constant 
is equal to that of the solid, or, as is shown in the present paper, by interpolation 
from a series of experiments using different combinations of two liquids miscible in 
continuously variable proportions, one of higher, the other of lower dielectric 
constant than that of the solid. The authors have succeeded in finding two suitable 
liquid media for the purpose, and there seems little reason to doubt the substantial 
accuracy of their final results. 

Mr Addenbrooke is to be congratulated on his successful offices in making the 
present investigation possible, as well as on his fruitful work over many years on the 
subject of dielectrics. His suggestive papers provide a mass of data ready to the 
hand of the mathematical physicist. At his suggestion Miss A. I. Anderson made a 
determination of the dielectric constant of another pure element, bromine; this 
work is also published in the Proceedings of this Society. It is noteworthy that in 
that work, as also in the present work on the diamond, the results agree closely with 
those of Schmidt, obtained nearly forty years ago, using one of Drude’s short-wave 
methods. 

Dr L. Hartshorn. It occurs to me on rereading the paper that the apparent 
increase of dielectric constant with temperature at about 6o° c. is almost certainly 
due to the conductance of the liquid. The measured capacitance of a mixture is 
proportional to the electrostatic energy stored in it for a given terminal voltage, and 
therefore depends on the potential distribution as well as on the dielectric constants 
of the constituents. It is a well-known principle in electrostatics that this energy 
has a minimum value for the electrostatic distribution of potential, that is to say, 
for that distribution which is obtained when there is no conduction current. It 
follows that any departure from this potential distribution arising from inequalities 
of conductance causes an increase in the measured capacitance. Strictly speaking, 
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the method of mixtures is only valid when the frequency is so high that the con¬ 
duction current is negligible in comparison with the displacement current, in other 
words, when the power factors of all the materials are small. 

In the present experiments the conductance of the liquid was clearly much 
greater than that of the diamonds, and increased with rise of temperature. The result 
was an increase of capacitance with rise of temperature, or an apparent increase of 
dielectric constant e s . The lower the frequency the greater is the ratio of conduction 
current to displacement current, and therefore the greater the apparent increase of 
e s . For the experiments over an extended range of temperature the diamonds were 
in air the conductance of which was too small to produce such an effect. 

These considerations might suggest that the authors’ results are all too high, 
but the evidence provided by the observations shows that apart from the apparent 
effect of temperature already discussed, the error due to conductance is not likely 
to be very important. For an error of this kind is necessarily associated with an 
apparent diminution of dielectric constant with rise of frequency, and although it is 
unfortunate that circumstances did not permit observations over a wider range of 
frequencies, the values in table 3 are sufficient to show that this effect, which is just 
noticeable at 54 0 c., is not detectable at 28° c. The main conclusion to be drawn is 
that one is justified in neglecting the apparent increase of dielectric constant at a 
temperature of about 6o° c. 

Dr A. E. Martin. Dr Whitehead has referred to the value of about 5 *0 at 1 M./sec. 
for the specific inductive capacity of diamond, reported by Robertson, Fox and 
Martin in 1934. This result was obtained for single crystals of the two types of 
diamond which we had then recently discovered, no measurable difference being 
found for the two varieties. 

More recently Dr Groves and I have repeated the measurements with improved 
apparatus and have found the value 5-26, which is considerably lower than Dr 
Whitehead’s determination. A possible reason for the lowness of our figure is as 
follows. In our measurements the diamond in the form of a cleavage plate, several 
millimetres thick, is sandwiched between electrodes and the capacity measured. 
Owing to imperfections in the diamond and electrode surfaces small air gaps must 
necessarily be present and these will cause the value obtained for the specific 
inductive capacity to be low. For example, it can be shown that a uniform air space 
equal to 1 per cent of the diamond-thickness would lead to a value nearly 5 per cent 
low. Such a large air gap as this we believed to be unlikely, and since our method 
gave for fused silica discs, similar in size to the diamonds, the value 3*69, in agree¬ 
ment with the comprehensive measurements of Jaeger*, we concluded that no 
appreciable error arose from the slight air gaps present. 

I think it would be worth while if Dr Whitehead could make measurements on 
fused silica (in small pieces) with his apparatus and see that the same value is ob¬ 
tained as for fused silica in sheet form. 

Authors’ reply. We thank Mr Addenbrooke for his kind remarks and are glad 
that, even though after some delay, we were able to implement his suggestions. The 

* Jaeger, Dissertation , Berlin (1917)- 
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validity of Maxwell’s law depends upon the frequency at which the comparison is 
made and it is necessary for exactitude to extrapolate the refractive index to zero 
frequency. Accordingly it is truer to say that the specific inductive capacity of these 
elements obeys classical theory and that the infra-red spectrum has little effect 
outside its immediate neighbourhood. If frequencies in the neighbourhood of the 
ultra-violet absorption were considered, the results would be much more compli¬ 
cated. The table of atomic polarizations shows, we think, that to a first approxima¬ 
tion, the theory of electric displacement or electronic deformation in elements is 
much simpler than the mathematical theory so far suggests, since it can be seen 
that simple integral relationships roughly hold. However, the deviations from these 
relationships are appreciable and indicate the existence of complicated correction 
terms. 

We agree with Dr Owen that the use of a liquid of equal specific inductive 
capacity is the best method for powders and fragments. It would, however, have 
been too laborious to obtain an exactly equivalent liquid, on account of the time 
necessary for stability, so that we were led to an interpolation method which 
should not introduce any material errors, since the differences in specific inductive 
capacities were small. The value for bromine found by Miss Anderson was used in 
preparing the tables for other elements in the paper. 

Preliminary experiments were made on glass beads of dimensions similar to 
those of the diamonds employed. Only an indirect comparison could be made from 
a knowledge of the composition and properties of the glass, but this indicated that 
the method was satisfactory. We hope, nevertheless, to make later a more exact 
comparison as Dr Martin suggests, but feel that no very considerable error can 
affect our results. 

Dr Hartshorn raises what is perhaps the greatest difficulty in our method, 
namely, the fact that unless all the electrical properties of solid and liquid are the 
same, the two are not strictly equivalent. If field-distortion is ignored then it is 
possible to calculate the error due to the power factor or loss angle S of the liquid 
and the following correction factor is arrived at: 

{! — (3oc-2£)-§ tan 2 S}, 

where a and ft are corrections to the bridge equations arising from the same cause. 
The value of this correction is of the requisite order for the media of highest 
specific inductive capacity but it cannot exceed o-8 per cent, in the neighbourhood 
of interpolation, and is probably a good deal less. Accordingly, the anomalous 
effect of temperature cannot satisfactorily be explained in this way, although it is 
still possible that the error as estimated is exaggerated in reality on account of the 
distorted nature of the field and the additional interpolation error due to the fact 
that the experimental curves are incorrect in shape. Unfortunately it is not possible 
to calculate these effects from the data available, but we intend to pursue this point 
when an opportunity presents itself and may be able to explain the discrepancy. 
In any case we agree with Dr Hartshorn that the interpolation results at 54 0 c. 
should not be taken as implying a true change in the specific inductive capacity of 
diamonds, unless subsequently they are otherwise confirmed. 
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Ions, Electrons and Ionizing Radiations , by J. A. Crowther. 7th edn. Pp. xi + 348. 
(London: Edward Arnold and Co., 1938.) 12$. 6 d. net. 

There is probably no text-book in any branch of physics which is more widely recom¬ 
mended to science degree students in British universities than this well-known volume of 
Prof. Crowther. It is now nearly twenty years since the first edition was published and a 
generation of students has found in it a wealth of information clearly expressed and well 
illustrated. Progress in this field has been so rapid during the four years since the last 
edition appeared that teachers and pupils will welcome the additions to the text that have 
been made, not only in re-written chapters but also from point to point throughout the 
volume. 

Readers will naturally turn to the chapters dealing with modem atomic and nuclear 
physics. Here they will find a most admirable selection of the old and the latest material, 
full but not overloaded. One would perhaps have preferred an order of presentation 
which postponed a description of artificial and induced radioactivity until after the law of 
radioactive change had been enunciated, but this is only a minor point. 

In the reviewer's opinion the earlier chapters are less happy because here the revising 
pen has not been sufficiently used. For instance, the majority of physicists would not 
now accept the early explanation of spark discharge given in chapter v if Townsend's 
ft is related to the ionization of gas atoms by the impact of positive ions. Perhaps it is 
personal prejudice which makes the reviewer wish to see the section on mobility rewritten. 
Amongst other things he would like to see the method of Tyndall and Powell published 
in 1930 substituted for that of Tyndall and Grindley which it quickly superseded; it is 
also much simpler for students to understand. 

These minor criticisms may serve to introduce a suggestion that the reviewer wishes 
to make, namely, that in the next edition, which must again follow within a few years, 
some of the subject-matter of the book should be re-arranged as well as re-edited. There has 
been a great change in the relative importance of different parts of the subject during the 
past twenty years. In its general form the book follows the traditional order first adopted 
by J. J. Thomson in his early treatise. Subjects such as mobility, recombination and 
spark and glow discharge loomed large in the researches of that period. To-day they must 
take, in their details, a second place in a student's curriculum, partly because they are 
now less important and partly because information on them is still comparatively unprecise. 
To emphasize this we have only to compare our present knowledge of the action of a 
thermionic valve with that of a Geissler tube, which was the show piece of an earlier 
period. There is, therefore, much to be said for abandoning the historical introduction to 
the subject and discussing in the first place phenomena at low pressures, from which one 
can then proceed to the more complicated problems brought about by the addition of gas. 
Such changes in the presentation would make more demands on the time of the author 
in a busy life; but if they were undertaken the value of the book, already obvious, would 
be enhanced. A . T , 


Electron and Nuclear Physics , by J. Barton Hoag, Ph.D. Pp. ix+502. (London: 
Chapman and Hall, Ltd., 1938.) 20$. net. 

Designed to bridge the gap between elementary and advanced physics, this book aims 
“to present the experimental evidence for those concepts which lie in the domain of 
electron and nuclear physics”. It consists of a survey of modem atomic physics treated 
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from a strictly practical point of view. The electron is discussed in all its aspects, and 
x rays, nuclear phenomena and cosmic rays are all considered. A section on laboratory 
technique is included. The subject matter is of great interest, and the gathering together 
of such a store of information in one book represents a useful service, especially as 
numerous references are given to original papers. In view of this, it is a pity that the 
book is written in a loose and often inaccurate fashion. Thus, speaking of the Compton 
effect, the author says: “However, most of the energy of these deflected rays are found to 
have a small but definitely longer wave-length.” Again, the definition of the rontgen is 
inaccurately given and loose statements of various kinds crop up continually. The book 
in its present form certainly fails to do justice to the considerable amount of work which 
must have gone towards its compilation. j # T# 

Fluorescence and Phosphorescence , by E. Hirschlaff, Ph.D. Pp. vi+130. (London: 

Methuen, 1938.) 3$. 6 d. net. 

This recent addition to Methuen's well-known series of physics monographs can be 
thoroughly recommended to honours and post-graduate students in physics and physical 
chemistry, and especially to those who wish to know something of the spectroscopic 
basis and the modem technical applications of fluorescence. In twelve short chapters the 
author deals admirably with such matters as experimental methods, fluorescence spectra 
of atoms and molecules, quenching of fluorescence, collision processes, photochemical 
aspects, fluorescence in liquids and solutions, fluorescence and phosphorescence in solids, 
details of the absorption and emission process in phosphors, cathodo-luminescence in 
solids, liquids and gases, technical applications. The text is adequately illustrated with 
42 line diagrams, such as atomic and molecular energy-level diagrams, intensity-distribu¬ 
tion curves, etc., and a short bibliography is given at the end of every chapter. 

w. J. 

Modem Atomic Theory , by J. C. Speakman, M.Sc., Ph.D. Pp. 208. (London: 

Edward Arnold and Co., 1938.) 6 s. net. 

There will be wide agreement with the author in his belief that a logical rather than an 
historical treatment of modem atomic physics is now not only possible, but also, for teaching 
purposes, desirable. In this excellent little book the author has attempted such a treat¬ 
ment with as little compromise as possible, and the attempt appears to be very successful 
indeed. The book is intended to supplement ordinary text-books of Physics and Chemistry 
for students in the universities and colleges and also in the higher forms of schools. One 
might go so far as to say that every student of Physics and Chemistry should read it as 
soon as possible after his Intermediate Science examination as a prelude to his study of 
larger works on atomic structure. 

When a second edition is called for, as it surely will be, attention might be given to 
the use of parentheses with the solidus in a few expressions, such as those for the mass of 
the proton (p. 39, fifth line) and a de Broglie wave-length of cathode rays (p. 61, seventh 
line). To be strictly accurate it should be stated that the velocity and wave-lengths quoted 
on p. 52 are in vacuo, and that much of the important work on the isotope effect in band 
spectra (p. 147) was done before, as well as since, 1929. w# j m 

A Course in Chemical Spectroscopy , by H. W. Thompson, B.Sc., M.A., D.Phil. 

Pp. vii+86. (Oxford University Press, Humphrey Milford, 1938.) 6$. net. 

In view of the use of the word “chemical” in this title it would be well to point out 
at once that the book is concerned not with the spectrographic analysis of materials but 
with the analysis of atomic and molecular spectra in accordance with the quantum theory. 
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The book is based on a laboratory course introduced by the author for undergraduates 
reading the Final Honour School of Chemistry at Oxford, but will be equally suitable 
for physics students. The course consists of eight well chosen experiments or groups of 
observations, each of which brings to the student’s notice an important section of spectral 
theory. The equivalent of a chapter of the book is devoted to a description of each ex¬ 
periment or group, its underlying theory, the apparatus to be used and the procedure to 
be followed, with tables, diagrams, plates of spectrograms and references to other spectro¬ 
scopic works. The interweaving of theory and practice is one of the valuable features of 
the book. The student is guided through instructive exercises based on observations of 
typical atomic, diatomic and polyatomic spectra, some in emission and some in absorption. 
Some of these exercises are a graphical determination of the Rydberg constant, the 
identification of series of atomic lines, the construction of Grotrian diagrams of atomic 
terms, analysis of the vibrational structure of an electronic band system, analysis of the 
rotational structure of an electronic band of simple type, the recognition and significance of 
predissociation, the spectroscopic determination of dissociation energy, the plotting of 
potential energy curves of a diatomic emitter, and a study of the alternating intensities in 
an infra-red absorption band of acetylene. Could a course be more instructive than this? 

w. j. 


The Elements of Physics , by A. W. Smith. Fourth edition. Pp. xix + 790. (McGraw 
Hill Publishing Co., 1938.) 21s. 

A book which passes into its fourth edition has found for itself a secure place in the 
literature of science. The author in his present revision has made changes and additions 
which were suggested as desirable by users of the book. He states that increased emphasis 
has been placed on the importance of physics in the other sciences and in the industries. 
It has been found necessary to rewrite some of the paragraphs relating to modem physics, 
and to introduce a separate chapter on nuclear physics. 

The ground covered is surprisingly large. One finds a concise account of x rays and 
crystal structure, series in optical spectra, radioactive substances, the thermionic valve, 
and the cyclotron, to mention but a few. A chapter is devoted to astrophysics and gives 
a clear impression of the applications of physics in modem astronomy. At the present 
day it requires some courage to attempt to compass within a single volume the range of 
subjects embraced by the word “physics”—one recalls the massive size of Ganot’s 
Physics —but the author has been very successful in his efforts to select the material which 
is likely to be of importance to the present-day student. The book is an attempt to lay the 
basis for correct scientific thinking, and little attention is given to historical developments. 

The illustrations include a number of coloured plates. E , Gm 


A Textbook of Electricity , by H. G. Mitchell, M.A., B.Sc. 7^ in. x 5 in. Pp. 
xiii + 525, 357 diagrams. (London: Methuen and Co., 1938.) 10s. net. 

This book is intended to provide a complete course in electricity and magnetism for 
Higher School Certificate, Intermediate and University Scholarship candidates, and also 
to meet the main requirements of students preparing for pass degrees and examinations 
such as the Cambridge Tripos, part I. 

The appearance of a new text-book on this subject, of the standard indicated, is a 
matter of no little interest. The speed of growth of this side of physics demands new 
renderings of its subject-matter, and any fresh and balanced treatment, such as that of the 
present book, is to be welcomed. The author has worked out his own line of treatment; 

13 
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he generally singles out the points of real physical interest, and smoothes the places 
usually presenting difficulties to the first-time reader. The portions relating to electro¬ 
chemical actions (chapters, vi, vii and xix) are notably well and fully treated. In chapter 
viii the subject of the magnetic field is introduced on the basis of electrodynamic action, 
the idea of magnetic pole following as a secondary mode of treatment. This is admittedly 
a logical procedure, but it is not easy to put it into execution, and many teachers will 
question its advisability, though it should not be shelved without a trial. 

A few points of criticism may be of service. The argument of § 27 (following on Gauss* 
theorem) is hardly cogent, as the sign of E is not shown to be the same at all points of the 
closed surface. In the same chapter the terms polarization, displacement and induction 
might be more clearly distinguished: the term “polarization” as applied to electrically 
strained media has unfortunately been used in different senses by some distinguished 
writers. In § 43 the electrolytic condenser is described, but it is not quite clear that its 
use is limited to cases where the applied voltage is unidirectional. Figure 102 (magnetic 
field of helix) needs some emendation. In chapter xi Schuster and Smith’s determination 
of H is described, and we are informed that a “fairly accurate” value may be calculated: 
this is a considerable understatement of the value and importance of this method. In 
§ 180 the laborious method of successive approximations in order to convert “platinum 
degrees ” into degrees Centigrade seems unnecessary, as the correction can be read from 
a simple graph. On p. 314 some of the statements in regard to paramagnetic and ferro¬ 
magnetic substances need a little revision, and there is a contradiction between one of 
these and a later statement in the first paragraph of § 215. In describing the magneto¬ 
metric method of obtaining the magnetization curve a vertical solenoid might with ad¬ 
vantage be substituted for a horizontal one. These critical suggestions are included in no 
spirit of detraction from the general excellence of this text-book, which can be heartily 
recommended to teachers and students. n 0 


Moderne Mehrgitter-Electronenrohren , von Dr M. J. O. Strutt. (Eindhoven. Vol. 1, 
pp. vi+143, 1937; Vol. 11, pp. viii+129, 1938; Berlin: Julius Springer. 
Vol. 1, RM. 12.60; Vol. 11, RM. 13.50.) 

The first volume of this book deals with the construction, modes of application, and 
the characteristic properties of the multi-grid thermionic tubes used in wireless receiving 
circuits. The competent knowledge of physics and mathematical equipment which the 
author brings to his task are supplemented by practical experience gained in his own 
researches on the behaviour of electron tubes. Attention is directed to recent develop¬ 
ments, through tetrode, pentode and so on up to octode. 

This volume is divided into three sections: the first dealing with high-frequency 
amplifiers, over wave-lengths down to one metre; the second with frequency-changers; 
the third with low-frequency power amplifiers. Studies of special phenomena, such as 
secondary emission and electron beams, also find a place. The author presents a thorough 
treatment of the various effects involved, and of problems such as the measurement of 
the characteristic admittances, which should be of great assistance to the designer who 
aims at the improvement and further development of multi-grid tubes in their various 
possible applications. At the end a list of references is given to 227 original papers. 

The second volume treats more intimately of the actions in the different regions of the 
various types of tubes. The problem of the motion of an electron in electric and in magnetic 
fields, and in combinations of these, is first treated. Then in due course the movement of 
electrons in the tubes, transit times, the actions in the space from screen-grid to anode, 
are subjected to detailed consideration. Electrostatic theory is applied to, the calculation 
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of inter-electrode capacitances; and the effect of space-charge, leading to the “dynamic”, 
values, is determined. This volume includes a list of references to a further 68 papers. 

In both volumes ample specific data are supplied, and examples of theoretical cal¬ 
culation and application to tubes of which the constructional data are given, and the results 
of practical measurements, are clearly set forth. Both volumes are fully illustrated with 
diagrams and photographs. The specialist should find the contents of this book of great 
value over the whole range of multi-grid electron tubes. D# 0# 


Applied Geophysics in the search for Minerals , by A. S. Eve and D. A. Keys. Third 
edition. Pp. x+316. (Cambridge University Press.) 16s. 

This third edition follows the lines of the previous editions and is primarily concerned 
with electrical and electro-magnetic methods of prospecting for minerals. In this branch 
of applied geophysics the book maintains its established reputation, but in other respects 
the new edition is disappointing. There is no adequate treatment of the very great progress 
in gravitational and seismic methods during the five-year interval since the previous 
edition. It is true that one finds a new chapter on “Recent advances”, but in this only 
two pages or so are devoted to the seismic reflection method, and there is no mention at 
all of the recently developed static gravimeters of remarkable sensitivity, which have so 
greatly accelerated the rate of gravitational surveying. As a general treatise on applied 
geophysics the book thus remains unbalanced, and meagre in its information regarding 
those branches which are of the widest practical application in the search for oil. 

The arrangement of the subject-matter is generally good, except in the chapter 
entitled “Radio-active and other methods”. Here one finds unexpectedly an odd assort¬ 
ment of sections with sub-titles such as “Salt domes”, “Geophysical exploration in 
Australia”, “Brief notes on diamond drilling”, and the like, which seem to be in¬ 
appropriately placed. The text is pleasant to read, and the authors evidently believe in a 
mixture of fun and sober truth, for they frequently adopt the gay manner, and more than 
once emphasize the wit with exclamation marks. 

Readers interested in appendix iv should note an error which apparently escaped 
revision, and rather spoils the elegance of Dr L. V. King’s proof. The velocity v 0 is not 
the surface velocity as stated, but that at the point of greatest penetration of the ray. 

a. o. R. 


The Phase Rule and Phase Reactions , by.S ydney T. Bowden, D.Sc., Ph.D., F.I.C. 

Pp. 290. (London: Macmillan and Co., Ltd., 1938.) 10*. 

This book should appeal to a wide variety of readers. The treatment is clear and simple 
enough for the student to whom the subject is new, yet sufficiently ample to interest the 
more expert reader. There are copious descriptions of experiments and a wealth of 
excellent diagrams to illustrate the theory, but only few references to original experimental 
data. At the end of each chapter is a selection of examination questions of standard varying 
from that of the Higher School certificate to that of the tripos. 

The single-component systems described include D 2 0 , C 0 2 , Sn, C as well as the more 
usual ones. As is natural, about two-thirds of the book is devoted to systems of two 
components. There is a clear elementary description of the theory of a simple distillation 
of a mixture in the absence of a fractionating column. The description of fractional 
distillation omits the most important point, that the process occurring in the fractionating 
column is effectively a large number of successive simple distillations. The statement 
on p. 119 that “the process of fractional distillation can be used only for the separation of 



196 Reviews of books 

zeotropic mixtures” is inexact and contradicts the correct statement on p. 114; it can 
become true if for “separation ” one reads “ complete separation ” and transposes the word 
“only”. The description of ideal solutions is brief but accurate. That of other solutions is less 
satisfactory. There is an irrelevant reference to “internal pressure” which is not even 
defined. The curves in figure 75, illustrating deviations from Raoult’s law, are impossible; 
the correct shapes should resemble the middle curve in figure 76, showing an approach 
to Raoult’s law for an almost pure component. In discussing optical isomers the author 
states that according to wave mechanics the d- and 1- forms of a component must differ 
slightly in energy and rotatory power. This is impossible and the author must have been 
misinformed. The last chapter of the book gives an interesting summary of the properties 
of anisotropic liquids. Some of the stated derivations of words are inaccurate or obscure. 
In particular “azeotropic” is stated to be derived from the Greek meaning “privative, 
to boil”; the correct meaning is surely “not changing on boiling”. Again, “eutectic” 
means “well-melting”, not “ easy melting”. The book concludes with an appendix which 
is an amplification of a letter to Nature by the author. It would take too much space to 
discuss the views put forward. In the reviewer’s opinion they are inaccurate and mis¬ 
leading. 

In spite of such small defects as those enumerated the book is an enjoyable one to read 
and a useful one to possess. E> A , G . 


A Text-book on Thermodynamics , by F. E. Hoare, Ph.D., M.Sc., A.R.C.S., D.I.C. 

Second Edition. Pp. xii + 302. (London: Edward Arnold and Co., 1938.) 15$. 

In the second edition of this book there have been few alterations in the text, and it 
remains as valuable a treatise for students of thermodynamics as was the first edition which 
was given so good a reception by its various reviewers six years ago. The most extensive 
alteration is that of bringing the symbols used throughout the text into line with the 
recommendations of the joint committee of the Chemical Society, the Faraday Society 
and the Physical Society. To the text some eight to ten pages of new material have been 
added. There have also been added two appendices and a collection of representative 
and useful examples. The first appendix deals with the recommendations with regard to 
symbols, and the second gives the adopted and most probable values (after Birge) of some 
fundamental constants. In addition to extensions to the text certain other modifications 
have been made, as for example in the section dealing with the Stefan-Boltzmann law 
and in the discussion of the quantum theory of the specific heats of gases, which latter 
has also been slightly extended. Further modifications might perhaps be made with 
advantage; for instance, from the second paragraph on p. 22 in the treatment of the first 
law it would appear “from the foregoing discussion” on pp. 21 and 22 that it is to be 
concluded that the internal energy is a single-valued function of any two of the variables 
defining the state of the substance. This fact has, however, been assumed in formulating 
equations 12 and 13 at the beginning of the discussion, and might well be mentioned at 
that stage. The method of approach to the definition of entropy, in the first part of § 27, 
is perhaps a little unfortunate and is liable to start that entropy complex which is charac¬ 
teristic of the outlook of so many students of thermodynamics. Could not the appearance 
of a new single-valued function of the variables defining the state of the substance in the 
last equation of § 26 be made the basis of the entropy definition? The fact that the entropy 
is such a single-valued function does not re-emerge till the second paragraph of § 27. 
Further, there is still no mention of that important aspect of entropy—its correlation with 
the probability of a system existing in a given state. 

Lastly it seems strange that the author, who was once one of Callendar’s pupils, should 
not have found place in his book for some reference to Callendar’s work on the nature of 
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the PV/P isothermals in the neighbourhood of the critical point as illustrated by the H/P 
isothermals in figure 2 of Callendar’s last paper.* Instead, as in figure 6 of the present 
book, the saturation lines are shown to be parabolic without comment. Callendar once 
remarked that there is a time lag of about twenty-five years before mention of such work 
is likely to be made in text-books, so there is another fifteen years to go! Table V on p. 112 
giving values of the saturation pressure for steam up to 200° c., which has been taken from 
the 1920 edition of Callendar’s Properties of Steam , is rather out of date, as data up to the 
critical point have been available for some ten years. 

With regard to the presentation of the subject-matter it seems a pity that such thick 
lines should have been used for some of the diagrams, which in many cases look like lino- 
cuts. Figure 18 in fact looks, inappropriately enough, more like the announcement of a 
bereavement. In the reviewer’s copy the printing on pp. 129 to 131 has not been very 
carefully done. The points of criticism which have been made are not, perhaps, of great 
importance, and a second edition of a book of such obvious use to honours students is to 
be welcomed. A third edition will, however, be looked forward to, and it is to be hoped that 
these criticisms, if they are sufficiently well founded, may receive more consideration in 
the writing of the third edition than do the “minor matters” raised, in the review of the 
first edition,f appear to have received in the second. w> B> 

Stellar Dynamics , by W. M. Smart. Pp. viii+434. (Cambridge University Press, 
1938.) 30$. 

After his magnificent Spherical Astronomy , it is not surprising that Dr Smart has been 
able to produce a readable, though mathematical, book on the general subject of stellar 
dynamics, in which he includes stellar kinematics. The theories of the single and double 
star streams are vaguely familiar to many who are not astronomical specialists, and here is 
a very pleasant account of what the theories are, how they are tested, and what their 
further interpretation may be, written by a specialist with due regard to the needs of his 
fellow specialists. Such matters as the change from one set of co-ordinates to another are 
considered in full detail, and doubtless add much to the value of the book for the specialist, 
since all his reference formulae lie within one pair of covers. On the other hand, those who 
care to skip such passages will find that they can follow the threads of the main story quite 
easily, and the book is a far better account, for those seriously interested, than most of 
those specially written for popular consumption. It deals in turn with star drifts and the 
ellipsoidal theory of Schwarzschild, statistical parallaxes, space distribution of stars, star 
clusters and the most general theories of stellar dynamics. Scattered through the book is 
a large amount of work on the statistical treatment of observations, which is probably 
unknown to most statisticians and workers in fields outside that of which this book treats. 

j. H. A. 

Introduction to Bessel Functions , by F. Bowman. Pp. ix + 135. (Longmans, Green 
and Co, 1938.) 10$. 6 d. 

This little text-book forms an admirable introduction to the use of Bessel functions 
for a student. It will probably also prove useful to the research worker as a handy com¬ 
pendium of the simpler formulae and results. It contains seven chapters, of which the 
first five deal with the function of zero order only. The function J 0 is first defined from its 
power series. Thus the differential equation is obtained, and the function Y 0 is deduced 
as the second solution. The simpler integrals involving J 0 are then discussed, the ex¬ 
pansions of Fourier-Bessel and Dini of zero order are treated, and the arrangement of the 

* Proc . Roy . Soc . A. 120, 460 (1928). 
t Proc . Phys. Soc . 44 , 615 (1932)* 
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zeros of J 0 is dealt with. Applications to vibration of membranes, oscillation of chains 
and conduction of heat are next mentioned. The modified functions of zero order, I 0 and 
K 0i are then introduced and developed by the same methods as and Y 0 . Their applica¬ 
tion to problems of flow of heat and of alternating electric currents is dealt with, and 
Kelvin’s ber and bei functions are defined. Next follows a chapter on definite integrals 
involving J 0 , such as Lipschitz’s and Weber’s integrals. Then Hankel’s contour integral 
is introduced, and thus are found the asymptotic expansions for all the functions of zero 
order. 

Now the functions of any real order are introduced; they are defined in the same way 
as those of zero order, and it is shown that they obey the appropriate differential equation. 
The recurrence formulae are proved, Sonine’s first finite integral is deduced, and the 
occurrence of zeros and the behaviour of the functions for high values of the argument are 
discussed. Lastly a number of transformations of the differential equation are given. 
Applications to the problems of planetary motion, critical length of a vertical rod, and the 
vibration of circular membranes are then treated. 

A considerable number of informative examples are given throughout the book, in 
particular the reviewer notes that the useful Struve function is defined and its asymptotic 
expansion is given in examples. The subject of one example is the monotonic function 
H 0 — Y 0 , which has important physical applications in hydrodynamics. 

A short table is given at the beginning of the book—not at the end as stated on p. 15— 
showing the course of the function J 0 and J 1 and also giving a few of the smaller zeros of 
and y §. A very short but useful index is given, and the general printing and 
appearance of the book are excellent. A number of references appear for the reader who 
desires further information. c w 


Funktionentafeln—Tables of Functions , by E. Jahnke and F. Emde. Pp. xii + 305. 
(B. G. Teubner, Leipzig, 1938.) RM. 15, less 25 % abroad. 

A book of mathematical tables is of use to any particular user, if (a) it tabulates the 
function in which he is momentarily interested, (b) over the range which he is concerned, 
(c) to a sufficient number of significant figures, and if (d) the entries can be relied on as 
accurate. It is also desirable ( e ) that the interval of the argument should permit of easy 
interpolation and (/) that the meaning of any devices used to economize space should 
either be evident at first glance, or prominently explained. 

When Jahnke and Emde’s book first appeared in 1909 it came nearer than any other to 
fulfilling requirement (<a ), and even the first edition still stands among the first three books 
from this point of view. It opens, for example, with tables of ar 1 tan x and x tan x and 
contains a very wide collection of tables relating to Bessel and elliptic functions. Since 
the authors were not publishing original calculations but only collecting and so making 
available the work of others, they could not be blamed for any failure to comply with 
requirements («c ), (d) or (e), though such failures were fairly common. Thus, a section of 
the table of x tan x mentioned above is reproduced in table 1, and it will be seen that the 
intervals are too great for easy interpolation. 


±x 


1*2 

i *3 

llz 


x tan x 


3*0866 

4*8627 

8*2627 

21*1523 

00 


Table 1 
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The present edition is the third, and has been very considerably enlarged. A feature 
is the large number of graphs, many of them perspective drawings of three-dimensional 
figures, showing the behaviour of many of the functions dealt with. Another point is 
the consistent use of English as well as German in the text, and even in the contents, 
prefaces, index and list of figures. The page is somewhat taller, but contains no more 
printed matter. The fount used gives rather a heavy impression, but the size is such that 
this makes for easy reading and little or no eye-strain. 

As regards the actual contents, the tables relating to trigonometrical and hyperbolic 
functions have been omitted, and it is stated that a second volume containing them will 
appear shortly. In any case, several convenient books of tables are now available which 
include them. Although the elementary functions have been omitted, the book is more 
than 100 pages longer than the first edition, partly on account of the illustrations 
and partly owing,to the inclusion of new tables. The table of contents groups them 
into eleven sections; the sine, cosine and logarithmic integrals, the factorial function, 
the error function, the theta function, elliptic integrals, elliptic functions, Legendre 
functions, Bessel functions, the zeta function, the confluent hypergeometric functions 
and the Mathieu functions. In every case there is an introductory section giving the 
main properties of the functions, and references to tables which have been published 
elsewhere. 

It is manifestly impossible to examine the book throughout for accuracy, though experi¬ 
ence with the first edition suggests that on the whole it is very reliable. The one table which 
has been examined with care is disappointing in this respect, though probably not typical. 

ru 

It is the table of C («), the cosine integral cos J 7 tu 2 du. Since the first edition appeared, 

Jo 

the table of C (u) has been recalculated by Lash, Miller and Gordon, and there are seven 
places where their table differs from that of the first edition. In the third edition, one of 
these entries has been altered to agree with Lash, Miller and Gordon, but the other six 
have not. The values concerned are set out in table 2. 


Table 2. The cosine integral 


u 

1 st edition 

Lash, Miller 
and Gordon 

3rd edition 

0*1 

0*0999 

0*1000 

0*0999 

o*8 

0*7230 

0*7229 

0*7230 

i*i 

0*7648 

0*7638 

0*7648 

i*8 

0*3363 

o -3337 

o *3337 

4*5 

0*5258 

0*5260 

0*5258 

5 ’i 

0*4987 

0*4998 

0*4987 

7*3 

o -5393 

0*5190 

o *5393 


The first two cases are not very important, whilst an inspection of the differences of 
the 4th or 5th order leaves no doubt that the correct value in the next entry is 0*7638. I 
1 * 5-1 


have found by calculating 


cos i-77M 2 du by Simpson’s rule (using 21 ordinates and check- 

5-0 


ing with 11 ordinates) that the true value at x = 5*1 1 is 0*4998. Again, a series expansion 
requires only two terms to verify that C (o*i) is 0*1000 and not 0*0999, whilst five terms 
suffice to show that the value of C (o*8) is nearer 0*7229 than 0*7230. There is thus no 
doubt that at least four, and possibly six, of the values in the table in the third edition are 
wrong. 
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One other criticism is possible, in respect of the abbreviations. The table of ! on 
p. 14 ends thus: 

x! = Has= r(a?-hl) 
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Again the entry i 12 275 * s difficult to interpret as 1*275 x *° 12 until one finds a general 
explanation of the notation, in a rather obscure position on p. xii. A reference to it by 
footnote would be distinctly useful. 

The last part of this review, dealing with blemishes on the book, is not to be taken as 
implying a general condemnation. The faults are mentioned since they are likely to be of 
use to readers, and as suggestions for a future edition. The book can be recommended for 
every college library and for the private libraries of all who do much calculation, though 
users must be on the look-out for possible errors here and there. j. H. a. 


Comite International des Poids et Mesures , Proces Verbaux des Seances , 2e Serie, 
Tome XVIII. Pp. 310. (Paris: Gauthier-Villars, 1937.) 

This volume contains full reports of the proceedings at the meetings of the Inter¬ 
national Committee for Weights and Measures, and of its Consultative Committees for 
Electricity and Photometry, held in June 1937. The first fifty pages contain accounts of 
the work of the Committee and of the Bureau International for the period September 
1935 to May 1937. The report of the Commission des Travaux, pp. 56-63, contains two 
resolutions, of which the first is a recommendation to the various national laboratories to 
undertake further studies of sources, in particular cadmium and krypton, of mono¬ 
chromatic radiation suitable for use in the determination of standards of length, and the 
second is a decision to undertake a recomparison of the international kilogramme with its 
temoins —an operation which has not been carried out since the international standards 
were originally established in 1889. 

We learn on p. 79 that the Committee agreed to set up a new Consultative Committee 
for Thermometry, with a constitution parallel to those of the Consultative Committees for 
Electricity and Photometry. 

The report of the Consultative Committee for Electricity carries one stage further the 
proposal to substitute the practical absolute system of electrical units for the existing 
international system, on and from 1 January 1940. Provisional mean values for the re¬ 
lationships of the present to the new units were adopted, and are as follows: 

1 ohmmt = rooo 48 ohm a t> s . 

I voltint. = I’OOO 36 voltes. 

The report is accompanied by fifteen appendices giving details of work effected and methods 
employed, at the Bureau International and at various national laboratories, in connexion 
with electrical units. 

The report of the Consultative Committee for Photometry, now constituted inde¬ 
pendently of the Consultative Committee for Electricity, which formerly dealt with both 
subjects, contains an important resolution, p. 223, setting up, as from 1 January 1940, a 
new standard of luminous intensity to be called the “new candle”, and defined as such 
that the brightness of a black-body radiator, at the temperature of solidification of platinum, 
shall be 60 new candles per square centimetre. The new candle is thus approximately 
i part in 60 smaller than the international candle at present employed in France, Great 
Britain and America. Further resolutions deal with the question of colour temperature 
and the intercomparison of standards. This report is accompanied by six appendices. 

The volume concludes with obituary notices of four former members of the Inter¬ 
national Committee: Sir John Cunningham McLennan, Canada; Louis Bodola de 
Zagon, Hungary; Leonardo Torres y Quevedo, Spain; and Paul Janet, France. j E> s 




THE PROCEEDINGS OF 

i i // 



Vol. 51, Part 2 1 March 1939 No. 284 


THE RATE OF VISCOUS FLOW OF METALS. 
PART 2: LEAD 


By L. C. TYTE, B.Sc., Ph.D., F.InstJP. 

Ballistics Directorate, Research Department, Woolwich 
Received 9 August 1938. Read in title 25 November 1938 


ABSTRACT. Experiments previously reported for tin have been extended to lead. It 
has been found that for very small extensions the velocity of viscous flow v is not com¬ 
pletely independent of time. However, as soon as the non-viscous flow ceases to have 
appreciable effect, the velocity of viscous flow is connected with the stretching load P by 
an exponential relation for any given temperature and with the absolute temperature T 
by an exponential relation for any given load. 

Relationships of the form _g j g Pr _ aP+yr 


where a, j8, y and 8 are constants, have been obtained, from the {flow, load} curves, for the 
rate of viscous flow of lead, and the relations are* probably of the type 

v**K{f<*+*. 0) (MV-i}, 

where K, j8, P 0 and T 0 are constants. Four sets of constants have been obtained, which 
can be attributed to (1) single or double glide in untwinned crystals, (2) single or double 
glide in twinned crystals, (3) extension during the recrystallization period and production 
of annealing twins and (4) extension when strain hardening is considerably diminished by 
self-annealing. The elastic limit, transition and breaking loads have been shown to be 
connected with the corresponding temperatures by hyperbolic expressions. Finally, the 
general behaviour of the lead wire-has been shown to be in agreement with that for tin, and 
to be in line with the results obtained from single crystals. 


Si. INTRODUCTION 


T he earlier work on the present subject has already been indicated in a previous 
paper* 1 * describing experiments on tin. Andrade*®* has investigated the 
extension with time of lead, which occurs in three parts: (1) an immediate 
extension on loading, (2) an initial rate of flow (called the ft flow), which decreases 
with time, and (3) the viscous flow, which remains constant. He found the relation 
between length and time to be ^ + ^1/3^ e kt 

where Z was the length at any time t, Z 0 the immediate length on loading of unit 

14. 
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length and k and ft constants. Experiments were performed for various loads and 
temperatures from — i8o°c. to 162° c. At a given temperature, with increasing 
stress the constant ft was found to tend to a constant value, while the constant k 
increased at a rate which itself increased t'o a constant value. Further, it appeared 
that the limit to which ft tended with stress did not increase with the temperature. 

Shoji (3) examined the flow of lead at air temperatures and found that the 
velocity of flow was a function of time, the initial velocity gradually falling to a final 
steady value. Both rates of flow satisfied the equation 

v = a(P~P 0 )e*<*- p o\ 

where P 0 was the elastic limit.. In collaboration with Mashiyama the experiments 
were extended to 160 0 c. 

The work described in the present paper is supplementary to the work on tin, and 
was undertaken to see if the same general type of phenomena occurred for other 
materials. 

§2. EXPERIMENTAL METHOD 

The apparatus used in this series of experiments was the same as that used for 
tin, with a single modification, which was necessary because with very large exten¬ 
sions the mirror-bearing lever became fixed between the rods. This difficulty was 
overcome by making the table P on the standard wire in the form of a cylindrical 
nut U working on a screw thread, figure 1: thus the table could be raised or lowered 
as required while the lever was always maintained in a horizontal position. 



The general outline of the method has already been given. Stretching experi¬ 
ments were performed on wire of 16 s.w.g. from air temperatures up to 
300 c. at intervals of approximately 25 0 c., with load-increments of 100 g. from air 
temperature to 150° c. and of 50 g. from 175 0 c. to 300° c. For each load, extension 
readings were taken every 2 min. 
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The apparatus was capable of measuring variations in the length of the specimen 
to approximately four parts in a million, a scale deflection of 1 cm. being equivalent 
to an extension of the specimen of 0*001807 cm. The initial length of the specimen 
was 4*99 cm. 

§3. EXPERIMENTAL RESULTS 

The lead wire used was of density 11*15 g./cm? To anneal the wire it was 
suspended in the furnace with a load of 200 g. to keep it taut. It was then heated to 
200 0 c. for a few minutes and allowed to cool slowly. 

It was found that, as with tin at air temperature, a small load could be applied to 
the wire without causing any measurable viscous flow, but with loads exceeding a 
certain value viscous flow could be observed, the rate of flow increasing rapidly with 
further increase of load. With increasing temperature this critical load decreased 
until at 313 0 c. the wires collapsed under a weight of 51 g. 



The following three types of extension were obtained: (1) immediate elonga¬ 
tion on loading, (2) subsequent flow decreasing with time, and (3) viscous extension. 
A few experiments were performed on lead at air temperatures over long time 
periods; a typical {extension, time} curve obtained for a load of 106 kg./cm? is given 
in figure 2. For large values of the time, the expression 

Z=/ 0 ( i + pt'l^e™ 
l=Ae kt 

v = j = kAe™, 


reduces approximately to 
or, velocity of flow 
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which agrees with the work of Geiss^, who found from experiments on single 
crystals that the velocity of flow v can be expressed by the formula 

v—Ae 3 * [e c -1], 

where P is the load, P e the elastic limit, P s the breaking load and A, B and C 
constants. This is of the form M 

and the relation between log 10 v and * should be linear. This conclusion is confirmed 
by figure 3 for the latter part of the curve when the /3 flow had died out. It must be 
remembered that the present experiments were made under constant load, while 
Andrade's were made under constant stress. 



Figure 3. {log 10 v, t} curve for lead at air temperature and load of 106 kg./cm? 

Although it has been established that the velocity of flow decays (or increases) 
exponentially with time as soon as the non-viscous flow has died out, it can be taken 
as linear without introducing serious error with regard to the main object of the 
experiments, which was to investigate the dependence of the velocity of flow on the 
load and temperature. This step was necessary because such comprehensive ob¬ 
servations for each load as those mentioned above were impracticable in view of the 
time occupied by them. Thus in the normal mode of procedure the wire was loaded 
with the smallest load to be used and {time, extension} readings were taken for 
20 min. after the rate of extension had become constant, and this rate was noted. 
The load was then increased and the experiment was repeated, these operations 
being continued until the wire broke. 

The general type of {extension, time} curve obtained is shown in the following 
figures 4 and 5 for the experiment at 178° c., with the times as abscissae and the 




Scale deflection ( cm .) 



Figure 4. {Extension, time} curves at 178° c. for loads up to isog. 
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extensions, in scale divisions* as ordinates. The curves show how quickly the flow 
dies out leaving the linear portion of the curve. 

The diameter of each specimen was measured but it was found that the 
deviation of each specimen from the mean value for the series was so small that the 
mean values could be used for calculating the original cross-sectional area and the 
stress per unit area for any given load. 

In table i the results are given for the experiments between air temperature and 
150° c., and in table 2 for the experiments between 150° c. and 300° c. The load 
applied (g.), the stress (kg./cm?) and the rate of viscous flow (cm./sec. per cm. of 
length) of the wire are given for each of the temperatures investigated. 

Table 1 


Exp. temp. (° c.) 

18 

50 

77 

99 

126 

148 

Load 

(g-) 

Stress 

(kg./cm?) 

Rate of extension (io -8 cm./sec. per cm. length) 

250 

350 

450 

550 

650 

750 

850 

950 

1050 

1150 

1250 

1350 

1450 

1550 

1650 

1750 

1850 

12*34 

17*28 

22*21 

27* 15 
32*09 

37*03 

41*96 

46*90 

51*84 

56*77 

61*70 

66*63 

71*57 

76*50 

81*46 

86*38 

91*33 

1*01 

1*32 

1*63 

2*26 

3.76 

13*6 

24*0 

35 * 2 

52*8 

hi 

142 

194 

326 

I'll 

3"io 

496 

6*20 

21*7 

99*2 

161 

248 

465 

744 

1302 

1762 

1 

1*12 

i*86 

3*io 

4-65 

775 

18*6 

77*5 

242 

4 i 5 

754 

1497 

i*8i 

3*61 

5*25 

22*1 

Ss-5 

148 

342 

783 

i 

1*64 

3*30 

6*16 

27*1 

123 

276 

621 

1397 

301 

xa-o 

69-3 

4*3 

2126 

9469 


Table 2 



If the rate of flow is plotted against the corresponding load for each temperature 
examined, the resulting curves show all the general characteristics found previously 
for tin and are more regular as no complications are introduced by allotropic changes. 
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§4. THE RELATION BETWEEN VELOCITY OF FLOW AND LOAD 
In order to verify the expression 

v=Ae BP , 

where v is the velocity of flow at constant temperature under a load P in kg./cm?, 
A and B being constants, which satisfied the tin observations, log e v is plotted as 
ordinate against the load P as abscissa in figure 6. The curves for the lower tempera¬ 
tures consist of three straight lines, the portions for the smallest and greatest loads 
having slopes approximately equal with an intermediate portion of much greater 



slope. These changes of slope are most noticeable at air temperature, becoming 
gradually less marked with increase of temperature until at 148° c. the results are 
best represented by a single straight line, which remains a satisfactory representa¬ 
tion up to the highest temperatures examined. These straight-line plots justify the 
extension of the exponential relation to the results obtained for lead. 

The straight lines can be represented by the relation 

loge ® = loge A + BP 

and the values of the slopes B, and the intercepts log* A, from which the constants A 
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are calculated, determined for each slope of the multiple- and the single-slope curves 
respectively. 

In figure 7 the values of the slopes B are plotted as ordinates against the 
centigrade temperatures as abscissae. The values for each series of slopes B lie on a 
straight line, which can be represented by 

B = fST+cc, 

the values of the constants j8 and a being given in table 3. 



Temperature (° c.) 

Figure 7. Curves relating B with temperature. 

Table 3 



The values of the constant A do not give a linear relation with the load, but by 
plotting logg A against the load straight lines are obtained for each series of values 
as shown in figure 8. The relation can be expressed as 

loge A=yT-h logg 8, 

the values of the constants y and S also being given in table 3. 
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This confirmation for lead of the expression connecting velocity of flow and load 
would seem to imply that the relation 

v=A'<P T , 

connecting the velocity of flow v with the absolute temperature T at constant load, 
would also be followed. As, however, there are comparatively few points for each 
load the direct experimental verification of this relation is not possible. 



Temperature (° c.) 

Figure 8 . Curves relating log* A with the temperature. 

§5. EMPIRICAL REPRESENTATION OF RESULTS 

The expressions for v obtained from the {log„ ©, P} series of curves show that for 
any temperature T and load P the resulting rate of flow is given by the general 
formula 

0 = 8^PT-oP+yT 

where a, j8, y and 8 are constants. The values of the constants calculated from the 
curves are given in table 3. 

As in the case of tin, the empirical relation can be written in the form 

o=Xe£ (P+i V (I ’~ :r o>, 

where P 0 , T 0 and K are given by 


and 


Po=y/A 

To=*II 3 , 

K=8e a vlP, 
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T 0 being the temperature below which the particular type of flow concerned cannot 
occur and P 0 the corresponding critical load. These constants are given in table 4. 

Table 4 



Po, viz. 
yip 

(kg./cm?) 

T 0) viz. 

a IP 

(°K.) 

£ X IO 4 

a y/P 

*:=8e“ vie 

Multiple- 
slope 
curves . 

First slope 

14*7 

I90-I 

6-24 

1-74 

4*57 x io“ 10 

Second slope 

194-6 

“403 

37S 

- 29*40 

3-04 X IO ~ 36 

Third slope 

149 

187-9 

7*93 

222 

4-47 X IO “ 10 

Single-slope curves 

6*42 

280-5 

33-52 

4*24 

7-40 X IO -11 


To make v equal to o for the critical values of P and T the expression must be 
written 

v=K{eP< p + p qHmW-i}, 

but this makes only a negligible difference. 

The lowest rate of flow observed, for which P=32-1 kg./cm? and T= 291 0 k., gives 

. exp {?■ (P+P 0 ) (T- T 0 )} =19-3 

leading to the value 

^==o-88 x io -8 cm./sec. per cm. of length 
if the unity term is neglected, and 

*> = 0-84 x io~ 8 cm./sec. per cm. of length 
if it is taken into account. 

The difference is 0*04 x io~ 8 cm./sec. per cm. of length, and as the apparatus 
is only sensitive to changes per unit length of four in a million the difference between 
the two cases must be regarded as negligible. It may be remarked that the difference 
introduced by the unity factor is very much less for lead than for tin. 

It must be noted that this modification of the empirical expression gives 
v=o at temperatures differing from T 0 only when P=-P 0 , i. e . at a negative 
tension, which shows that the temperature is the essential condition for plastic 
flow. The same conclusion was arrived at from the experiments on tin. 

§6. THE RELATIONS BETWEEN THE CRITICAL LOADS 
AND TEMPERATURE 

For the lower temperatures the curves for log g v and P change their slopes at 
critical values, tabulated below; P 12 and P^ denote the loads causing changes from 
the first to the second, and the second to the third slopes respectively. 

The wires were always loaded to fracture and the values of the maximum stress 
P 5 , which are approximately the breaking loads, are given. For the lower tem¬ 
peratures the least load P E causing flow is also given in table 5 as an approximate 
value of the elastic limit. 
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The relations between the temperature and the breaking load and elastic limit 
appear to be hyperbolic in form, and suggest that 


(P-Pc) (T-T 0 ) = C. 

The {transition, load} curves are also hyperbolic but their curvature has the 
opposite sign. 

Table s 


Temperature 

(°c.) 

Temperature 

(°K.) 

P 12 

(kg./cm?) 

P 23 

(kg./cm?) 

P3 

(kg./cm?) 

Pe 

(kg./cm?) 

l8 

291 

51*6 

57*7 

96*3 

32*1 

50 

324 

47'3 

56-7 

86*4 

27*2 

77 

350 

40*0 

50*4 

66*6 

17*3 

99 

372 

27-8 

36*2 

56-8 

17-3 

126 

399 

22*5 

31*3 

46-9 

12*3 

148 

421 

— 

— 

37-0 

— 

178 

45i 

— 

— 

27*2 

— 

206 

479 

— 

— 

24*7 

— 

227 

500 

— 

— 

I7'3 

— 

262 

535 

— 

— 

14*8 

— 

281 

554 

— 

— 

12-3 

— 

296 

569 

— 

— 

9.9 

— 


The usual method was employed to obtain straight-line plots, from which 
were calculated the values of P c , T c and C given in table 6. 

The agreement between the observed values of the loads and those calculated 
for the known temperatures by means of these constants is shown in figure 9, where 
the curves are drawn from the calculated data. 


Table 6 



Pc 

(kg./cm?) 

Tc 

(°K.) 

c 

Breaking load 

— 28-9 

198 

i*45 x 10 4 

Elastic limit 

-27-5 

103 

1*17 x io 4 

Transition P 12 

64-6 

432 

1*92 X io 3 

Transition P 23 

70-4 

431 

1*64 X IO 3 


The {breaking-load, temperature} curve confirms the results of Ingall (s) . The 
temperature T c below which fracture would occur across as well as along the 
grain boundaries is 180° k. The continuity of the curve in the region corresponding 
to change from the threefold to the single curves leads to the conclusion that 
allotropic modifications or changes of phase do not occur for lead in the region 
examined. 

The {elastic-limit, temperature} curve follows, as was anticipated, a path similar 
to the breaking-load curve, and 103° K. is the temperature T c below which no 
viscous flow would occur even when the wire was loaded to fracture. 

The breaking-load and transition-load curves confirm the hyperbolic expressions 
found for tin; however, the latter have curvature of opposite sign, which is demanded 





214 L. c. Tyte 

by the absence of the threefold curves above a critical temperature, their agreement 
for the values of T c being very good. 



Temperature (° c.) 

Figure 9. {Critical-load, temperature) curves. 


§7. GENERAL DISCUSSION OF RESULTS 
Lead (6) belongs to the series of metals which crystallize in the cubic hexa- 
isoctahedral system with space groups o A 4 ; o A 5 . They have a face-centred cubic 
lattice, which can be represented with orthogonal cubic axes r c :| % | =a w and 

or as a simple lattice with axes 

rc' :|«f| OW-a. 1 / 4. 

Each atom is surrounded, at a distance d equal to a w j by twelve neighbours in 
rhombicdodecahedral grouping. The values of the constants for lead are 
^=4*92 x io“ 8 cm., and ^=3*48 x io~ 8 cm. 

Recent work by Taylor and Elam (7 ’ 8) has shown that, for single crystals of 
aluminium, distortion under tension is, in the early stages, by slip on a single 
octahedral {111} plane in a [no] direction, but during the last stages by slip on 
two planes. These results have been confirmed for compressive < 9,10,I1 > and alter¬ 
nating stress (ia,I3) . 
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Elam (l4) has shown that in copper, silver and gold, the behaviour is similar to 
that in aluminium and is due to slip on an octahedral {111} plane in the direction 
of the pole of one of the three {no} planes. 

As far as the author is aware, no recent observations have been made on lead 
single crystals, but behaviour similar to that for aluminium, copper, silver and gold 
would be expected; this view receives support from Humphrey’s (IS) microscopic 
examination of slip bands in single crystals of lead. He says that “ it may be con¬ 
cluded that lead tends to slip along planes perpendicular to the octahedral axes of 
the crystals and there would, therefore, be at least four possible directions in 
which slip could occur.” Four systems of slip lines had already been noted in 
strained lead by Ewing and Rosenhain (l6,I7) . 

If a metal is subjected to preliminary heating to remove strain, strained a small 
critical amount, and then heated to a critical temperature, crystal growth occurs, 
and if suitable conditions prevail the whole specimen can be converted into a 
single crystal. For a given value of this final temperature no growth occurs below 
a certain critical strain, just above which maximum crystal growth takes place, and 
for larger strains the crystal-size diminishes very rapidly at first and more slowly 
subsequently. Figure 10 shows the effect of heating at 8oo° c. for 6 hr. on the 
crystal growth of slightly strained copper, according to Carpenter and Tamura (l8) . 
Precisely similar results were obtained by Seligman and Williams (l9) and Carpenter 
and Elam (ao) for aluminium, and by Ruder (2l) for silicon steel. 

It has been found that the strain required to produce crystal growth is lower, 
the higher the recrystallizing temperature. Figure ix shows the relation between 
the critical strain and recrystallizing temperature for copper found by Carpenter 
and Tamura (l8) . Below the curve no growth occurs, while above it is the region of 
growth, and the largest crystal-size is obtained near the curve. Similar results 
were found by Carpenter and Elam (2o) for aluminium and by Ewing and Rosen- 
hain (l6,I7) for lead, with which, under severe strain, crystal growth occurred at air 
temperature. It has, however, been found impossible to produce large crystals of 
metals possessing face-centred cubic structure, without also forming annealing 
twins, whose production Carpenter and Tamura (M) have shown to be intimately 
connected with crystal growth. The exception is aluminium, for which special 
reasons are cited. 

From these general considerations it is possible to explain the results of the 
present experiments, which can be discussed best from the {log* v, P) curves in 
figure 6. 

The initial stage of the multiple-slope curves corresponds to glide on an octa¬ 
hedral {111} plane in a [no] direction. The incidence of single or double gliding 
will depend on the orientation of the individual crystallites, and both types of glide 
will undoubtedly be present in the aggregate. This type of glide ceases for critical 
values of the load P n and temperature, which are plotted in figure 9. This can be 
considered as the recrystallization curve and has been shown to be a hyperbola 

(P ia -64-6) (T 12 -43 z) = 1-92x io 8 , 



40, 


30 



0 I 2 3 4 5 

Strain (per cent) on 4 in. 

Figure 10. The effects of heating at 8oo° c. for 6 hr. on the crystal growth of 
slightly strained copper. 

Reproduced by kind permission of the Royal Society . 



Figure 11. Curve showing the region of growth and non-growth in strained copper. 

Reproduced by kind permission of the Royal Society. 
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which gives the relation between the critical temperature and stress required to 
produce crystal growth. When P 12 =o, 7\ 2 =402° k. or 129 0 c., which is the tem¬ 
perature above which very active crystal growth occurs without preliminary 
strain—that is, complete annealing takes place. This temperature agrees with the 
experimental transition from multiple-slope to single-slope curves. The curve for 
lead is very similar to the recrystallization curve for copper, figure 11, and agrees 
with the observatipns of Ewing and Rosenhain (l7) . 

For higher values of the load and temperature, crystal growth occurs, accom¬ 
panied by the formation of annealing twins. Extension can occur by this recrystal¬ 
lization and formation of twins without lattice distortion, and hence with much 
less resistance and consequently greater velocity of flow, giving the suddenly 
increased slope of the middle portion of the curves. That the annealing twins are 
responsible for this increase is supported by the experiments on tin, since white 
tin possessing a lattice structure incapable of producing annealing twins (32) under 
conditions suitable to recrystallization showed no such phenomena. 

Examination of the constants in table 3 offers further evidence of the difference 
in the character of the flow for this second slope, the value of the temperature 
coefficient y being some seven times greater than the glide values (first and third 
slopes), while the value of the load coefficient a, though of the same magnitude as 
for glide, is opposite in sign. 

Reference to figure 10 shows that the size of the crystals produced falls very 
rapidly with increasing strain (and therefore stress) in consequence of the great 
increase in the number of possible centres of growth, and the whole mass of the wire 
quickly becomes recrystallized. The multiplication of the grain-boundaries causes 
a decrease in the amount of distortion which can be produced by any individual 
twin, and this method of deformation becomes impossible, so that a second tran¬ 
sition stage ensues and gives critical values of the load and temperature. These 
are shown in figure 9 and, though less regular than the values for the first tran¬ 
sition stage, are represented by the hyperbola 

(P23-70-4) (733-431) = 1*64 x io 3 . 

When P23=o, 7 23 =4o8° k. or 135 0 c., which gives very close agreement with the 
recrystallization temperature of 129 0 c. obtained from the {P 12 , relation. 

For the final stage a very close return must be made to the initial conditions. 
The distortion will again take place by single or double gliding on an octahedral 
{111} plane in a [110] direction. However, as a result of the production of annealing 
twins in the second stage of the distortion, twinned crystallites will exist with their 
lattices inclined at the twinning angle; thus gliding will occur as though there were 
two glide directions and two glide planes. 

Now, assuming as before (l) that the flowability in any direction for given 
temperature and load conditions is proportional to the atomic density in that 
direction, and therefore inversely proportional to the distance apart of the atoms, 
the flowability in the [no] direction can be written as/(Pr)/i [no] , where f(PT) 
is a function of the temperature and load conditions. For glide in a simple untwinned 
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crystal the flowability F$ in the direction of load can be written as kf (PT)/dm o], 
where k is a constant depending on the orientation of the [no] direction with 
respect to the direction of loading. 

For glide in a twinned crystal, the flowability F T in the direction of load can be 
written as 

where 70° 32' is the angle between the [110] directions in the twinned lead crystal (22) . 
Hence the ratio of flowability for twinned and simple crystals can be expressed thus: 

kf (. PT ) -j- {1 + cos 70° 32'} 

•£t__ _ %io ] _ 

Fb */(pr) J- 

% 10 ] 

= 1 + cos 70° 3 t! 

= i*33- 

Now the velocity of flow is given by the expression 

and the ratios of the constants a, /? and y taken from the (log a P} curves for 
twinned crystals (third slope of the multiple curves) and untwinned crystals (first 
slope of the multiple curves) are given in the following table 7. 

Tabte 7 



Third slope 

First slope 

Ratio 

a 

14*90 X IO” 2 

ii*86 x io~ 2 

1*26 

P 

7-93 x 10- 4 

6*24 X IO~ 4 

1*27 

y 

11*81 x io“ 3 

9*17 X I0“ 3 

1*29 


The agreement of these values with the calculated figure of 1*33 gives support 
to this hypothesis. Additional evidence of the similarity of the behaviour repre¬ 
sented by the first and third portions of the multiple-slope curves is offered by a 
comparison of the values of P 0 and T 0 being 147 and 14-9 kg./cm?, and 190-1 and 
187-9° K - respectively. 

The single-slope curves present a fresh problem, as for these the temperature 
is high enough to cause complete recrystallization without subjecting the material 
to strain. Distortion will proceed by single or double glide on simple and twinned 
crystals but the slightest incidence of strain in any individual crystal will be suffi¬ 
cient to cause very rapid recrystallization of that unit. Thus with this continual 
self-annealing, the effect of strain hardening is very materially diminished and may 
become zero. Hence it is to be expected that the velocity of flow will be dependent 
on the load to a much higher degree than for glide in crystals subject to the normal 
limitations of strain hardening. Now the rate of flow depends concurrently on the 
independent variables load and temperature, and it is not to be anticipated that the 
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change in the {flow, load} relationship will affect the {flow, temperature} relation, 
except for the secondary influence on the release of strain hard ening 

These conclusions are confirmed by an examination of the coefficients in table 3. 
The value of y (the temperature coefficient) is of the same order and sign as for 
simple and twinned glide, but the value of a (the load coefficient, consequently 
a function of strain hardening) is some six times greater than for glide in simple or 
twinned crystals. The coefficient £ is also some three times greater than for the 
first and third slopes of the multiple-slope curves. 

§8. GRAPHICAL REPRESENTATION OF RESULTS 

The results can be represented qualitatively by the graphical method shown in 
figure 12. Loads are plotted as abscissae and temperatures as ordinates. {Load, 



Temperature (° c.) 

Figure iz. The rates of flow are given in cm./sec. per cm. length. 
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temperature} curves are then drawn for certain values of the rate of extension. The 
breaking-load curve ABC , the elastic-limit curve EF and the transition curves GH 
and JD are dotted in. The vertical line BD is then drawn at the temperature above 
which recrystallization occurs spontaneously without preliminary strain. All points 
lying above and to the right of the {breaking-load, temperature} curve correspond 
to immediate fracture. The area below and to the left of the breaking-load curve is 
divided by the line BD into two portions. The region to the left can be divided 
further into four portions—(i) the region below the elastic-limit curve in which no 
slip occurs; (2) the area EFG, denoted by vertical hatching, in which single or 
double glide occurs in simple untwinned crystals; (3) the area JDHG , denoted by 
double cross-hatching, in which recrystallization and considerable deformation 
occur in association with the production of annealing twins, and (4) the area ABD /, 
denoted by horizontal hatching, in which single and double glide take place in 
twinned crystals. In the region to the right, denoted by cross-hatching, self-annealing 
(recrystallization) largely eliminates the effect of strain hardening, with the result 
that distortion by glide proceeds, producing a much greater rate of extension than 
that which would occur under more normal conditions. 

§9. SUMMARY OF RESULTS 

(1) It has been shown that the rate of viscous flow is not independent of the 
time, and that its value, as soon as the non-viscous flow has ceased, is connected 
with the load for constant temperature, and with the temperature for constant 
load, by exponential relations. 

(2) The following experimental relationships were obtained between the 
velocity of flow z>, the load P and the absolute temperature T : 

for single or double glide in untwinned crystals 

^=4-57 x io- 10 exp {6*24 x io -4 (P+147) (T — 190)} cm./sec. per cm. length, 
for single or double glide in twinned crystals 

*>3=4*47 x I0 ” 10 ex P { 7*93 x I0 ~ 4 (P+ x 4‘9) (T- 188)} cm./sec. per cm. length, 

for extension during the recrystallization period and production of annealing 
twins 

^2=3*°4 X IO “ 36ex P (375 x IO ” 4 0 P+194*6) (T+ 403)} cm./sec. per cm. length, 

and for extension when strain hardening is considerably diminished by self¬ 
annealing 

*> 4 =7*40x io” u exp {23*52 x io~ 4 (P+6*4) (P— 280)}cm./sec. per cm. length. 

(3) The results are best expressed in the form 

v=K[eP (P+J> o ) < T ~ T o) - 1] , 

where K , j8, P 0 and P 0 are constants and probably would be brought into line for 
time variations by multiplying by the Geiss term e B{P ~ Pn)t , where t is the time, P B 
the breaking load and B a constant. 
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(4) The elastic limit, transition, and breaking loads have been shown to be 
:onnected with the corresponding temperatures by hyperbolic expressions. 

(5) The general behaviour has been shown to be in agreement with that found 
n tin, and with the results obtained for single crystals. 
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ABSTRACT\ It is shown that the spectral distribution curve of sensitivity of the selenium 
rectifier cell is determined by the external-circuit resistance, the output and the tempera¬ 
ture ; consequently the course of the {sensitivity, output} curve is determined by the quality 
of the incident radiation, the external-circuit resistance and the temperature. Further, 
the observed temperature coefficient of sensitivity is determined by the external-circuit 
resistance, the quality of the incident radiation and, to a smaller extent, the quantity of the 
incident radiation. 


§1. INTRODUCTION 

T he dependence of the response of rectifier photoelectric cells upon the 
spectral composition of the incident radiation is of great importance even 
when a comparatively low precision, of only a few per cent, is desired in the 
use of these cells for photometric measurement. The spectral sensitivity has, of 
course, been studied by many investigators, and the published results reveal sub¬ 
stantial differences between the various types of commercial selenium cells. More 
disturbing is the work of Marchal and Marton (l) , and of Konig (2) , indicating that 
the effects of independent beams of light of different quality are not strictly additive. 
It follows that a full investigation is necessary before any method is adopted to correct 
the spectral sensitivity curves (obtained by means of a spectrophotometer) to the 
response curve of the average human eye. Fortunately, results so far published tend 
to show 7 that cells of any one type are reasonably uniform in their spectral response. 
In fact, work at the National Physical Laboratory on commercial cells and cells of 
National Physical Laboratory construction has shown that, with sufficient control 
upon the various manufacturing stages, it is not difficult to maintain general 
uniformity in spectral response amongst cells of a given type. 

Hence the work detailed in this paper deals primarily with the various factors 
upon which the spectral sensitivity depends, and secondarily with the possible 
methods of colour correction. 


§2. EXPERIMENTAL METHODS AND APPARATUS 

As a source of illumination, a 1000-w., 100-v. gas-filled projection lamp was used; 
this lamp was operated at 50 v., with a colour temperature of 2360° K., to give a 
candle-power of 209 in a known direction perpendicular to the plane of the filament, 
and was used on a 5-metre photometer bench. A 30-w., uniplanar, tungsten-fila- 
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ment vacuum lamp also was available for low illumination measurements; operated 
at 102 v., at a colour temperature of 2360° k., it had a candle-power of 22*0. 

For most of the work on spectral sensitivity two standard coloured glasses were 
used; these had previously been measured with the visual spectrophotometer. One 
was a selective blue-green glass (C.F. 6), and the other a selective red glass (C.F. 
14); the spectral transmission curves of these glasses are given in figure 1. 

The spectral sensitivity curves given in this paper were obtained by use of the 
photoelectric spectrophotometer designed by Preston and Cuckow (3) . A vacuum 
photoelectric cell was used to measure the energy at each wave-length step, the cell 



Wave-length (/x.) 

Figure i. Spectral transmission for blue-green glass (C.F. 6) and selenium red glass (C.F. 14). 

having previously been calibrated against a linear thermopile; its spectral sensitivity 
was known to be independent of output and temperature within the normal operating 
ranges. Stray-light filters were used, but no slit-width corrections were made, 
errors arising from slit-width being considered to be less than the experimental 
errors. Spectrophotometer measurements were made from 0*40 to 0-70 ji. All 
curves given are referred to a constant-energy spectrum but not obtained with it; 
in each case the output of the rectifier cell with an external-circuit resistance of 
100 Cl. varied considerably throughout the spectrum with a maximum range of 
0-5 to 4*o/,ta. 

A calibrated potentiometer was in all cases used to measure the output of the 
rectifier cell; for the measurement of short-circuit output, the circuit shown in 
figure 2 (4) was used, a correction for the potentiometer resistance being made to 
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obtain an absolute measure of the short-circuit current. In the measurement of 
output a precision better than + 0-5 per cent was obtained at the lowest values of 
output. 

To facilitate examination of rectifier photoelectric cells with a view to noting 
changes of or differences in spectral sensitivity, the cells were mounted on the 
5-metre photometer bench and used to measure the integral transmission ratios of 
the two selective coloured glasses (C.F. 6 and C.F. 14). The visual integral trans¬ 
mission ratio of a coloured glass is given by the quotient 

| o T\ E \ k \ <&/j o d\ 

where T\ represents the transmission of the glass at wave-length A, E\ the relative 
energy of the source at wave-length A, and the visibility function at wave-length A. 
Let T vB denote the visual integral transmission ratio of the blue-green glass, and 
T vR the visual integral transmission ratio of the red glass. With a source operating 


Rectifier 
P.E. cell 



To vernier potentiometer 
(100 Cl. per volt) 

Figure 2. Circuit used for the measurement of short-circuit output from rectifier 

photoelectric cell. 


at a colour temperature of 2360° k. and a glass temperature of ao° c., the ratio 
T v b/T vS was found to be 1-041. 

Let T cB denote the integral transmission ratio of the blue-green glass as deter¬ 
mined by the cell, and T cR the integral transmission ratio of the red glass as 
determined by the cell. By adjusting the position of the lamp on the bench the 
output of the cell was maintained constant for the open reading with white light, for 
the lamp with blue glass, or for the lamp with red glass; and hence the glass trans¬ 
mission was given by the ratio of the inverse squares of the distances from the light- 
centre of the lamp to the cell with the filter out and with the filter in, respectively. It 
was not possible to maintain this output constant from cell to cell owing to widely 
varying sensitivities; hence it was decided to keep the initial illumination with white 
light constant, and to keep the output, so set, constant for each cell during the 
coloured-glass measurements. Such experiments gave for each cell at a definite 
value of the output the ratio T c b/T cR . 

It is seen that for a cell whose spectral sensitivity conforms to the internatio nall y 
agreed visibility curve (T cB /T cR )/(T vB /T vB ) is equal to unity. 

The converse, of course, is not necessarily true, i.e. a value of uni ty for this 
expression by no means necessarily implies that a cell has a spectral distribution of 
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sensitivity in complete conformity with the visibility curve. This is merely another 
way of saying that measurements on two coloured glasses do not suffice to describe 
the cell’s performance. Nevertheless, for any cell this expression gives conveniently 
an empirical ratio of blue-green sensitivity to red sensitivity for constant output. 
This sensitivity ratio shows the performance of the cell in relation to that of the ideal 
cell having a spectral sensitivity in conformity with the visibility curve. It affords 
therefore a convenient method of revealing differences between cells of different 
types, and changes in the same cell under varying experimental conditions. 

Henceforth the expression (T cB /T cR )l(T vB /T vR ) will be referred to simply as the 
ratio of blue-green sensitivity to red sensitivity, S B /S R . 

It is considered that while such tests may in general be unnecessarily severe, so 
long as cells are used only for the measurement of light-sources having continuous 
spectra, they are actually less severe than is necessary to determine the behaviour of 
cells with sources having discontinuous spectra. 

§3. CONTROL OF SPECTRAL SENSITIVITY DURING 
CONSTRUCTION OF CELL 

Measurements of the ratio S B /S R for a number of well-known commercial cells 
are given in table 1. 

Table 1. External-circuit resistance, 100 Q.; glass temperature 
and cell temperature, 20° c. 


Cell* 

Sb/Sr 

1. Weston Photronic 

0-197 

2. Electrocell 

0-391 

3. S.A.F. 

0-55° 

4. Tungsram 

0-579 


* The maker’s name is given here for convenience. Although cells of each type were 
obtained in the ordinary way on the open market it is not known whether the manufacturers 
would regard them as typical of their products. 

The wide variation between these different types of selenium rectifier cells 
indicates that considerable control of the resultant spectral sensitivity should be 
possible during the construction of a cell. This is, in fact, the case. 

Seven selenium-sulphur rectifier cells were constructed according to the general 
method described in an earlier paper (s) , and in addition one cell (P in table below) 
made of pure selenium (6) was obtained. Particular details in the constructional stages 
were, however, altered to produce cells of different types. These details are given in 
table 2, which’also gives the corresponding values of the ratio S B /S R . 

It is seen from table 2 that (1) except in the case of cell no. ic the addition of 
sulphur generally increases the blue-green sensitivity with respect to the red; (2) re¬ 
duction of the time of annealing for Se-S cells increases the blue-green sensitivity 
with respect to the red; (3) with the other constructional details unaltered, rapid 
cooling of the selenium-sulphur film from the annealing temperature results in the 
final product in a definite increase of red sensitivity with respect to the blue-green; 
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(4) change of metal sputtered with the other constructional details unaltered has, 
for the three metals used (platinum, silver, gold), no effect on the ratio of blue-green 
sensitivity to red sensitivity; (5) abrasion of the semi-conductor surface definitely 
increases the red sensitivity as compared with the blue-green. 


Table 2. Except for P, the thickness of the Se-S film was constant and 
approximately 0*05 to o*i mm. External-circuit resistance, 100 Q.; glass 
temperature and cell temperature, 20° c. 


Cell 

no. 

Temperature 
of annealing 
(° c.) 

Time 

(min.) 

Cooled from 
annealing 
temperature 

Metallic film 

s b/Sr 

P 

200 

45 

Slowly 

Sputtered Pt 

0*435 

1 

165 to 170 

180 

tt 

»> 

o*6oo 

1 a 

165 to 170 

180 

a 

Sputtered Au 

* 

ib 

165 to 170 

180 

» 

Sputtered Ag 

# 

1C 

165 to 170 

180 

>» 

Graphite by 
polishing 
Sputtered Pt 

0-431 

2 

165 to 170 

75 

»> 

0-773 

2 a 

165 to 170 

75 

Rapidly 

>> 

o-S 4 i 

3 

170 to 175 

30 

Slowly 


0-859 


* The ratio Sr/Sr for 1 a and ib was not sensibly different from that for 1. 

While there appears to be no difficulty in reproducing a cell of a given type, it 
is seen that much may be done by modification of the constructional details to bring 
about a closer approach of the spectral sensitivity curve to the visibility curve. So 
long as a colour-correction filter is required for precise adjustment of the spectral 
sensitivity curve to the standard visibility curve, there is little to be gained by 
modification of the constructional details; when, however, for reasons of overall 
sensitivity or in consequence of the obliquity of the incident light, a colour-correc¬ 
tion filter cannot be used, modifications calculated to bring about a closer approach 
of the spectral sensitivity curve to the visibility curve may be very desirable. 

It may be added here that the rise of blue-green sensitivity as compared with the 
red sensitivity consequent upon reduction in the time of annealing is a feature which 
has frequently been observed in experiments on the selenium photo-conducting 


§4. DEPENDENCE OF SPECTRAL SENSITIVITY UPON OUTPUT 
AND EXTERNAL-CIRCUIT RESISTANCE 

The dependence of the ratio S B /S R upon output and upon external-circuit 
resistance was determined for a number of cells, and representative results are 
plotted in figure 3 for a selenium-sulphur cell of National Physical Laboratory 
make. 

S B or S R was determined for various outputs with external-circuit resistances of 
o Cl .> 100 Cl., 1000 Cl. and 10,000 Cl. and on open circuit. The sensitivity S B or S R 
for any external-circuit resistance plotted against the corresponding short-circuit 
output with the blue-green or the red glass respectively in combination with the 
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light-source then permitted the determination of the ratio S B jS R for any external- 
circuit resistance corresponding to the same values of short-circuit output with red 
or with blue light. 

Figure 3 shows that the spectral sensitivity for chosen constant conditions of 
illumination is markedly dependent upon the external-circuit resistance, an increase 
of which results in a definite increase of blue-green sensitivity with respect to red. 
Figure 3 also reveals a dependence of S B /S R upon output, and this becomes more 
marked with increase of external-circuit resistance. It is only possible here to give 



Short-circuit current (/xa.) 

Figure 3. Dependence of S B /S R upon output and upon external-circuit resistance R for 
selenium-sulphur cell, made at National Physical Laboratory. T=33*s°c. 

the change of S B /S R for a range of 6/1 in short-circuit output, for considerable care 
has to be taken to avoid heating the coloured glasses by the lamp radiation; but it 
should not therefore be inferred that the value of S B /S R for short circuit remains 
invariable for a greater range than that represented here. The work carried out, in 
fact, proves that the appearance of non-linearity for white light results not from a 
simple and uniform proportional change of absolute sensitivity throughout the 
spectrum but from a change in shape of the spectral distribution curve of sensitivity 
with output; it is to be noted here that even for the best cells on short circuit the 
range of output over which the sensitivity is precisely constant is quite definitely 
limited. Hence it is seen that the departure from a linear relation between response 
and illumination for any given light-source must depend not only upon the external- 
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circuit resistance (this, of course, is well known), but also upon the quality of the 
light received by the cell from that source. 

A fall of S B /S R with rising output has been found to be the combined result of 
either (i) a fall of S B and a rise of S R with output, or (2) a fall of S B with output 
while S R is constant, or (3) a fall of both S B and S R with output, the fall of S B being 
greater than that of S R . 



Figure 4 gives the results for a second cell on short circuit and shows a small 
increase of S R and a much larger decrease of S B with output; the fall of S B /S R with 
output is given also. Where, however, the rise of S R is more pronounced than the 
fall of iSjs with output, the cell will show a rise instead of the usual small fall of 
sensitivity with illumination, when the cell is calibrated with a source whose energy 
is mainly in the red, for instance a tungsten source operating at 2360° k. A curve for 
such a cell is given in figure 5. Similar curves have been obtained for Tungsram 
and other cells by other workers (l) . It is interesting to compare here the results 
obtained by Preston (8) for vacuum emission photoelectric cells. The change of 
spectral sensitivity with output will be referred to again in § 6. 
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Figure 5. {Sensitivity, illumination} curve for selenium-sulphur cell, made at National 
Physical Laboratory. T= 18-5° c. 


§5. DEPENDENCE OF THE SPECTRAL SENSITIVITY 
UPON TEMPERATURE 

While no attempt has been made to undertake a separate investigation into the 
effect of temperature on the spectral sensitivity, very many tests using coloured light 
have been made over a period of about eighteen months on a number of cells with 
a maximum range in room temperature of from 16 to 24 0 c. The results obtained 
prove that the distribution of spectral sensitivity depends upon the temperature of 
the cell. Care must, of course, be taken to ensure that the proper correction is 
applied for the change in transmission with temperature of the coloured glass used. 
The results plotted in figure 6 were obtained for cell no. 1, table 2, with an external- 
circuit resistance of 100 Q. To determine the temperature coefficient of trans¬ 
mission of the orange and red coloured glasses, the distribution curve of spectral 
sensitivity given in figure 7 for cell no. 1 and obtained by use of the photoelectric 
spectrophotometer (see § 2) may be used with sufficient accuracy. 

If S\ denote the spectral sensitivity of the cell at wave-length A, then the 
effective change of the integral transmission ratio with change of glass temperature 
may be determined by performing the integrations to give the quotient 

at each of two temperatures sufficiently far apart to cover the experimental range; 
T\ t represents the transmission through the glass at wave-length X and temperature 
f c. 

The results plotted in figure 6 for the orange glass and for the red glass have been 
corrected to allow for the dependence of transmission upon temperature in the case 
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of these two coloured glasses. In the case of the blue glass the dependence of 
transmission upon temperature was found to be negligible. It is seen from the 
curves that the sensitivity for red light shows a positive temperature coefficient of 
about o*5 per cent per °c., that for orange light a negative temperature coefficient 
of about 0*4 per cent per °c., and that for blue-green light a negative temperature 
coefficient of about 0*55 per cent per °c. Hence, when account is also taken of the 
results given in § 4, it is seen that the spectral distribution curve of sensitivity is 
determined by (a) the temperature of the cell, ( b ) the external-circuit resistance, 
and/or (c) the output. Consequently, the observed temperature coefficient of 



Figure 6. Dependence of sensitivity upon temperature for red light (Sr), for orange light (Sq) 
and for blue-green light (£3). External-circuit resistance, 100 Cl. 

sensitivity will be determined by (1) the external-circuit resistance, (2) the quality 
of the incident light, and (3), to a smaller extent, the quantity of the incident light. 

The effect of external-circuit resistance has already been substantiated by tests 
on commercial cells at the National Physical Laboratory and by other workers (9) . 
The effect of variation of (2) and (3) is likely to be negligibly small for simple 
tungsten sources; but on the other hand the temperature coefficient of sensitivity 
observed when the cell is used with a tungsten source may be substantially different 
(in magnitude or sign or both) from that observed when the source is daylight or one 
having a discontinuous spectrum. 

It is interesting to note here that increase of sensitivity for the red end of the visible 
spectrum with increase of temperature has often been observed in studies of the 
inner photoelectric effect in selenium (7) . 

§6. COLOUR CORRECTION 

The fact that the spectral sensitivity has been shown not to be independent of 
the experimental conditions makes it doubtful whether any useful purpose is served 
by attempting to correct the spectral sensitivity so as to make it coincide with the 
visibility for the normal eye, for it is seen that unless considerable care is exercised 
in calibrating the cell under exactly those conditions which prevail during use, 
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a precision approaching even 1 per cent may be difficult to obtain. On the 
other hand, the departure from the visibility curve (see tables 1 and 2) is already 
objectionably large. 

Possible methods of correction have been considered in detail, including (1) the 
deposition by sputtering, on the lacquered surface of the cell, of thin metallic films, 
and (2) the use of coloured lacquers. However, at present the only practicable 
method appears to be the use of a liquid colour filter. 



Wave-length (jix.) 

Figure 7. Spectral distribution of sensitivity for cells nos. P, 1 and 2, table 2, external-circuit 
resistance equal to 100 The visibility function k is also shown. 


Figure 7 gives spectral distribution curves of sensitivity for cells nos. P, 1 and 2, 
and figure 8 those for the cells listed in table 1. These curves were obtained under 
the conditions specified in § 2; but in consequence of the falling sensitivity of the 
vacuum photoelectric cell used, photoelectric spectrophotometer measurements 
were discontinued at 0*70 (jl. Except for the Weston Photronic cell, the relative 
sensitivities of all the cells, for which measurements are given, are not at 0-70/4. 
greater than about 6 per cent of the maximum sensitivities; in the case of the 
Weston Photronic cell, the relative sensitivity at 0*70 ji. is about 12 per cent of the 
maximum. There is, however, no evidence that the threshold for the selenium 



Relative sensitivity 
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rectifier photocell is sharply defined. On the contrary, when a cell is used in 
combination with a saturated solution of copper sulphate, 1 cm. in thickness in a 
glass cell, there is still appreciable infra-red sensitivity. The threshold appears to lie 
well out in the infra-red, whence occurs a slow gradual rise in sensitivity with 
decreasing wave-length down to the beginning of the visible spectrum. Frenkel and 
Joffe, in fact, believe from theoretical considerations that the contact photoelectric 
current should actually begin at the same frequency as the inner photoelectric effect. 



Figure 8. Spectral distribution of sensitivity for cells nos. 1, z, 3, 4, table 1, external-circuit 

resistance equal to 100 Q. 

The threshold wave-length for the inner photoelectric effect for selenium lies beyond 

I-2/x. 

The general course of any curve given in figures 7 and 8 may, however, be 
determined from 0*70 to i-oo/jl. with sufficient accuracy by tests with neutral-tint 
filters. An example will be given for cell no. 1. A Wratten neutral gray filter of 
mean visible density 2*02 (mean visible transmission 0-95 per cent) has a fairly 
uniform transmission from 0*40 to 072/x., and hence its integral transmission ratio 
for the visible region of the spectrum is largely independent of the distribution of 
sensitivity in this region. From 072^., however, the filter transmission rises 
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rapidly to a maximum at 0*90/x. and remains constant up to i-oo/x., the transmission 
being now approximately five times that in the visible spectrum. The assumption is 
made that the spectral distribution curve of sensitivity of the rectifier cell continues 
to fall steadily from 0*70 to i-oo /x., and hence a test with such a filter can be used to 
determine the gradient of the curve from 070 to i-oo/x. For example, for cell no. i, 
yielding constant output with a source operating at a colour temperature of 2360° k., 
a cell and filter temperature of 17*5°c., and an external-circuit resistance of 100£ 3 ., 
the measured density of the Wratten neutral gray filter was found to be i-88o; 
with the spectral sensitivity curve given in figure 7, the calculated density of the 
same filter under the same experimental conditions is 1*8794. 

From the curves given in figures 7 and 8, values for S B /S R with a source operating 
at a colour temperature of 2360° k. may be calculated. During the photoelectric 
spectrophotometer measurements the output of the rectifier cell varied over a 
maximum range of 0*5 to 4*o/xa. with an external-circuit resistance of 100 £ 3 . The 
cell-temperature was 17*5° c. Measurements of S B /S R for these cells at the same 
temperature and with the same external-circuit resistance were made on the photo¬ 
meter bench with a source operating at a colour temperature of 2360° K. The output 
of the cell was maintained constant for the tests on the two filters, but varied from 
cell to cell as stated in § 2. For all the cells except the Weston Photronic and cell 
no. 2, the constant values of output were between 3 and 4/xa.; for the two cells 
mentioned the constant values of output were between 1 and 1-5 /xa. 

The ratio (S B IS R ) c &ic.l(S B IS R )me&B. for the Weston Photronic cell was found to 
be i*ooo, and for cell no. 2 it was 1 per cent higher. For all the other cells the ratios 
were found to be all higher than unity by varying amounts up to 15 per cent. In 
view of the known differences in output between the two methods of determination 
of S B /S B , these results are qualitatively in agreement with the proved dependence 
of S B /S R upon output. It is thus seen that a representation of the spectral distribu¬ 
tion of sensitivity of a rectifier cell means little, or at least is not complete, if the 
corresponding output of the cell is not also stated for each wave-length. A con¬ 
venient standard method of representation would be that showing the curve obtained 
when the output of the cell is constant for all wave-lengths. This may be a matter 
of difficulty experimentally, and the curve would still not be the correct curve to use 
in calculating an integral luminosity, for instance, in terms of cell output. Again, 
the external resistance used and the temperature at which measurements are made 
are data necessary to complete any representation of the spectral sensitivity of a 
rectifier cell. 

For cell no. 1 at a temperature of 17*5° c., giving a constant output of 3 /xa. with 
an external-circuit resistance of 100 £ 3 ,, the ratio (S B f S r ) C 3l1c./(S bI$ s)meas. was 
found to be 1-112. When cell no. 1 is combined with a liquid filter having the 
transmission curve shown in figure 9, the spectral distribution curve of sensitivity 
of the combination is effectively limited to the region 0*47 to 074/x. At the same 
temperature and with the same external-circuit resistance, but a constant output of 
175/xa., the ratio (S B IS R )c*ic.l(S B IS R )me*&. for the combination becomes 1-261. 
Since in normal circumstances with the cell alone a reduction in output, for the 
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bench tests, results in an increase of ( S B /S B ) m e as. of approximately i per cent, which 
would lead to a slight decrease of the ratio ( S B IS R )c Sl ic.l(S B /S B )mea &it is seen that 
the increase of this ratio obtained by limiting the spectral region of sensitivity to 
o*47 to 0*74 P* * s vei 7 substantial. This would arise if the change of spectral 
sensitivity with output is most pronounced in the region of the maximum sensitivity, 
i.e. o*53 to 0*57 fi. Further tests with a very selective sap-green filter in place of the 
liquid filter provided additional support for this conclusion. 



Wave-length (fi.) 

Figure 9. Spectral transmission for liquid filter comprising equal quantities of (M/ 66 ) K a Cr 2 0 7 
and (M/3) CuS0 4 .5H 2 0, i cm. in thickness in glass cell. T— 17-5°c. 

The liquid filter referred to in the above tests was composed of a mixture of 
equal quantities of (M/ 66 ) K 2 Cr 2 0 7 and (M/3) CuS 0 4 . 5 H 2 0 , 1 cm. in thickness in 
a glass cell, M being the molecular weight in grams in 1 litre of distilled water. With 
a given cell-output, external-circuit resistance, and temperature, this filter was used 
to correct the spectral distribution curve of sensitivity of cell no. 1, table 2, to the 
visibility curve for the normal eye; its composition was determined empirically. 
With the combination of cell and filter the integral transmission ratios of a large 
number of selective colour filters were measured. The measured integral trans¬ 
mission ratio is denoted by T m , and the integral transmission ratio according to the 
visibility function by T v . Table 3 gives the ratio T m jT v for the various filters 
measured. 

By the use of Davis-Gibson standard double-liquid filters in combination with 
a tungsten lamp, it has been possible to test this combination of cell and filter 
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throughout the colour-temperature range 2000 to 7000° k. With the experimental 
conditions as specified in table 3, the sensitivity was found to be constant within 
± 2 per cent over the entire range. 


Table 3. Cell-output, 175/xa.; temperature, 17-5° c.; 
external-circuit resistance, 100 Cl. 


Filter no. 

Filter 

Effective 
wave-length (ft.) 

Tm/Ty 

68 

Blue-green 

0-5288 

0*953 

6 


0-5317 

0*972 

5 

Sap green 

0-5509 

1*071 

9 

Cobalt blue 

0-5531 

1*031 

10 

Daylight 

o*S 555 

1*038 

11 

Ortho-green 

0-5729 

1*028 

65 

Amber 

0-5920 

1*055 

4 

Light orange 

0-5950 

1*047 

3 

Dark orange 

0-6034 

1*037 

13 

Selenium red 

0-6357 

1*031 

14 

M 

0-6432 

1*024 


It may be mentioned here that by suitable modification of the concentrations of 
the two components, K 2 Cr 2 0 7 and CuS 0 4 , it is not difficult to obtain satisfactory 
colour correction for any given set of experimental conditions for any rectifier cell 
named in this paper (ll) . 


§7. DISCUSSION OF RESULTS 

The dependence of the spectral distribution curve of sensitivity upon the 
conditions of measurement here proved for the rectifier photoelectric cell was 
observed many years ago in the case of the inner photoelectric effect in selenium, 
and was then ascribed to actual molecular movement of the ionization centres (7) . 
Since that time, however, many of the properties of semiconductors have been 
satisfactorily interpreted in terms of A. H. Wilson’s theories (lo) of conduction in 
semiconductors. If therefore selenium is considered as an impurity semiconductor, 
the conduction electrons must be derived entirely from atoms of impurities which 
although small in quantity are still sufficiently large to mask entirely the natural 
conductivity of the substance. Hence it is not unlikely, in view of the sparsely 
distributed impurity states, that ejection of an electron from one of them results in 
a disturbance of the remaining electronic states, giving rise to a dependence of the 
spectral distribution curve of sensitivity upon output and temperature. The increase 
of red sensitivity as compared with blue-green sensitivity for decrease of external- 
circuit resistance can be ascribed to the same cause, in so far as reduction of external- 
circuit resistance results in a reduction of the proportion of primary photoelectrons 
returned to the semiconductor through the contact. 
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ABSTRACT . Apparatus and technique are described by means of which the examination 
of surfaces by electron-diffraction may be carried out at temperatures up to 1200° c. 
The diffraction section is water-cooled, and a special feature of the design is that no 
refractory material is used in the vacuum chamber; this enables a high vacuum to be 
maintained. 


§1. INTRODUCTION 

H itherto the examination of surfaces and thin films by electron-diffraction 
has been carried out almost entirely at ordinary temperatures, although 
R. O. Jenkins (l) investigated oxide films on certain molten metals of low 
melting point. Largely owing to the fact that his specimen-heater was of a porous 
refractory material, Jenkins was unable to prevent oxidation of the molten metals. 

During the course of work on iron-oxide surfaces formed at temperatures up 
to 1200 0 c. it became evident that electron-diffraction results were liable to be 
misleading unless examination was carried out at the temperature of oxidation. 
Accordingly, a small furnace specimen-holder was made from a densely packed 
asbestos compound known as “Syndanyo”, the heater element being of Kanthal 
wire. It was found, however, that gas was given off by the refractory during the 
heating process, and this caused progressive oxidation of the metal surface. Because 
of this the problem was attacked from a new point of view, based on the principle 
that no refractory material should be used within the diffraction section. 

§2. THE SPECIMEN-HEATER 

The design finally adopted is shown in figure 1. The specimen A is clamped to 
the closed end of an Immaculate V heat-resisting steel tube B , § in. in internal 
diameter and 1 in. in external diameter, and is heated by an arc run between the 
carbon electrode C and the graphite cup Z). The furnace enters the diffraction 
section through the standard port E y and specimen-adjustment is made possible 
by the section F ', which consists essentially of Tombac bellows controlled by the 
usual system of springs and adjusting screws. 

The electrode C is held in a brass clamp G and insulated by means of a fibre 
block H y the necessary movement for continuous running of the arc being provided 
by the rack and pinion J. A very steady arc may be maintained even on alternating 

16-2 
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current, and because of the slow rate of replacement of oxygen along the tube the 
rate of electrode-consumption is low. Burning of the carbon rod nearer the mouth 
of the tube is prevented by the silica sheath J. Owing to the high temperatures 



attained by the closed end of the furnace tube, the other end is surrounded by a 
water jacket K , and the block L is also water-cooled. 

The length of the furnace tube is too great for the tube to be bored with standard 
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drills, but the following methods of construction have been successfully used. In 
the first, the specimen-holder was welded to one end of an open tube of suitable 
length. We have to thank Messrs Accles and Pollock for supplying us with tubes 
which were made in this way and only failed when the graphite cup slipped out of 
position and the arc was run between the carbon electrode and the metal. In the 
second method the tube was in two parts, both of which could be made from the 
solid black hot-rolled rod with standard drills. The part carrying the specimen 
holder was enlarged at the open end, and the other part was machined to make a 
tight press fit in it. The joint was then brazed and the brazing metal was used as 
a basis for a soft-soldered joint with the water jacket. Similarly, the soldered joint 
between the mouth of the tube and the block M was made possible by depositing 
a band of brazing metal around the tube. 

The difficulty of maintaining vacuum-tight ground surfaces between the various 
parts of the furnace and its supports was overcome by the introduction of the 
rubber gaskets Q and i?. 


§3. THE SPECIMEN 

Specimens for use in vacuo at high temperatures must make good thermal 
contact with the furnace tube and enable accurate thermocouple readings to be 
taken. The design of specimen indicated in figure 1 was arrived at after several 
other types had proved unsatisfactory. The specimen is machined to make a good 
fit in the recess at the end of the furnace tube and is clamped in position with two 
£-in. Whitworth screws passing through the specimen flange. A central area 
| in. in diameter projects slightly above the surrounding surface and is the true 
specimen for electron-diffraction purposes. Owing to the guard-ring effect of the 
surrounding flange, this central area attains a remarkably uniform temperature. 
The temperature of the specimen is measured by means of a thermocouple inserted 
in a hole drilled parallel to the surface and as near to it as possible, good thermal 
contact being ensured by clamping the junction in position with a 10-B.-A. screw. 
Since the whole of the specimen near the junction is at a uniform temperature, 
and the junction is within 1 mm. of the surface, it is believed that the readings 
obtained are within 5 or io° c. of the true surface temperature. Bad thermal 
contact between the thermocouple and the specimen was found to lead to serious 
errors, but by checking with an optical pyrometer and observing the critical tem¬ 
peratures of the iron specimen it was possible to tell when good thermal contact 
had been achieved. 

At temperatures above 900° c. the specimen and its clamping screws tend to 
weld to the furnace tube, but this may be avoided by coating with a thin layer of 
Aquadag colloidal graphite. 

§4. THE DIFFRACTION SECTION 

It was found that the standard diffraction section of the camera which was of 
the Finch type, was unsatisfactory for work at high temperatures, and accordingly 
a new diffraction section was made. It consists essentially, figure 2, of a hollow 
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brass casting whose external dimensions are 9J in. x 6 in. x 6 in., with a cylindrical 
inner surface 5J in. in diameter and 8J in. long. To avoid the necessity for entirely 
new specimen-holder and diaphragm-holders, six standard ports were soldered 
to the machined casting in suitable positions. In addition, a vacuum release valve (3) 
and a hand port 5 in. in diameter were incorporated. Watercooling ducts, f in. in 
diameter, were drilled lengthways at the four corners and connected in series by 
channels in the end surfaces of the casting. The whole of the inner and outer 
surfaces of the casting were tinned to avoid vacuum trouble due to possible porosity. 

The furnace-tube port was fitted on the inside with a radiation shield S pro¬ 
jecting almost to the specimen surface. To the opposite port was fitted an adjustable 
radiation shield of polished Staybrite, T. By means of a suitable screw mechanism 


To focusing 
section 



this radiation shield could be moved along the tube £/, which also served as a 
sighting tube for use with an optical pyrometer and as a means of directing a 
stream of gas on to the specimen. Holes were made in the shield to permit the 
passage of the incident and diffracted beams. In order to simplify adjustment, 
these holes were made larger than was strictly necessary, and two subsidiary 
diaphragms carried on normal specimen carriers were used to limit the beams more 
exactly. 

The thermocouple, insulated by silica sheathing, was threaded through a hole 
in the shield S and connected to the terminals W. These were insulated by ebonite 
bushes, and a robust vacuum-tight joint was made by packing the space between 
the bushes with plasticine and tightening the terminal nuts. Adjustment of the 
thermocouple leads was carried out through the hand port, which also enabled the 
radiation shields, too large to pass through a standard port, to be placed in position. 
A 6-v. lamp mounted on one of the lower ports considerably facilitated these 
adjustments. 
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§5. EXPERIMENTAL PROCEDURE 

In using the apparatus for the preparation and examination of oxide films, the 
following procedure was adopted. A suitable specimen having been placed in 
position, the camera was evacuated and flushed out several times with argon at a 
pressure of about 1 mm. Throughout the experiment the leak to the cathode 
chamber was fed with argon to avoid uncontrolled oxidation of the specimen. 

The specimen, radiation shield, and diaphragms were adjusted to give an 
angle-of-incidence line in a suitable position on the fluorescent screen. Expansion 
of the furnace tube at high temperatures causes the specimen to move farther into 
the diffraction section, thus decreasing the angle of incidence for a given setting 
of the section F . The angle of incidence was therefore made sufficiently large to 
allow for this expansion, in order to avoid adjustment of the specimen at high 
temperatures, since this was made difficult by light from the red-hot furnace falling 
on the fluorescent screen. 

As the available d.-c. supply was isolated, and since the furnace tube must be 
earthed, the arc had to be run on a.c. A current of 20 or 25 amp. at 30 or 35 v. 
sufficed to raise the temperature of the specimen to 1200° c. in 5 or 10 min., the 
hot zone being confined almost entirely to the last inch of the furnace tube. The 
temperature of the specimen was measured by means of the thermocouple in con¬ 
junction with a Tinsley vernier potentiometer, and the thermocouple readings were 
checked from time to time by optical measurements and by observing the critical 
temperatures of the iron specimen. The alternating furnace current caused a pro¬ 
nounced oscillation of the electron beam, and examination whilst the arc was 
running was rendered impossible. Accordingly no efforts were made to control the 
arc sufficiently to maintain a steady temperature, but when the specimen reached 
the required temperature for oxidation the arc was switched off, and simultaneously 
a small quantity of air or other oxidizing gas was admitted through the tube U. 
Because of the design of the radiation shield this resulted in a temporary local 
pressure at the specimen surface, causing oxidation, but the normal camera vacuum 
was soon restored. Thus on admission of 3 cm? of air at a pressure of 25 cm. the 
discharge potential was reduced by about 10 kv. for 10 or 15 sec. For examination 
of the oxide film at the temperature of formation, the arc was once more switched 
on and the specimen was reheated to this temperature. The arc was switched off, 
and the exposure of one half of the photographic plate began when the temperature 
had reached the required value. Owing to the large heat-capacity and long con¬ 
duction path of the furnace tube, the rate of fall of temperature was low; initial 
temperatures of 1050, 850 and 450° c. fell to 990, 820 and 440° c. respectively 
during exposures of 20 sec. By means of the split-shutter mechanism (4) the other 
half of the plate could be exposed at some other temperature, or at the same tem¬ 
perature after further treatment of the specimen. In this way structural changes 
in the film which occurred on cooling or progressive oxidation could be followed. 

When it was required to oxidize a new specimen the whole of the furnace 
tube and radiation shield were thoroughly freed from oxide by being rubbed with 
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emery paper in order that transfer of oxygen from these parts to the specimen 
might be avoided. 

The FeO patterns of figure 3 were obtained from a steel containing 0-45 per 
cent of carbon, oxidized at 850° c. with 3 cm? of air at a pressure of 25 cm., the 
exposures being made at 850 to 820° c. and 650 to 625° c. respectively. The two 
patterns are displaced with respect to each other because no adjustment was 
made to counterbalance the contraction of the furnace on cooling. 

Blackening of the photographic plate by light from the furnace is not appreciable 
at temperatures below 8oo° c. At first considerable difficulty was experienced at 
higher temperatures, the electron-diffraction pattern being almost completely 



Figure 3. FeO at 850 and 650° c. 

masked by the blackening of the plate by light. This was overcome by desensitizing 
the plates before use with Ilford Desensitol as it was found that the treated plates, 
after being dried, were still sensitive to electrons but were unaffected by light from 
the furnace. Finally, however, the trouble was eliminated by reducing the dia¬ 
phragms below the specimen to the smallest possible size. Under these conditions 
blackening was inappreciable below 1050° c., and at temperatures up to 1200° c. 
it was insufficient to cause real difficulty. 

Another result of increasing the temperature of the specimen is to increase the 
amount of incoherent scattering around the undiffracted spot. This effect is not 
serious below 900° c., but above this temperature it is sufficient to render measure¬ 
ment of the innermost lines difficult. In the particular case of oxide films on 
specimens of Armco iron it has also been found that repeated heating to high 
temperatures results in a progressive roughening of the surface, leading to a 
weakening of the diffraction rings and a further increase in incoherent scattering. 
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§6. LIFE OF THE SPECIMEN-HEATER 

Our experience would indicate that the life of the furnace tube is almost 
unlimited at temperatures below iooo 0 c., but is much shortened when the tube is 
used at temperatures in the neighbourhood of 1200° c. The construction is such 
that replacement of a faulty tube is a relatively simple matter, and therefore there 
is no reason why the method should not be used even at such high temperatures. 

§7. CONCLUSION 

The apparatus described enables surface films to be examined by electron- 
diffraction at temperatures up to 1200° c.; it thus opens up a large new field to this 
method of structural investigation. By suitable adaptation of the furnace tube, 
thin films could also be examined at high temperatures, and it must be emphasized 
that the modifications made in the standard camera in no way detract from its 
suitability for use at ordinary temperatures. Indeed it has been found that since 
the diffraction section has been water-cooled much less trouble has been given by 
the ground joints. The design of the diffraction section and the method of attaching 
the standard ports greatly reduce the restrictions imposed upon the size of dia¬ 
phragms and other fittings. Moreover, specimens too large to pass through a 
standard port can be inserted through the hand port and subsequently attached to 
a normal specimen-carrier. 

It is clear that the investigation of changes in surface structure with temperature 
would be greatly facilitated if a series of exposures could be made instead of the 
two which alone are possible with the split-shutter plate-holder. For this reason 
it is hoped that a suitable multiplate camera will be incorporated in the near future. 
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ABSTRACT . The theory of diffraction is applied to a generalized form of diffraction 
grating such as that provided by a variable-density sound film. The results indicate that 
under certain conditions the different frequency components in the original sound will 
be uniquely represented by spectral lines in the diffraction pattern, producing an acoustic 
spectrum. The theory of the method is shown to be of great generality, permitting an 
analysis of transient as well as of sustained sounds. The analogy between the optical 
effects and the original sound is developed in some detail, spectral ghosts being identified 
with the side frequencies which result from amplitude-modulated waves. The latter 
conception is also found of use in discussing the breadth and fine structure of the spectral 
lines themselves. Sound films are normally recorded with some form of optical shutter, 
which transmits light whose intensity is proportional to z, the amplified audio-frequency 
current, but it is shown that for films intended for acoustic analysis, the light-intensity 
must vary as z 2 . Photographs of records made in this way are reproduced, together with 
the derived acoustic spectra, which accord with the theory. Finally, the probable value of 
the method as an addition to existing methods of sound-analysis is discussed. 


§1. INTRODUCTION 

T he recording of sound on photographic film by optical means has become 
one of the most important methods of sound-recording, and one which as a 
result of much technical research by the sound-film industry is capable of 
a high degree of fidelity. At the standard film speed of 90 ft./min. frequencies up 
to 9000 c./sec. can be recorded successfully. The ordinary recording and repro¬ 
ducing processes both make use of a beam of light focused to form a very fine slit 
image on the moving film; in the former case the film is subjected to an illumination 
which fluctuates in accordance with the wave-form of the sound, and in the latter 
the film is the agent which causes similar fluctuations in the transmitted beam. The 
illumination of the original slit-image can be varied by two alternative methods, 
the resulting sound-tracks being referred to as “variable-density” or “variable- 
width” records according to which method is used. The considerations which 
follow will refer only to the variable-density type, in which the sound-records 
appear as striations across the film. 

It is the purpose of this paper to discuss some optical properties which make 
these films objects of interest in themselves, quite apart from their normal use as a 
means of sound-reproduction. Suppose a specimen of such film to be illuminated, 
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not with a sharply focused beam as in the normal reproducing process, but with 
a parallel beam of monochromatic light extending over an appreciable length of the 
film. The film may, for example, be introduced into an ordinary spectroscope in the 
maimer of a diffraction grating. On looking through the instrument, it will usually 
be found that a number of images of the slit are to be seen on either side of the 
central image; they are due to beams diffracted from the sound-track itself. If the 
film is fed through the spectroscope the diffraction images are seen to change in 
number and in position, being evidently in some way related to the wave-form 
recorded on the film. 

The actual relationship might perhaps be expected to be somewhat remote, as 
the wave-form of the density-variations will as a rule be compounded of a number 
of entirely unrelated periodicities. Complicated effects are known to occur with 
ordinary ruled gratings, when there are any periodic variations in the process of 
ruling; these are liable to give rise to companion lines or ghosts on either side of the 
main diffraction lines. If in the present instance each periodicity were to react on 
every other in this way a great multiplication of lines would ensue, making the 
diffraction pattern a thing of little physical interest. It is somewhat gratifying to 
find, as has been briefly reported in an earlier note (l) , that the actual relationship 
is almost the simplest possible, the observed lines virtually constituting an acoustic 
spectrum of the original sound. 

§2. HISTORICAL. FOURIER ANALYSIS IN DIFFRACTION 

PROBLEMS 

Michelson (2) in 1905 used a two-dimensional form of Fourier analysis to 
describe a reciprocal relation between a source and its diffraction pattern. In the 
following year Porter (3) , discussing the theory of microscopic vision, employed the 
idea of identifying the successive orders of spectra formed by an opacity grating 
with the Fourier components of the function representing the variation of illumina¬ 
tion in the plane of the grating. He showed experimentally that if the abrupt 
transitions of the grating be replaced by gradual transitions from light to dark, only 
the lower orders or possibly only the first order appears. Nevertheless, the relation¬ 
ship between the diffraction process and Fourier analysis is not stressed in many 
subsequent accounts of the theory of optical gratings, although the results of the 
theory can often be seen to be natural consequences of this relationship. For 
example, when the opaque and transparent strips are of equal width, the spectra 
of even order are absent; or when the transparent strips are very narrow compared 
to their distance apart, the orders decrease very slowly in brightness, since the 
corresponding Fourier series converges very slowly. In connexion with the 
diffraction of x rays by crystals, however, the Fourier approach has often been used 
in recent years, and somewhat similar considerations arise in the diffraction of light 
by ultrasonic waves, which in the simplest case give rise to a first-order spectrum 
only. It will be best to consider the case of sound films from first principles, since 
in many instances the recorded wave-form will lack the regular periodic character 
which is the basic feature of the various types of grating referred to above. 
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§3. GENERAL THEORY 

Suppose a chosen length l of sound film to be illuminated by a parallel beam of 
light of wave-length A incident normally as in figure 1. The possibility of grainless 
photography will be assumed, so that the amount of light transmitted may be 
treated as a function of the single co-ordinate x, the distance along the film. 

Let the amplitude of the light vibration transmitted in the region between 
x and x-hdx be f (x), and introduce the customary assumption that the light 
diffracted from any point is radiated uniformly in all directions. For present pur¬ 
poses it will be sufficient to discuss the diffracted beams on one side only of the 
central beam. Then if we consider the resultant at a sufficiently remote point M 
in the direction 0 , we can replace the effect of the whole grating OP by that of the 
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wave-front OQ, if we allow for the effect of the path-differences upon the phase of 
the vibrations, and neglect the effect upon the amplitude. As M recedes to infinity 
the diffraction effect becomes a function of 0 only, to be observed with a telescope 
focused at infinity. In the wave-front OQ a vibration originating from the point x 
will be retarded in phase by an amount a given by 


277 . a 

a=-^- x sin 6. 


If we now sum the vibration components which are in the same phase as the 
undiffracted wave-front OP, or differ from it in phase by |-7r, we have respectively, 

C= J^/ (x) cos xdx, S = j / (a?) sin a dx. 

Then the aggregate disturbance represented by the diffracted wave-front OQ has 
an amplitude <\/(C 2 + S 2 ), and its phase relative to the undiffracted wave-front is 
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tan -1 ( S/C ). If now the number of wave-lengths of light in PQ is set equal to n, 
which is not necessarily an integer, then 
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It will be seen from figure i that only the portion of the film between #=o and 
# = Z is exposed, the rest of the film being obscured by screens. The function/(#) 
will thus have zero value for — oo < # < o and for l < x < oo, while between o and l 
it may be completely arbitrary, being composed of any number of unrelated 
periodicities of varying duration. Such a function may be analysed by Fourier’s 
integral, a standard form of which is 


/(*) = - fW/(0 cos <o(£-x)d£. 
77 J 0 JO 


Here £ is a running co-ordinate which disappears after the integration has been 
completed. Expressing this integral in a form more convenient for our purpose, 
we have 

j r°° ri 

f (x) = - do \ f (f) (cos og cos ox + sin o£ sin a>#) dg 
Jo Jo 

il 00 \ l if 00 [ l 
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That is to say, / (#) may be represented by a series of cosine waves of all frequencies 
from o to 00, where a typical wave has an amplitude proportional to 

A (&>) = y/{<f> % (w)+(to)}, 
and a phase e= tan -1 > 

these two quantities being determined by the integrals 


</> H = I f (f) cos (i)£d£ t 


.'0 

,1 


t (w) = I / (|) sin 
Jo 


•( 3 «) 

.( 3 *) 


The resemblance between these and the integrals for C and S, equations 
(2 a, zb), is immediately apparent, the two sets becoming identical if we identify <0 
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with 27r (?z/Z), so that n is the number of times the corresponding cosine wave is 
repeated in the length l of the film. The amplitude A of this wave is thus pro¬ 
portional to the amplitude of the light vibration in the beam diffracted in that 
particular direction for which the path-difference PQ = nX. 

It may easily be shown that although only one half of the diffraction pattern has 
been considered, the pattern is symmetrical in appearance about the central line; 
this symmetry does not, however, extend to the phases of the vibrations in corre¬ 
sponding diffracted beams. 

§4. DISCUSSION OF THEORY 

Pending further discussion in § 5, / (x) will be taken as conforming to the wave¬ 
form of the original sound. If V is the film-velocity used in recording, the chosen 
length l of film will represent a time interval t equal to l/V, which will usually be 
some fraction of a second. The diffraction pattern may then be regarded as an 
acoustic spectrum of the original sound averaged over the period t. In deciding 
upon the value to be given to this period, it would be necessary to bear in mind 
that the spectrum will obviously be of little significance if t is made very small, or 
(except in the case of sustained sounds) very large. 

Each particular harmonic component inf (x) produces its individual diffracted 
beam unaffected by any other components which may be present at the same time. 
The only case where a component of one frequency will react upon another with the 
formation of what may be termed ghosts, is when the amplitude of the component 
is caused to vary, or is modulated, at a different frequency. Then sum and difference 
frequencies will arise, as in the well-known case of the side-bands which occur in 
wireless theory, and the diffraction pattern will quite properly indicate their 
presence. 

It will be seen that even when the wave-form on the film is known to be com¬ 
pounded of a finite number N of harmonic terms, the function required to represent 
the length l of the wave-form exposed by the aperture will contain an infinite 
number of such terms. It is to be expected however that these will be concentrated 
together into N groups, so as to give rise to N spectral lines on either side of the 
centre, each of which is more precisely a diffraction maximum with a series of 
secondary maxima on either side. A particular case in which the full solution is 
available is that of the traditional diffraction grating composed of equispaced 
transparent slits, for which it is well known that the total diffraction pattern consists 
of a series of diffraction maxima or orders, each surrounded by a series of secondary 
maxima. In this case the orders are spaced according to a regular law, as they 
correspond to multiples of the fundamental periodicity of the grating. The complete 
mathematical theory of the secondary maxima is somewhat lengthy, but there is 
a purely physical justification for the belief that, in the more general case now 
considered, a similar calculation if carried through would lead to a similar result, 
except that the N main maxima would not be regularly spaced. This point will be 
referred to again in § 7. 
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Reference should be made here to the central image formed by the direct or 
undiffracted beam. This will be referred to as arising from the constant term of the 
Fourier expansion for / (5c) although it really arises from an infinite number of 
terms grouped near the value n — o. This constant term corresponds to the steady 
amplitude of the light transmitted by the film in the absence of modulation by 
sound. It retains the same value, however, in the presence of modulation; that is 
to say, the light required to form the other lines in the spectrum is not abstracted 
from the direct beam. 

It is well known that it is possible to reproduce sound either from the original 
(negative) film on which it is recorded, or from positive prints made from the 
original. If the diffraction pattern formed by a selected length of film is really to 
constitute an acoustic spectrum of the recorded sound, the spectrum will have to 
be the same whether the negative or positive be used. That this will be the case 
may be seen from Babinet’s theorem, which states that the diffraction pattern 
formed by any screen remains unchanged in form (except for the central region) if 
the opaque and transparent portions are interchanged. The central region corre¬ 
sponds to the constant term of the Fourier expansion, which contributes nothing 
to the sound as it is reproduced, but causes only a direct-current component in the 
output of the reproducing photocell. 

§5. PRACTICAL CONSIDERATIONS 

In § 4 it was assumed that the recording was so performed as to make the 
amplitude/ (x) of the light transmitted by the film conform to the wave-form of the 
original sound. This requirement may be expressed by saying that/ (x) must have 
a profile similar to the wave-form F (x) of the sound, or a relation must exist of the 
form 

f(x) oc k+F(x), 

where k is some constant. 

If we examine the conditions under which sound films are usually made, it will 
be seen that this is unfortunately not the case. As normally used, a sound film is an 
agent by which the wave-form of a recorded sound may be reproduced in the wave¬ 
form of the current supplied to a loud-speaker. The latter wave-form has a profile 
similar to that of the current in the photocell of the reproducer, the photoelectric 
current in its turn being proportional to the intensity of the light which it receives. 
In the film record, therefore, the intensity and not the amplitude of the light 
transmitted by the film follows the wave-form F (x) of the sound, so that we shall 
have 

f 2 (x) oc k+F (x). 

This is not the relationship needed for the acoustic analysis here projected, 
so that ordinary recording apparatus could not be used without some modification 
of either the electrical or die optical system. It is not difficult theoretically to devise 
ways in which the various methods of recording now in use could be modified to 
produce records of the required type, but it will be sufficient to describe as an 
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illustration one very simple scheme applying to the vibration galvanometer method 
of recording, in which the light beam is reflected from a small vibrating mirror. 

In figure 2 {a) the dotted rectangle represents an area of uniform illumination, 
which is actually the image of an illuminated aperture projected after reflection 
from the oscillograph mirror, on to the plane of the knife-edge AB. 

In the absence of modulation by sound the knife-edge obscures half the light 
patch. Vibrations of the mirror, by varying the distance z, will cause the luminous 
flux L in the unobstructed portion of the beam to vary in such a way that 

L oc z oc k+F (x) y 



which is the requirement for normal recording. If we modify this arrangement by 
using a triangular light-patch as in figure 2 (£), we shall now have 

Loc* 2 oc [k + F(x)]\ 
or f*( X )oc[k+F(x)]\ 

or f(x) oc k+F(x), 

k being a constant such that the expression on the right-hand side never becomes 
negative. Thus in this case the condition required for the present type of recording 
is satisfied, and no modification of the electrical or photographic technique normally 
used would be necessary. 

§6. EXPERIMENTAL 

In the present paper the experimental aspect must be subsidiary to the theoretical, 
as a proper sound-film recorder was not available. However, some photographs 
obtained with improvised apparatus are appended as of interest in bearing out the 
conclusions reached by theory. The records were made on ordinary panchromatic 
film, by means of a dynamic loud-speaker movement adapted to swing a small 
mirror, the modulation of the light-beam being accomplished as in the preceding 
section. The first experiments were made with groups of organ pipes as affording 
sounds of approximately known composition. Figure 3 (a) shows a portion of the 
sound-track produced by sounding simultaneously three stopped diapason pipes 
whose frequencies were approximately 305, 390 and 520 c./sec. Figure 3 (b) is the 
derived diffraction pattern, showing on either side of the rather over-exposed 





The diffraction of light from sound films 251 

central image three lines whose displacements are in a ratio agreeing closely with 
that of the original frequencies. The next photograph is intended to make visible 
the effect discussed in § 4, the production of side frequencies when a pure wave is 
subjected to amplitude modulation. For this the source was a modulated oscillator, 
the oscillation frequency being 305 c./sec. and the modulation frequency 50 c./sec. 
A record of the wave-form is shown in figure 4 (<2), and figure 4 (b) is the resulting 
diffraction pattern, in which the main components on either side of the centre are 
seen to be symmetrically bracketed by the less intense side-frequencies. The 
occurrence of such symmetrical patterns at any time might be regarded as a strong 
indication that amplitude modulation had taken place. 

§7. MODULATION BY SUPERPOSITION OF GRATINGS 

An effect similar to the one just described could be produced by taking separate 
variable-density records of the 305»c./sec. and 5o-c./sec. waves, and then super¬ 
posing the one film on the other. This procedure is not quite the equivalent of the 
first, however, because the 50-c./sec. wave will modulate not only the 305-c./sec. 
term, but also the constant term of the density function on which it is superposed. 
This will cause the central image as well as the lateral images to become bracketed 
by a pair of 5o-c./sec. lines, which does not happen if the 305»c./sec. wave alone is 
modulated in preparation for recording. 

A well-known experiment with ordinary diffraction gratings, in which a coarse 
grating is superposed upon a finer one, may advantageously be regarded as a similar 
example of modulation by superposition. Each image formed by the finer grating 
acquires a set of lines on either side similar to the diffraction pattern formed by the 
coarse grating itself. This illustration is introduced in view of its bearing on the 
point raised in § 4 relating to the precise nature of a spectral line. It is significant 
that the structure of each spectral line produced by an ordinary grating is similar to 
the diffraction pattern which would be produced by a rectangular aperture of the 
same dimensions as the ruled surface of the grating. This leads naturally to the 
view that each spectral line, in so far as it fails to be completely sharp, may be said 
to have acquired side bands due to modulation by the aperture which limits the 
grating, or more precisely modulation by the cosine terms present in the Fourier 
integral representing the aperture. On this view we can safely assume that in the 
more general type of grating represented by a variable-density sound film, a sound 
composed of N simple tones will give rise to N spectral lines which, although 
perhaps irregularly spaced if the tones are unrelated, will otherwise resemble in 
structure the lines of the various orders of an ordinary grating with the same 
aperture. 


§8. TRANSIENT COMPONENTS OF SOUND 

If the original wave-form represents a transient sound instead of sustained 
simple tones, it will require for its expression an infinite number of Fourier 
terms suitably grouped, even before delimitation by the aperture. Consider as an 
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illustration the case of a sinusoidal wave-train of short duration, represented on the 
film by n waves of wave-length /x. The main features of such a train can be repre¬ 
sented^ by a group of wave-lengths. ranging from ii-dp to n+dfi, where 
dfji = n/n, or a group of frequencies ranging from /+ df to /— df where df=fjn. If 
the n waves are regarded as a grating of limited resolving power, this is just the range 
of frequencies which the spectral line will represent, if we consider only its central 
maximum and neglect the secondary maxima. The diffracted beam then spreads 
from d — dd to d+dd, where 


therefore 


X — fi sin 0 , 

(n + i) A = tz/x sin ( 0 -f dd), 

A = rc/x d (sin 0 ); 

_ A _ sin 0 _/ 
~ ^d (sin 0) “ d (sin 0) — df 


In general the lines of the spectrum will have a lower limit to their width deter¬ 
mined by the aperture of the film, but this width may be considerably exceeded if 
transient components are present. 


§9. SIGNIFICANCE OF THE WAVE-LENGTH OF THE 
ILLUMINATION USED 

If the light-wave which is used to illuminate the sound film has its wave-length 
decreased, while the amplitude remains the same, two main effects will be produced, 
as in a similar problem discussed by Rayleigh (s) . Firstly, the diffraction pattern will 
contract, the lateral beams moving closer to the direct beam and to each other. 
Secondly, the beams will increase in intensity, since the intensity is determined by 


I oc 


C 2 + S 2 
—re— oc 


A? 

A 2 ‘ 


A subsidiary effect is that the diffraction pattern is theoretically more complete, a 
higher number of terms being included within the maximum angle 6— 90°. 

It is to be noted that the present method, in common with other methods of 
wave-form analysis, is fundamentally an analysis of amplitudes, although when 
sounds of the same frequency are being compared the intensity of the spectral lines 
will also be a measure of the intensity of the sounds. When the sensations produced 
by sounds of different frequencies are being considered we are usually less interested 
in the amplitudes than in the intensities, which for high-frequency components 
may be quite large even when the actual amplitudes are small. To find an optical 
analogy for this, equation (1) may be rewritten in terms of the film-velocity V and 
the sound frequency/, giving 

/= j sin 0. 

If now the observing telescope be set at some fixed angle 0 , and the spectral lines 

17-2 
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brought successively into view by varying the wave-length A of illumination as 
above, we shall have 

Icc^cc(A>f*). 

That is to say the intensity of the lines will bear a constant ratio to the intensity 
of the sound components themselves throughout the frequency range; at the same 
time the sensation of colour will take the place of the sensation of pitch, giving as it 
were an optical transformation of sound. 


§10. CONCLUSIONS 

It has been shown that it is possible to resolve a wave-form recorded on variable- 
density film into its components by making use of the formal resemblance of the 
equations of diffraction theory to those which occur in Fourier analysis. The main 
ideas employed have always been implicit in the theory of diffraction, but attention 
has been called to certain consequences that may be of interest in view of the 
comparatively new scientific tool provided by the sound film. It remains to give a 
brief discussion of the possible practical applications. One possibility is that suit¬ 
able wave-records, which could easily be duplicated, might serve as useful objects 
for demonstrations in connexion with the theory of waves. More important is it to 
assess the practicability of developing diffraction into a routine method of wave- 
analysis; in this connexion a number of difficulties naturally suggest themselves 
at first. For example, the dispersive power attained is obviously of a low order, so 
that the lines corresponding to the lower frequencies lie close to the obtrusive 
central image, the field surrounding which is with most optical systems never 
completely dark. The dispersion can of course be adjusted to some extent by 
varying the film-velocity used in recording. Another difficulty is that the film itself 
is liable to produce aberrations in the image formed by any optical system into 
which it is introduced, owing to irregularities in the film-surface, so that low dis¬ 
persion is not readily counteracted by increased magnification. For such reasons 
the method compares unfavourably with, for example, the electrical wave-analysers 
which as a result of the investigations of Griitzmacher (6) , Moore and Curtis (7) , and 
numerous others, have become a very simply operated form of laboratory equip¬ 
ment. With such analysers, even the fainter sound-components become quanti¬ 
tatively measurable in terms of the readings of an output-meter and an adjustable 
gain-control. If the search frequency which is employed in these methods is varied 
automatically, they may be used for recording, and Griitzmacher (6) has investigated 
the rapidity with which the acoustic spectrum may be explored with due regard to 
the necessity of exciting the resonant circuit at each stage. He concludes that at a 
rate of frequency-change of 300 c./sec?, the limit is still not necessarily reached. 
Some limit must exist however to development on these lines, so that other methods 
must be employed for analysing transient and transitional sounds such as those 
which occur, for example, in speech. It is in such connexions that the diffraction 
method might make a useful addition to existing methods of analysis. The technical 
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difficulties mentioned above do not appear to be insuperable, and there is an 
attractive generality in the theoretical possibilities which makes it desirable to see 
how far they can be realized in practice. In conclusion it may be observed that the 
diffraction method is not restricted to acoustical wave-forms, and could be adapted 
to deal with much slower vibrations than can be analysed by electrical or resonance 
methods. 


§11. A NOTE ON VARIABLE-WIDTH SOUND FILMS 

J. F. Schouten has recently reported (8) that he has investigated the corresponding 
properties of variable-width films, the theory of which is, as might be expected, 
more complicated than that of the variable-density type. The diffraction patterns, for 
which a point source must be used, resemble Laue patterns in that they are two- 
dimensional, and for a single frequency contain spectra of higher order besides the 
first. If attention is confined, however, to the a axis, for which the angle of diffraction 
in the vertical direction is zero, the distribution of intensity is found to be the same 
as that produced by a variable-density film. 
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ABSTRACT. The atmospheric oxidation of evaporated films of a number of alloys and 
metals has been studied by electron-diffraction at various temperatures. In a number of 
cases the protective oxide film formed at room temperatures was not detected even after 
a month’s exposure to air, but in other cases evidence for the oxidation of the metal at 
room temperatures was obtained. 


§1. INTRODUCTION 

M etals are thermodynamically unstable at room temperatures, and thus the 
difficulty in connexion with the oxidation of metals is not so much to 
account for the oxidation as to account for its slow rate. It is generally 
agreed that metals in bulk are prevented from rapid oxidation by a thin film of oxide 
on the surface which prevents access of oxygen to the layers beneath. 

There is considerable evidence for the existence of this oxide film, and two 
methods at least have been utilized to determine its rate of formation; one is to note 
the increase in weight of a film of the metal (8) , while the other, due to Tronstad (7) , 
is based on the reflection of polarized light. 

The application of electron-diffraction to the study of surface oxide films enables 
the structure of the films to be determined. In many cases the oxide may be one 
of several oxides of the metal, and the method enables it to be identified, as the 
crystal structures are known from x-ray data. The method does not, however, at 
present lend itself to exact quantitative determination of the rates of oxidation. 

In the present work a large number of metals and alloys have been examined 
by electron-diffraction in order to identify the atmospheric oxidation products 
formed at room temperatures and at higher temperatures. 

§2. APPARATUS 

The electron-diffraction camera incorporated the high vacuum multiplate camera 
described by the authors in an earlier paper (l) . The source of electrons was either a 
cold-cathode discharge tube or a discharge tube of the hot-cathode type; these were 
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interchangeable on the apparatus. The accelerating voltage used was 30 kv. and the 
beam was focused by a magnetic lens (a) . The specimen chamber was designed in 
such a way that specimens could be evaporated, in vacuo, directly on a suitable 
substrate mounted on the specimen-holder, and a diffraction photograph be 
obtained before contamination by air, the specimen being subsequently removed 
for oxidation. Two degrees of freedom could be imparted to the specimen so that 
reflection and transmission photographs could be obtained. The spacings corre¬ 
sponding to the diffraction rings were obtained by comparison with a standard gold 
specimen (3) . 


§3. PREPARATION OF FILMS 

Films for transmission were obtained by evaporation of a small pellet of the 
substance placed inside a spiral of tungsten wire, the substrate being collodion. 

Films for reflection were prepared in some cases by evaporation on to glass, and 
in other cases the specimen was cut into blocks measuring 5 cm. x 0-5 cm. x 1 cm. 
and the surface was prepared by rubbing on 000 emery paper. 

Films from melts were obtained by dipping nickel gauze into the molten metal 
and slowly removing it. 


§4. RESULTS 

Copper . G. P. Thomson has studied thinned films of copper; the oxidation of 
copper at room temperatures does not seem to have been investigated, but at higher 
temperatures Preston (s) and Murison (6) have studied the oxidation of copper blocks. 
Transmission and reflection photographs using evaporated films were obtained, 
gold being used for comparison purposes; the patterns were found to be due to a 
face-centred cubic structure for which 0 = 3-60 a., in agreement with the x-ray 
result for copper. 

Transmission specimens (copper on collodion) on exposure to air gradually 
developed extra rings, but even after 9 months’ exposure to air the copper rings 
persist. These extra rings were identified as the no, nr and 220 rings of CugO 
which is cubic with a equal to 4-24 a. 

The oxidation of copper at ioo° c. was investigated by heating the transmission 
and reflection specimens in an electric furnace for definite intervals of time. It was 
found that the film was completely oxidized into Cu 2 0 in just under an hour. 
Vernon (8) gives the thickness of the film on copper at ioo°c. to be 60 a. after 
heating for an hour; since the thickness of the films in the present work is probably 
of the order of 100 A., the rate of oxidation is of the same order as that found by 
Vernon. 

Preston (5) found that specimens of copper which had been polished at room 
temperatures were covered with Cu 2 0 ; polishing probably raised the temperature 
of the surface. Beeching (lo) found that his evaporated films on glass were CugO, or 
some other substance which he failed to analyse; the interval between preparation 
and examination of these films was not stated, and oxidation probably occurred in 
the interval. 
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Further heating of the transmission and reflection specimens up to 200° c. 
produced no change in the transmission patterns, but reflection photographs 
indicated an orientation with the 110 plane parallel to the surface. After heating at 
250° c. for an hour the pattern shown in the table was obtained. 


Intensity 

Radii 

(cm.) 

Spacing 

(A.) 

x-ray 

spacing (a.) 

Oxide 

Indices 

/ 

0-504 

3*02 

3 *oi 

Cu 2 0 
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I 
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2*45 
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2*29 
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1 1 
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I-84 

CuO 

— 

ff 
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1*72 

1*73 

CugO 

211 

f 

0-964 

i *59 

1-59 

CuO 

211 

mf 

I*Ol8 

1-49 

i* 5 ° 

Cu a O 

220 

m ■ 

1*094 

i *39 

1-40 

CuO 

022 

m 

I-I92 

1-27 

1*28 

Cu 2 0 

3 ii 


The pattern is thus a mixture of Cu a O and tenorite (CuO). Further heating 
at 300° c. converted the pattern completely into that due to tenorite, which 
from x-ray data is known to be monoclinic (0 = 4*66 a.; 6 = 3*40 a.; c= 5*09 a.; 

«= 99 ° 3 o') (ll) . 

No pattern could be obtained from reflection specimens of evaporated copper on 
glass after they had been heated to 300°c. as they became charged. This fact shows 
that the film has changed from being a semiconductor Cu 2 0 and become an insulator, 
probably CuO. Murison (6) found that blocks of copper heated to high temperatures 
gave a three-ring pattern; the writers* transmission films did not give this pattern. 

Alloys containing copper . (0) Brasses . Preston (s) has studied the oxidation of 
brasses at three temperatures, ioo°c., 183° c. and 40o°c. The present writers 
have obtained results similar to those of Preston and have used intermediate 
temperatures. 

Three brasses with a nominal composition of 10 per cent, 20 per cent, and 
30 per cent zinc, and a bronze containing 5 per cent of tin were found to be covered 
with C1I2O at temperatures up to 300° c.; the Cu 2 0 showed the orientation found 
on copper at the higher temperatures. A brass containing 38 per cent of zinc gave 
no pattern below 250° c., but at this temperature a pattern due to ZnO was obtained. 
Above 300° c. no pattern sufficiently good for analysis was obtained from the bronze 
or from the brasses containing 10 per cent and 20 per cent of zinc, probably owing 
to the scaling of the surface; the 30 per cent brasses, however, gave a pattern due 
to ZnO. 

(b) 20 per cent nickel silver (62 per cent copper, 18 per cent zinc, 20 per cent 
nickel). This alloy gave patterns analysed to be due to Cu 2 0 after being heated to 
temperatures up to 300° C. but above that temperature the nature of the film was 
not determined. 

(c) Ferry (44 per cent nickel, 56 per cent copper). This alloy gave a very good 
pattern, figure 1, due to NiO when heated to temperatures around 400° c. 
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Silver. G. P. Thomson (4) has studied films of silver prepared by thinning silver 
leaf with nitric acid. Quarrell (l2) has recently studied evaporated films of silver on 
cellulose. 

Evaporated films of silver on collodion and glass were prepared in the usual way. 
The films after exposure to the atmosphere developed extra rings after a week (these 
rings are additional to the rings due to the face-centred structure of silver). There 
was a slow increase in the intensity of the extra rings with time, and with some 
specimens these rings were stronger than the silver rings after six months. A silver- 
sulphide film was prepared by exposing a silver film to hydrogen sulphide. The 
x-ray structure for Ag 2 S below 180 0 c. is orthorhombic with a equal to 477 A., b to 
6-92 A. and c to 6-99 A. This structure may be regarded for practical purposes as 
pseudotetragonal with a equal to 6-95 A. and an axial ratio of o*68. The diffraction 
pattern obtained agreed closely with this structure. The extra rings obtained 
with the silver films that had been exposed to air, figure 2, agreed in spacing with 



Figure i. Figure 2. 


the strong rings found in the sulphide patterns. Thus with silver the initial corrosion 
product is the sulphide. 

Transmission specimens of silver on collodion were heated to 200° c. within a 
few hours of their preparation; the films showed a tendency to break, but gave the 
silver pattern with sharper lines than the original evaporated films. This shows that 
the crystallites have grown larger and the rupture of the film may be due to that 
fact. On being further heated to 250° c. the films were completely broken and no 
pattern could be obtained from them. 

Reflection films after being heated to 290° c. appeared granular and gave no 
diffraction pattern on account of the accumulation of static charge. Examination 
under the microscope showed that the films were made up of small grains, and the 
charging up is probably due to the impact of electrons on the exposed surface of the 
glass between the grains. Thus the crystallites of silver grow rapidly at temperatures 
above 250° c. 

Tin. G. P. Thomson (4) investigated thinned films of tin and obtained patterns 
consisting of two rings only. The present writers prepared transmission films of tin 
by evaporation, and the patterns obtained from the unexposed films agree with a 
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tetragonal structure having axial ratio of 0*54, in agreement with the x-ray data. 
These films, figure 3, exhibited no preferred orientation. 

Photographs of a film of tin taken at intervals up to a month showed no detectable 
oxidation, a fact which points to the conclusion that the film formed on tin in air is 
very thin. 

After hours’ heating at ioo° c. no change was observed in the pattern for tin, 
but after heating to 190° c. a different pattern was obtained; this was found to be 
due to a tetragonal structure with a equal to 3*80 a. and c to 4*80 a., the axial ratio 
being thus 1-27, in agreement with the x-ray data for SnO. This oxide has been 
found by Jenkins (l3) on the melt of tin. The writers found it to be present on the 
surface of the melt of solder, the oxide exhibiting marked orientation with the 
001 planes parallel to the surface, figure 4. 

Iron. H. R. Nelson (l4) has studied evaporated films of iron by transmission; 
he has also obtained reflection photographs from blocks of iron abraded with emery 
paper. In the present work it was found impossible to evaporate iron from a tungsten 
filament, and the films were prepared by evaporation from a carefully cleaned 



filament of iron supplied by Johnson and Matthey. Transmission photographs of the 
specimens taken in situ immediately after preparation and before exposure to the 
atmosphere gave a body-centred cubic pattern due to aFe together with two diffuse 
rings having mean spacings of 2-6 a. and a. respectively. These rings are probably 
due to either yFegOg or Fe 3 0 4 , since they improve in sharpness when the specimens 
are heated in air and are strong rings in the structures of the above oxides. It is 
difficult to account for the presence of the oxide in the films; Nelson appears to 
have observed the same effect with films which had been exposed to air at pressures 
not exceeding io~ 3 mm. 

When the films were exposed to air no change took place during 14 days. The 
data of Tronstad show that the oxide film on iron reaches a maximum thickness of 
15 a. or 20 A. on exposure to air, and the writers’ patterns indicate that the crystal-size 
is probably less than 100 a. 

Evaporated films of iron (on collodion) showed appreciable oxidation after being 
heated to ioo° c. for an hour. During this heating the rings with spacing of 2-6 a. 
and 1*5 a. gained in sharpness. The pattern obtained after heating at 150° c. was 
analysed to be due to a cubic structure with a equal to 8*30 A. yFe 2 0 3 and Fe 3 0 4 
both have cubic structures, and their unit cell lengths are 8*30 a. and 8*37 A. 
respectively; thus the oxide formed is probably one of these oxides. 
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Iron alloys . {a) Steel Blocks of mild steel heated to temperatures below 300° c. 
gave no reflection patterns ; this may be due to the unsuitability of the surface for 
reflection below 300° c., for either yFe 2 0 3 or Fe 3 0 4 would be expected to be formed. 
At 300° c. faint patterns identical with the patterns obtained at higher temperatures 
were observed. Good patterns were obtained after heating to 400° c. The spacings 
of this pattern agree with the x-ray spacings for 0tFe 2 O 3 , which is rhombohedral in 
structure with a equal to 5-41 A., and oc to 55 0 17'. The pattern indicates that the 
crystallites are oriented so that the 10T planes are parallel to the surface; there is a 
growing tendency to orientation with increase of temperature. 

(b) Nickel iron with 48 per cent of nickel , and 52 per cent of iron . Blocks of this 
alloy were treated in the same way as the blocks of steel. After heating to 500° c. 
good photographs identical with those obtained from steel were obtained. In this 
case also the oxide film formed on the alloy is ocFe 2 0 3 . 

(c) Dullray (62 per cent iron , 34 per cent nickel , 4 per cent chromium ). After 

heating above 300° c. the pattern obtained from this alloy was identical with that 
obtained from steel. In this case, however, since the structures of and 

Cr 2 0 3 are very similar, both being rhombohedral with spacings within 1 per cent 
of one another, it is not possible to say which of the oxides is present on the surface 
of the heated alloy, although the iron oxide is more to be expected in view of the 
much greater concentration of iron in the alloy. 

Antimony . The only previous work on antimony appears to be that of Kirchner (l5) , 
who studied evaporated films of antimony on collodion; the films which he prepared 
were films which gave diffuse rings. The present writers obtained very beautiful 
patterns from evaporated antimony on collodion, figure 5. The patterns obtained 
before the films were exposed to air agreed with the x-ray structure for antimony, 
which is rhombohedral with a equal to 6-23 A, and a to 87° 24'. It is a deformed 
face-centred cubic lattice and can be referred to hexagonal axes by means of the 
usual equations. The films showed no preferred orientation. 

No detectable change could be found in the patterns after the antimony films 
had been exposed to air for a week. 

No detectable oxidation was observed with antimony up to a temperature of 
250° c. Above this temperature the patterns obtained were found to be due to a 
cubic structure with a equal to ii-i A., which is in good agreement with the x-ray 
data for Sb 2 0 3 (a = 11 -o a.). 

Bismuth . Evaporated films of bismuth have been studied by Kirchner (ls) , but 
no reference to the oxidation of bismuth has been found in the literature although 
the oxide film from the melt of bismuth has been studied by Darbyshire and 
Cooper (l6) and by Jenkins (l3) . 

Films of bismuth on collodion were very readily prepared by evaporation from a 
tungsten filament. The bismuth was of spectroscopic purity supplied by Adam 
Hilger. Specimens evaporated on glass were also prepared and studied. 

Films of bismuth on collodion were examined by transmission in situ immediately 
after being prepared without being exposed to air. From x-ray data it is known 
that bismuth has a face-centred rhombohedral structure (a— 6*58 A., a=87° 34'), 
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i.e. like antimony it has a deformed face-centred cubic structure. It is more con¬ 
venient however to transform to hexagonal axes which may be done by means of 
the usual equations. 

The films, unlike the films of antimony, which bismuth resembles closely in 
structure, exhibit a markedly preferred orientation, a specimen inclined to the 
beam giving an arcked pattern, Fig. 6, while perpendicular to the beam a specimen 
gave complete rings. The preferred orientation is such that the 111 plane, with 
reference to rhombohedral axes, is parallel to the surface of the film. This agrees 
with the orientation found by Kirchner. 

A photograph was taken with a bismuth film on collodion which had been exposed 
to air for 16 hours; it showed a band just outside the 200 ring. Photographs taken 
at intervals up to 32 days showed no further change in the pattern. This band may 
possibly be due to the oxide, for when the film was heated in air the band was 



Figure 5. Figure 6. 


resolved into rings. If the band is due to an oxide film then the oxide film must be 
very thin. Reflection specimens on glass behaved in the same way. 

A film of bismuth on collodion was heated in order to find whether the film 
would lose its marked orientation at high temperatures. Photographs were taken 
with the specimens inclined to the beam. The length of the arcs began to increase 
at 150° c. and after they had been heated to about 200° c. the preferred orientation 
was completely absent. During this heating there was no detectable oxidation of the 
film beyond that found at room temperatures. 

The behaviour of transmission specimens of bismuth and that of the reflection 
specimens on being heated were different. The reflection specimens after being 
heated to 300° c. for one hour gave poor photographs, which showed a face-centred 
cubic structure in which <2 = 5*7 a. The accuracy of this result is not very great on 
account of the poor quality of the photographs. Transmission photographs gave 
patterns, the strong rings of which agree with a face-centred cubic structure with 
a equal to 5*50 a., but other faint rings not belonging to a face-centred cubic pattern 
are also present; in addition the 111 ring is diffuse. This diffuse ring may be due to 
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amorphous Bi 2 0 3 which is known to form a glass with a single band of mean spacing 
3-i3 A * 

Two investigations have been devoted to a study of the oxide film on the melt 
of bismuth and their results may be compared with those obtained above. Darby- 
shire and Cooper obtained two types of pattern, one indicating a face-centred 
structure of unit length 5-43 a. and the other a complex pattern which they found 
to be due to a body-centred tetragonal structure with a equal to 10-85 A. and c to 
11*28 A. Jenkins found the pattern to be a hexagonal close-packed structure of 
axial ratio 1-56. 

The x-ray structure of Bi 2 0 3 has not been studied in detail, but Randall (l7) found 
the x-ray pattern of Bi 2 0 3 to indicate a face-centred cubic structure; the complete 
structure has not been determined “on account of certain lines which are missing 
from the crystalline pattern of Bi 2 0 3 . This is due to the fact that the scattering 
power of bismuth for x rays is very great compared with that of oxygen. ” He quotes 
the hi ring as having a spacing of 3*185 A. which makes a equal to 5*51 A. 

Darbyshire and Cooper’s first type of pattern and the authors’ reflection patterns 
gave the structure expected of Bi 2 0 3 . The authors’ transmission photographs at 
300° c. as described above gave a face-centred pattern with faint extra rings and the 
hi ring diffuse. Further heating of the films up to 400° c. gave a pattern with 
sharp rings but the pattern could not then be ascribed to a simple face-centred cubic 
structure. Since very few of the bismuth compounds have been analysed by x-ray 
methods it is not possible to discover the nature of the film. 

Zinc . A number of investigators have studied evaporated films of zinc, for 
instance Dixit (l8) . The oxide film on the melt of zinc has also been studied by a 
number of investigators, for instance Finch and Quarrell (l9) , and Yearian (ao) . 

Evaporated films of zinc were easily prepared by evaporation from a tungsten 
filament. The patterns obtained before the films had been exposed to air were those 
expected of zinc, and in addition they showed a preferred orientation with the 
c axis of the crystallites perpendicular to the film; the orientation was, however, not 
very marked. The high volatility of zinc makes its evaporation in the electron- 
diffraction camera a nuisance, since it becomes deposited on the mirrors, windows 
and screens. 

A specimen of zinc was then exposed to air and photographed at intervals up 
to 34 days; the only change in the pattern was the appearance of a faint ring very 
close to the 102 ring of the zinc pattern, and further this ring does not appear when 
a photograph of an inclined film is taken. It may be due to grease or have some 
other origin. It is well known that zinc is difficult to sputter owing probably to the 
formation of an oxide film, but if the data of Tronstad are valid, the film will only be 
5 a. thick after a month. 

Films of zinc on collodion when heated to ioo° c. gave faint extra rings; after 
they had been heated at 150° c., 200° c. and 250° c. the 100, 101 and no rings of 
the ZnO pattern were obtained. Further heating at 300° c. gave the complete oxide 
pattern; any remaining zinc would have evaporated completely at this temperature. 

Cadmium . Evaporated films of cadmium on collodion were prepared by evapora- 
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tion from a tungsten filament. The patterns obtained were found to be due to a 
hexagonal close-packed structure agreeing closely with the x-ray structure of 
cadmium, in which a is equal to 2*97 A. and c to 5*61 a. The pattern exhibits 
arcking, but as yet the orientation has not been completely analysed. 

On exposure to air a faint ring of spacing 1*66 A. appeared within a day. This 
ring gradually increased in intensity, and it agrees with the strongest ring in the 
CdO pattern. Some of the other strong rings of the CdO pattern were present at 
the end of a month. 

When the films of evaporated cadmium were heated, appreciable oxidation took 
place at ioo° c.; the ring of spacing 1*66 a. was present as a strong ring. On heating 
to temperatures above ioo° c., face-centred cubic patterns were obtained with 
a equal to 4*72 a. From x-ray data, CdO is cubic with a equal to 4*70 a. ; the 
pattern obtained experimentally denotes a face-centred cubic structure, probably 
because the scattering power of cadmium is greater than that of oxygen. 

Lead . The authors are not aware of any work that has previously been done on 
evaporated films of lead. These are not easy to prepare by evaporation from a 
tungsten filament, probably because molten lead does not wet tungsten. The lead 
used in these experiments was of very high purity. The patterns obtained with the 
unexposed films denoted the normal face-centred cubic structure expected of lead. 

The only change in the pattern when the lead was exposed to air was the 
appearance of a very faint ring outside the 200 ring; this may be due to an oxide or 
to grease. No other change took place in the pattern when the films were exposed to 
air for a month. 

No change was observed when the film of lead was heated up to ioo° c., but 
when it was heated above this temperature very poor photographs were obtained, 
and these were not analysable; on being heated to a temperature above 200° c. the 
film broke completely. 

The oxide film on the melt of lead has been studied by two workers, Bragg (2l) 
and Jenkins (I3) . Bragg found the oxide film on the melt to be PbO a , whilst Jenkins 
found it to be PbO (orthorhombic). Chemically Pb 0 2 is impossible, since its 
dissociation pressure exceeds atmospheric pressure at a temperature below the 
melting point of lead. Since we had a sample of very pure lead we decided to repeat 
these experiments. The pure lead gave a pattern due to orthorhombic PbO (a — 5*50 A., 
i=4'72 a., c = 5*88 a.) showing a preferred orientation with the 001 planes parallel 
to the surface of the film, as found by Jenkins. Films were also prepared from a lead 
melt consisting of impure lead; these films gave a pattern which could not be due 
to any oxide of lead, but roughly agreed with Pb 0 2 within about 5 per cent. The 
pattern is probably due to an impurity in the lead. 

Arsenic . Films of arsenic were prepared by evaporation from a tungsten 
filament, and patterns consisting of only two diffuse rings were obtained from them 
before they were exposed to air. The pattern did not change on exposure of the 
films to air for a week. Heating of the films to above ioo° c. produced no change in 
the pattern, but after being heated to 200° c. the material on the film sublimed away; 
this would appear to indicate that it is As 2 0 3 which sublimes at 193 0 c. in air. 
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This oxide is also known to form a glass. Probably the sample of arsenic contained 
the oxide as an impurity. 

Aluminum . G. P. Thomson (4) has studied thinned films of aluminium, whilst 
Beeching (lo> has studied evaporated films on glass. The oxide film on the metal has 
been studied by Prestonand Steinheil (22) . With films of aluminium prepared by 
thinning on potassium hydroxide the authors obtained two types of pattern. Some 
specimens gave patterns consisting of two strong rings indicating spacings of 2-60 A. 
and 1*51 A., together with faint unmeasurable rings; other specimens showed the 
face-centred cubic structure expected of aluminium, and a marked preferred 
orientation with a cube face parallel to the surface of the film. It has been im¬ 
possible to find under what conditions the above two distinct patterns are produced. 

An evaporated film of aluminium on glass showed the normal face-centred 
structure, with the same markedly preferred orientation as that found with the 
thinned films. 

A thinned specimen giving the normal face-centred cubic pattern was photo¬ 
graphed a month after its preparation and was found to be unaltered. The non¬ 
oxidation of thinned films on a collodion base has been observed by Steinheil. The 
evaporated film of aluminium on glass gradually developed an intense background 
scattering, and after a year the pattern was unmeasurable. The intense background 
may be due to the formation of an oxide film. 

There is at present conflicting evidence as to the nature of the oxide and the 
thickness of the oxide film formed on aluminium in air. Tronstad (7) gives the film 
thickness as 100 a. to 150 a. Beechingfound that his thick films on glass did not change 
in air or when heated to 250° c. in air, and the authors found no change in the 
normal face-centred aluminium structure on exposure to air for a short while. 
SteinheiPs evaporated films became oxidized completely in a month, to a pattern 
which he attributed to a new oxide of aluminium and which Beeching suggests is 
some form of yAl 2 0 3 . The strong rings in the authors’ first type of pattern agree 
with the strong rings in SteinheiPs oxide pattern. Preston found, however, that the 
oxide film removed from aluminium was amorphous and did not recrystallize until 
the specimen had been heated to temperatures near the melting point of aluminium. 
The authors are unable to account for their first type of pattern. Thus further work 
on the oxide film formed on aluminium in air at room temperatures appears to be 
necessary. 

§5. SUMMARY OF RESULTS 

With tin, antimony, lead, gold, zinc and aluminium, no change definitely 
ascribable to the formation of an oxide film at room temperatures was found. 
Copper, iron and cadmium gave rings which have been analysed as being due to 
oxides. Silver gave extra rings which are to be ascribed to the sulphide. With 
bismuth the appearance of a band in the pattern on exposure to air may be due to 
a thin film of oxide. 

The oxide films formed at high temperatures have been found for a number of 
metals. SnO, Sb 2 0 3 , Cu 2 0 , CuO, Fe 2 0 3 , CdO, NiO, ZnO and Bi 2 0 3 have been 
ound on the appropriate metals and alloys. 
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ULTRA-VIOLET BAND SYSTEMS OF SILICON 
MONOSELENIDE AND MONOTELLURIDE 

By R. F. BARROW, Departments of Inorganic Chemistry 
and Physics, Imperial College, London, S.W. 7 

Communicated by W. Jevons 26 October 1938. Read in title 13 January 1939 

ABSTRACT . Ultra-violet systems of red-degraded bands of SiSe and SiTe have been 
developed in heavy-current uncondensed discharges through silica tubes containing 
aluminium selenide and a mixture of aluminium and tellurium powders respectively. 
The vibrational analyses are described. The SiSe system consists of about thirty-five bands 
extending from A2910 to A3670 and has its o -* o band at A3o89*3*. the band-heads are 
approximately represented by 

v = 32448-8 4 - (403*42/ - 3-24M ,a + o-i4im' 3 ) - (580-02/' - 178m" 2 + o-ooiw" 3 ), 

where u=v + %. For SiTe, twenty-five bands have been measured between A3290 and 
\3900, the o —> o band being at A3496-6, and the band-heads being represented by 

v = 28663-5 + (335722' - o-83m' 2 - o-o8om' 3 ) - (480-42/' — i-16 v ! ,% - o-oo8z/' 3 ). 

In neither case is the o -* o band very intense. 

These systems are analogous to the already known systems of SiO and SiS. The data 
are discussed briefly in relation to the corresponding systems of PbO, PbS, PbSe and 
PbTe, and other similar molecules of group-IV6 elements. 


5 1- INTRODUCTION 

I N a recent paper (r) it was reported that the ultra-violet system of SiS is well 
developed in a heavy-current discharge through A 1 2 S 3 in a silica discharge tube, 
SiS being formed by the interaction of AI2S3 and Si 0 2 at the high temperature 
[c. iooo° c.) of the positive-column tube. It appeared possible that an analogous 
method would suffice for the production of the corresponding band systems of 
SiSe and SiTe. This is, in fact, the case, and preliminary notes on the results 
obtained have been published (a,3) . The present paper gives more complete data for 
the vibrational analyses of these systems obtained by this method and based on 
results from spectrograms taken under improved experimental conditions. 

§2. EXPERIMENTAL DETAILS 

The sources used for the production of the band systems of SiSe and SiTe 
were heavy-current uncondensed discharges through a silica tube, as used with 
A 1 2 S 3 , and described by Barrow and Jevons (l) . 

For the present purpose, however, the tipping device for the introduction of 
material into the discharge was omitted, since it was anticipated that the times of 
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exposure required to photograph the systems on dispersion sufficient to give an 
accurate vibrational analysis would be relatively short. For the production of the 
SiSe system, Kahlbaum’s aluminium selenide, which had been previously 
powdered, was used; while for SiTe, a mixture of ordinary chemically pure 
powdered alu mini um and tellurium was found to be satisfactory. In the spectral 
range covered by these band systems, no “impurities” were found to be intro¬ 
duced to the spectrum by presence of air at low pressures, and this was accordingly 
used in place of argon as residual gas. 

Current for the discharge tube was taken from a pair of 2400-v. 5-kva. trans¬ 
formers whose primaries were connected in parallel to the 230-v. supply of a.c. at 
50 c./sec.; and whose secondaries were also connected in parallel. The optimum 
value of the current through the tube was found to be about 2 amp. With higher 
currents atomic lines due to impurities in the aluminium selenide and in the 
tellurium (Ag, Cu, Fe, Ca, Pb and Tl) were greatly increased in intensity, while 
with smaller currents the temperature of the central tube was too low to allow of 
the reaction with the silica to take place to any appreciable extent, and the intensity 
of the SiSe and SiTe systems was accordingly very low. Bands of the ultra-violet 
systems were photographed against Fe arc lines on Ilford Ordinary plates in a 
first order of a 2-4-m. concave grating in an Eagle mounting with a dispersion of 
about 7*42A./mm. With the optimum current through the tube, the times of 
exposure were of the order 4 or 5 min. 

The discharge in both cases was of a bluish green colour, being predominantly 
due to intense emission of the Sea and Te 2 visible systems. It may be observed 
here that no evidence for the existence of a second band system corresponding to 
the near ultra-violet and visible system of SiS described by Barrow and Jevons (l) 
has been found in the cases of SiSe and SiTe. This result is in exact accordance 
with the SiS observations, in which the strong system in the ultra-violet was 
accompanied by the weaker less refrangible bands in the discharge through silicon 
sulphide itself, but not in that through aluminium sulphide. 

§3. THE ULTRA-VIOLET BAND SYSTEM OF 
SILICON MONOSELENIDE 

The high-temperature discharge through aluminium selenide in the presence 
of silica gives rise to an ultra-violet system in the region A2914 to A3671, consisting 
of apparently single-headed bands degraded to the red. A grating spectrogram is 
reproduced in plate 1 {a). Just beyond the short wave-length end of the system 
lies the 1 II system of SiO, while at the long wave-length end, the weaker 
bands of the system (with v"=n> 12 and 13) are obscured by a background of 
partially unresolved rotational structure; at A4225 and upwards the bands described 
by Cameron (4) and associated with a silicon oxide, have been observed. Atomic 
lines present are due to Si, Al, Mg, Cu and Ag. Measurements of the band 
heads, visual estimates of relative intensities and the assigned values of the vibra¬ 
tional quantum numbers are set out in the Deslandres scheme in table 1. The main 
Condon curve of intensity-distribution is wide, as would be expected from the 











































SJ2 j 


On On v On m 
fNM g <M tT 
On « _ vo m 
^ ^ t> m ^ f** 


•d 

fl 

*2 

A 

s 


vv 

xr 

P$ 

j_i 

0 ) 

WJ 

3 

«s 


h 9 

cd 


TJ 

< 



O 

■a 

2 

TO . 

.a? 

8 

I 

|| 

f> 

c y 




r\ 

N O 


<pvp 

S vb 

• 

On in 

On cn 

8> 

<r> rt- 


rj 

*o C* 

1^00 


oT cooo 

w N 


w c* 

8-oSS 


8-oSS 

ro 


VO 

^ 00 


vo 

Oovb 

■ 

H vb 

<M 00 

8n 

<X On 

^ > *■* 

n 


ON 


^C^OO 

w N 


w 

x.WS 


s.sss 


->S2S: « 
&*$ 


*S i £? 

. On r> _ c^5 in 
S ^ O' U-1 PO OV 
* <* vJ « 


Oo VO w 
O^vO ^ 
% 

0^0 


O'© S’ 

og 5 : ^ 

^£* rT w 

o* O 


Ol H * 

^ O g 

oft8 "■ 


001 . 
00 to ,J 
— O On n 
I^CO « 


SS a 
ssftg " 


>0 « A 
£“2 “ 
^fta " 


o t > * n 


o <— .a, 


Band probably present, but head not measurable on account of (o, i ) band. 



270 R. F. Barrow 

rather large difference between the vibrational frequencies in the upper and lower 
electronic states: it is, however, noteworthy that there is a secondary distribution 
of intensity falling on a curve inside the main Condon curve. It may also be 
remarked that the intensity of the 0-^0 band of the SiSe system is so low as to 
admit of no accurate measurement of wave-length. 

The derivation of an equation which satisfactorily accounts for the observed 
values of the band-heads has proved difficult, owing to the existence of pertur¬ 
bations in certain of the rotational levels associated with one or more of the vibra¬ 
tional levels having v’ = 2, 3 or 4. The expression 

Vhead = 32448*8 + (403 *4 U r — 2 m 2 > 4 u ' 2 + O* 141 U.' z ) — (580’Ow" — I + O'OOIm" 3 ), 

where u — v-V^ involves the assumption of a perturbation in the ^' = 3 level of 
the order of 5 cm: 1 Apart from this single level, the experimentally determined 
values are represented to the expected degree of accuracy. It may, however, be 
remarked that the value for x e 'o) e r so obtained, viz. 3*24, is considerably higher 
than would have been expected from a study of the isoelectronic molecule, GeS, 
and of the other members of the series of oxides, sulphides, selenides and tel- 
lurides of the group-IV b elements. Finally, it may be noted that an alternative 
expression for G'(?>'), viz. (403*2^' — 3*24w' 2 ), is in excellent agreement with 
observed values for the levels having v' = o , 1, 2 and 3, but leaves considerable 
residuals (v 0 fcs. — vcaic.) associated with band-heads with v' values 4, 5 and 6. 

§4. THE ULTRA-VIOLET BAND SYSTEM OF 
SILICON MO NOTELLUR IDE 

As will be seen from an inspection of the reproduction of a grating spectrogram 
in plate 1 (6), this system manifests the same essential features as the SiSe system 
previously discussed. The high-temperature discharge through the A 1 and Te in 
presence of Si 0 2 gives rise to an ultra-violet system, extending from A 3 290 to 
A3901, and consisting of apparently single-headed bands degraded to the red. 
Atomic lines present in spectrograms of this source are due to Si, Al, Ca, Ag, Cu, 
Pb and Tl. Measurements of the band-heads, visual estimates of relative in¬ 
tensities, and the assigned values of the vibrational quantum numbers are set out 
in table 2. 

The band-heads are represented approximately by the expression 

^head = 28663*5 + (3357**'—0*83 w' 2 - o*o8ow' 3 ) — (480*4 u " — i*i6m" 2 - o*oo8m" 3 ). 

This expression assumes a perturbation in certain rotational levels associated with 
the vibrational level z/ = 3, of the order of 1*2 cm: 1 The bands with this value of v’ 
being disregarded, the equation given above represents satisfactorily the experi¬ 
mentally determined values. In this case, the highest value of v" is 7, as against 
12 for SiSe. The curve representing a secondary distribution of intensity and falling 
inside the main Condon curve is even more manifest in the SiTe system than in 
the SiSe: several instances of such intensity-distribution are already known, e.g. 
in P 2 (6) and As 2 (7) , and an explanation on the basis of wave-mechanics has been 
indicated. 
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Table 2. Deslandres’ arrangement of data fdr band-heads of SiTe 

Italics in parentheses denote visual estimates of intensities; Italics, wave-lengths in air (i.a.); Lai 
toman type, wave-numbers in vacuo (cm: 1 ); Small Roman type, wave-number differences (vibratioi 
requencies in upper and lower electronic states). 

7 


6 


5 


4 


3 


2 


I 


O 

t 

"b 

o 1 2 3 4 5 6 7 

* Band probably present, but head not measurable on account of (o, 2) band. 

§5. DISCUSSION OF RESULTS 

The band systems described above would appear to be analogous to the ultra¬ 
violet systems of monoxides and monosulphides of group-IVA elements previously 
discussedRotational analyses have shown some of these systems to be due 
to m X S transitions (for instance the CO fourth positive, CS and SiO systems) 
and others to X S X S transitions (for instance the GeO, SnO and PbO systems). 
To which class the SiS, SiSe and SiTe systems belong cannot, of course, be stated, 
pending rotational analysis. For SiS this is already in progress, but for the other 
two emitters it would probably be beyond the power of the spectrographs available. 

A discussion of the data for the system-origins and vibrational coefficients for 
analogous band systems of related molecules, together with certain empirical 
relations between them which appear to be of interest, has recently been published (l) . 
It is not proposed at this stage to recapitulate this discussion, and only a brief sum¬ 
mary of the results of the present investigation is included here. A more complete 
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survey of the constants for the members of this group is deferred until the establish¬ 
ment of reliable data for all the members. This work also is in progress. 

In tables 3 and 4, the values taken by certain functions for the corresponding 
systems of Si and Pb compounds are set out, I M and I x being the ionization 
potentials (in ev.) of the component atoms. As in the former paper (l) , the PbSe 
and PbTe data used are those for two of the absorption systems recently described 
by Walker, Straley and Smith (8) . While it is unwise to draw any general conclusions 
from these figures, two facts are perhaps worthy of attention: (i) the functions 
I x /E e and o)//o)/ are of the same orders of magnitude for corresponding 
systems of a series of compounds containing the same group-IVJ atom; and 

Table 3 


Molecule 

Im Ix/Ee 

/1 // 

&e l<*>e 

D" (ev.) 

Si 

Pb 

Si Pb 

Si 

Pb 

Oxide 

20*8 

35*4 

o-686 0-690 

7-8 

4’3 

Sulphide 

19*4 

28*2 

0-683 0-659 

6-7 

47 

Selenide 

I 9-3 

27-1 

0-696 0-665 

5-8 

5 *i 

Telluride 

20*6 

27-2 

0-699 0-687 

6-i 

n-6 


Table 4 


Metal 

Electronic states 
of molecules 

Ratio of values of co e 

MS/MO MSe/MS MSe/MTe 

Silicon 

Upper (to/) 
Ground («/) 

0-602 0-789 0-832 

0-604 0774 0-828 

Lead 

Upper (a>/) 
Ground (to/) 

0-568 0-655 0*787 

0-592 0-649 0762 


(ii) the ratios shown in table 4 increase through the group in much the same way 
for the silicon compounds as for the lead compounds, and in the same way for the 
upper as for the lower electronic states. It can also be stated that the empirical 
functions discussed in connexion with SiS indicate that the system-origins and 
vibrational coefficients for SiSe and SiTe are of the expected order, with the single 
exception of the x/c0/ for SiSe. To the abnormally high value of this coefficient 
and to the difficulty of determining it attention has already been drawn in § 3. 
Moreover, in six of the eight systems examined here, the lower state has been 
ascertained to be the ground state, and in the light of this discussion it appears 
probable that the same is true also for the two newly discovered systems, although 
confirmation by means of a study of the absorption by SiSe and SiTe is, of course, 
very desirable. 

The uninflected curves obtained by plotting 1 /o e against the number of electrons 
in the molecule (l) have precisely the same form in the case of SiO, SiS, SiSe and 
SiTe as they have in the case of the corresponding lead compounds. Only for Si 
and Pb are data on all four molecules available. 
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Not only the progressive changes in the system-origins and vibrational coeffi¬ 
cients of SiO, SiS, SiSe and SiTe, but also the data for the corresponding systems 
rf molecules isoelectronic to SiSe and SiTe are of value in confirming the identifi¬ 
cation of the emitters of these systems. This point has already been mentioned 
n the preliminary note on the SiTe system (3) , and the revised values of the con¬ 
stants given in the present paper make the similarity between the expressions for 
the SiSe and GeS, and SiTe and SnS (b x) systems, appear no less striking; 
thus 

48 -electron emitters : 

VSiSe = 32448*8 + (403 *4Z/' — 3*24*/' 2 + O* I4I*/' 3 ) — (580-0*/" — I * 78 tt" 2 + o*ooi*/" 3 ), 

VGes = 32889*5 + (375-0*/' -1-51*/' 2 ) - (575*8*/" - i-8o*/" 2 ). 

66 -electron emitters : 

^siTe = 28663 *5 + (335'7^ 7 ~ 0-83 *z' 2 —o-o8o*z' 3 ) — (480*4*/" — i*6i*z" 2 —o*oo8*/" 3 ), 

^Sns = 28337*9 4 - (331*9*/' -1-25*z' 2 ) - (487*7*/" -1-34*/" 2 ). 

Finally, the energies of dissociation of the ground states, as obtained by linear 
sxtrapolation by means of the expression 

D = ( w e - x e aj e ) 2 /(^ x e a) e x 8106), 

are included in table 3. It will be seen that the energies of the four silicon com¬ 
pounds appear to vary in quite a different manner from those of the lead compounds: 
in the one case there is a decrease from SiO to SiSe followed by a slight increase at 
SiTe, while in the other case there is a general rise from PbO to PbTe. It will be 
of interest to find, as a result of the work in progress, the trend of these energies 
in the intermediate series of Ge and Sn compounds. For the upper states of SiSe 
and SiTe no reliable estimates of the dissociation energies can be obtained in view 
of the large and rather uncertain terms in (v* + £) 3 . 
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ABSTRACT. It is assumed that surfaces showing low gloss consist of small elementary 
facets which may be set at any angle to the mean surface. These facets may be of two types, 
one diffusing a proportion of the incident flux according to Lambert’s law, and the other 
reflecting, at the specular angle, a proportion 5 of the incident flux, where s is determined 
by Fresnel’s equation and is dependent on the refractive index of the material. On these 
assumptions formulae are obtained whereby the emergent flux E can be resolved into its 
diffuse and specular components R and M and from which the proportional areas B of the 
mirror facets, set at different angles to the mean surface, can be calculated. The use of the 
equations is illustrated by analysing two families of curves obtained by means of an 
apparatus which is described and relating to light scattered from a surface of Bristol 
board and from a surface of magnesium-oxide smoke deposited on plane glass. 


§ 1. INTRODUCTION 

a ccording to Lambert’s law, if a parallel beam of light of finite cross section 
falls at any angle of incidence a on to an optically rough surface, the total 
X JL flux scattered at any angle of view f 3 is proportional to cos No real surfaces 
have been found which completely follow Lambert’s law, but a layer of magnesium- 
oxide smoke carefully deposited on a plane glass surface approaches the ideal surface 
closely enough (24) for the law to be assumed to be correct. 

For most materials the shape of the polar curve depends on a as well as on /?. 
This can be illustrated most simply by referring to figure 1, which gives a family of 
curves obtained from a surface of Bristol board, such as is used for black-and-white 
drawings; it was in fact one of the surfaces used for testing the theory presented in 
this paper. The Bristol board would be judged visually to be of low gloss, but each 
curve shows an appreciably increased emission in the direction j8= —oc, i.e. at the 
specular angle, which is shown by a small arrow on each curve. 

A surface showing a large emission at the specular angle is said to be 4 ‘glossy”, 
though the precise definition of this term has proved to be a matter of some diffi¬ 
culty since it has not been found possible to associate the judged “glossiness” of a 
surface rigorously with the objective physical properties of the surface itself. 
Considerable progress has been made by Hanstock (7) , who has shown the import¬ 
ance of the refractive index of the material in this connexion, and for a full discussion 
on the nature of gloss the reader is referred to publications by him and others at the 
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Paint Research Laboratories, and to R. S. Hunter's Methods of Determining Gloss 
The latter author says (p. 21): “ Specular reflection and diffuse reflection are constantly 
used in technical descriptions of the appearance of articles. Unfortunately there is no 
general way in which the effects of these two processes may be accurately separ¬ 
ated." The present paper attempts to furnish a method whereby this separation can 
be achieved, so that each of the curves in figure 1 may be resolved into its com¬ 
ponents of specular and diffuse reflection. 

In figure 1 the gradual decrease in the flux on either side of the specular angle is 
not due to lack of angular discrimination in the apparatus, because when a plane 
mirror was substituted for the test surface and a parallel beam of light was reflected 
from it so as to enter the photocell at the specular angle, a change of as little as 2 0 
in the angle between the illuminated and reflected beams served to cut off the light 



Figure i. Bristol board. Distribution of scattered flux for various angles of incidence of a parallel 

beam of light. 

completely from the photocell. The shape of the curves can, however, be explained 
on the assumption that the surface contains small mirror-like facets making various 
angles with the mean surface of the material. This conception is not new (3> , but 
there appears to be a tendency, in analysing surfaces for gloss, to rely only on 
comparison of the light received at the specular angle to the mean surface with that 
received at some other angle where the light is assumed to be perfectly diffuse. 

Such a method overlooks the possibility of an observer being able to appreciate 
the occurrence of bright reflections over a considerable range of angles on either 
side of the specular, and Hanstock is careful to stress the probable influence of the 
spatial distribution of the light on the subjective judgement of gloss. In the case of 
wood, for example, the inner surfaces of the cell walls, exposed by planing, are 
highly reflecting, and the light received from them greatly influences the visual 
quality of the material. 

A short summary of previous research into the^optical quality of surfaces is 
given in an appendix by Mr R. F. S. Hearmon. 
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§2. APPARATUS 

Figures 2 and 3 give the essentials of the apparatus used. 

In the optical system, figure 2, 1 denotes the test surface at the centre of rotation 
of a rotating arm 2 mounted on a cycle hub; 3 is a 30-candle power pointolite 
lamp; 4 a casing; 5 a projection lens with a focal length of 15 cm.; 6 are baffles 
to restrict the spread of the beam; 7 is a graduated table; 8 a collecting lens of large 


\ 


Figure 2. Optical apparatus. 



diameter and a focal length of 25 cm.; 9 an aperture of the same size as the focused 
image of the source; ioaphotocell; 11 an earthed casing; I2ashutter; 14 an aperture 
in a shielded casing, and 15 a shielded lead to an electrometer. 

The angle of illumination on the surface may be increased until the illuminated 
patch spreads to a width comparable with the diameter of the lens 8. In the present 
case, the diameter of the incident beam being about 2*5 cm., this limit was reached 
at an angle of 65°. 
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In the electrical system, figure 3, 1 is a photocell; 2 a source of anode voltage 
(120 v.); 3 a Lindemann electrometer; 4 a resistance of 30,000 megohms; 5 an 
earth-centring potentiometer; 6 a tapping for adjusting sensitivity; 7 a source of 
compensating voltage; 8 a 100-stud potentiometer giving flux as a percentage of 
the maximum, and 9 a potentiometer for compensating the maximum flux; and 10 is 
a switch for returning rapidly to the maximum setting of 8 when checking the 
maximum flux. The arrangement of the parts 3, 5 and 6 was kindly suggested to 
me by Dr G. M. B. Dobson, F.R.S., of Oxford. 

§3. EXPERIMENTAL RESULTS FOR BRISTOL BOARD 

The surface first used for experiment was a piece of Bristol board showing low 
gloss. With a strip of plane mirror held against the surface, the sample was adjusted 
so that.the illuminating beam fell normally on it, and all angles of incidence a 
were measured from this position. At any setting of a, the flux was measured for all 
angles of view fi of the rotating arm as a percentage of the maximum flux obtainable. 
This, for Bristol board, was found in each case to be at the specular angle (fi= — a), 
while for magnesium oxide it was found when fi — o. The relative values of these 
maxima were then measured so that the different curves could be correlated. 

Figure 1 gives the experimental values of the flux obtained from Bristol board; 
those for magnesium oxide will be found in table 5. 

§4. THEORY 

Let a be the angle of illumination and fi the angle of view measured with respect 
to the normal to the mean surface. Let i be the angle of incidence and e the angle of 
emergence measured with respect to the normal to a particular facet. Let \l be the 
refractive index of the material composing the surface, y and 9 the angles defining 
the inclination of a rough facet relative to the mean surface, and <j> the angle of 
inclination of a mirror facet relative to the mean surface. Let A' be the total area, 
per cm? of mean surface, of rough facets illuminated and visible for particular values 
of a and fi, while A is the value which A! would have on an optically equivalent 
surface where 9 is zero. Let B be the total area, per cm? of mean surface, of mirror 
facets at a particular angle <j> to the mean surface. Let I be the intensity of the 
illuminating beam, X the total cross section of the beam, r the proportion of incident 
flux scattered normally to a rough facet, and s the proportion of incident flux reflected 
at the specular angle from a mirror facet. Let E a p be the total flux received from 
the surface when the latter is illuminated at angle a and viewed at angle fi, while R^p, 
M a pare the fluxes received from the rough elements and mirror elements respectively 
under the same conditions. 

Rough facets. By Lambert’s law, a parallel beam of light falling at angle i on a 
rough surface is scattered in such a way that, if all the light emitted at an angle e is 
collected, the total flux is 

R ie =XIr cos e. .(1) 

It should be noted that optical roughness does not assume a macroscopic departure 
from a geometrical plane; a magnesium-oxide surface, for example, though macro- 
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scopically smooth is optically rough, whereas ground glass, though macroscopically 
rough, probably contains few elements of true optical roughness, since the light is 
scattered by a system of reflections and refractions. The surfaces here considered 
will be termed plane if they lie in contact macroscopically with a geometrical plane, 
called the “ mean surface”. The actual profile of a surface is called the “true surface”. 

Mirror facets. An ideally smooth surface illuminated at an angle i reflects light 
only at the specular angle — z. The flux reflected is 

M^sXI, .(2) 

where s is given by Fresnel’s formula (20) which, for purposes of accurate calcula¬ 
tion from tables, may be conveniently transposed to 


1 

s=- 

2 


/ / sin 2 i\ 2 ( ■ 1 11 sin 2 *\ 

V V i?~) C0SZ | , | C0S * fiVV '/x 2 ) 

I . •_ 9 V I T i _ / y -* 9 




!( sin 2 z\ 

xA 1 — is) 


+ COS Z 


COS Z-f- 


H 1 


/( sin 2 i\ 

x/C 1 — 


•( 3 ) 


For the paper surface here studied the refractive index has been taken as i*55 ( * a) , 
and for magnesium oxide as 1*736 (p. 288). 

Surfaces of low gloss . We shall suppose that a surface of low gloss contains 
small elementary areas, or facets, of two kinds, those which reflect the light falling 
on them according to Fresnel’s equation and those which diffuse it according to 
Lambert’s law. These facets may be set at any angle to the mean surface. 

It is important to realize that the analysis is concerned only with the external 
optical behaviour of the surface. The texture of a real surface can seldom be fully 
resolved by the unaided eye, and we need therefore only construct an equivalent 
surface, consisting of the above facets, which would be photometrically indistin¬ 
guishable from the real surface under test. Thus any small area in the real surface, 
being in fact partially a reflector and partially a diffuser, emits light which can be 
analysed into its specular and diffuse components, and the area itself will then 
appear as equivalent to two facets, of suitable areas, one reflecting and the other 
diffusing. 

This conception of facets is not far removed from the actual structure of many 
real surfaces as seen in the microscope. In the case of paper, for example, complete 
fibres have reflecting surfaces, whereas finely divided fibres and the filling material, 
if any, scatter the light; in a wood surface the interiors of cells cut open are highly 
polished, whereas the knife leaves a surface of varying roughness cutting through 
the cell walls. 

The parallel between real and equivalent surfaces ceases to apply when multiple 
reflections are considered. When a highly inclined mirror facet is illuminated, much 
of the light reflected will fall on other elements of the surface which, whether mirror 
or rough, will in general be highly curved, and will consequently distribute the light 
over a wider angle at each reflection. Such light on emerging will be equivalent to 
light from diffusing facets. Light transmitted by the surface and re-emitted will be 
similarly classified as coming from rough elements. 
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If now such a composite surface is illuminated, light will be received from all the 
risible rough components, but from only those particular mirror components 
whose normals lie in the photometer plane and which are set at an angle <f> to the 
mean surface such that 


<f> = 




( 4 ) 


and the angle of incidence and reflection on these mirror facets will therefore be 

^ .W-fcfl. . (5 , 


The total flux received from the composite surface is given in the above notation 

= -^ocjS 4" M a p . .(6) 

In cases where the angles need not be specified, the subscripts will be omitted from 
these symbols. 

Evaluation of R. One cm? of mean surface contains dA' cm? of rough facets 
inclined at any given angle to the mean surface. When these facets are illuminated at 
i and viewed at e, the flux received is rl cos i cos e dA' per cm? of mean surface and, 
since the area illuminated is Xjcos a, we have that the flux received 

dR = cos i cos e dA'. .(7) 

cos a v/y 


Since the photometer plane is fixed and is perpendicular to the mean surface we 
may conveniently define the angle of inclination of a facet in terms of latitude 9 and 
longitude y; in other words, 9 is the angle which the normal to the facet makes with 
the photometer plane and y is the angle between the normal to the mean surface 
and the plane of longitude containing 9. 

We thus have \ __ n > 

cos 1 — cos (a— y) cos £/, ] 


cos e— cos (j8 —y) cos 9 , J- 
dA'=f(y,9)dyd9 , J 

and from equation (7) 

rfiiiCos cc=XrI cos (a— y) cos (j8 —y) cos 2 9f (y, 9) dyd9 . 


If we confine ourselves to surfaces giving a symmetrical distribution of scattered 
light when illuminated normally—a condition true for most manufactured surfaces 
such as paper, but not always for wood—there will be a corresponding equal area 
dA' of rough facets at an angle (—y, 6) on the other side of the meridian, giving a flux 

dR% cos ol^XyI cos (a+y) cos (j8+y) cos 2 0 /(y, 9) dyd9. 


Adding dR 1 and dR 2 and integrating we have 

2i? aj 8 cos ol=XtI {p x cos (a-j 8)+£ 2 cos (oc+/J)}, 
^=JJcos* 0 /(y, 9) dyd9, | 
p 2 =J/cos 2 y cos 2 9f(y, 9) dyd9 ./ 


where 


( 8 ) 
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Equation (8) can be further simplified only in the light of experiment, because 
/ (y, 0 ) and the limits of y are, for a complex surface, completely unknown. For any 
isolated opaque body of simple form and without re-entrant surfaces the limits to 
the area which is both illuminated and visible are easily determined, but although 
the limits of 0 are ± Jtt, those of y depend on a and /3 so that, if such limits were 
applied to the present surface, both pi and p 2 would vary with every combination of 
a and /?, and no solution of (8) would be possible. This insistence on limits to the 
area which is both illuminated and visible overlooks the numerous refractions and 
cross reflections which must occur in the surface, so it seems more probable that the 
limits of y and 0 will not be effective in practice. In support of this, figure 4, for 
Bristol board, shows that, provided that combinations of a and j8 are taken in groups 



Figure 4. Bristol board. E^ cos a plotted against cos (a—£). 

such that (oc -f fi) is constant, the experimental values of E^p cos a in any group lie on 
a straight line when plotted against cos (a-/3) for values of (oc-f£) in excess of 70°. 
Large values of (oc+j8) correspond to large inclinations of the mirror facets, if these 
are present, so that any light falling on them will be reflected into the surface and 
will suffer the scattering described above. 

For cases, therefore, in which we obtain straight lines as in figure 4, we may say 
that, as far as external effects are concerned , M aj g = o, so that 

E^p cos a=i? a j3 cos a = \XrI {p x cos (a — /?) -f* constant} 

and from equation (8) this constant must be p 2 cos (oc + / 3 ). Further, from the fact 
that no flux is emitted when = Jtt, we find that p x —p 2 . 

The integral p 1 cannot be evaluated unless the distribution of facets is known, but 
if all the facets had lain on the equator ( 8 = o), the integral would have become 
Pi^Sfiy) d 7 - This is simply the total area A, which is both illuminated and visible 
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at given values of a and j8. We may thus describe the flux from rough elements, at all 
angles (y, 6) and of area A', as equivalent to the flux from an area A of rough facets 
in a two-dimensional case. 

Thus equation (8) reduces to 

[R a p] = \XrIA {cos (a—/?) + cos (a+jS)}. .(9) 

(a+/?) constant 

Equation (9) is of course equivalent to 

[jR^] =XrIA cos p, 

(a+j8) constant 

but it will be found more convenient to have it in the form given above because 
constancy of (oc+/ 3 ) determines, in cases where a specular component is present, 
that this component shall always come from the same facets, by equation (4), and 
because (a — jS) determines the angle of incidence on these facets by equation (5). 
For an ideally rough surface rA is the same for all values of (a+/ 3 ), so that the 
straight lines in figure 4 are parallel in this case, and equation (9) therefore reduces 
to 

R 0i p = XrIA cos 

which is Lambert’s law. 

Evaluation of M. One cm? of mean surface contains B cm? of mirror facet set at 
an angle <f>. The flux reflected at the specular angle is sIB cos i and the total area 
illuminated is X/cos a, hence, since i=\ (a — j 3 ), the total flux reflected is given by 

M aj3 cos a = XsIB cos J (a - /?). .(10) 

It should be noted that s varies with the angle of incidence. 

Total effect . As the measured fluxes are comparative and not absolute, XI may 
be omitted and the total flux may be written thus: 

E a p cos a = J(r^[){cos (a-/?) + cos (oc+p)}+sB cos .(11) 

§5. COMPUTATION 

Equation (11) is symmetrical with respect to a and /J, which provides a useful 
check on the accuracy of the photometer readings, since it implies that, when the 
directions of illumination and view for any pair of angles are interchanged, 

E a p cos oc=i?jg a cos £. .(12) 

A calculation of these two terms shows that in nearly all cases the agreement is good. 

Further if, as in figure 4, E a p cos a is plotted against cos (oc—/ 3 ) and the points for 
constant (a+/?) are joined, a family of curves is obtained which are so simple in form 
that values of E a p cos a, for intervals of a and j8, which were not measured experi¬ 
mentally, may safely be obtained by interpolation. 

The value of r is unknown and may vary at different depths in a real surface, so 
rA will appear as a product throughout, leaving in effect two unknowns, rA and B> 
to be found from equation (11). Equation (10), which gives M, does not stipulate 
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that the mirror flux should be zero when /3 = £77,* so that the final expression (11) 
for the emergent flux cannot be resolved into its components rA and B simply by 
taking pairs of simultaneous equations, since B is not independent of (oc—/ 3 ). In 
figure 4, however, straight lines result as long as mirror components are negligible, 
and the intercept of these lines on the ordinate (a — j8) = \tt will give values of 
\rA cos (a+/J), from which rA may be obtained. Figure 4 shows that straight lines 
can be obtained from (oc+j8) = i40° to (a+j8) = 70°. For lower values of (oc+j8), 
mirror components become appreciable and the line is no longer straight, but the 
following method may then be used for determining rA in these cases. 




Figure 6. Bristol board. Apparent values of rA. 


Figure 5 shows the values of s cos i for refractive indices of 1*3, 1*5, 1-7 and for 
the two special values required in this paper. These pass through a minimum, so 
that an approximate value of rA could be obtained from the slope of the lines in 
figure 4 at the point corresponding to this minimum. Greater accuracy is obtained 
if we choose several pairs of values of i for which s cos i are equal. Calling these 
paired values 4 and z 2 , where 4 < i 2 , we have, except for masking, 

rA _ (j E cos oc) x — (E cos a) 2 , * 

2^ cos 24 —cos 24 * . 

The areas of mirror facets at any particular inclination will be progressively eclipsed 
as the angle of illumination increases and rA , as calculated from (13), will be larger 

* t That this is found experimentally is due to the masking of the small mirror elements by neigh¬ 
bouring projections on the mean surface. The masking effect will not affect equation (12) because it 
applies equally to either direction of illumination. 
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the greater the distance between the two chosen values of i. If now the apparent 
values of rA obtained from equation (13) are plotted against ( 4 — 4 )> a curve will be 
obtained from which the true value of rA when ( 4 — 4 )=o may be extrapolated with 
fair accuracy. The pairs i x and 4 chosen for the Bristol board, for which ^=1*55, 
were as shown in table 1. The apparent values of rA calculated from these pairs 


Table 1 


*1 (deg.) 

IO 

15 

20 

35 

30 

35 

37 

4 (deg.) 

57 

56 

S4i 

52* 

50 

46* 

45 


are plotted in figure 6 for different values of </> up to 30°, the greatest inclination 
at which mirror facets are appreciable. 

The values of rA which have been obtained by these two methods, for the full 
range of (oc+j8) considered, are set out in table 2. 


Table 2 


(a+j8) (deg.) 

0 

10 

20 

30 

40 

50 

60 

70 

rA 

°’ 35 ° 

0*452 

0*528 

0*574 

o*6io 

0 *6 i6 

0*616 

0*620 

(«+j 3 )(deg.) 

80 

90 

100 

no 

120 

130 

140 


rA 

0*620 

0-588 

0*580 

0-57* 

0*560 

0 

V© 

m 

b 

0-546 



By taking the smoothed values of E^p cos a from figure 4, and using the appro¬ 
priate values of rA in each case we obtain from equation (11) the separate rough and 
mirror components R and M, and the comparative areas B of the mirror facets for 
each reading of the total flux. These resolved components R and M are shown in 
figure 8. The values of B are given in table 3 and show the diminution due to 


Table 3. Bristol board. Comparative areas B of mirror facets at 
various inclinations <f> to the mean surface, showing the masking of 
these areas for various angles of incidence i 


*" (deg.) 



4 > (deg.) 



O 

5 

IO 

15 

20 

30 

0 

— 

6*7 

4*3 

2*6 

i*6 

o*6 

10 

9*8 

6*5 

4*1 

2*5 

i*4 

0*5 

20 

9*3 

6*2 

3*9 

2*3 

i*3 

0*3 

30 

9*i 

6*1 

3*9 

2*4 

i*4 

0*3 

40 

1? 

6*2 

4*o 

2*5 

i*4 

0*3 

50 

6*0 

3*9 

2*4 

I *3 

0*2 

60 

8-5 

5*5 

3*2 

i*9 

1*0 

0 


masking which was predicted above. There is a tendency for the values to rise 
slightly in the region of 40° incidence. This may be reduced by taking rather lower 
values of rA, but is probably due to the somewhat arbitrary choice of refractive 
index. What may be termed the “true” values of B —that is the values which obtain 
phys. soc. LI, 2 19 
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when i=o (or <x=jS) and there is no masking—are plotted against <f> in figure 7, and 
give the comparative “true” areas of mirror facets at all inclinations to the mean 
surface. Since B is not obtainable experimentally for light at normal incidence 
when <f> — o°, the curve for i— io° is added to show the rapid increase in area of these 
facets with decreasing angles of inclination. The evaluation of B is not necessary to 
the resolution of E into R and M. It is given here to show that although equation 
(10) does not allow for the masking of mirror elements, the computation leads to 
acceptable results for the mirror components. 

Finally, figure 8 shows the polar curves for the total flux at angles of incidence 
differing by io°, and the polar curves of the rough and mirror components in each 
case. 

It is to be noted that the curves for the rough components bear no resemblance 
to the circle which would be predicted from Lambert’s law on the assumption that 



Figure 7. Bristol board. Comparative areas of mirror facets at various 

inclinations to the mean surface. -incident light normal to facet; 

-incident light at io° to facet. 

the contribution of the rough elements was equivalent to a plane rough surface 
parallel to the mean surface. This result is due to the fact, which is allowed for in 
the analysis, that the diffusing facets do not all lie parallel to the mean surface. 
To illustrate this most simply, take the case of a symmetrical surface under normal 
illumination, and imagine that all the rough facets, at a given inclination relative to 
the normal, lie on the surface of a circular cone of vertical angle 21 7 and of base area a. 
We may compare the effects of different values of 17 by keeping a constant for each 
cone, since the same incident flux will then be absorbed in each case. In this hypo¬ 
thetical case the flux will not fall to zero when which is the result of the 

grouping of the facets on the mean surface, but it will be sufficient to show differ¬ 
ences in the distribution of flux due to inclination of the facets. 

An element of area dA on the surface of the cone is fixed by reference to the 
angle >fi which the radius through dA subtends with a fixed radius parallel to the 
photometer plane and to the circular section on which it lies. The radius of this 
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Figure 8. B] 
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circle is h tan 77. If the mean surface is, as before, illuminated at a and viewed 
at ]8 we have 

cos i= sin 77 cos a + cos 77 sin a cos ^r, 
cos r =sin 77 cos j 3 + cos 77 sin jS cos ^f, 

COS 77 T 

If the cone has a uniformly diffusing surface and if a=o, the total flux scattered 
at angle j8 is given by equation (7) as 

R = Xrl JJ {A tan 2 ?? (sin 77 cos ]8 + cos 77 sin /? cos ^r)} diftdh .(14) 



The base area a of the cone =7tA 2 tan 2 77 so we have by integration 

D Xrla f . Q • o • , x 

- sm ^ cos ^8-j-cos 77 sm j8 sm .(15) 

77 L J^i 

and by symmetry = + ifj L . 

There are two cases to consider for ip L . First, when j8 <77 and the whole surface 
can be seen, while ±77. This gives 

RtfKrfl^Xrla sin 77 cos j8. .(150) 

Secondly, when £^77 and */s L is determined by the point at which e — or 
cos i/j l = + (tan 77/tan /?), whence 

R (p>v) | sin V cos P cos-1 + a/(cos 2 7J -cos 8 ;8)j.(156) 

Figure 9 gives the polar curves of R for several values of 77. 
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In any real surface the cone angles rj have a given distribution on which the 
curve for the total flux will depend. If, as in Bristol board, facets nearly parallel to 
the mean surface (rj = 90°) are scarce, owing presumably to the pressing and rolling 
in manufacture, the polar curve for R will as in figure 8 bear little resemblance to a 
Lambert’s circle. Further, in any real surface, the highly inclined facets will be 
under a much stronger illumination than that given by the direct beam, owing to 
cross reflections, and will therefore have a disproportionately large influence on the 
shape of the polar curve. When we come to consider a magnesium-oxide surface we 
shall see that a nearly uniform distribution of rough facets gives a polar curve which 
is a Lambert’s circle. 

§6. ANALYSIS OF A SURFACE OF MAGNESIUM OXIDE 

A surface of magnesium oxide was prepared by burning magnesium ribbon 
under a glass plate. Table 5 gives the values of the flux obtained from this surface at 
io° intervals of a and /?. Values which have been used in the calculations were 



Figure io. Magnesium oxide. E a $ cos a plotted against cos (a—j 3 ). O, (a + j8) = o°; x, io°; 

A, 20 0 ; □, 30°; #, other values. 

obtained also at each 5° interval, but these have been omitted from the table. The 
results are in good agreement with a few measurements made by Thaler (?3> , who 
records the visual brightness of the surface and not the flux. 

If the surface were a perfect diffuser, the flux scattered at any angle j8, positive or 
negative, would be independent of a and proportional to cos /?. This is not the case 
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here, for the values are somewhat too high near the specular angle, but these are by 
no means maximum values, as they were in the case of the Bristol board. This shows 
that there is no marked excess of the mirror facets lying parallel to the mean surface. 

These results may be analysed by the above method, and figure 10 corresponds to 
figure 4 in giving the graph of E a p cos a against cos (a — jS). The chief difference 
between figures 4 and 10 is that in the latter the lines do not tend to become straight 
for high values of (oc+j8). This proves the existence of mirror facets at large incli¬ 
nations to the mean surface. 

On the assumption that the refractive index of magnesium oxide in the form of 
periclase, which is given in the International Critical Tables as 1736, applies also 
to a smoke deposit, pairs of values of i giving equal values of $ cos i were chosen 
from figure 5 and are given in table 4. 


Table 4 


h (deg.) 

25 

30 

35 

37 

40 

4*4 

45 

*! (deg.) 

64 $ 

6 ai 

59i 

57i 

554 

53i 

Sri 


By the use of equation (13), apparent values of rA could be obtained, between 
(a+j8) = o° and 70°, from the lines in figure 10. When these were plotted as in figure 
6, it was found that, within the limits of experiment, the apparent values were the 
same for all the lines within this range, and that the true value of rA could be taken 
as 0-83. 

Table 5. Magnesium-oxide smoke on plane glass. The figures are correct, 
with few exceptions, to 1 per cent of the value obtaining when =o in each 
column. Figures denoting flux at specular angle are given in black type 


P (deg.) 




a (deg.) 




0 

10 

20 

30 

40 

50 

60 

+ 90 

000 

000 

OOO 

OOO 

000 

OOO 

OOO 

4* 80 

0*139 

0*130 

0*147 

0*134 

0*150 

0*163 

0*176 

+ 70 

0*297 

0*280 

0*284 

0*315 

0*308 

0*324 

o-354 

+ 6O 

0*446 

°*43 o 

0*450 

0-458 

0*449 

0*480 

— 

+ 50 

0*584 

0*580 

0*587 

0*602 

0*600 

— 

0*622 

+ 4° 

0733 

0*700 

0734 

0-745 

— 

0-74° 

0*706 

+ 30 

0*832 

o*8io 

o*86o 

— 

0*823 

0*806 

0772 

+ 20 

0*921 

0*920 

— 

0*928 

0*870 

o*868 

0*822 

+ 10 

0*990 

— 

0-978 

0*947 

0*917 

0*906 

0*840 

0 

— 

I*OOo 

0-978 

0-956 

0*936 

0*906 

0 

i 5 

0 

—10 

0*990 

0*970 

0*970 

o*95 6 

0*925 

0*885 

0*832 

— 20 

0*911 

0*890 

0*920 

0*899 

0*896 

0*857 

0*806 

-30 

0*822 

0*8lo 

0*832 

0*831 

0*832 

0*815 

0*772 

-40 

0*713 

0*720 

0723 

0*699 

0795 

075 1 

0714 

-50 

0*584 

0*600 

0*596 

0*583 

0*653 

0*660 

0*678 

— 60 

°'445 

0*460 

0*460 

0*45° 

0*515 

0*544 

0-553 

-70 

0*297 

0*29o 

0*294 

0*306 

0*346 

0*380 

0*412 

— 80 

0*139 

0*140 

0*137 

0*143 

0*187 

0*226 

— 

-90 

000 

OOO 

000 

000 

OOO 

OOO 

— 
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Estimates of rA cannot be made for larger values of (a -f ft), because the minimum 
of the s cos i curve is not included in the range of (a - ft), and the method is, in this 
respect, unsatisfactory in cases where mirror facets are found at large inclinations 
to the mean surface. On the other hand the light received from the surface at 
angles connected with large values of (a + ft) is always small and contributes little to 
the appreciation of gloss. 

For this particular surface it seems justifiable to assume that rA will also have the 
same value of 0-83 for those lines of constant (& +ft) from which rA cannot be 
directly computed and, for the sake of completing the analysis, this assumption will 
be made. This means that the diffuse component R of the polar curve of scattered 
flux will be a Lambert’s circle of diameter 0-83 for each angle of illumination, as 
shown in figure 11 for values o°, 30° and 6o° of a. 



Figure n. Magnesium oxide. Resolution of scattered flux into diffuse and specular components. 

Table 6 gives the values of B calculated from equation (11), while the true values 
of B (those which obtain when i=o) at each inclination <f> are shown in figure 12. 
The values of B for Bristol board are included in this graph. Though the numerical 
values of B for the two surfaces cannot be compared, unless the flux at some common 
point is measured for both in the same units, it is evident that the decrease in facet- 
area with inclination is much more gradual for the magnesium-oxide surface. It 
can also safely be inferred from the relative values rA and B in the two cases that the 
actual area of mirror facets parallel to the mean surface is much smaller for magne¬ 
sium oxide than for Bristol board. 

It was postulated above, in considering the Bristol board, that the (oc+j8) lines 
were straight owing to the occurrence of multiple refractions and reflections in the 
depths of the true surface. This suggestion is borne out in the case of magnesium 
oxide where the lines are no longer straight, because here the true surface is so 
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Table 6. Magnesium-oxide smoke on plane glass. Comparative areas B of 
mirror facets at different inclinations </> to the mean surface, showing the 
masking of these areas for different angles of incidence i 


i (deg.) 

(deg.) 

O 

10 

20 

30 

40 

50 

60 


0 

— 

2*1 

1*9 

i*6 

1*1 

07 

o *4 

10 

2-4 

1*9 

i*6 

1*2 

o*8 

o*S 

o *3 

20 

1*9 

i *4 

1*0 

o*6 

o *3 

0*1 

0 

30 

i*6 

1*2 

0*7 

o *3 

0 

0 

0 

40 

i *3 

1*0 

o*S 

0 

— 0*1 

0 


50 

i *3 

o *9 

0*3 

— 0*1 

0 



60 

i *3 

1*0 

0*5 

0 




70 

0-7 

o *7 

0 






nearly plane that even highly inclined facets will be able to produce external effects 
by single reflection. To test this idea the magnesium-oxide surface was viewed 
microscopically with an Ultropak illuminator at a magnification of about 1200, the 



Figure 12. Magnesium oxide. Comparative areas of mirror facets at various inclina¬ 
tions to the mean surface. . . . magnesium oxide;-Bristol board. 

light falling in a narrow beam from one side only. It was found that though for the 
most part the image could not be resolved beyond a general white haze, the surface 
was sprinkled all over with separate bright spots, representing presumably larger 
particles of smoke. There seems little doubt that it is these projecting particles 
that contribute the light here classed as specular and cause the departure from 
Lambert’s law. 


§7. DISCUSSION OF RESULTS 

This development of the conception of mirror facets has been attempted in 
order to deal with surface structures such as wood or paper which can be resolved 
microscopically. The analysis seems to be successful for surfaces giving symmetrical 
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scattering curves for normal illumination, and the question of dealing with un- 
symmetrical surfaces such as those of wood is now being considered* The analysis of 
the magnesium-oxide surface was made with some hesitation as it was felt that 
spurious M components might appear in the analysis which would not be strictly 
related to true specular reflection in this case. The results seem to indicate that the 
analysis is in fact applicable even to surfaces so nearly matt as magnesium oxide 
because it leads to the plausible structure of a uniform surface of perfect diffusion 
sprinkled over with few randomly oriented mirror facets projecting from the general 
surface. None the less the numerical values of M\ and especially of B, cannot be 
taken as very accurate when they are relatively so small, depending as they do on the 
accurate choice of rA. This in turn is somewhat sensitive to the choice of refractive 
index owing to the change in shape of the s cos i curves in figure 5, and in the 
position of their minimum value. 

A source of error in the values of R and M here presented lies in the dependence 
of lines of constant (a + /?) on the accurate correlation of the polar curves for different 
angles of incidence, as each point on a given (a+j8) line is taken from a different 
experimental curve. Greater accuracy could be obtained if the successive readings 
of the flux could be made under conditions in which (a -K/J) instead of a was held 
constant.* 

An important question in relation to the practical utility of the method is how 
far surfaces can be differentiated by it. To test this we may, by way of illustration, 
imagine a surface which is indistinguishable from an ideally rough surface when 
illuminated normally, in giving a flux proportional to cos j8, but is in fact composed 
entirely of mirror facets. We shall then see whether the method will differentiate 
between this surface and one ideally rough. 

For normal illumination, if only mirror facets are present, E ot p=M ot p=K cos j8 
and R 0i p = o; and when a=o, i=cf> and /?=2^. Hence by equation (10) 


B^K 


COS 2<f> 

cos <j>' 


which is the effective area of the facet when the surface is illuminated normally 
For a refractive index of 1-55, this expression gives for the ratios of the necessary 
facet-areas the values shown in table 7. 


Table 7 


P or z 4 > (deg.) 

0 

10 

20 

30 

40 

So 

60 

B* 

I 

0*988 

o*9S4 

0*894 

0*810 

0*698 

o*557 


Owing to masking, these areas will not be the same if the facet is illuminated at 
some other angle, so, in order to predict the flux when a is not zero, we must adopt 
some arbitrary system of masking. Having chosen a refractive index equal to that of 

* Since this paper was submitted the rotation of the sample has been geared to that of the arm so 
as to achieve this end. The determination of the complete family of curves given here is tedious and 
is, for practical purposes, unnecessary now that the apparatus has been modified, because the number 
of facet angles at which the specular component is measured can be suited to the material under 
examination. 
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Bristol board, we may conveniently assume the masking to be the same as that given 
in table 3 for this surface. Table 8 compares the flux at angle /? when under normal 
illumination, which we have taken as proportional to cos /}, with that found at the 
same angle of view when the illumination is, in each case, at — / 3 . This is the flux 
which would be obtained in the cycle of readings for which (a + j 3 ) = o, and corre¬ 
sponds to specular reflection relative to the mean surface. 


Table 8. Values of E u p for a surface composed of mirror facets 


P (deg.) 

O 

10 

20 

30 

40 

50 

60 

when 

OL — O 

1*00 

0*98 

o*94 

0*87 

077 

0*64 

0-50 

E a $ when 
(a+j8)=o 

1*00 

0*98 

o*94 

o-94 

x-oi 

1*24 

i-77 


This comparison makes it clear that a single cycle of measurements when 
(oc H-/J) = o would serve to show that, in spite of the ideal distribution of flux under 
normal illumination, the surface was not ideally rough, because the surface contains 
mirror facets parallel to the mean surface. Other cycles when (a -f- /?) — io°, 20° and 
so on would reveal similar departures from the ideal distribution. 

Thaler’s results for ground glass show an approximation to this state of affairs in 
a real surface. His figures, when recalculated on the present system of measurement 
are given in table 9. These values indicate that, although, at io° incidence the 


Table 9. Thaler’s values of E a p for ground glass 


P (deg.) 

10 

30 

So 

70 

80 

E a $ when a= 10 (deg.) 

1*00 

0*86 

0*62 

0*32 

0*15 

E a p when (a+ 0) = o (deg.) 

1*00 

0*89 

0*76 

o*99 

2*18 


flux follows Lambert’s law approximately,* there is considerable specular reflection 
from mirror facets parallel to the mean surface. The analysis for R and M of this 
surface cannot be made without knowing the refractive index of the glass. 
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APPENDIX 

OUTLINE OF PREVIOUS WORK ON THE ANALYSIS OF LIGHT 
SCATTERED FROM MATT OR SEMI-MATT SURFACES 

By R. F. S. HEARMON 

The scattering of light by surfaces which are intermediate between perfect 
reflectors and perfect diffusers has received much attention, particularly from the 
technical point of view, with special reference to the problem of lustre or gloss (7,8,13) . 
It has been studied for textiles (l4,is) ; for paints (7, 10,1l) ; for photographic and other 
papers <9,Io) ; and for metal surfaces (4) . Although there is a wealth of experimental 
material, most of it has been used empirically, but some attempts have been made to 
relate the scattering to the structure of the particular surface under consideration. 

Barkas (l) has been able to explain the differences observed in the light scattered 
from a longitudinal wood surface under normal illumination when the plane of 
observation is respectively at right angles to, or parallel with, the direction of the 
grain, by calculating the light scattered from an assemblage of concave cylindrical 
mirrors, to which are likened the interior surfaces of the cells exposed when the 
wood is cut. A somewhat similar idea has been used independently by Pelton (l5) , 
who interprets the lustre of textile materials in terms of an assemblage of convex 
transparent cylindrical filaments. 

Kubelka and Munk (ll) have expressed the light received from a material con¬ 
sisting of superposed layers in terms of two constants, reflectivity and coefficient of 
scatter. They applied their theory to the covering power of paints, and it has been 
extended to other materials than paints by Judd (lo) . Gurevich (6) has analysed the 
reflection and transmission of light by a material the surface of which is regarded as 
a layer of particles. He also concludes that scattering media can be classified on the 
basis of two constants, in this case the reflection coefficients of an infinitely thin and 
an infinitely thick layer. 

Lommel (la) attempted a theoretical explanation and modification of Lambert’s 
law by considering multiple scattering of light within the material and its subsequent 
re-emission. An alternative method of approach, which appears first to have been 
put forward by Bouguer (3) in 1760, assumes the surface to consist of elementary 
mirrors disposed at all possible angles; this idea has been used either qualitatively as 
by Thaler (S3) , or quantitatively as by Seeliger (si) , in attempts to explain experi¬ 
mental deviations from Lambert’s law. Seeliger, however, concluded that it was not 
possible to find a frequency function for the distribution of the mirrors which would 
give a scattering according either to Lambert’s law or to the modifications of it 
proposed by himself or by Lommel. 

This point has been taken up by Grabowski (s) , who expresses both the scattered 
intensity and the frequency function for the distribution of the mirrors as a general 
function of a, jS* and the angle between the planes of incidence and scattering. 

* The notation used is given on p. 277. 
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Assuming that the emergent flux is proportional to cos jS, he finds by a process of 
functional analysis that A 


where/(a) is the law of perfect reflection, represented by equation (3) according to 
Fresnel (ao) , and A and n are constants. This solution is impossible, because / (a) is 
known to increase with a, so that n must be positive, in which case/(a) given by 
the above equation increases without limit. Grabowski therefore concludes that 
Lambert’s law cannot be explained on the Bouguer hypothesis. 

Berry (a) , however, has assumed two forms for the distribution of area of mirror 
elements at different slopes. The two expressions for E a p which are thus obtained 
are compared graphically with Lambert’s law, and although the discrepancies are in 
some cases considerable, Berry concludes that Bouguer’s hypothesis need not 
necessarily be rejected, since the deviations can probably be explained on the basis of 
shadows cast by irregularities in the surface or by diffraction. 

Pokrowski (l6) goes a step further and divides the scattered light into two parts, 


so that 


= R a p + M a p y 


where M a p=as iy a being a constant. The assumption that a is constant is equiva¬ 
lent to an assumption that the areas of the mirror elements are so distributed as to 
make the reflected flux dependent only on Fresnel’s equation. R a p is assumed to 
obey Lambert’s law, and is thus equal to b cos jS. 

The constants a and b are presumably chosen empirically, but in view of the 
assumption involved in a being constant, the agreement obtained by Pokrowski 
between observed and calculated values for E a p is rather remarkable, even though 
figures for only one angle of incidence, 8o°, were used. 

Although the majority of surfaces showed reasonable agreement, magnesium 
oxide and lampblack did not, and Pokrowski attempted to make the agreement 
better by allowing for the effects of shading. In a later paper (l7) he considered 
multiple reflection within the body and obtained a formula to allow for this effect. 

Schulz (l9) has criticized various points in these papers, particularly the assump¬ 
tion that a is constant. He also pointed out that Pokrowski himself had to make 
further ad hoc assumptions before he could obtain agreement between his theory and 
the experimental results, and that the latter are in any case rather meagre. Schulz 
gave some experimental results of his own for a number of materials, from which he 
concluded that the assumption of an ideal diffusing surface overlain by regularly 
reflecting elements, whose inclinations are uniform or distributed according to the 
probability law, is inadequate. Pokrowski (lS) later acknowledged that Schulz’s 
rejection of the hypothesis that a is constant is probably justified; at any rate for 
those surfaces which show gloss. 
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ABSTRACT . The paper describes two methods of deriving the optical constants and 
spherical aberration of electrostatic-lens systems. In the first, §§ 2 to 6, the electrical field 
is imagined to be divided into a series of equipotential surfaces at each of which there is a 
finite change of potential. To a first approximation these surfaces are spherical close to the 
axis, and the normal optical ray-tracing formulae can be used to compute the paths of 
electrons through the system. Results are reported for a two-tube lens for various voltage 
ratios, the two tubes being of equal diameter. The aberration contributions of the different 
refracting surfaces to the final aberration can be evaluated, and the curvature of field can 
also be determined by this means. In the second method, §§ 7 to 9, the Hartmann test 
used in glass optics has been applied to the experimental investigation of electron lenses. 
Narrow pencils of electrons pass through a suitable diaphragm and their course when they 
are focused by the lens under test is found by measurements of their intersections with a 
fluorescent screen placed at appropriate points along the axis. The design of an electron 
gun suitable for these tests is described, and results for the two-tube lens are given for 
various voltage ratios. 


§ 1. INTRODUCTION 

I N geometrical electron optics, use is made of the fact that the path of an electron 
in electric fields is in close analogy to the path of a light-ray in refractive media. 
It has been shown already in many papers (l ’ 2) that the effects of axially symmetric 
fields on electrons can be completely described by the location of the optical cardinal 
or Gaussian points (focal points, principal points and nodal points) and by the 
registration of the lens errors, all in complete analogy with the lens systems of glass 
optics. 

The optical constants of electron lenses have been investigated either by the 
direct experimental method of measuring object and image distances, magnifica¬ 
tions, etc., (3) or by special ray-tracing methods. One of these ray-tracing methods 
starts with the plotting of a series of equipotentials in the electrolytic trough 
the path of the ray is then found by graphical methods based on the differential 
equation of motion of the electron through the field, together with the experimentally 
known potential function (6) . In another ray-tracing method, mechanical tracers for 
the electron trajectories, working automatically in an electrolytic trough, are em- 
ployed (7,8) . 
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We are presenting here two new methods that we have used to investigate 
electron lenses, both very closely allied to procedures worked out very thoroughly 
in the design of glass lenses (9, Io) . In the first of these, the trigonometrical ray-tracing 
method is employed. From a series of equipotentials as measured in the electrolytic 
trough, the path of the ray is traced by application of the law of refraction at 
successive equipotential surfaces. The other new method described here is closely 
analogous to the well-known Hartmann test (ll) . A number of fine electron pencils 
emerging through a pepperpot-like diaphragm is traced through the actual electron 
lens by means of a sliding fluorescent target, and the path of the beam is measured 
up with a calibrated microscope. 

The two methods are complementary, since the experimental results confirm the 
approximate calculations made by trigonometrical ray-tracing. Moreover, as will 
be explained later, the trigonometrical method is more accurate for paraxial rays 
while the results from electron-beam-tracing give better accuracy for zonal and for 
marginal rays. Further, although the experiments show the final aberrations pre¬ 
sent, the trigonometrical results indicate in addition their origin at the various 
refracting surfaces. As a result, the accumulated experience of ordinary optical 
methods can more readily be applied in the design of electron-lens systems when the 
aberrations are evaluated by the standard ray-tracing formulae. 


§2. TRIGONOMETRICAL RAY-TRACING THROUGH 
ELECTROSTATIC LENSES 

In the design of glass lenses, the fact that the shape of the lens surfaces is almost 
universally spherical enables formulae to be developed by which the exact path of 
any light-ray can be traced through the whole of a lens system, by the application of 
the law of refraction to each surface in succession. The aberrations, that is the 
deviations of the rays from their ideal paths in a perfect lens system, can be calcu¬ 
lated and the results can be used to design the closest approach to the perfectly 
corrected system. 

For the benefit of those readers who are not familiar with trigonometrical ray¬ 
tracing methods, it may be stated that given the necessary data defining any ray 
incident at a spherical refracting surface, the path of the ray after refraction can be 
calculated to a high degree of accuracy by applying the law of refraction under the 
conditions appropriate to the geometry of the particular system. By transferring the 
data of the refracted ray from one surface to the next, the complete ray-path through 
any spherical system can be determined. The accuracy of the calculations is governed 
by the accuracy with which the radii of the surfaces, their separation, and the re¬ 
fractive indices of the media, are known. For a given system, the relative positions 
of two or more rays can be found with high precision. This is in sharp contrast with 
any graphical method, in which the process of ray-tracing itself introduces errors 
into the ray-paths that may completely mask or alter the aberrations present. 

Similar methods can be applied to the case of electron lenses. It is now well 
known that the path of an electron across a surface separating two fields of different 



298 O. Klemperer and W. D. Wright 

potential is exactly analogous to the refraction of a beam of light at an optical sur¬ 
face. This is made use of in an electron lens, by using two electrodes of some 
suitable shape, for example two cylinders, and applying potentials, say V and V', to 
them. The equipotential fields that are obtained in an electrode structure of this 
type are illustrated in figure 1, but although a number of individual equipotentials 
are shown in this diagram, the field in practice varies continuously, and the exact 
path of an electron through such a field can only be found by considering refraction 
from one potential field to the next, when the two differ in potential by only an 
infinitesimal amount. The integration of the path through the whole lens system 
leads to very elaborate formulae that do not lend themselves very readily to the 
design of electron-lens systems. However, if we aim at an approximate instead of an 
exact answer, the electron path can be determined much more conveniently by 
ordinary ray-tracing methods. 

V 1 V' 

l 

-j- 

I 



I 

I 

I 


Figure 1. Equipotentials of symmetrical two-tube lens near the axis, giving equal 
steps in refractive index at each surface. 

For this to be achieved, the continuously varying electric field must be sub¬ 
divided into a finite number, say (tz+i), of uniform fields, bounded by n equi¬ 
potential surfaces. A lens modified in this way will differ from the actual electron 
lens, but the difference will grow less as n increases. On the other hand, the amount 
of work involved in computing the aberrations will be greater, the larger the value of 
n that is selected. 

The refraction of an electron across the equipotential surfaces separating po¬ 
tentials of V P and V q is exactly equivalent to the refraction of a light-ray from one 
medium to another, where the refractive indices of the two media are proportional 
to and ^/V q . The outstanding difficulty of applying normal optical computing 
formulae to the design of electron lenses is that the equipotential surfaces are not 
spherical. The compromise we have adopted has been to utilize the fact that the 
central portions of the potentials are spherical to a first order of accuracy. If we 
can determine their radii, the ray-paths can be traced through this approximation to 
the actual electron lens by use of the standard ray-tracing formulae, and from the 
results it is possible to deduce the Gaussian constants of the lens system and the 
primary, or first-order, spherical aberration. The data obtained can obviously be 
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only approximately correct, and will apply only to the central portion of the lens 
system. A method of tracing the rays through the non-spherical parts of the field 
has been tried, in which the radii of curvature of the equipotential surfaces were 
determined for a given height above the axis. The method proved, however, to be 
very inaccurate, largely owing to the fact that a ray entering the lens at a height Y 
above the axis will, after a few refractions, be at some other height Y ±S Y. BY is 
not negligible, and for any reasonable accuracy it would be necessary to measure the 
curvature of the potential surface at the appropriate height above the axis. This 
could, of course, be done, but the measurement would have to be carried out graph¬ 
ically at each surface simultaneously with the trigonometrical work, and would be 
very laborious. It is shown below, however, that one of the most useful properties 
of the ray-tracing method is that it allows the contributions of each surface to the 
final aberration to be calculated. This would not be possible with the non-spherical 
calculations; the only answer that would be obtained would be a not very accurate 
determination of the final course of the ray as it emerges from the system. As the 
same data can now be obtained more quickly and more accurately by direct experi¬ 
ment, the non-spherical calculations have not been followed up. 

To find the radii of the central portions of the equipotential surfaces, a series of 
templates was fitted to the experimentally determined equipotential surfaces, and a 
curve was plotted relating the curvatures measured with the distance between the 
surfaces along the axis of the lens. This curve was smoothed, and the radii at the 
required points along the axis could be found by interpolation. 

§3. TRIGONOMETRICAL RAY-TRACING: 

PRELIMINARY INVESTIGATIONS 

Initial calculations were made to determine the number of surfaces into which 
the lenses should be subdivided, the way in which the refractive indices of successive 
media should be chosen, and the number of rays it was necessary to trace. 

It was first decided that if N is the refractive index to the left of the surface and 
N' that to the right, then N/N' should be the same for all the surfaces through the 
lens. The refraction at a surface is proportional to N/N', and this arrangement 
therefore subdivides the refraction equally, at least as far as the index is concerned. 
It will also be seen below that this choice aids the evaluation of the aberration con¬ 
tributions of the various refracting surfaces. Then if, with n surfaces and (w + i) 
media, N t is the initial refractive index and N n ' the final index, N/N' for each sur¬ 
face will be given by N/N \ 1 /^+d 

N' = UvJJ 

and since N is proportional to the square root of the potential of the space concerned, 
then / y \ 1/2 («+d 

2T"VT7 ) 

Since N/N' depends only on the ratio of V 1 and V n \ any calculations made for a 
given ratio of VJV n ' (the focusing ratio) will hold equally well, no matter what the 
absolute values of the initial and final potentials happen to be. 


phys. soc. LI, 2 


20 
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As the potentials at different positions along the axis are measured in the field¬ 
plotting trough, the subdivision of the field can be easily accomplished by plotting 
log V V against the axis co-ordinate. It is then only necessary to subdivide the log V V 
ordinate into a suitable number of equal steps and to read off the corresponding 
distances along the axis. The radii at these points are then obtained from the curve 
referred to above. The process is illustrated in figure 2. 

Throughout this paper all lengths are measured in terms of the radius of the 
cylinders forming the lens. As the only case discussed is that of a lens formed by 
two equal coaxial cylinders, no doubts can arise as to the interpretation of this unit. 

To find the minimum number of surfaces required, a lens formed from two 
coaxial cylinders of the same diameter and with a 5 : 1 focusing ratio was tested 
when subdivided into 5, 10 and 20 surfaces in turn. A paraxial ray and a marginal 
ray, figure 3, parallel to the axis at heights y and Y respectively from the axis and 
incident from the high-potential side, were traced through the system in each case 
and the final intersection lengths, l n ' and L n f respectively, were determined. The 
focal length/' of the system was found in the usual way as 



where u n ' is the angle between the paraxial ray and the axis after it has left the final, 
wth, surface. We can also calculate what we term the mid-focal length, m f\ namely 
the distance from the mid plane, or plane of symmetry between the two cylinders, to 
the paraxial focus. This is, in a sense, analogous to the back focal length used in glass 
optics, in so far as it refers the focus to some definite part of the lens structure. The 
longitudinal spherical aberration LA' is given by 

LA' = l n '-L n \ 

and all these quantities, the true focal length, the mid-focal length and the spherical 
aberration were compared for the three lenses subdivided into 5,10 and 20 surfaces 
respectively. The results are given in table 1. 


Table 1. Effect of subdivision of field 


Number of surfaces 

5 

10 

20 

Focal length 

4*00 

4*00 

4*08 

Mid-focal length 

4’97 

5*37 

5-76 

Spherical aberration 
(Y=o- 5 o) 

0*812 

1*069 

1-267 


With the exception of the focal length, it will be seen that these values do not 
converge as rapidly as could be desired and a subdivision into more than 20 surfaces 
would obviously represent a further improvement in the method. An increase to, 
say, 40 surfaces would, however, represent a very great increase in the computation 
work with a hardly comparable gain in the value of the numerical result. It would, 
of course, be possible to increase the number of surfaces in only those parts of the 
field which exert the greatest refracting effect on the electrodes, but this would 
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igure 2. Derivation of the radii of curvature for trigonometrical ray-tracing, (i) log ^/V plotted 
against distance along the axis. Total range of log ^/V is divided into 21 equal parts. The 
distance corresponding to the jth equipotential surface, is read off this curve, (ii) Curvature 
i/r plotted against distance along the axis. The value of i/r^ at distance x 3 is read off this curve. 
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involve sacrificing the constancy of the NjN' relation from surface to surface. A 
slavish adherence to this constant would be wrong if some appreciable gain were to 
result from varying it. We have, in fact, carried out some tests in which the field at the 
two extremes of the lens were more closely subdivided, but the changes in the results 
were not very significant. Moreover, the accuracy of the field-plotting is lowest at 
this part of the field, and any high degree of accuracy in the ray-tracing can therefore 
hardly be hoped for. This is unfortunate, since we shall see that the aberration 
contributions are greatest at the two ends of the field. But, as we shall point out 
later, we feel that the chief merit of the ray-tracing method is in indicating in a 
general way where the aberration arises, and the direction in which it changes as the 
lens structure is changed; hence any modifications of the trigonometrical method, 
which are aimed solely at obtaining higher accuracy, should be avoided if, at the 
same time, they necessitate a considerable increase in the work, or diminish the 
general applicability of the computing formulae, as a variation in N/N' in fact 



would do. For these reasons we have been content with a subdivision into 20 surfaces, 
with a constant ratio N/N' at each surface. 

Finally, it had to be decided which and how many rays should be traced. The 
longitudinal aberration for a given ray is a series function of the type 

LA'=a 2 Y*+a 4 Y*+a 6 Y*..., 

where a 2 , a 6 are coefficients and Y is the semi-aperture at which the ray in 
question is incident on the lens system. As the number of rays that are traced 
increases, so the number of coefficients that can be calculated also increases. In 
ordinary optical systems it is unusual to consider more than the first two terms in the 
series, and frequently the first term alone gives a good idea of the state of correction 
of the lens. This depends, of course, on how much of the aberration is of the first 
order, and on the aperture of the system that is being used. 

The question was tested by tracing a paraxial ray, a zonal ray with Y z equal to 
0*25, and a marginal ray with Y M equal to 0*50 through the lens already described 
above, when divided into 20 surfaces. These rays gave the zonal aberration as 
LA Z ' = 0-304 and the marginal aberration as 

LAm =1*267. 
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This gives LAm/LAz = 4*12, showing that since Y M =zY z > the aberration is given 
to a close approximation by only one term in the series, namely 

LA'=a 2 Y*. 

This, of course, is true only for the lens having the hypothetical spherical refracting 
surfaces. For the actual lens at F—0*50, the aberration would be very different. 

Thus the tracing of a paraxial and a marginal ray alone are sufficient to enable 
the paths of any other axial rays to be calculated sufficiently nearly, assuming that 
the equipotential fields are spherical or nearly spherical for some distance from the 
axis. As, in fact, the trigonometrical method can only be used safely for relatively 
small apertures, the first term in the aberration series is the only one that can be 
dealt with by this method. 

§4. GAUSSIAN CONSTANTS AND SPHERICAL ABERRATION BY 
THE TRIGONOMETRICAL METHOD 

Ray-tracing results are given for three focusing ratios, 2: 1, 5 : 1 and 10 : 1, for 
two equal cylinders, and the data are tabulated in table 2. In this table the positions 
of the focal points, the principal points and the nodal points are given relative to 
the mid plane of the lens, distances to the right of the mid plane being taken as 
positive, to the left negative. In addition the paraxial focal lengths and the primary 
spherical aberration are tabulated, the latter being represented by the magnitude of 
the coefficient 0% referred to above and calculated for parallel electrons incident from 
the left. 


Table 2. Optical constants of two-tube lens, when diameters of tubes are equal. 
All lengths are in terms of the radius of each tube as a unit 


Lens 
focusing 
ratio V/V' 

Focal 

length 

r 

Focal 

points 

Principal 

points 

Nodal 

points 

Spherical 

aberration 

F 

F' 

P 

p f 

K 

K' 

*2 

Accelerating 

1: 2 

Decelerating 

25*0 

— 20*3 

20-9 

-2*3 

“ 4 *i 

4*7 

■ 2*9 

157 

18-0 

— 20*9 

20*3 

4 *i 


-2*9 

“57 

31*8 

2:1 









Accelerating 

8-9 

“57 

6*2 

—1-6 

- 2*7 

3*3 

2*1 

3*3 

1-5 

Decelerating 

4 *i 

-6*2 

57 

2*7 

i*6 

— 2*1 

“ 3*2 

5*5 

5 : 1 

Accelerating 

3*9 

-2-9 

i *3 

—1*6 

-27 

I'O 

0*0 

2*6 

1: 10 









Decelerating 

10:1 

i *3 

~i *3 

2-9 

Hi 

1*6 

0*0 

— 1*0 

3*4 

J 


It will be seen that each lens system has been tabulated twice, once for the 
electrons travelling from the low-potential space to the high-potential space (an 
accelerating lens) and again for the electrons travelling from the high to the low 
potential (a decelerating lens). The position is somewhat different from the analogous 
glass system because, although all the lenses discussed here are equivalent to 
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immersion lenses, the speed of the electron 
whereas in glass lenses the velocity of ligl: 
affects the refractive index. We therefore 

V 
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s is an important property of the system, 
it is of no account except in so far as it 
feel that it is more useful to regard the 

V 
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Figure 4 (a). V=sV'. 



Figure 4 ( b ). 

Figure 4. Data for decelerating lens with focusing ratio of 5 : 1. (a) Gaussian constants. 

(6) Spherical aberration. 

accelerating and decelerating lenses as two distinct systems and we have accordingly 
tabulated them as such. 

To illustrate the results, we have shown in figure 4 a the relative positions of the 
Gaussian points of the system for the decelerating lens with a focusing ratio of 
1:5. Figure 4 b shows the spherical aberration LA\ plotted against the semi-aperture 
Y when evaluated from the equation LA' = a 2 Y 2 . 

§5. THE ABERRATION CONTRIBUTIONS. SPHERICAL ABERRATION 

By considering the amount of aberration that is produced at each refracting 
surface and then applying the ordinary laws of magnification through successive 
surfaces until the final image plane is reached, Conrady* has developed formulae 
from which the final primary aberrations can be calculated as the sum of the com¬ 
ponents arising at each surface. These can be very usefully employed here either as 

* See p. 314 of reference (9). 
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an alternative method of finding a %> or, more especially, for finding at what points in 
the system the aberration contributions are greatest. 

The contributions have been calculated for the six lenses referred to in table 2, 
and curves showing the relative distribution of the contributions amongst the 20 
surfaces are shown-for all six lenses in figure 5. 

It will be seen that in all cases the contributions are greatest from the surfaces at 
the two ends of the field. They are positive on the low-potential side and negative on 
the high-potential side, and the removal of the aberration becomes a question of 



matching the positive against the negative component by some modification of 
the equipotential surfaces. This in turn depends on the shape of the electrodes and 
the distribution of the voltages applied to them. Thus it is possible, by changing the 
electrodes, to reduce the steepness of the extreme equipotential surfaces and so 
change the aberration contributions. This would also have the effect of modifying 
the power of the system, but that again could be compensated for by adjustment of 
the focusing ratio. It is the interplay of such factors as these that has to be con¬ 
sidered in designing electron lenses, and the advantage of knowing, even approxi¬ 
mately, the distribution of the aberrations among the equipotential surfaces can 
readily be appreciated. 

It is of interest to speculate on the effect on the curves in figure 5 of increasing 
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the number of equipotential surfaces. As the number increases the curves tend to 
approach a differential form, from which, by integration, the final aberration could 
be derived; we have no doubt that such a differential curve could be formulated 
from the exact mathematical formulae that are available for tracing the electron 
path through the continuously varying field, quite apart from any trigonometrical 
ray-tracing. We have made no attempt to do this, but it is easy to see that the curves 
in figure 5, which are still increasing at the two ends, would rise to a maximum 
(lower than their present height) and then diminish towards zero, if the number of 
refracting surfaces were very considerably increased. 


§6. PETZVAL CURVATURE 


One of the most important developments that follows from a knowledge of these 
aberration contributions is the determination of the curvature of field which an 
electron lens will introduce. In certain types of electronic device an image of an 
extended electron object, usually a photoelectric surface, has to be focused on to 
a flat screen. It is found in general that with a flat object the image lies on a very 
steep, round field. Aberrations in this type of device are not usually of much im¬ 
portance unless they are of very great magnitude, owing to the narrowness of the 
pencils of electrons in the image space and the consequent large depth of focus. 
(Distortion is, of course, an exception, since this is not primarily affected by 
considerations arising out of depth of focus.) But the curvature of field is so large 
that a very marked deterioration in the sharpness of the image is produced. 

The cause of this large curvature is immediately apparent if we evaluate the 
first-order contributions to the final curvature, to give the so-called Petzval curva¬ 


ture. It was shown by Petzval that, in the absence of other aberrations, the radius of 
curvature C of the final image surface is given to a first approximation by the 
equation* 

—=n 'E ± 

C * NjN/tj 9 


where N n ' is the index of the final medium in which the image is formed and N f9 
N/ are the indices on either side of the;th refracting surface of radius r s . This 
reduces to 

and since Nj/N / is constant in the method we have adopted in subdividing our 
refracting surfaces, the equation becomes 


JV n ' {1 -NJN/) 2 

for our system. 3 

The calculation necessary to determine C is thus very straightforward; it 
amounts to little more than summing i/NjTj for the 20 refracting surfaces we have 
used. But as important as a knowledge of the actual magnitude of this curvature is 

* See p. 288 of reference (9). 



The investigation of electron lenses 307 

the realization of the extreme difficulty of ever trying to flatten the field. This can be 
appreciated by considering the ordinary two-tube lens, in which the positive re¬ 
fracting surfaces occur at the low-potential side of the lens; that is to say, N will be 
small when r is positive, but large when r is negative. Hence 1 /C will be a large 
positive sum, giving C as a small radius corresponding to a steeply rounded field. 
The position is very much more serious in the case of an electron system using a 
photoelectric cathode as object, because, owing to the initial velocity of the elec¬ 
trons, which is of the order of only a volt or so, the refractive index is very low indeed 
and the large positive curvature becomes correspondingly great. 

The problem of correcting this field curvature is very closely analogous to the 
design of anastigmat photographic lenses. These were not produced until flint 
glasses, having a lower refractive index than the crown glasses, had become available 
so that an achromatic combination could be made with a negative lens of low index 
and a positive lens of high index. This effectively reduced the Petzval curvature 
to manageable proportions. In the electron lens, in order to flatten the field, it 
becomes necessary to have the negative refracting surfaces at the low-potential 
side of the field and the positive surfaces at the high-potential side. Unfortunately, 
when this is attempted three other troubles arise. In the first place the electrons 
tend to diverge and may fail altogether to get through the lens; if they do succeed in 
getting through, the amount of distortion introduced will be very large. Secondly, 
the power of the lens system is reduced and it may be very difficult to focus an 
image at a reasonable distance along the tube. Thirdly, the system tends to become a 
kind of immersion telephoto lens, in which the two principal planes are close to the 
object plane and the two nodal points are close to the image plane. When this occurs 
the size of the image is small compared to the object, unless the system is lengthened 
to unmanageable proportions to provide a long image-distance. 

The position is to some extent retrieved by the large difference in refractive 
index at the object plane as compared with the image plane. This is admittedly the 
origin of the whole trouble, but it also means that a comparatively small curvature 
of the cathode surface will compensate for a very much larger curvature in the 
image space. In the case of a curved cathode the glass-optical designer is left with 
the problem of forming a sharp image on the hollow field which the curved cathode 
surface will present to a glass lens used to focus an image of a scene on the cathode. 

§7. AN EXPERIMENTAL METHOD USING PEPPERPOT-DIAPHRAGM, 

SLIDING TARGET AND MICROSCOPE. THE ELECTRON SOURCES 

To trace the path of actual electron beams through an electron lens a number of 
fine pencils has to be produced. The path of these pencils has to be observed by 
means of a sliding fluorescent target. Two different sets of measurements can be 
taken, the first with strictly parallel beams, and the second with divergent beams 
corresponding to a finite object-distance. 

For the first set of measurements the production of a strictly parallel electron 
beam of very wide cross section is essential. The voltage of this parallel beam has to 
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be controllable within a rather wide range in order that it may be possible to in 
vestigate the lens at different electron-velocities and at all focusing ratios which are 
important for practical use. To satisfy all requirements the new electron gun which 
is shown in figure 6 has been developed. Electrons emitted from the concave 
cathode Ca are focused through the mouth of the accelerating funnel Fu. An 
electron lens between Fu and a converger electrode Cv reduces the divergence of the 
beam, and a further lens between Cv and the final electrode Z refracts the beam, so 
that the electrons leaving Z are parallel. Z carries a pepperbox-like diaphragm Pp, 
which is shown in outline in figure 7 a. Pp contains two or more circles of holes o- 5 mm. 



1 cm. 

Figure 6. Electron gun. 



wide, cutting out two circles of pencils from the wide, parallel electron beam. By a 
movable flap FI, all but one of the circles of holes can be completely covered at a time. 
FI can be rotated round the axis Rd. Rd represents a long metal rod sealed in a glass 
ground joint so that it is movable from outside the vacuum. As shown in figure 7, 
Pp and F are electrostatically shielded by the metallic cage Cg. Projecting partially 
into this cage is the lens under investigation, which consists of the two tubes L x 
and L 2 . By means of this lens the electrons are focused on the sliding target Ta 
made from glass covered with wire gauze and carrying the fluorescent screen. This 
target is movable from outside by means of the electromagnetic coil Cl, pulling 
along a small iron bolt inside a glass tube. The focus of the electron pencils on the 
target is observed from the back, the light being reflected by the rectangular prism 
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Pr into the measuring microscope Mi which has an ocular scale and magnifies about 
twenty times. The whole apparatus is wrapped in a sheet of o*25-mm. mumetal. 

The actual measurements start with a check of strict parallelism of the test beam. 
For instance the funnel electrode is kept at 250 v., the converger electrode at 1300 v., 
and the anode Z at about 4000 v., the latter voltage being however adjusted in such 
a way that the diameter of the circle of fluorescent spots on the target has exactly 
the same value as the diameter of holes in the pepperpot lid; this adjustment should 
be checked for different positions of the target. As the gun cannot be made free of 
aberration, the voltage of the anode Z required to produce a strictly parallel beam 
is a function of the radius of the circle of pencils which is employed. 

There are two series of parallel beams, with anode-potentials of about 4000 and 
about 400 v., respectively corresponding to an acceleration or a deceleration of the 
electrons leaving the converger electrode. The great importance of having strictly 
parallel beams appears from the following example. Assume a lens free from 
spherical aberration, with focal length of 20 cm., and assume the divergence of all 
beams to be 8 = 0*0025. As a consequence, for the semi-apertures 2 mm. and 4 mm. 
respectively, wrong focal lengths of 23 cm. and 26 cm. would be found. The 
parallelism of the beams used here was much better, as 8 could be adjusted to be 
smaller than ±0*0005. With the smallest semi-apertures and the largest focal 
lengths here used, the maximum error of focal lengths measured would be of the 
order of ± 2 mm. or about ± 2 per cent. This fits in well with the accuracy of the 
voltage-measurements. With any cylinder of pencils which are travelling exactly 
parallel, mid-focal* lengths and principal points can readily be measured, as will be 
explained in the next paragraph. But some precautions might be mentioned here 
which are necessary in order to obtain reproducible and accurate results. (1) The 
lengths of the lens tubes should be at least equal to three tube-radii. An investiga¬ 
tion in the field-plotting trough showed that the position of the 97*5 per cent equi- 
potential surface changes remarkably with the lengths of the tubes until a distance of 
2'jR is reached. A direct measurement of mid-focal length and spherical aberration 
made with the electron beam confirmed that the results were exactly identical 
whether the tubes were 3 or 6 tube-radii long. (2) The gap between the tubes has to 
be small in comparison with the tube-radius. Identical results were obtained with 
£-in. tubes whether the gap was \ mm. or whether it was 1 mm. wide. (3) The gap 
between the lens tubes has to be shielded electrostatically. The shield actually 
used can be seen in figure 7 fixed at the tube L x . Special experiments were made to 
study the influence of the position of the shield. It was fixed either at the first or at 
the second tube of the lens, i.e. either with L Y or with L % in figure 7. It could be 
proved that mid-focal length and spherical aberration of the lens were independent 
of this position when the lens was an accelerating one, but that the spherical aberra¬ 
tion was slightly larger at the decelerating lens if the shield was connected with 1^, 
i.e. with the high-voltage side. This difference was very small but was just noticeable 
at the higher voltage ratios. In the present measurements the shield has been always 
connected with L t . 

For the second set of measurements, those with divergent beams corresponding 
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to finite object-distance and image-distance, the development of a point source was 
necessary. It was found that a concave cathode with funnel-shaped accelerator, as 
shown in figure 6, emits divergent electrons which generally do not cross over 
at a common point but give an intersection characterized by some spherical 
aberration. Systematic experiments showed that this aberration can largely be 
avoided by choosing the proportionally correct geometric dimensions with respect 
to the curvature of the cathode, the inclination of . the screen, and the distance 
between cathode and funnel accelerator. In this way was developed a point source 
producing a circular object of radius \ mm. nearly homogeneous intensity-distribu¬ 
tion over an angle of about 45 °, and with no measurable spherical aberration. 

§8. MEASUREMENTS WITH PARALLEL BEAMS: MID-FOCAL 
LENGTHS, SPHERICAL ABERRATION, PRINCIPAL POINTS 

Measurements on mid-focal lengths as functions of the voltages at the lens tubes 
could be obtained in the following way. The target Ta in figure 7 was placed at any 



Figure 8. Measurements of spherical aberration. Parallel electrons decelerated. 
Semi-aperture Y/R of rays: ( a ) 0*08, ( b ) 0-16, (c) 0-24, (d) 0-32, (e) 0-40, (/) 0*63. 

given position, and the potential of L 2 was changed until a sharp focus appeared at 
the target. The minimum size of this focus could be recognized in the microscope. 
Results of such measurements are represented in figure 8 for decelerated parallel 
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beams and in figure 9 for accelerated parallel beams. The plots show curves of mid- 
focal lengths m f' against the voltage ratio applied to the tubes, the fixed parameter of 
each curve being the semi-aperture of the beam, designated in the figure by Y/R . 
Experiments proved that m /' was independent of the absolute voltages applied to the 
tubes, and that the voltage ratio alone was the controlling factor. Moreover, mf'jR 
was independent of the tube-radius R ; thus it can be seen that the curves taken with 
J-in. tubes and i-in. tubes strictly coincide as soon as Y/R , the ratio of semi-aper¬ 
ture and tube-radius, is the same for both. Therefore, in order to obtain mid-focal 



Figure 9. Measurements of spherical aberration. Parallel electrons accelerated. 

Semi-aperture Y/R of rays: {a) 0*16 and 0*33, ( b ) 0*48, (c) 0*63. 

lengths as a function of the semi-aperture, in many experiments m f'jR was measured 
with the same diameter of the electron beam but with lens tubes of different sizes. 

The method of observing the electron focus directly on the target can be well 
applied to measure mid-focal lengths between about 20 and 3 tube-radii. Measuring 
a focus zo R distant from the mid plane is already rather difficult, the divergence of 
the beam beco min g very small and the depth of focus considerable, and therefore 
the accuracy is not good for mid-focal lengths which are too long. On the other 
hand, for reasons already explained, the lens tubes have to be at least 3 tube-radii 
long and the sliding target should not be moved inside the tube since it would then 
modify the field-distribution. However, mid-focal lengths shorter than 3 2 ? can be 
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traced in the following way, which is shown in figure io. The radii of the circles of 
fluorescent spots y x , y 2 , y 3 ,... ar e measured at several positions of the sliding target 
#1, # 2 , #3,.... The straight path of the beam can therefore be traced outside the lens 
tube, and the focus of the beams F' which occurs inside the tube can be extrapolated. 
In this way mid-focal lengths and spherical aberration were measured between i 
and 3 tube-radii. Of course the foci extrapolated in this way do not coincide with 
the actual intersection of the beams with the axis, as the electrostatic field after the 
intersection acts on the beam so as to make it more divergent in the accelerating 
case and more convergent in the decelerating case. Therefore the actual cross-over 
Fq would be closer to the mid plane in the accelerating case and farther away in the 
decelerating case than the extrapolated focus F' of figure io. 

There is only one particular case where the intersection F 0 f can actually be 
located, and that is when it falls just in the mid plane. In this case, the second lens 
tube can be dispensed with, and the mid plane of the lens can be replaced by the 



sliding target. From reasons of symmetry, the voltage-difference between the first 
lens tube and the mid plane is always equal to the voltage-difference between the 
mid plane and the second tube. Therefore one can find out the voltage ratio of the 
two-tube lens at which the actual intersection occurs in the mid plane, by measuring 
the voltage at the sliding target when the beam is focused on it. This particular 
voltage ratio of the two-tube lens, where the originally parallel beam crosses over in 
the mid plane, was found to be 70. 

The results on extrapolated mid-focal lengths are plotted together with the 
other results in figures 8 and 9. The accelerating lens, figure 9, appears to be better 
corrected than the decelerating one, figure 8, for with the accelerating lens the mid- 
focal lengths for any given voltage ratio seem to coincide up to a semi-aperture Y of 
at least 0-32./?, whereas in the decelerating lens there is already a just observable 
difference of mid-focal length for semi-apertures 0*08 R and 0*16 R. Results may be 
judged more easily if they are plotted as shown in figures 11 and 12. There, mid-focal 
lengths are plotted against semi-apertures, the fixed parameter for any curve being 
the voltage ratio. It appears that all accelerating lenses are corrected up to nearly 
0*4 tube-radii, whereas the decelerating lenses have rather large aberrations over the 
whole range of values. 
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Although all the measurements are performed with as high an accuracy as 
possible, the results, more especially those for the paraxial beams, tend to give too 
short a mid-focal length. This follows from the fact that in an actual experiment 
both the holes in the pepperpot-diaphragm and the original source of electrons are of 
finite size. When the pencils are focused on the target by controlling the voltage of 
the lens tubes, adjustment is made for the smallest possible circle of confusion. 
It can be shown quite easily that, if the lens suffers from positive spherical aberra¬ 
tion, with pencils of finite aperture the disc of least confusion will lie nearer the 



Figure n. Aberration curves for parallel electrons decelerated. The figures on the 
curves indicate the appropriate voltage ratios. 




Figure 12. Aberration curves for parallel electrons accelerated. The figures on the 
curves indicate the appropriate voltage ratios. 


lens than the true focus. Hence the aberration curves shown in figures n and ^12 
may be slightly erroneous, and experiments made with apparatus having a higher 
resolving power might be expected to show slightly more aberration than is indicated 
in these diagrams. 

The measurem ents of real focal length and of principal points were made in the 
follow ing way, as illustrated in figure 13. L x and L s represent the two tubes forming 
the electron lens with the mid plane M. A bundle of electron pencils El forms a 
hollow cylinder with the radius Y, which is produced by the gun with the pepper¬ 
box lid, figures 6 and 7. This bundle enters the lens and is refracted through the 
focal point F'. The voltages at the lens tubes are kept as constant as possible during 
the whole measurement. The sliding target is put into the positions X lt X s , X s ,... 
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and the corresponding radii of the circles of dots are measured as semi-apertures of 

the beamy^ y 2 , y 3 ,- In order to obtain sufficient accuracy for each principal- 

plane measurement, about five different readings of x and y are found to be neces¬ 
sary. The divergence of the beam is obtained as the average of y x jX^F\ y 2 /X 2 F\ _ 

The position of the focus F ', which is needed in order to obtain the denominator 
XF\ can be measured in principle as the interpolated position of the sliding target 
where the beam is crossing over and shows a minimum cross section. However, 
better results are obtained if F f is taken from the graphs of figures 8 and 9, which 
give m f'=MF' with highest accuracy. 

The measured divergence yjXF' is equal to Y// 0 ', where Y is the radius of the 
circle of holes in the pepperbox lid, which is known, and/ 0 ' is the projection of/' on 
the axis,/' being the real focal length of the lens for the zone of radius Y and equal 
to V(Y 2 +f 0 ' 2 )- In figure 13 the lower part of the diagram shows / 0 ' equal to F'P\ 



where P', the principal plane, is seen to be defined as the plane where the entering 
and the leaving rays intersect. The upper part of the diagram illustrates the actual 
path of the beam, which is assumed to be decelerated in the given example. The 
originally parallel beam diverges when leaving the first tube and becomes conver¬ 
gent in the second tube. Therefore it is obvious that the principal plane should lie in 
the second tube. 

The results of the actual measurements are plotted in figure 14 as crosses. 
As a rather surprising result it appears that the curves representing the distance 
between mid plane and principal planes as a function of the voltage ratio are parallel 
to the voltage axis over a very long range. Therefore the position of the principal 
points depends very little on the voltage ratio. 

An attempt has been made to measure the points of intersection between the 
focused beams and the corresponding parallel incident beams of different semi¬ 
aperture, in order to define the principal surface. A knowledge of the shape of the 
principal surface might give interesting information on the coma of the lens. 
According to the sine condition for a coma-free lens the real focal length should be 
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constant. For a lens without spherical aberration the principal surface should be a 
sphere with the radius /'. In the case where spherical aberration is present, the 
coma would be obtained by subtracting the spherical aberration from the focal 
length along the various rays. However, the experimental accuracy is not yet good 
enough, as the location of the points of intersection for beams of different apertures 
lie within the range of fluctuation of the results. 



§9. MEASUREMENTS OF PRINCIPAL POINTS WITH 
DIVERGENT BEAMS 

The investigations described as having been made with parallel beams can be 
made with divergent beams also. The aberration results may be expected to lie 
somewhere between the values for parallel beams in each direction. As the results 
have no fundamental novelty, we have refrained from reporting them. On the other 
hand, it is interesting to compare the location of the principal planes by means of 
divergent beams with the results obtained with parallel beams. For this purpbse 
the divergence S of the beam at the object side and S' at the image side have to be 
measured. We obtain the two focal lengths from Lagrange’s equation 

SxIxN=B'xl'xN' 


by replacing the ratio ///' of object-size to image-size by the ratio of the distances of 
the object and the principal plane P from the focus F, according to the relation 


///' = 


IF 

FP’ 


and replacing the refractive indices N by the square roots of voltage V, thus 
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The position of the focus F' is known from curves of the kind shown in figures 8 and 
9, and the positions of the object I and the image I' can be measured. One obtains a 
new set of results for the location of the principal planes, plotted in figure 14 as solid 
dots. The results confirm, within the limits of the errors of measurement, those 
obtained by the parallel-beam method, which have been plotted in the same figure as 
crosses. . 

§10. COMPARISON BETWEEN TRIGONOMETRICAL AND 
EXPERIMENTAL METHODS 

We do not propose to discuss the relative merits of the different lenses that have 
been investigated. Those concerned with the actual problem of electron-lens design 
will be able to utilize the data we have given to test the magnitude of the aberrations 
for any particular case in which they are interested. We would, however, point out 
that the aberration curves cannot be directly compared to deduce the state of correc¬ 
tion for the different focusing ratios. Those familiar with ordinary optical problems 
will appreciate that the linear aberration is not necessarily a direct measure of the 
seriousness of the defect; the aberration has to be estimated in relation to the focal 
length and aperture of the system, the conjugate distances of object and image, and 
so on. 

One obvious point of interest is the comparison between the experimental and 
the trigonometrical results. So far as the position of the Gaussian points is con¬ 
cerned, the agreement between table 2 and the data of figures 11 and 12 is on the 
whole quite good. 

It is of a different order from the very close agreement found in the correspond¬ 
ing tests in glass optics, but that is to be expected. As has been suggested earlier, 
the values of the mid-focal length extrapolated from the electronic measurements 
shown in figures 11 and 12 are likely to be smaller than those obtained by trigono¬ 
metrical ray-tracing, and the latter should, therefore, be closer to the true values. 
Comparing the aberration curves shown in figure 4 b with those shown in figures 11 
and 12, the agreement is almost better than could be expected and is, in fact, rather 
better than in the case of the other lenses. In addition to the agreement between 
particular curves, both methods show that the decelerating lens has less aberration 
than the accelerating lens of the same focusing ratio, and that lenses with smaller 
focusing ratios have greater aberration. 

The trigonometrical results obviously cannot be applied over large apertures 
because they are based on the assumption, which is only approximately valid, that 
the refracting surfaces are spherical. For wide-aperture beams, the experimental 
ray-tracing obviously gives the more useful results. For small apertures, on the 
other hand, it is likely that the trigonometrical method may be the more valuable in 
cases where small amounts of aberration are important. For the construction of most 
electron guns, the aberration found in the accelerating lens is negligible up to a semi¬ 
aperture of about 0-3 tube-radii; in fact, experimentally, little aberration was 
observed. Probably a little aberration exists even for very small apertures, but is 
less than the experimental error of the observations; the accuracy of measurement 
inevitably falls off at small apertures because of the small inclination of the electron 
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beams to the axis, and the consequent difficulty of locating their intersections with 
the axis. It is, moreover, impossible to determine the axial focus at all by direct 
observation. As this is precisely the region in which the trigonometrical method is 
most reliable, it is likely that where high resolution is being sought after, as in the 
electron microscope, and where the use of wide-aperture beams is not necessarily 
required, the method will find its most useful field of application. 

§ 11. ACKNOWLEDGEMENTS 

The research was carried out in the Laboratories of the Electric and Musical 
Industries Ltd., and acknowledgements are due to Mr I. Shoenberg, Director of 
Research and to Mr G. E. Condliffe and the staff of the Research Department. 

We are especially indebted to Mr G. E. Waters for his careful and precise 
measurements with the electron-tracing apparatus, and to Mr G. C. Newton for his 
assistance with the trigonometrical work. 

We should also like to thank Dr Ruth Lang for her help with the ray-tracing 
calculations. 


NOTE ADDED IN PROOF 

While this paper was in the press, an article by L. Jacob (l2) was published on 
“Field distribution and graphical ray tracing in electron optical systems”. Jacob 
used a subdivision of the field into a number of finite steps, but traced the electron 
paths by a graphical method of applying the law of refraction. We referred in § 2 
to the inaccuracies inherent in graphical methods of ray-tracing, but in spite of these 
Jacob concluded that the results were considerably more accurate than those obtained 
* by the method developed by Maloff and Epstein (6) , a method using the axial potential 
distribution and its derivatives which he also tested. This conclusion provides further 
justification for our belief in the value of the purely trigonometrical method, 
especially in deriving the optical constants of any electron lens. An abstract of our 
paper was first published in March i938 (l3) . 
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ABSTRACT . An account is given of the results of measurements of the contact potential- 
difference between a tungsten filament and a platinum anode after the latter has been 
subjected to various treatments. It is shown that a clean platinum surface can be obtained 
by successive bombardments of the anode with positive ions of oxygen and of argon. 
The work function of a surface so prepared is found to be in good agreement with the 
most .recent values obtained by thermionic measurements on clean platinum. Values are 
obtained also for the work functions of oxygen on platinum, hydrogen on platinum, and 
mixed layers of oxygen and hydrogen on platinum. The bearing of these results on the 
structure of the mixed layers is discussed. 


§ 1. INTRODUCTION 

T he thermionic and photoelectric properties of a metal are governed to a great 
extent by the value of its work function, and the determination of this quantity 
is therefore of considerable intrinsic importance. Furthermore, the value of 
the work function is particularly sensitive to the presence on the surface of the 
metal of adsorbed films of other substances, and studies of the variation of the 
work function with changing conditions have, in the past, provided valuable 
information concerning the properties of such films. The application of this 
method of investigation clearly requires a knowledge of the work function of the 
clean metal and, on account of the difficulty of removing adsorbed films, this 
knowledge has been obtained with certainty only for comparatively few metals. 

The usual method of obtaining a clean surface is to subject the metal to a pro¬ 
longed heating in a good vacuum, or to form a new surface by distilling some of the 
metal on to an electrode which is generally made of another metal of higher melting 
point. While these methods have proved very satisfactory in some cases, in others 
they are either inapplicable or are so laborious that the further study of adsorbed 
films after the metal has been cleaned is extremely difficult. It has often been 
suggested that metal surfaces might be cleaned by bombardment with positive 
ions of some gas which, itself, is not adsorbed. This method, if successful, could be 
used in many cases where heating cannot be employed, and would thus open up 
several new fields of investigation. 

In order to test this new method, it is desirable to experiment with some 
metal whose work function is already accurately known, and the test will be all the 
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more severe if, in addition, the metal is difficult to clean by the ordinary process of 
heat treatment. These conditions are fulfilled by platinum, for there is every 
reason to believe that the most recent values of the work function of this metal are 
substantially correct. At the same time the latest investigations have shown that, 
when platinum is cleaned by heat treatment alone, adsorbed films persist unless the 
temperature is raised to within some 30° c. of the melting point. 

The experiments described below were carried out to investigate the possibilities 
of removing adsorbed films from a platinum surface by bombardment with positive 
ions of argon. This gas was chosen because it was less likely to be adsorbed than 
most others and also because the work of Langmuir and Kingdon (l) had shown 
positive ions of argon to be particularly effective in removing a monomolecular 
layer of thorium from the surface of a tungsten filament. 

Thermionic measurements of the work function were unsuitable in the present 
experiments because the necessarily high temperature of the platinum would have 
caused diffusion of gaseous impurities from the interior of the metal to the surface, 
and it would thus have been very difficult to interpret results obtained by this 
method. The work function might have been determined from photoelectric 
measurements, but it was considered simpler to measure the contact potential- 
difference V c between the cold platinum surface and a hot tungsten filament and 
then to calculate the work function <f> A from the equation 

V c e=<l>w—<I>A9 .(*) 

where <j> w is the work function of tungsten at the temperature of the filament and 
e the electronic charge. V c is to be taken as positive when the platinum surface is 
positive with respect to the tungsten. A further advantage of this method is that 
the resulting value of the work function is affected far less by traces of electro¬ 
positive contamination on the platinum surface than it would have been had the 
photoelectric method been used. 

In a recent paper (a) I have described a new method of measuring contact 
potential-differences which involves the determination of the velocity acquired by 
electrons which pass from a straight tungsten filament to a coaxial cylindrical anode 
made of the metal under investigation. The determination is carried out by 
measuring the magnetic field parallel to the axis of the filament which is just 
sufficient to reduce the electron current to some specified fraction of its initial value. 
This method is particularly suitable for determining the absolute value of the work 
function of a surface and was therefore used in the present experiments. 

As will be seen later, bombardment with positive ions of argon proves to be a 
most effective method of removing adsorbed gases from a platinum surface. 
Despite this fact, however, bombardment frequently does not result in the produc¬ 
tion of a clean surface, because gas diffuses from the interior of the metal and 
replaces the adsorbed surface atoms as fast as these are removed by the argon ions. 
Since different gases diffuse through platinum at very different rates, the importance 
of the above effect depends on the nature of the gas and, in particular, is veiy much 
greater for hydrogen than it is for oxygen. In order to obtain further information 
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on this matter, a series of experiments was carried out in which an adsorbed layer 
of oxygen or of hydrogen was first formed on platinum and an attempt was then 
made to clean the platinum by bombardment with positive ions of argon. As a 
result of these experiments, it was found possible to adopt a procedure which prevents 
diffusion of gas from the interior to the surface and, when this was done, subsequent 
bombardment with argon ions produced a clean platinum surface. During the course 
of this investigation, values were obtained for the work functions of oxygen on 
platinum and hydrogen on platinum respectively. 

§2. APPARATUS 

The apparatus was essentially the same as that described in the previous 
paper (2) , but the design was modified to enable the electrodes to be given a much 
more thorough outgassing than had previously been possible. The general 
electrode assembly is shown in figure i. With the exception of the platinum 
anode A , the platinum support wire G, the tungsten filament BB and the tungsten 



Figure i. 

spring C, all the metal parts were made of constantan. The four flanged cylinders 
D, D, E, E, were fastened together by four bent supporting wires, of which only one, 
FF , is shown. To ensure that the cylinders should be mounted coaxially, they were 
placed in position on a closely fitting machined copper rod which formed one 
electrode of the spot welder with which the joints to the supports were made. 
The anode A was 1*74 cm. in diameter and 1*3 cm. long. It was constructed from 
pure platinum sheet 0*013 cm. thick, and was kept in position by three silica pins, 




Adsorption of gases on platinum 321 

one of which is shown at J. These pins, which were about 0-2 cm. in diameter, 
passed through holes in the flanges attached to A and to the nearer ends of the 
guard rings D, D. The filament BB was welded to wires K , K which were kept in 
an axial position by the plates L , L, L, L attached to the cylinders. The detailed 
construction of one of these plates is shown in figure 2. Each consisted of two thin 
plates of constantan with central holes about 0*5 cm. in diameter, which fitted one 
inside the other. Between them was clamped a circular disc of mica and, when the 
component parts had been tightly pressed together, the flanges of the metal plates 
were welded to each other. Finally, a central hole, just large enough to allow 
passage of the filament-supports, was punched in the mica. By using suitable jigs 
in the construction of the apparatus, it was possible to ensure accurate fitting of the 
various parts, and it is probable that in the final assembly the filament and anode 
were coaxial to within one or two tenths of a millimetre. 

The whole electrode system was cleaned with carbon tetrachloride in order to 
remove grease, and all metal parts were vacuum-furnaced at bright red heat for 
several hours. The apparatus was then mounted in a pyrex tube, the connecting 
leads being taken out through tungsten seals, and the tube was attached to a 
vacuum system consisting of a liquid-air trap, mercury cut-off, McLeod gauge, 
mercury diffusion pump, and rotary oil pump. When necessary, hydrogen was 
admitted to the system through a palladium tube, while oxygen could be produced 
by gently warming a side tube containing crystals of potassium permanganate. 
Argon was contained in a glass cylinder connected to the vacuum system through 
two taps. This gas was supplied commercially and was reputed to be spectro¬ 
scopically pure. 

To avoid the effects of potential-drop due to the filament-heating current, a 
rotating commutator was used to make and break this current 50 times per second 
and to isolate the anode during the periods when the filament current was flowing. 
The mean anode current was usually about 2 microamperes and was measured with 
a reflecting galvanometer. Anode potentials varying between o and 10 volts were 
used, and these, as well as the currents flowing through the Helmholtz coils which 
surrounded the tube, were measured on a Crompton potentiometer. 

§3. EXPERIMENTAL PROCEDURE 

Before any measurements were made, the experimental tube, liquid-air trap 
and connecting tube were baked out at 480° c. for about one hour. All the elec¬ 
trodes were then heated to bright redness by eddy currents. This process was 
repeated from time to time during the course of the experiments when it seemed 
desirable. From the nature of the work measurements of contact potential- 
difference were necessarily made immediately after gas had been present in the 
system to a pressure of at least o* 1 mm. of mercury. When this gas had been pumped 
off, no attempt could be made to remove adsorbed gas from the walls of the 
apparatus because any such attempt might have resulted in contamination of the 
anode surface. During a run, therefore, a continual slow evolution of gas from the 
walls must have been taking place. An estimate of the magnitude of this effect 
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was made by raising the mercury cut-off and so isolating the system from the pump. 
At the end of 5 min. the pressure was still too low for accurate measurement on 
the McLeod gauge, but was in the neighbourhood of 3 x io~ 6 mm. of mercury. 
It seems safe to conclude therefore, that, while the pump was running, the pressure 
in the system was always well below io -6 mm. of mercury. Furthermore, the 
results of the measurements of contact potential-difference showed that this 
pressure was sufficiently low to prevent appreciable contamination of the anode 
surface during the time taken to make a measurement. 

At the beginning of the experiments the filament was aged for several hours at 
about 2200° c. with occasional short flashings at 2600° c. After this treatment the 
electron-emission was steady and repeatable. The procedure in determining the 
work function of the anode surface was as follows. A known potential-difference 
V a was applied between anode and filament, and the corresponding anode current 
i a was observed. The current through the Helmholtz coils was then switched on 
and a measurement was made of the value i R which caused a reduction of the 
anode current to one-half of its previous value. The current through the Helm¬ 
holtz coils was then reversed and a second value of i H was obtained. By taking the 
mean of these two values the effect of the earth’s magnetic field was eliminated. 
The relation between i H and V a is given by (2) 

V a +V c +V T = eR*pH H *l8m, .(2) 

where V c is the contact potential-difference between filament and anode, V T a 
correction for the initial velocities of the electrons, R the radius of the anode, p the 
magnetic field produced by unit current in the Helmholtz coils, and e and m the 
charge and mass respectively of an electron. When, therefore, the observed values 
of i 3 % are plotted against V a , a straight-line graph is obtained which has a slope 
equal to 8 mjeR 2 p 2 and an intercept on the axis of V a equal to (V C +V T ). As was 
shown in the previous paper (2) , V T can be calculated from a knowledge of the 
filament temperature, so that V c can be obtained from the intercept. The value of 
cf> A then follows from equation (1), since <f> w is known. In practice, since the linear 
relation between i H 2 and V a had previously been accurately verified, it was 
unnecessary to take a series of readings of these quantities, and the intercept was 
often obtained from a pair of points on the graph, though readings were sometimes 
taken for three or four points. 

When it was desired to bombard the anode with positive ions, gas was admitted 
to the system and the anode was connected to the negative terminal of a high- 
tension unit through a resistance of about 30,000 ohms. The positive terminal was 
joined to the filament. Bombardment of the guard rings might have resulted in the 
sputtering of some metal from them on to the anode, so they also were joined to the 
positive terminal of the supply unit. It was found convenient to use a discharge 
current of about 1 ma. with 1000 v. across the tube, and the gas pressure necessary 
to secure these conditions was about o*i mm. of mercury. Each discharge was 
continued for a period which varied from a few minutes to one hour, an average 
discharge lasting about 10 min. 
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§4. PRELIMINARY EXPERIMENTS 

The method of calculating the correction term V T to allow for the initial 
velocities of the electrons was discussed in the previous paper where curves were 
given showing how the value of V T depends upon the temperature of the filament 
and on the fractional reduction of anode current which occurs when the magnetic 
field is switched on. As a check on the accuracy of these curves, the contact 
potential-difference between filament and anode was measured three times, the 
anode currents being reduced to two-thirds, one-half and one-third of their 
initial values respectively in the three experiments.. The calculated values of V T for 
these three cases were 0*13, 0-21 and 0*31 v. respectively, and with these values the 
measured contact potential-differences were o*io, 0-07 and 0-07 v. In this particular 
instance the contact potential-difference happened to be very small and, in conse¬ 
quence, there was a rather large percentage difference between the three values 
obtained for it. However, the contact potential-difference itself is of interest only 
in so far as it enables us to calculate from equation (1) the work function of the 
anode. Since this work function will always be several electron-volts in magnitude, 
the 0-02 v. by which the above three values differ from their mean is of no account 
and is, in fact, within the limits of experimental error. In general, reduction of the 
anode current to half-value is best because this gives the most sensitive setting of i H . 

When the apparatus was designed, it was erroneously assumed that any 
difference in contact potential between the anode and the guard rings, owing to the 
fact that these electrodes were made of different metals, would have a negligible effect 
on the results obtained with the apparatus. However, preliminary experiments 
showed that this was not the case and the problem was therefore investigated more 
fully. It was then found that no allowance need be made for the effect so long as the 
slope of the {i H 2 , V a j curve does not differ by more than 2 or 3 per cent from the 
theoretical value calculated from the constants of the apparatus. An abnormally 
high slope indicates that the anode is effectively positive with respect to the guard 
rings, and in such cases the difficulty can be overcome by applying to the guard 
rings a potential 1 or 2 V. above that of the anode.* 

* Detailed consideration of the effect of a small difference of potential between anode and guard 
rings on the distribution of current between these two electrodes leads to the conclusion that, so long 
as the anode is negative with respect to the guard rings, the values of z# required to reduce the anode 
current to half-value will be the same as if anode and guard rings were at the same potential. On 
the other hand, when the anode is positive with respect to the guard rings the values of z# will be 
affected and, under these conditions, the slope of the {z# 2 , V a } curve will be abnormal; that is to say 
it will differ from the theoretical value deduced from equation (2). 

The theoretical slope was calculated from the constants of the apparatus and a series of experi¬ 
ments was carried out in which readings of is and V a were taken when the potential applied to the 
guard rings differed from that applied to the anode by various definite amounts. The results of these 
experiments were entirely in accordance with the above conclusions and showed that the slope of the 
{is 2 * V a } curve is, in fact, a very sensitive indicator of the relative effective potentials of anode and 
guard rings. They showed, moreover, that when the anode is negative with respect to the guard 
rings, the intercept of the {z# a , V a ] curve is not affected by this difference of potential even when it 
amounts to some 2 or 3 v. 
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§5. RESULTS 

For a proper understanding of the results set out below, it must be realized that 
bombardment of a metal with positive ions affects only those atomic layers of the 
metal which lie close to the surface. Since, in the present experiments, it was 
impossible to heat the anode to a sufficiently high temperature to rid it of all 
occluded impurities, contamination was certainly present in the interior of the 
metal, even when the surface was clean. Of the possible contaminants the most 
important is hydrogen, on account of the ease with which it diffuses through 
platinum. Hydrogen was certainly present in the anode during all of the experi¬ 
ments which were carried out after this gas had been admitted to the tube, and the 
results suggest that it was also present to a less extent when the electrodes were first 
mounted in the tube. It was found that under certain conditions the formation of a 
surface film as a result of the diffusion of hydrogen from the interior was quite rapid 
even at room temperature, and thus the success of any attempt to clean the surface 
depended to a considerable extent on the previous history of the anode. For this 
reason, before dealing with the production of a clean surface, it is convenient to 
describe the results obtained when the surface was purposely covered with a 
complete film of either oxygen or hydrogen. 

In all the experiments the filament was run at a temperature of about 1900° K. 
In accordance with the work of Riemann (3) the work function of tungsten at this 
temperature may be calculated from its known electron-emission by assuming a 
surface-roughness factor of 1 -3 and a transmission coefficient of unity. In this way 
<f> w is found to be 4*67 ev. The filament was always flashed at 2600° k. before any 
readings were taken and, throughout the experiments, there was no evidence of any 
subsequent contamination. At 1900° k. the correction V T for initial velocities is 
0*20 v. and, to avoid confusion, the results are given directly in terms of the work 
function of the anode surface. 

Oxygen on platinum. After the anode had been standing in contact with 
hydrogen, diffusion of this gas from the interior to the surface was so rapid that, 
even if oxygen was admitted to the system as soon as possible after the surface had 
been cleaned by an argon discharge, a complete film of oxygen could never be 
obtained. It was therefore necessary to adopt some alternative procedure, and the 
most convenient method was to bombard the anode with positive ions of oxygen. 
When this was done, a surface was eventually formed which was stable and repro¬ 
ducible. This surface was independent of the previous history of the anode and was 
not affected by standing in oxygen or by further discharges in oxygen. Values for 
the work function of such a surface, obtained on different occasions after the anode 
had been subjected to various intermediate treatments, were 6*51,6*55, 6*55, 6*52 and 
6*58 ev., giving as the mean value for oxygen on platinum, 6*55 ev. 

Hydrogen on platinum . A hydrogen on platinum surface was formed most 
conveniently by running a discharge with a mixture of argon and hydrogen in the 
tube. This method was preferred to the use of a discharge with hydrogen alone, 
since this gas is known to be inefficient as a sputtering agent, and bombardment 
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with positive ions of hydrogen might not have removed traces of other gases, such 
as oxygen, from the platinum surface. In one or two instances the same final 
surface was obtained by cleaning the platinum by bombardment with positive ions 
of argon and then admitting hydrogen to the tube as soon as the argon had been 
withdrawn. In this case, of course, diffusion of hydrogen from the interior did not 
matter. The surface formed by either of these two methods was independent of 
the previous history of the anode, could be repeated at will, and was not affected by 
running a discharge with pure hydrogen in the tube. Values of the work function of 
such surfaces, formed at different times, were 4-25, 4*15, 4-24, 4-21 and 4-22 ev., 
giving as the mean value for hydrogen on platinum, 4-21 ev. 

Clean platinum surfaces . When the anode had been standing in contact with 
hydrogen, attempts to clean it by bombardment with argon ions were always 
unsuccessful. Readings taken as soon as possible after the discharge sometimes 
gave values for the work function approaching that for a clean platinum surface, 
but there was always a drift towards the value for hydrogen on platinum, and this 
drift was often quite rapid. An attempt was made to reduce the concentration of 
hydrogen in the metal by simultaneous eddy-current heating and bombardment, 
but this only served to decrease the subsequent rate of drift of the work function 
towards the value for hydrogen on platinum. 

On the other hand, if an oxygen film had previously been formed on the 
platinum by bombardment with positive ions of oxygen, it was found possible to 
remove this film by bombardment with argon ions, and the surface then formed 
was quite stable and was unaffected by further moderate bombardment with argon 
ions. For reasons to be discussed later this surface was taken to be clean platinum, 
and values for its work function, obtained at different times, were 5-39, 5*41, 5-34, 
5-40 and 5*24 ev., giving as the mean value for clean platinum, 5*36 ev. When a 
surface formed in this way was subjected to a sufficiently long discharge in argon, 
the effects of diffusion of hydrogen once again became noticeable. 

Mixed films on platinum . It had been intended to make observations on various 
mixed gaseous films on platinum, but the premature failure of the apparatus during 
a period of too severe eddy-current heating terminated these experiments. The 
results given below are however of considerable interest, though too much weight 
must not be attached to them until they have been confirmed. 

A hydrogen on platinum surface was prepared in the usual way, and was then 
allowed to stand in contact with oxygen at a pressure of a few millimetres of 
mercury. After 5 min. the work function had not changed appreciably, so oxygen 
was again admitted to the apparatus and left for 3 hr. The work function had then 
risen to 5-25 ev. After a further 15 hr., during which, however, liquid air had been 
removed from the trap so that traces of other gases were present, the work function 
was found to be 5-37 ev. 

An oxygen on platinum surface was formed and then exposed for about 15 hr. 
to hydrogen at a pressure of a few millimetres of mercury. Once again liquid air 
was not used. The final value of the work function was 5*37 ev., that is, almost 
exactly the same as when the gases were used in the reverse order. 



326 


C. W. Oatley 


§6. DISCUSSION OF RESULTS 

In the above work certain assumptions have been made. Thus, in equation (i) 
a term due to the Peltier effect is omitted. Its inclusion could hardly have affected 
the results by an amount exceeding the unavoidable experimental error. Again, it 
has been assumed throughout that there were no effects due to adsorption of argon. 
This seems justifiable, since numerous workers in this field have shown that 
adsorption of argon is always of the reversible Van der Waals type and, furthermore, 
that even this adsorption is extremely small at room temperature. Throughout the 
present experiments no effects were noticed which could reasonably be attributed 
to adsorption of argon. 

One of the most interesting of the results is the unexpected stability of the 
surface when an oxygen layer, formed by exposing the anode to an oxygen dis¬ 
charge, is subsequently removed by bombardment with positive ions of argon. 

It is known that large quantities of gas can be absorbed by the cathode in an 
electric discharge. Thus, when a platinum surface is bombarded with positive ions 
of oxygen a considerable quantity of this gas will accumulate in the layers near the 
surface, and since the diffusion of oxygen through platinum is extremely slow at 
room temperature the accumulation will persist for long periods after the discharge 
has ceased. It seems very probable that the presence of these oxygen atoms or ions 
will hinder the diffusion of hydrogen through the platinum and we make the assump¬ 
tion that, in fact, hydrogen is unable to pass through those parts of the metal where 
the concentration of oxygen is high. Since there is good reason to believe that 
hydrogen diffuses not only along the grain-boundaries but also through the lattice 
itself, the hypothesis involves the assumption that the oxygen ions themselves 
occupy positions within the lattice. 

Consider now the effect of bombarding with oxygen ions an anode which has 
hydrogen distributed throughout its volume as well as on its surface. Since the 
oxygen ions are efficient sputtering agents, surface hydrogen atoms will quickly be 
removed and their places will be taken by oxygen atoms. As the discharge proceeds, 
a considerable concentration of oxygen will be built up in the layers just below the 
surface, and it is reasonable to suppose that the hydrogen will be removed from 
these layers also. Thus, after a time, there will be a complete film of oxygen on the 
surface and a barrier of the same gas immediately below the surface. 

Suppose now that when the anode is in this condition it is bombarded with 
positive ions of argon. The surface layer and some of the oxygen beneath the 
surface will be removed, but so long as the oxygen barrier is not completely 
destroyed no rapid diffusion of hydrogen from the interior can take place. Thus, 
since any adsorption of argon is completely reversible, a clean platinum surface 
should be obtained when this gas is finally pumped off. As was recorded above, 
the work function for a surface prepared in this way was found to be 5*36 ev., and 
the most direct test of the foregoing hypothesis is to compare this value with that 
found by other methods. Of the previous determinations we need consider only 
those due to Van Velzer (4) and Whitney (s) . Both of these experimenters used the 
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thermionic method and, unlike earlier workers, they obtained values in good agree¬ 
ment with theory for the emission constant A in Richardson’s equation. They also 
showed that the failure of earlier workers to do so was due to insufficient outgassing 
of the platinum. Their final values for the work function of platinum are 5-29 and 
5*32 ev. respectively, and these are in excellent agreement with the value obtained 
in the present experiments. 

Further evidence in favour of the hypothesis is provided by the behaviour of a 
clean platinum surface, prepared in the manner described, when it is subjected to 
further prolonged bombardment with positive ions of argon. We should expect 
that such treatment would eventually remove the barrier of oxygen from the 
surface layers of the metal, and that diffusion of hydrogen from the interior would 
then begin once more. This is precisely what was found to occur. 

Turning now to the effects on a platinum surface of adsorbed gaseous films, it 
appears from the above results that oxygen raises the work function by 1*19 ev. 
while hydrogen lowers it by 1-16 ev., which is nearly the same amount. It is known 
that when oxygen or hydrogen is adsorbed on tungsten the gas is present in the 
adsorbed layer in atomic form, with one atom of gas to each surface atom of 
tungsten. It is reasonable to suppose that this is also the case when either of these 
gases is adsorbed on platinum, since the adsorption forces are even greater with this 
metal. We may then regard the change in work function of the surface as being due 
to a separation of charges within the atoms to form a dipole layer. If, then, V is the 
change in work function, o* the number of atoms per square centimetre of the 
surface, and the dipole moment of an adsorbed atom, 

V= 27 T(TfM .(3) 

so that our assumption of the equality of a for the two gases, combined with the 
experimental fact that they produce equal and opposite changes of work function, 
leads to the conclusion that the atomic dipole moments themselves are equal and 
opposite. 

This result is very suggestive and throws light on the formation of mixed films 
of oxygen and hydrogen on platinum. Suppose atoms of each of these gases to be 
adsorbed on platinum; one very stable arrangement would clearly be that in which 
the two kinds of atom alternate in a two-dimensional lattice, so that equal numbers 
of the two kinds are present. Since the dipole moments of oxygen and hydrogen 
atoms on platinum are opposite in sign, each atom in such an arrangement 
would be strongly attracted to its immediate neighbours. Furthermore, since the 
numerical values of the dipole moments are equal, the average moment of the 
whole film would be zero, so that the work function of such a surface should be the 
same as that of clean platinum. This, however, is precisely what was found when a 
film of either oxygen or hydrogen was first formed on platinum and then left in the 
presence of an excess of the other gas until equilibrium had been attained. It thus 
seems likely that the equilibrium mixed layer is, in fact, that in which equal 
numbers of atoms of the two gases are present. 

The present experiments do not give any information as to the way in which 
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the equilibrium mixed film is formed. In considering this question it must be 
remembered that the method adopted to form a complete surface layer of the first 
gas was in each case such as to ensure that this gas should also be present in the 
atomic layers immediately below the surface. When, therefore, this complete 
surface layer was left in contact with the second gas, there was, in effect, an* excess 
of each gas within reach of the surface. It is probable, therefore, that the equili¬ 
brium layer formed under these circumstances is the same as that which would be 
formed if completely outgassed platinum were exposed to an excess of a mixture of 
oxygen and hydrogen. It is at least possible that the composition of the final 
equilibrium-layer would have been different if an excess of the first gas had not 
been present in the layers below the surface. 

Whether or not the two gases combine chemically during the formation of the 
equilibrium layer, there can be no doubt that the final arrangement of the atoms in 
the layer is such as to facilitate chemical combination, and it seems more than likely 
that the catalytic activity of platinum in promoting the combination of oxygen and 
hydrogen in bulk must be ascribed to this fact. 
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ABSTRACT . The spectrum of SbF has been produced in active nitrogen and also by 
means of a high-frequency discharge. It consists of three groups of bands lying in the 
regions 3600 to 5000, 2600 to 2700, and 2200 to 2430 a. Most of the bands in the first 
region had already been shown by Rochester to belong to two systems; the remaining 
bands in this group are here allocated to a third system. As the vibrational constants of 
these three systems are very nearly the same they are considered to be due to transitions 
between triplet electronic levels. Similarly, the ultra-violet bands form a triplet system, 
one component being in the region 2600 to 2700 a. and the other two between 2200 and 
2430 a. The final state is common to both triplet systems and is probably 3 II. The 
multiplet separations of the states are not known nor is the nature of the other electronic 
levels. The vibrational constants of all the SbF systems are given in the paper. 


§ 1. INTRODUCTION 

T he emission spectrum of SbF was obtained independently by the authors in 
1935. Rochester* 1 *, using the active-nitrogen method of excitation, found 
the spectrum to consist of an intense band system in the visible region and 
a wide system in the ultra-violet region. Howell, using a high-frequency discharge 
through the vapour of SbF 3 , found that the system in the ultra-violet region was 
well developed but that the visible region of the spectrum was overlaid by a 
continuum. The bands in the visible region were later allocated by Rochester to 
two systems A x and A 2 having almost the same vibrational constants and two short 
progressions. It was considered possible that the two fragmentary progressions 
were parts of a third system A 3> with the same vibrational constants as A x and A 2> 
the whole forming one large triplet system. 

The present paper gives an account of new data for the system A 3 , and the 
analysis of the band system in the ultra-violet region. 

§2. EXPERIMENTAL 

The high-frequency discharge was produced in a 30-cm. length of Pyrex tubing 
1 cm. in diameter having a quartz window cemented on to one end. External iron 
electrodes wound round the tube about 5 cm. apart supplied the excitation energy 
from a -|-kw. oscillator working at a frequency of io 7 c./sec. SbF 3 was distilled into 
the discharge tube from a short side limb by utilizing the heat generated by the 
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discharge. The vapour pressure of SbF 3 was kept low by continuous pumping 
with a Cenco Hyvac oil pump, a tube containing calcium metal filings and a 
liquid-air trap preventing F 2 from reaching the pump. 

The ultra-violet part of the spectrum from 2300 to 2700 a. was photographed 
on a Hilger E1 spectrograph with an average dispersion of 3 A./mm. in that region. 
Exposures which ranged from 15 min. to 1 hr. were made on Ilford Double Express 
and Monarch plates. 

The active-nitrogen method of exciting the SbF spectrum, as described by 
Mulliken <a) , was adopted. Photographs of the visible region of the spectrum were 
also taken with the Hilger E1 spectrograph on Monarch plates with exposures up to 

4 hr. Throughout this work iron arc lines served as wave-length standards. Wave- 
number measurements are consistent to 1 cm: 1 Weaker bands which could not be 
studied in this way were photographed on a Hilger small quartz spectrograph 
against internal Sb 1 standards. Their wave-numbers are probably correct to 

5 cm: 1 Intensities were assigned visually on a o-to-io scale. 


§3. VIBRATIONAL ANALYSIS 

A photographic reproduction of both systems has been given by Rochester (l) . 
It will here be shown that all the bands can be arranged into two electronic systems 
each of which is a triplet system. 

(1) The ultra-violet triplet system . The ultra-violet bands stretch from 2200 to 
2450 A. and appear to consist of one large system. There is also a group of bands 
lying at 2650 a. All of these bands are degraded to the violet and most have sharp 
heads and short branches. In the case of the strong bands Q heads can be detected 
very close to the P heads. The separations between P and Q heads are small, being 
of the order of 2 to 4 cm: 1 , and consequently the P-head measurements which are 
used here are good substitutes for band-origin measurements. 

All the bands in the 2650-A. region have been fitted into the quantum scheme 
given in table 1, the intensity-distribution of the bands is shown also. 
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The vibrational constants have been determined by plotting the interval 
AG (fl+J) against 2 (v+ 1), the following quantum formula being derived for the 
band heads: 

v=37937-6 + (696*9 v! —1*09 w' 2 ) — (616*6^ — 3* 19a* 2 ), 

where u = v+ 

The agreement between the wave-numbers of the heads as calculated from this 
formula and those actually measured can be judged from table 5 which contains all 
the classified bands. 

Of the 21 bands in the region 2200 to 2450 a., 18 have been fitted into the 
quantum scheme shown in table 2. Their heads are represented by the formula 

v== 435*3*7 + (698*8^' — i *93 m ' 2 ) — (6 i 2*6 m "~ 2*63 m //2 ). 


Table 2 

Vibrational analysis 

3 4 




43557*° k>7‘9 42949*i 600,1 42349*° 593*8 41755*2 

697*0 699*0 694*4 689*0 

44254*0 605*9 43648*1 604*7 43°43*4 599*2 42444*2 590*1 41854*1 585*9 41268* 584 40684* 

687*1 691*3 691*3 690 69a 

44335-2 43I35-5 590*1 42545-4 587*1 41958-3 58a 41376* 

688 

42064* 578 4148 

* Measured with small quartz spectrograph. 
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The vibrational frequencies are thus almost the same as those of the previous 
system, suggesting that the two systems form part of a multiplet system. As 
SbF has an even number of electrons, a triplet system is to be expected. If all the 
bands measured had been found to fit into table 2 it would have been assumed that 
the third component of the triplet would lie in the Schumann or vacuum region, 
i.e. below 1900 A. However it is considered that the three unallocated bands in 
table 3 are part of this third system, for their differences 609 and 697 are of the 
same order as o> e ' and a> e " of the previous systems. In all probability these bands 
are the 1 -*■ o, o -> o and o -*■ 1 bands of this third system, for the intensity- 
distributions of the previous systems given in tables 2 and 3 are such as would lead 

Table 3. Remaining SbF bands 

44801 609 44192 

697 
45498 
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one to expect that these bands would be the strongest. It is impossible to derive 
the vibrational constants of this third system in the usual way, but an estimate of 
their magnitude will be given later. 

(2) The visible triplet system . 76 red-degraded bands have been measured in the 
region 3200 to 5000 A., and of these 61 have already been allocated by Rochester to 
two systems, represented by the formulae 

A x v— 21887*5 + (411*32/ — 171 u' z ) — (616*9 u" — 2*89« //2 ), 

A 2 v= 23992*5 + (420*022' — 175W' 2 ) - (612*622" — 2*5822" 2 ). 

The additional 15 bands have now been fitted into the quantum scheme given 
in table 4, and the following formula has been derived for their R heads: 

V = 27912 4* (412*022' — 2*3522' 2 ) — (612*522" — 2*5522" 2 ). 

The intensity-distribution also of these bands is shown in table 4. 

Table 4 

Vibrational analysis of system A 
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It will be noted that all three systems, A lt A 2 and A 3 , have almost identical values 
of co e ' and a)/. They constitute therefore a second triplet transition, and as the 
values of o ) e " correspond with those of the ultra-violet system, the final electronic 
state is common to both systems. 


27815* 

406 

28221 

400 

28621* 

398 

29019* 

396 

29415* 


6x2 27203 602 26601 597 26004 591 25413 

408 

610 27611 


24825 

409 

25234 580 24654 579 24 


29204* 


* Measured with small quartz spectrograph. 

Intensity-distribution 

v" 

\ 01234567 


4 

3 



§4. DISCUSSION OF RESULTS 

The multiplet separations in the visible triplet system are very large anc 
unequal, viz. 3919 and 2105 cm: 1 , and may belong to the upper or lower state or b< 



The hand spectrum of antimony fluoride ( SbF) 333 

due to a splitting of both states. The values of <0/ and a) e ' in this system are 612*6, 
616*9 and 612*5 cm: 1 and 411*3, 420*0 and 412*0 cm: 1 respectively. The fact that 
differences in both 00/ and o>/ occur is considered significant, and suggests that 


Table 5. Classification of SbF bands 


A (A.) 

Intensity 

v (cm: 1 ) 

o-c 

v' v" 

4152*5 

(1) 

The A 3 system 

24075 

I 

I, 7 

4055-0 

1) 

24654 

3 

1, 6 

4027*1 

(2) 

24825 

-I 

0, 5 

3961-8 

(2) 

25234 

I 

i> 5 

3933*9 

(4) 

25413 

0 

0, 4 

3844-5 

(5) 

26004 

— I 

0, 3 

3758-2 

(5) 

26601 

— I 

0, 2 

3675-0 

(4) 

27203 

— 2 

0, 1 

3620*7 

(3) 

27611 

— I 

1, 1 

3594*2 

(3) 

27815 

3 

0, 0 

3542*4 

(3) 

28221 

2 

1, 0 

3492*9 

(2) 

28621 

— 1 

2, 0 

3445*o 

M 

29019 

— 1 

3> 0 

3423*3 

(O) 

29204 

10 

5> 1 

3398-7 

(O) 

29415 

2 

4> 0 

2719*18 

Tl 

(3) 

ie ultra-violet sysl 
36765-0 

:em 

0*8 

0, 2 

2712*26 

(1) 

36858*7 

-2-7 

3 

2675*28 

(9) 

37368-2 

0*1 

0, 1 

2668*63 

(6) 

37458-8 

0*0 

1, 2 

2632*30 

(10) 

37978*3 

0*0 

0, 0 

2626*40 

(8) 

38063*6 

o*9 

1, 1 

2584*94 

(2) 

38674*0 

1*1 

1, 0 

2539*5 

(1) 

39366 

1 

2, 0 

2527*5 

(0) 

39554 

— 1 

2, 3 

2457*2 

(0) 

40684 

~3 

1, 6 

2422*43 

(1) 

41268*2 

0*3 

5 

2416*12 

(°) 

41376*0 

-1-8 

2, 6 

2409*74 

(0) 

41485*6 

-3*7 

3, 7 

2394*19 

W 

41755*2 

41854*1 

4*5 

0, 3 

2388*52 

(2) 

0*1 

4 

2382*59 

(2) 

41938-3 

-0*6 

2, 5 

2376*59 

00 

42064*2 

-0*9 

3 * 6 

2360*62 

(8) 

42349*o 

i*5 

0, 2 

2355*31 

(4) 

42444*2 

-0*5 

1. 3 

2349*71 

(4) 

42545*4 

0*2 

2, 4 

2327*62 

(8) 

42949*1 

-0*5 

[ 0, 1 

2322*52 

(8) 

43043*4 

0*9 

i, 2 

2317*56 

(5) 

43135*5 

— 1*2 

2, 3 

2295*13 

(10) 

43557*o 

0*0 

o, 0 

2290*34 

(7) 

43648*1 

-3*5 

* 

2259*01 

s 

4+254*0 

2*0 

O 

2254*84 

44335*2 

4*2 

2, I 

2262*1 

(3) 

44192 

— 

O, I 

2231*4 

(5) 

44801 

— 

O, O 

2197*2 

(2) 

45498 

— 

I, O 


both the upper and lower states are multiple. That the differences observed in 
co e " are real and not due to experimental error is supported by the fact that the 
aj e " values calculated from the ultra-violet systems show the same variation. Thus 
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although only two values of cu/ are known definitely, viz. 612-6 and 6i6-6, the 
value of AG" for the third system is 609, and it is very probable that o> e " for this 
state is about 612. Values of cu e ' for the ultra-violet system are 698*8, 696*9, and 
as AG' is 697 for the third member, oj e f for this may be taken as 700. With these 
values it is possible to estimate that v e for this system is approximately 44750 cm: 1 

The three values of v e being 44750, 43508*7 and 37937*6, the multiplet separa¬ 
tions are 1241 and 5571, again very large and even more unequal than for the 
visible system. 

When the inequality in the separations is marked, splitting in both final and 
initial states is probable. It is impossible to draw an energy diagram of these 
systems as the absolute separations of the levels are not known, but certain sug¬ 
gestions as to the nature of the states may be made on the assumption that the 
lower state common to both systems dissociates into normal atoms. This state 
must be of the electronic type 3 E, 3 n, 5 E or 5 EL It has already been remarked that 
Q heads are observed in the ultra-violet system, and the heads in the visible system 
are line-like, indicating the presence of a Q branch, and so the upper states must be 
3 II, 5 II, 3 A or 5 A. In view of these various possibilities it is clear that no satisfactory 
conclusion can be drawn as to the identification of the states without a rotational 
analysis. Whatever be the correct allocation, however, it is certain that the 
multiplet separations of at least one of the states are widely unequal. 
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ABSTRACT . A beam of negative ions has been detected in cathode-ray tubes by the 
darkening effect produced on the fluorescent screens of the tubes. The beam has a 
number of components, of which the following seven ions have been identified: Hi* - , 
C 12 “ 0 16 ~ (or Ogg ), Cl 35 ~, Cl 37 “, Br 80 ~, I 127 ~. Two other ions having mass-to-charge 
ratios of 26 and 42 are thought to be CN~ and CNO~ respectively. The negative-ion 
current has been measured and found to be of the order io -9 amp., about io 5 to io 6 times 
smaller than the corresponding electron current. The results are discussed in connexion 
with various processes by which ions may be produced, and conclusions relating to the 
origins of the various ions are drawn. 


§ 1. INTRODUCTION 

D uring the last few years a negative-ion component of the cathode-ray beam 
in cathode-ray tubes of the high-vacuum type has been reported by several 
writers (l,2) . The investigation of the nature and mode of formation of these 
ions described in this paper has been carried on over the last two years. During pre¬ 
paration of the paper a publication on the same subject has been made by Bachman 
and Carnahan in America (3) . Some of their observations are confirmed in the present 
paper which also gives further experimental results and concludes with a discussion 
of the origin of the ions. 

The usual manifestation of the presence of the ions in a cathode-ray tube is the 
gradual appearance of a dark or discoloured area on the screen during the normal 
operation of the tube. The discoloration, which has a very variable rate of growth 
on different tubes, is centred around the point at which the electron gun is directed. 
In the case of a tube having its electron beam focused on the screen entirely by 
electrostatic fields and scanned electromagnetically (as in these experiments) the 
darkening takes approximately the shape and size of the focused stationary electron 
spot. If the scanning and focusing are both electrostatic, the darkening is distri¬ 
buted over the whole screen. The discoloured area, the so-called “black spot 5 ’, is 
generally apparent only whilst the screen is being excited to fluorescence, being 
invisible under other conditions of illumination. It would thus seem to be a 
surface destruction or modification of screen fluorescence. 
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A great range of susceptibility to discoloration is shown by the various 
fluorescent materials. Willemite for instance is comparatively resistant, while the 
less stable sulphides are particularly vulnerable; screens of zinc cadmium sulphide 
were for this reason used throughout the experiments. Many of the experiments 
were carried out with tubes of the type used for television reception, but a number 
of special tubes also were made; a demountable tube too was occasionally 
employed. 

§2. ANALYSIS OF THE BEAM OF IONS 

The partial destruction of fluorescence of the screen in the region of the black 
spot is clearly due to the bombardment of that region with negatively charged 
particles; for firstly the localization of the spot indicates a focusing action exerted 
on the particles by the electrostatic fields of the gun, and secondly the screen is at a 
higher positive potential than any other electrode of the tube. Moreover the 
particles are relatively heavy, since no appreciable deflection is produced by weak 
magnetic fields such as those used in scanning. Their origin must be at or near the 
cathode since their focusing point is the same as that of the electrons. 

The next step is to discover the nature of these negative ions. An electron gun 
employing only electrostatic fields exerts the same focusing action on all charged 
particles, irrespective of their charge or mass. Hence the observed spot may be due 
to the aggregate effect of a number of types of ion or various masses and charges. 
These may, however, be sorted out by deflecting the beam, after it has passed 
through the final lens, by means of a transverse magnetic field, when the various 
component beams are deflected to varying extents depending upon the charge-to- 
mass or e/m ratio of the ions. Since all the focused ions start at or near the cathode 
they have very nearly equal energies on entering the magnetic field, so that this 
arrangement constitutes a mass spectrograph without the need of the customary 
velocity filter. From the radial line of black spots or ionic spectrum so formed the 
ions present may be identified by the methods described later. A high accuracy and 
resolving power are attainable if suitable conditions of fineness of gun focus and 
intensity of magnetic field are chosen. In addition the method of ion-detection by 
formation of a black spot is very sensitive, so that only short exposures are 
necessary. 

The dependence of the deflection upon the e/m value of the ion can be readily 
calculated in the simple case of a magnetic field which is of uniform strength H over 
a distance l but terminates sharply at its edges (the planes AB and CD, figure 1). 
The deflection is given by 

, HIL [e , , 

V(2V)Vm’ . W 

where V is the voltage through which the ion has been accelerated and L is the 
distance of the screen from the deflecting point. If the intensity of the magnetic 
field instead of being uniform over a finite distance varies along the path of the beam, 
the deflection d is given by substituting jHdl for HI in this equation, provided thal 
the field is not too extensive. 
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This equation shows that the deflections produced on the various ions are 
directly proportional to or, for the singly charged ions most frequently 

encountered in practice, to 



§3. EXPERIMENTAL 

(i) The electron gun. An axially symmetric gun of the hexodetype, represented in 
figure 2, was generally used. Electrons from the cathode C are accelerated by the 
potential on the accelerator A and brought to a first focus at F near the modulating 
electrode M. After this the beam diverges in the first anode A 1 and is finally focused 
upon the screen by the lens formed between the first and second anodes, the latter 
being held at a high positive potential. The oxide cathode was of the indirectly 
heated type, the oxide being applied to the nickel core without binder. It was 
thoroughly degassed and the carbonates were broken down before removal from the 



Figure 2. 

pump. The tubes were gettered with barium to ensure a good vacuum throughout 
their lives. 

(ii) Experimental arrangement. The arrangement is shown diagrammatically in 
figure 3. The horseshoe electromagnet NS, having an adjustable pole-piece separa¬ 
tion, was placed as far from the gun as was convenient in order to avoid magnetiza¬ 
tion of the nickel. A mumetal shield was put around the gun as an additional 
precaution. In the early experiments the gun was further removed from the magnet 
by extending the length of the neck of the bulb, but this arrangement was later 
found to be unnecessary. In the designing of the magnet, the order of field required 
was estimated from equation (1). A field of about 700 gauss between pole pieces of 
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two-inch-square section, separated by about 6 cm., was frequently used and gave a 
good resolution. 

The pole spacing was chosen large enough to go over the scanning coils, which 
were of non-magnetic material, so that the screen could be scanned for viewing 
purposes, after ion-deflection, without disturbance of the set-up. 

(iii) Spotting procedure. When a tube was examined for negative-ion com¬ 
ponents the following procedure was adopted. The second anode voltage being kept 
constant, usually at 4 kv., the first anode voltage was adjusted until the electron spot 
was focused on the screen, as viewed either on the lines during scanning or on the 
stationary spot. Care was taken in the latter case not to cause an electron bumnearthe 
centre of the screen. Tests have shown that the ion spot also is focused at this 
focusing ratio. The magnetic field was then applied for a brief period, say 1 min., 
after which the screen was examined while being scanned with electrons of lower 
velocity to increase the contrast and make the black spots more plainly visible. In 
order to obtain a more accurate measure of the deflections this procedure was 



usually repeated with the magnetic field reversed so that the spectrum was formed 
on both sides of the central undeflected spot. The linear deflections were usually 
large enough for a reasonably accurate measurement to be made by rule, but for 
greater accuracy, especially in the measurement of relative deflections, a photo¬ 
graph was taken and the negative was measured. The negatives were also occasionally 
analysed by means of a Moll microphotometer. One such tracing, figure 4, taken at 
low resolution shows hydrogen, oxygen and chlorine ions. The isotopes of the 
latter are unresolved in this particular case. 

The analysis could be repeated if desired by rotating the tube slightly with 
respect to the magnetic field, so as to expose a fresh area of screen on which to form 
spots. 

(iv) Identification of ions . The components of the ion beam were identified 
from values of ejm derived from the deflections of the various spots of the mass 
spectrum. The following four methods were available. 

(1) The use of equation (1). The distribution of magnetic field along the axis 
of the tube was found by means of a search coil, and ejm calculated from this and 
the known geometrical constants. This is only an approximate method since the 
measured field-distribution was disturbed by the introduction of the gun and 
screening. It was found however that the equation written in the form d(x.^/(ejm) 
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was accurate within experimental error; tests also showed that the deflection was 
proportional to the field applied for any one ion. 

(2) Extrapolation from the deflections produced on an electron beam by small 
magnet currents, the relationship between magnetic field and current supplied 
having previously been determined. The accuracy of this method is limited by 
residual magnetism of the core of the magnet, which may produce relatively large 
deflections of the electron beam. 

(3) Comparison of the squares of the deflections (proportional to e/m) of the 
various ions simultaneously present in one tube. Since the ionic masses must be 
whole numbers (of atomic units) and the charges most probably single, this is very 
useful with the lighter ions. For instance, in the early tubes two ions with deflec¬ 
tions in the ratio 4: 1 frequently appeared, giving a mass ratio of 1: 16 if both are 
singly charged. With method (1) the measured deflections led to masses of 



about 1 and 16, so these ions were assumed to be due to singly charged atomic 
hydrogen and oxygen respectively. 

(4) The introduction of a known contaminant into the tube in order to identify 
one particular ion. The suspected hydrogen ion, for instance, was confirmed in this 
manner by introducing hydrogen through a palladium side seal, whereupon the 
spot under consideration became much denser. It was also used for the halogens 
by introduction into the cathode coating. 

All these methods were used for the initial calibration with the several types of 
tube employed, and gave results in mutual agreement. Thereafter an ion could 
be identified merely from its deflection, the comparison with any others also 
present being used as a check. 

(v) Effect of potential of screen. Some difficulty in maintaining the screen at the 
appropriate potential during the deflection of ions was experienced. Normally, 
under electron bombardment, as in scanning, the screen takes up a potential nearly 
equal to that of the anode by emitting secondary electrons which return to the 
second anode: On application of the magnetic field, however, the electrons are 
deflected off the screen, which is then virtually insulated from the anode. Since also 
the screen material is a poor conductor, those areas on which negative ions fall will 
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lose positive charge rapidly until eventually the potential becomes so low that no 
further negative charges can arrive, and black-spotting ceases, making analysis 
impossible. Sometimes the ions are not completely cut off but are deflected radially 
by the local potential hump, causing the spots to have tails. The effect is not serious 
at relatively low strengths of magnetic field, giving small deflections, presumably 
because a sufficient number of electrons to maintain its potential reach the screen 
after being scattered from the neck of the bulb, so that testing at low resolution is 
possible without precaution; but for higher resolutions special measures are 
necessary. 

Two methods were found to be satisfactory up to the highest resolutions. The 
first consisted in settling the screen on a thin semitransparent film of lead sulphide 
which was in contact with the anode, so that there was metallic contact between the 
two. In the second the screen was bombarded by electrons from an auxiliary cathode 
sealed into the tube near the screen; this was very effective and much used. These 
expedients were applicable only to special tubes. For standard tubes, the maximum 
resolution obtainable could be somewhat increased by moving the magnet with an 
increased pole gap towards the screen, when more scattered electrons than in the 
normal position could reach the screen. Another method depending upon photo¬ 
conduction of the screen under ultra-violet radiation was ineffective because the 
screen material is apparently non-photoconductive unless bombarded by electrons 
at the same time. It is evident from the existence of this effect that the ions are very 
inefficient producers of secondary electrons at the screen. 

§ 4 . RESULTS 

(i) Ions present . A total of nine kinds of negative ions have been detected in 
cathode-ray tubes. They have the values of mje shown in table 1, m being in atomic 
units: 

Table 1 


m/e 

Ion 

1 

12 

16 

26 

32 

35 , 37 

42 

80 

127 

Singly charged atomic hydrogen H“ 

Singly charged carbon C 12 “ 

Singly charged atomic oxygen O ie ~ or possibly doubly charged 
molecular oxygen 0 32 — 

Not positively identified, but probably CN~ or C 2 H 2 ~ 

Singly charged molecular oxygen 0 3a ~ 

Singly charged atomic chlorine Cl~ (two isotopes) 

Not positively identified—may be CNO" or a hydrocarbon such as 
_ CsH®*" 

Singly charged atomic bromine Br 79 ~ and Br 81 - ' (isotopes unresolved) 
Singly charged atomic iodine 


A badly focused ion with mje about 8 has also occasionally been seen; it is 
probably 0 16 . A suspicion of another ion with mje about 48 also exists. Two 
typical ionic spectra are shown in figures 5 {a) and 5 (b). These are photographs, 
about two-thirds full size, of the screens of a demountable tube and a 9-in. tube 
respectively, taken whilst the tubes were fluorescing under low-velocity electron 
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scanning. The spot spectra have been formed on both sides of the centre; figure 5 b 
shows a second reproduction of the system obtained by rotating the tube slightly. 
Both photographs show the isotopes of chlorine clearly resolved, especially 
figure 5 b y in which special care was taken to produce small well-focused spots. 
Near the centre of figure 5 a the spots of the system are shown at lower resolution, 
the hydrogen spot being just perceptible. The carbon spot was visible on the screen 
but is almost imperceptible in the print owing to loss of contrast. Figure 5 b shows 
clearly the fine focus of the chlorine ions as compared with the others; this is referred 
to later. 

The hydrogen and oxygen ions appear most strongly in soft (i.e. gassy) tubes, 
the former usually disappearing rapidly with ageing. The 3a ion has been observed 
only in extremely soft tubes, at a pressure of about io~ 3 mm. Carbon appears 




Figure 5 (b ). 


strongly only in tubes in which the cathode has been insufficiently degassed, and is 
probably associated with the incomplete breakdown of the carbonates used to form 
the oxide cathode. The 26 and 42 ions appear most strongly in the presence of wax 
and grease vapours as in the demountable gear, although their intensities do not 
appear to be mutually dependent. 

The halogens—chlorine, bromine and iodine—are sometimes present in the 
tube as impurities, but only the chlorine ion appears regularly. The resolved 
isotopes of masses 35 and 37 appear with an intensity ratio of about 3: 1, as we 
should expect from the known composition of natural chlorine. All three halogen 
ions appeared simultaneously when common salt containing bromine and iodine as 
impurities was added to the cathode coating. 

Some of the ions listed above have been reported in the literature. J. J. 
Thomson (4) observed the negative ions of atomic hydrogen, molecular and atomic 
oxygen, carbon and chlorine in his positive-ray-parabola experiments many years 
ago; he mentions also C 2 ~, OH“ and H 2 ~, but these have not been observed in 
cathode-ray tubes. Freisewinkel (s) observed H~ in a high-voltage oscillograph. 
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Barton ^ recorded 0 32 ~ emitted by an oxide cathode, but failed to find 0 16 “; 
Blewett and Jones (7) also have recently observed 0 32 ~ from a barium-oxide emitter 
at a high temperature. Reimann (8) is of the opinion that Barton’s cathode must have 
been in some peculiar condition; the possibility of the ion really being Cl“ also 
exists, since Barton’s resolution was not particularly great. 

An empirical relationship between ion-emission and electron-emission that has 
been established may be mentioned here. From an examination of a number of 
tubes it has been found that the ionic current is in general roughly proportional to 
the electron-emission. 

The relationship with screen voltage has not been fully investigated but it is 
known that the spot becomes relatively less conspicuous as the voltage is increased 
at constant current above about 4 kv. 

On tubes with intense ion-emission, fluorescence caused by the impingement 
of the ions on the screen has sometimes been observed during the brief period 
before the fluorescing power of the screen has been destroyed by the development of a 
black spot. For ions of equal black-spotting intensity, the luminosity increases as 
we go from the heavy to the light ions. This may be due either to the screen- 
destructive power (black-spot formation) of an ion increasing with its mass, or to 
the luminous efficiency decreasing with increase of mass, or more probably to both. 

As a matter of interest a brief search for positive-ion-emission from an oxide 
cathode was made by reversing all the tube potentials. No such ion-emission could 
be detected up to a filament temperature of about iooo 0 c., although barium and 
strontium ions have been reported. Screen-potential trouble may account for this 
negative result. 

§5. MEASUREMENT OF INTENSITY OF ION BEAM 

An absolute measurement of the intensity of the ion beam was made electrically 
by collecting the focused components of the beam in turn in a Faraday collector, 
and measuring the current. The arrangement is shown in figure 6. The Faraday 
collector F , with a defining slit A about 1 mm. wide before it, was placed a few 
centimetres off the centre of the screen S> so that the various component ion beams 
could be brought into it in turn by varying the analysing magnetic field. The ion 
current was measured with a sensitive galvanometer G. The upper half of the 
screen 5 was coated with fluorescent material so that by reversing the magnetic 
field the black-spotting effect of the various ions could be seen. 

The results at two different filament temperatures are given in figure 7. In this 
particular tube chlorine was the only strong ion present. The graph shows that the 
ion current is about 6x io” 10 amp. at the normal running temperature of 8oo° c.; 
this was sufficient to produce an appreciable black spot on the screen in about 
1 min. The cathode used had an emitting area of approximately 2 mm? and was 
operating under space-charge conditions. 

This measurement is only approximate, for the currents involved are near the 
lower limit of sensitivity of the galvanometer and the special tube used is not 
necessarily representative of the usual types of cathode-ray tube. It serves however 
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to show the minute order of the ionic emission involved in cathode-ray tubes, and 
also the sensitivity of the screen to bombardment by ions. The ionic current is 
about io 5 or io 6 times smaller than the corresponding electron current. 



§6. DISCUSSION OF RESULTS 

(i) The mechanism of emission . Certain atoms and molecules of an electro¬ 
negative nature are capable of readily attaching an electron and so forming a stable 
negative ion. They are said to have an ‘ ‘ electron-affinity ”, energy being released 
when attachment occurs. We should consequently expect all the observed ions to 
fall into this class, and that the most intense ones would have high affinities. Some 
electron affinities already published are collected in table 2. 

Ions of nitrogen have never been observed in these experiments; this would be 
expected from its low affinity. Fluorine also has been absent in spite of its high 
affinity, probably because of its sparsity of occurrence in nature. Sulphur might 
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Table 2 


Atom 

Electron- 

affinity 

ev. 

Author 

H~ 

0-7 

Glockler<«> 

c- 

i*37 

Glockler^ 

N- 

0*04 

Glockler^ 

O” 

3*8 

Glockler< 9 ) 

Cl- 

3 ' 6 - 3*7 

Glockler^, Verwey and Boer^ 10 ^ 

Br~ 

3*3 

Verwey and Boer (lo) 

I- 

3 *o 

Verwey and Boer^ 10 ^ 

F- 

4 *o 

Verwey and Boer( IO > 

s- 

2*1 

Glockler^ 

CN~ 

4 *o 

Lederle< n > 


have been expected, since it is a tube constituent, but the evidence indicates that 
the 32 ion when present is wholly due to oxygen. 

From the fact that the ion beam is focused at the same focusing ratio as the 
electron beam, it is evident that both have a common origin, i.e. the ions originate at 
or near the cathode. The ions may be divided broadly into three classes as follows, 
according to their possible modes of formation: (1) ions emitted as such by the 
cathode; (2) ions formed outside the cathode by attachment of electrons to atoms 
emitted by the cathode; and (3) ions due to the presence of residual gas in the tube. 
Group (3) may be subdivided into (a) ions formed by direct attachment of an 
electron to an atom or molecule of gas in a low-velocity region of the gun; (b) ions 
formed by conversion of positive gas ions at the cathode; ( c) ions formed by the 
enhancement of the direct-cathode ion-emission postulated in process (r) by 
bombardment of the cathode surface with positive ions of the gas. These possible 
processes will now be discussed in more detail. 

Process (1) is somewhat analogous to the emission of electrons. The generally 
accepted view of the operation of the mixed-oxide cathode is the barium circulation 
theory of Becker, which may be briefly stated as follows. During activation, free 
barium and strontium are produced in the oxide; these may subsequently diffuse 
to and fro between the surface and the core until an equilibrium concentration of 
barium is set up both in the oxide and in a layer on the outer surface of the cathode. 
This layer lowers the work function and accounts for the enhanced activity of the 
oxide cathode. Becker’s theory, for which there is considerable experimental 
evidence, requires that some of the conduction in the oxide shall be electrolytic, 
positive barium ions moving in towards the core while negative oxygen ions move 
out towards the surface. The ratio of ion current to total current is very dependent 
upon conditions of temperature, current drawn from the cathode, degree of activa¬ 
tion, etc., but in one experiment was found to be of the order 1/200. Becker (ia) and 
others (l3) have also shown that oxygen is evolved when space current is drawn from 
the cathode; most of this oxygen is uncharged, but a small fraction may be emitted 
as ions. This may account for some of the observed oxygen-ion current, although 
it must be remarked that the observed ions are either singly charged atoms or 
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doubly charged molecules, these being indistinguishable, while the electrolytic ions 
are presumably doubly charged atoms. 

If an electrolyte such as sodium chloride were present in the cathode we might 
expect it to electrolyse in the same way as the oxide. The negative ion would be 
brought to the surface where an equilibrium layer of atoms and ions would be formed; 
some of these might evaporate as ions. Such a process would account for the 
halogen ions if the corresponding halides were present as impurity in the cathode. 
The experimental evidence supporting this view is (1) the fact already mentioned 
that the halogen ions can be brought to as small a focus as the electron beam, in 
contradistinction to some of the other ions which always have a larger focus; and 
(2) the fact that addition of halide impurity to the oxide of the cathode results in an 
emission of the corresponding halogen. 

It is evident that any emission of negative ions from the cathode will be strongly 
influenced by the state of the surface, as electron-emission is. Oxide cathodes are 
notorious for their ready adsorption of atoms of an electronegative nature. The 
surface layer so formed is extremely stable, and has the effect of increasing the work 
function and so diminishing electron-emission. Any intrinsic emission of ions by 
the cathode would be expected to be similarly affected. It is probable, however, 
that some re-evaporation of atoms of the adsorbed layer takes place and that some 
of these are negatively charged. Consequently in the case of a cathode which is 
partially poisoned by the presence of gas, we may have an emission of negative ions 
of the gas by the process of adsorption on the cathode with a subsequent re-evapora- 
tion as ions. 

Process (2). The ionization in this case takes place outside the cathode, the 
element or radical having previously been emitted in the uncharged state. No 
evidence for the existence of this process has been found. 

Process (3 a). When a beam of electrons is fired into a gas, direct attachment of 
an electron to an atom or molecule may take place by one of two mechanisms. In 
attachment to an atom the excess energy (the electron affinity and the kinetic 
energy of the electron before impact) must be radiated, which makes the process 
somewhat improbable; in the molecular case dissociation into an ion and an atom 
may occur, the excess energy being carried off in the kinetic form. These processes 
have been investigated in detail by Bradbury and co-workers <I4, IS> l6) , Bailey and 
co-workers <17) , Massey and Smith (l8) , Hogness and Harkness (l9) , Hogness and 
Lunn (20) , and others, for a number of gases. The last-named observers find in the 
case of oxygen that the atomic ions are more abundant than the molecular ions. 

The probability of attachment at a collision depends upon the energy of the 
electron as well as upon the nature of the gas; for molecular gases in which dissocia¬ 
tion occurs it usually has a minimum at about 1 ev., increasing rapidly as zero energy 
is approached and more slowly with increase of energy above 1 ev. In oxygen, 
however (l4) , after passing through this minimum as the energy is increased from 
zero, the probability reaches a maximum at i*6ev., thereafter decreasing con¬ 
tinuously as far as it has been investigated up to about 10 ev. Sufficient data are 
not available to allow of an accurate calculation of the negative-ion current that we 
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might expect in a cathode-ray tube from this process, but a very rough estimate can 
be made. For this purpose we may take from Bradbury’s results a value of 3 x io -4 
for the average probability of attachment in oxygen for all electrons of energies up 
to 10 ev., neglecting those of higher energy for which data are not available but 
which are likely to have a lower probability. Assuming further that the pressure in 
the tube is io~ 5 mm., at which the mean free path of an electron is about 4 x io 3 cm., 
and that the electron current is 1 ma. with an effective path-length of 1 cm., we 
compute that the negative-ion current is about io -10 amp. 

This is rather smaller than the observed ion current but is not of a very different 
order, and might account for some of the ions that are known to be due to the 
presence of gas. The process could account, especially when dissociation occurs, 
for the large focus observed at, for instance, the oxygen spot, since the ions would 
start off after formation with energies of various magnitudes and directions. 

Process (3 b). A new process for the formation of negative ions has recently 
been formulated by Amot (3l) to account for his experimental observations. According 
to this the positive ions normally formed in a gas by electron-impact may be con¬ 
verted into negative ions by impinging upon a negatively charged electrode such as 
the cathode and extracting therefrom two electrons, Experiments in mercury 
vapour, hydrogen, oxygen, nitrogen and carbon dioxide have led to the conclusion 
that the process has a comparatively high probability, and that most of the negative 
ions observed in these gases were so formed, a very small fraction only being formed 
by the process of direct attachment discussed above. 

The probability of conversion depends upon the work function of the surface 
concerned and upon the ionization potential, electron affinity, and energy of the 
incident ionized atom. It decreases with increase of the first factor but increases 
with increase of the other three. Arnot has found the probability for a nickel surface 
(with a work function 5*03 ev.) for ions of energy up to 200 ev. For an oxide cathode 
(with a work function about 1 ev.) the value is probably considerably greater than 
this. Lacking this datum, however, we may use the probability for nickel to obtain a 
rough estimate of the order of ion current that could be expected in a cathode-ray 
tube. We may consider the first anode, in which most of the effective positive ions 
will be created, to be 10 cm. long and at a potential of say 800 v., the electron 
current being 1 ma. Then taking the efficiency of ionization of electrons in oxygen 
at a pressure io -5 mm. to be 4 x io" 6 , and the probability of conversion to be io“ 3 
(extrapolated from Arnot’s results), we compute the negative-ion current to be 
about 4 x io- 10 amp. 

This might be increased by a considerable factor by conversion on an oxide 
instead of a nickel surface, but losses must be allowed for, since not all of the 
positive ions created will strike the cathode, and of those converted not all will be 
focused on the screen, owing to the fact that they may leave the cathode with con¬ 
siderable energy. 

This current however is of the observed order. It is interesting to note in 
connexion with the oxygen spot that the probability of formation of 0 16 ” ions from 
carbon dioxide is relatively high. This gas, which is evolved in large quantities 
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when the cathode oxide is formed by the breaking down of the carbonate, is likely 
to be the main constituent of the residual gas of the tube. 

Process (3 c): enhancement of ion-emission from the cathode by bombardment 
with positive gas ions. It is well known that bombardment by positive ions may 
dislodge and remove particles adsorbed on surfaces, as, for instance, when argon is 
used in the reactivation of oxygen-poisoned cathodes; hence it might be expected 
to enhance at least temporarily the intrinsic emission of negative ions by a cathode. 
The magnitude of the effect on cathode-ray tubes has been found to be somewhat 
variable, and to depend on the kind of gas present and on its pressure as well as on 
the state of the cathode surface. In a normally hard tube the effect is probably very 
small. 

(ii) Experimental applications and conclusions . We can now see how far these 
processes are in accordance with the experimental results. The appearances and 
intensities of the various components of the beam of ions have been found to be 
very erratic, so that the results are largely of a qualitative rather than a quantitative 
nature. Moreover, some of the ions can be accounted for only by the simultaneous 
operation of two or more processes. The following conclusions may however be 
drawn: 

(1) Some of the ions, notably the halogen ions, are emitted directly by the 
cathode by process (1). This follows from (a) the smallness of the focus and 
(b) the fact that addition of halide impurity to the cathode enhances emission of the 
corresponding halogen. 

(2) The ions H~, 0 “, 26“ and 42“ are due to the presence of the appropriate gas 
or vapour in the tube, being formed in the main by processes 3 (a) and 3 (6). The 
evidence for this view is briefly that (a) the focus is large and (b) the ions usually 
weaken progressively as the tube is hardened. No discrimination between these two 
processes can at present be made. 

A proportion of each of these ion components is probably formed by surface 
adsorption of atoms with subsequent re-emission as ions, in the maimer outlined in 
connexion with process (1). Some evidence for this is that occasionally the emission 
continues after the tube has been hardened. 

(3) The ion for which m/e =26 is probably due to the electronegative radical CN~. 
This is known to have a high electron-affinity (see table 2), whereas the alternative 
C 2 H 2 exists as a molecule and is reported to have a low electron-affinity. 

(4) The ion for which mje —42 may be due to CNO“ rather than to a 
hydrocarbon, since CNO“ is known in chemistry to exist as an electronegative 
radical. 

(5) The O ion, which is only prominent when the cathode has been incom¬ 
pletely broken down, is probably formed from carbon dioxide by dissociation 
accompanied by ionization. 
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ABSTRACT . Thin films of thallium have been prepared by condensation of the metal 
on a cooled pyrex surface at a pressure of io"" 7 mm. of mercury or less. At a thickness of 
more than 40 a. the films show a resistivity only about three times greater than that of the 
bulk metal. The results tend to substantiate the views of Appleyard and Lovell that 
evaporated films do not differ radically in structure from the bulk metal, at least after the 
first few atomic layers. The thallium films described here differ in an important respect 
from both the alkali films and from mercury. Unlike the alkali-metal films they show no 
conductivity until the film is about five atomic layers in thickness; and unlike mercury films, 
which show a similar delayed conductivity, they have a finite range of thickness in which 
the resistivity is very high. It seems possible that the material is only semiconducting in 
this range, possibly owing to distortion of the normal metallic lattice by the atoms of the 
substrate. 

Deposition of films in a poor vacuum, between io~ 7 and io” 5 mm. of mercury, has 
demonstrated the far-reaching effects of occluded gas in the films. This may raise the 
resistivity at a given thickness by a factor of io 4 or more, and also alter the temperature 
coefficients from the consistent positive values obtained in a good vacuum to large and 
variable negative values. 


§ 1. INTRODUCTION 

T hin films of thallium have been obtained by evaporative deposition on pyrex 
glass at various temperatures of condensation and in vacua varying between 
io -5 and less than io -7 mm. of mercury. 

It has been possible to demonstrate the effect of occluded gas on the electrical 
properties of thin films, the results obtained being similar to those of earlier 
investigators (e.g. Reinders and Hamburger W), which show marked variations 
under what appear to be similar experimental conditions. The main characteristic 
of the films of earlier workers, thinner than 100 a., is the possession of resistivities 
which are greater than that of the bulk metal by a factor of at least io 3 , and show an 
irreversible change on treatment with heat, and negative temperature coefficients. 

The properties of relatively gas-free films, deposited under carefully controlled 
conditions as described by Lovelland by Appleyard (3 > in their examination of the 
thin films of the alkali metals, have also been studied. Unlike those of alkali films, 
however, the first few atomic layers of thallium films appear to be only semi¬ 
conducting if not non-conducting. Further, the films are not unstable. 
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§ 2. EXPERIMENTAL DETAILS 

The experimental tube and method of working are similar to Lovell’s <«■> except 
for the oven (Q in Lovell’s figure i), which, as the melting point of thallium is 
about 300° c., had to be entirely re-designed, figure 1. 

The thallium was evaporated from a small cylindrical crucible of iron and 
molybdenum. It was not possible to use an iron crucible, apparently owing 
to the iron dissolving in the metal. Neither could a molybdenum crucible be used, 
as the thallium creeps over its surface. The crucible was therefore of molybdenum 
inside and iron outside. As it was found impracticable to purify the metal by 
distillation in a vacuum, it was melted in a vacuum and run off through several 
narrow constrictions into small tubes and sealed off. The small tubes were coated 



with colloidal graphite to prevent the thallium from sticking to the glass, which it 
slowly attacks. The tubes were also of such a size and shape that the small cylinders 
of metal contained by them easily slipped out and fitted the crucible. The crucible 
was held in the quartz pocket Q and heated by the tungsten spiral F, the temperature 
being measured by the platinum platinum-rhodium thermocouple T . 

The beam of thallium atoms issuing from the crucible passes from the oven to 
the experimental tube proper through the hole P which is about 2 mm. in diameter. 
This hole is closed by a steel ball which is moved by an electromagnet in order to 
start the deposition. The beam is then defined by cooled pyrex slits so that the patch 
of thallium, formed by condensation on the cooled pyrex surface, overlapped end- 
contacts made of graphite baked on to the glass over a layer of platinum paint which 
had previously been burnt into the glass. 
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The apparatus was continuously evacuated by a mercury diff usion pump 
backed by a Hyvac pump. Considerable difficulty was experienced in obtaining a 
vacuum of less than io -7 mm. of mercury, the pressure always tending to be locally 
high in the oven during evaporations. 

A bake-out of the apparatus would easily produce a pressure of less than 
10- 7 mm., which would deteriorate as soon as the thallium was heated. Only after 
evaporating for over 20 hr. at a temperature corresponding to a deposition rate of 
1 A. per min. (about 350° c.) could the pressure be reduced below io -7 mm. and 
consistent results be obtained. 

The production of reproducible films is also complicated by the fact that, 
when attempts were made to clear the surface by heating, the thallium attacked the 
glass, giving it a frosted appearance; and only two or three similar films could be 
obtained without permanent alteration in the properties of the surface. 

The intensity of the beam was determined by a method described fully by Powell 
and Mercer<s), namely, by measuring the emission of positive ions from a tungsten- 
oxide filament placed in the beam. The measured beam-intensities are consistent 
to ±10 per cent. With the various beam-intensities used, the film thickness 
increased by J to 1 a. per minute. 

The resistance of the films was measured by several methods: for very high 
values by measurement of the current produced by a known potential, for inter¬ 
mediate values by means of a Wheatstone Bridge, and for very low resistances by 
means of a potentiometer. 

The results may conveniently be considered in two groups: firstly, those 
relating to films deposited in vacua lying between io -5 and io~ 7 mm. of mercury, 
and, secondly, those relating to films deposited in vacua below io -7 mm. of mercury. 

§3. RESULTS OBTAINED UNDER POOR VACUUM CONDITIONS 

Once the thallium had been thoroughly degassed, enough gas was allowed back 
into the tube, from the backing, to give pressures as high as io -5 mm. of mercury. 
The results obtained at various pressures are summarized in figure 2, in which the 
common logarithm of the resistivity is plotted against the thickness. 

The films show, as do the films deposited in good vacua, an initial thickness in 
which no conductivity is detected. It is clearly shown that the higher the residual 
pressure in which the films are prepared, the slower the decrease in resistivity as the 
films thicken. Further, the temperature coefficients are smaller, being in many 
cases negative (see table 1), as the resulting resistivity increases, for depositions in 

Table 1 


Pressure (mm. of 
mercury) 

Resistivity at 90 0 K. 
for films 50 A. thick - 
(D.-cm.) 

Temperature 

coefficient 

(p 90 ~P$i) 

Graph 

IO "" 6 

2*37 X IO ” 2 

— 20 

A 

5 X IO” 6 

6*32 X IO” 4 

-8 

B 

5 x io” 7 

2*82 X IO” 4 

0 

C 

2 x IO” 7 

1-26 X IO” 4 

+0*50 

D 

Less than io"" 7 

15*8 X IO” 6 

+6*67 

E 
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The apparatus was continuously evacuated by a mercury diffusion p um p 
backed by a Hyvac pump. Considerable difficulty was experienced in obtaining a 
vacuum of less than 10- 7 mm. of mercury, the pressure always tending to be locally 
high in the oven during evaporations. 

A bake-out of the apparatus would easily produce a pressure of less than 
io -7 mm., which would deteriorate as soon as the thallium was heated. Only after 
evaporating for over 20 hr. at a temperature corresponding to a deposition rate of 
1 a. per min. (about 350° c.) could the pressure be reduced below io _7 mm. and 
consistent results be obtained. 

The production of reproducible films is also complicated by the fact that, 
when attempts were made to clear the surface by heating, the thallium attacked the 
glass, giving it a frosted appearance; and only two or three similar films could be 
obtained without permanent alteration in the properties of the surface. 

The intensity of the beam was determined by a method described fully by Powell 
and Mercer^), namely, by measuring the emission of positive ions from a tungsten- 
oxide filament placed in the beam. The measured beam-intensities are consistent 
to ±10 per cent. With the various beam-intensities used, the film thickness 
increased by \ to 1 a. per minute. 

The resistance of the films was measured by several methods: for very high 
values by measurement of the current produced by a known potential, for inter¬ 
mediate values by means of a Wheatstone Bridge, and for very low resistances by 
means of a potentiometer. 

The results may conveniently be considered in two groups: firstly, those 
relating to films deposited in vacua lying between io -8 and io~ 7 mm. of mercury, 
and, secondly, those relating to films deposited in vacua below io -7 mm. of mercury. 

§3. RESULTS OBTAINED UNDER POOR VACUUM CONDITIONS 

Once the thallium had been thoroughly degassed, enough gas was allowed back 
into the tube, from the backing, to give pressures as high as io~ 5 mm. of mercury. 
The results obtained at various pressures are summarized in figure 2, in which the 
common logarithm of the resistivity is plotted against the thickness. 

The films show, as do the films deposited in good vacua, an initial thickness in 
which no conductivity is detected. It is clearly shown that the higher the residual 
pressure in which the films are prepared, the slower the decrease in resistivity as the 
films thicken. Further, the temperature coefficients are smaller, being in many 
cases negative (see table 1), as the resulting resistivity increases, for depositions in 
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the poorer vacua. No variation of temperature coefficient with thickness could be 
detected. 

As has been observed by other workers (6) , if the films with negative temperature 
coefficients are allowed to warm up to room temperature they lose a considerable 
amount of their high resistivity, which is reduced by a factor of io or more, and 
they then have positive temperature coefficients of the same order as that of the bulk 
metal. This rise in temperature and the subsequent return to liquid-oxygen tem¬ 
peratures must be carried out very slowly, for otherwise the films disintegrate, 
probably as a result of differential expansion between the film and the glass. 



Figure a. Films deposited at 90 °k. in vacua of A, io -5 mm.; B, 5 x 10"* mm.' 
C, s x io -7 mm.; D, a x io -7 mm.; E, less than io -7 mm. 


§4. DISCUSSION 

It seems reasonable to suppose that the higher the pressure in which deposition 
of the films takes place the more gas the film will contain. From the results obtained, 
therefore, it seems quite obvious that high resistivities and negative temperature 
coefficients can be attributed to gas occluded in the metal films, as was proposed by 
Appleyard<*>. It is tentatively suggested that the high resistivities and negative 
temperature coefficients observed by earlier workers, apparently working in good 
vacua, are due to a relatively high local gas pressure in the beam itself, resulting 
from gas occluded in the evaporating metal. If gas is occluded in the evaporating 
metal the beam of metal atoms travelling at high thermal velocities to the cooled 
surface will be accompanied by a similar beam of gas atoms. A fast pump capable of 
maintaining a good vacuum cannot remove gas atoms from the beam itself, but 
only those which are scattered from the surfaces on which the atoms impinge. 

It has been suggested that the irreversible change in resistivity which occurs 
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when the temperature of the films is raised is due to recrystallization (6) . But in 
view of the reversal in sign of the temperature coefficient which accompanies it, it 
seems more probably due to some, if not all, of the gas coming out of the films. 
Recrystallization will occur, but cannot account for a factor of more than 8—the 
change in resistivity on heating from 90° K. and melting—whereas the actual change 
can be by a factor of more than 10. Moreover the results appear to indicate that, in 
continuous films more than a few atomic layers in thickness, it is the presence of 
gas occluded in the films, rather than an inherent high degree of disorder in thin 
metal films, that accounts for the very high resistivities, 

§ 5. FILMS DEPOSITED IN HIGH VACUA 
Figure 3 shows two typical experimental curves produced by depositions at 
90 and 64° k. in vacua of less than io~ 7 mm. of mercury. It can be seen that both 
curves are characterized by a finite range of thickness in which the resistivity is very 
high, followed by a long range in which the resistivity falls gradually to a value about 



three times that of the bulk metal at the same temperature. Even after the pyrex 
surface had been decomposed visibly by successive distillations, all the curves 
obtained showed the above characteristics, though in that case the critical thickness 
at which conductivity was first detected was considerably increased. 

One is naturally tempted to attribute the initial high resistance to agglomeration 
of the material of the film, an explanation which seems quite satisfactory in the case 
of mercury and alkali films (7) . It is disproved, however, by the observation that the 
critical thickness, as well as the range of thickness showing high resistivity, increases 
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very considerably as the temperature of deposition is lowered. It seems possible, 
therefore, that the initial layers of thallium are deposited with a lattice structure 
much distorted by the underlying substrate, and that they may in this case show 
semiconducting properties, as was suggested by de Boer (8) in the case of molyb¬ 
denum films. Unfortunately in this range of thickness the films show a secular 
change of resistance which makes the determination of a temperature coefficient 
impossible, and so it was not practicable to test whether they showed the negative 
temperature coefficient to be expected on this hypothesis. 

Not much can be said about the absolute magnitude of the resistivities. In 
figure 3 the theoretical curves of Lovell and the modified curve of Fuchshave 
been drawn in for comparison. - Both are calculated on the assumption that the 
increased resistance of a thin film is to be attributed entirely to the shortening of 
the mean free path of the conduction electrons by inelastic collisions with the 
boundaries. There is fair agreement in the range between 40 and 80 A. We believe, 
however, that this must be attributed to accident, for both theoretical formulae give 
a temperature coefficient considerably greater for the film than for the bulk metal, 
whereas the value given by experiment is about three times less; see table 1. 

The low experimental value of Sp/Sr obtained for these films equally prevents us 
from assuming that the excess of their resistivity above that of the bulk metal is 
attributable entirely, as in films of the alkali metals, to simple strain in the lattice. 
It seems probable that, even when they are deposited in vacua of io -7 mm. of 
mercuiy or less, some gas absorption still persists, and that this reduces the tempera¬ 
ture coefficient below the value for the bulk metal. Thallium therefore seems to be 
more sensitive to traces of residual gas than were the alkalis, for pressures as high as 
5 x io~ 7 mm. of mercury made no appreciable difference to the properties of these 
alkali films. Reference to table 1 shows that a residual pressure of this magnitude 
reduces the temperature coefficient to zero in the case of the thallium films. 

To test this hypothesis it would be necessary to deposit films in vacua lower than 
io -8 mm. of mercuiy, and these are not yet available with contemporary vacuum 
technique. 
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ABSTRACT. The nuclear scattering and energy-loss of fast ft particles with energy about 
2 x io 6 ev. has been studied, using a cloud chamber filled with a xenon-oxygen mixture. 
A radon source in conjunction with an electron lens was used to provide a fairly homo¬ 
geneous beam of electrons. The results obtained for the angular distribution of scattering 
are in agreement with Mott’s formula. The collisions in which the particles lose 50 per cent 
or more of their original energy are found to be about six times more frequent than the 
theoretical number for energy-loss by emission of collision radiation. 


§ 1. INTRODUCTION 


T he nuclear scattering of fast j 3 particles has been the subject of many investi¬ 
gations, but the results have been somewhat discordant. In the work of 
Neher (7) , Champion (z) , Skobeltfcyn and Stepanowa (8) , Klarmann and Bothe (4) , 
Stepanowa (lo) and Zuber (xz) , the observed angular distribution of scattering was 
compared with the formula deduced by Mott (6) for the wave-mechanical scattering 
of j8 particles, on the assumption that the interaction force is Coulombian. When this 
formula is integrated over the angles d 1 to 0 2 , it can be written in the form 


n ( 6 1 9 2 )= 7 rNt (j^) 2 (LgA 2 ) [{cot’ £ 0 i-cot®£ 0 2 - 2j 8 ®log 


sin £0 a j 
sin IdJ 


+ 


ZrrfiZ 

~^37 
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where n is the number of scattered particles between 0 X and 0 2 , ft the ratio of the 
velocity of the particle to that of light, t the total length of the track, iVthe number of 
nuclei per cm? of the scatterer, and Z the atomic number. 

Neher worked with relatively slow electrons, with energies up to 145 kv., 
using an aluminium foil as scatterer, and observed that the number of particles 
scattered between 95 0 and 172 0 was about 20 or 30 per cent higher than that given by 
Mott’s formula. Champion using j8 particles from RaE with an upper energy-limit 
of i-2 x xo 6 ev., and a nitrogen-filled cloud chamber, found a satisfactory agreement 
between his results and Mott’s formula in the entire range of angles between 20° 
and 180 0 . Skobeltzyn and Stepanowa on the other hand, using j 5 rays of energy 
between 1-5 x 10® and 3 x 10® ev., found the scattering in nitrogen between 40° and 
180 0 to be about 40 times the theoretical value. This work has been repeated by 
Stepanowa (lo) , who has observed the distribution curve to be considerably above 
the theoretical curve calculated from Mott’s formula. The discrepancy was particu¬ 
larly large for particles whose energy lay between 1-5 x 10® and 3 x 10® ev., where the 
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observed scattering at angles greater than 90° was 30 or 35 times greater than that 
calculated. Klarmann and Bothe have studied the nuclear scattering of fast 
particles in the energy interval 0*5 x io 6 to 2*6 x io 6 ev. by krypton and xenon, and 
have found only about one-fifth of the scattering predicted by the theory. Zuber, 
however, working with an argon-filled Wilson chamber and electrons whose energy 
lay between 1-7 x io 6 and 2-4 x io 6 ev., observed a fair agreement with the theory. 
Further experiments were clearly required to resolve some of these discrepancies. 

§2. THE EXPERIMENTAL METHOD 

An investigation similar to that made by Zuber was carried out about a year ago 
with an argon-filled chamber, an electron lens being used for obtaining a homo¬ 
geneous electron beam with a mean energy of 2 x io 6 ev., and a rough agreement 
with the theory was found. Further experiments were then undertaken with xenon 
in the chamber. The use of such a heavy gas gives much greater numbers of scatter¬ 
ing and energy-loss processes, and so facilitates the work. An electron lens of the 
type used by Klemperer (l4) and by Davies and 0 ’Ceallaigh (3) was used in this investi¬ 
gation to give a fairly homogeneous beam, a radon tube with a strength of a few 
millicuries being used as the source. The mean energy of the electrons was 
2*1 x io 6 ev., corresponding to a value of 0-981 for /?. The mean spread of energy 
in the beam was about ±10 per cent. 

The chamber worked automatically, and stereoscopic photographs of each 
expansion were taken on cinematograph film with a pair of 35 mm. Ross X-press 
F/i-g lenses. The xenon used in the chamber was diluted with 48 per cent of oxygen. 
The scattering by the oxygen is negligible as compared with that by xenon, while 
the total scattering is reduced to a convenient value. This amount of oxygen is also 
quite sufficient to ensure sharp tracks. 

§3. RESULTS 

Two series of measurements were made to determine the scattering. In the 
first series an equivalent length of 64 m. of track in 100 per cent of xenon at atmo¬ 
spheric pressure was used to study the angular distribution, and in the second series, 
an equivalent length of 172 m. of track in 100 per cent of xenon was used to extend 
the results between 40° and 180 0 . 

In tables 1 and 2 the experimental results have been compared with the 
theoretical values deduced from Mott's formula. 


Table 1. 64 m. of track in xenon 


Angular intervals (deg.) 

Number of tracks 

Observed 

Deduced from 
Mott’s formula 


20 to 30 

88 

106 

30 to 40 

45 

40 

40 to 180 

28 

45 

20 to 180 

161 

191 
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Table 2. 172 m. of track in xenon 
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Angular intervals (deg.) 

Number of tracks 

Observed 

Deduced from 
Mott’s formula 

40 to 50 

50 

So 

50 to 60 

16 

28 

60 to 70 

IS 

16 

70 to 80 

5 

10 

80 to 180 

15 

14 

40 to 180 

IOI 

118 


§4. DISCUSSION OF RESULTS 

The experimental values of the scattering between 40° and x8o° in the first series 
are somewhat below the theoretical values, and thus suggest a possible anomaly- 
such as has been reported by Skobeltzyn and Stepanowa, and Klarmann and 
Bothe. However, the additional data of the second series show no sign of this 
anomaly. On the contrary, when the statistical error and the error in the measure¬ 
ment of the length of the tracks are taken into account, the agreement between the 
theoretical and experimental values is as good as could have been expected. 

In 330 m. of track, in the xenon-oxygen mixture, 30 collisions have been ob¬ 
served in which electrons lost 50 per cent or more of their initial energy, 12 being 
completely stopped in the gas. The theoretical number of such energy losses, if they 
occur by the emission of collision radiation, is about 5^. Thus the experimental 
number is about six times the theoretical value. A discrepancy of this type has 
already been reported by Skobeltzyn and Stepanowa <!>) , Leprince Ringuet (5) , 
Klarmann and Bothe (4) , and Turin and Crane (II \ The number of such collisions 
being relatively small, their influence on the distribution of scattering is negligible. 

No evidence has been obtained for the creation of pairs by fast j 3 particles in 
nuclear collisions. 
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NOTE ADDED IN PROOF 

After the submission of the present paper, Fowler and Oppenheimer lI3) pub¬ 
lished results of a cloud-chamber investigation of the scattering and energy-loss of 
fast electrons, with energies rangingfrom 5 x io e toi7 x xo®ev.,inathinlaminaoflead. 
They found, in agreement with the author’s results, a scattering-distribution con¬ 
sistent with the theory. The mean energy-loss was observed to be about 1-5 times 
the theoretical value, but, owing to difference in the experimental arrangement, 
it is diffi cult to relate this result to the observation, mentioned above, of an abnormal 
number of large losses. 
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DISCUSSION ON ELECTROACOUSTICS 

Opening remarks by C. V. Drysdale, D.Sc., C.B., O.B.E. 

Greatly as I appreciated the honour of being invited to open this discussion, 
I accepted it only after considerable hesitation as it is many years since I was 
actively engaged in acoustic problems and I felt that the task should have been 
entrusted to someone who has kept abreast with the recent rapid developments. 
I propose therefore to confine my remarks to a few fundamental points which seem 
to me of importance for future progress. 

The title “electroacoustics” seems to me happily chosen, for the two sciences 
are becoming more and more closely associated and the more we consider electro¬ 
acoustic devices as a whole rather than as separate electrical and acoustic com¬ 
ponents the better. Nearly 40 years ago when I first tried to teach alternating- 
current theory to evening students, I soon saw the advantage of employing mechanical 
analogies and equations; and the modern treatment of electroacoustic devices as 



Figure 1. Conversion of electric to acoustic waves. 


equivalent to electrical circuits has been of great assistance towards their complete 
understanding and design. But the connexion between electric and acoustic waves 
goes much deeper, and as wireless telephony or broadcasting now forms such an 
important part of the subject, a few words on this connexion and its practical 
implications may be of interest. 

Relation between electric and acoustic waves. According to the Maxwellian theory, 
electric waves consist of transverse electrical displacements travelling with the 
velocity of light, and when they pass through a material dielectric the protons and 
electrons for min g its molecules are displaced and vibrate transversely in opposite 
senses as shown in figure i. Acoustic waves on the other hand consist of vibrations 
of the molecules as a whole in the line of propagation of sound. If the protons 
and electrons were of equal mass and vibrated in opposite phase with equal 
amplitude when subjected to an alternating electric stress, no acoustic effect would 
be produced; but as the mass of the molecules resides almost entirely in its protons. 
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it seems reasonable to suppose that their motion has a preponderating effect and 
hence produces acoustic waves transverse to the electric waves. This supposition 
is confirmed by the fact that a block of dielectric material subjected to a high 
alternating electric stress of sonic frequency emits an audible note; and in certain 
crystals, notably quartz, tourmaline and Rochelle salt, this effect is sufficiently large 
to be of service for both acoustic transmitters and acoustic receivers, especially if 
the crystal is cut to such dimensions as to be in resonance. If the whole power of 
a broadcasting station could be radiated at sonic frequency, it seems likely that it 
would be heard to a considerable distance simply by the vibration of the molecules 
of the air, in spite of their relatively small number; but, fortunately for our already 
tortured ears, high-power electrical radiation involves frequencies far above the 
audible limit and this high frequency requires rectification of modulated waves to 
render them audible, which is a very inefficient process. Even the old crystal sets, 
however, did good service in their time, and it is easy to see that if all the energy 
from a broadcasting station which enters an average room could be efficiently 
transformed, good audibility should be obtainable at ranges of hundreds of miles. 

Until a few years ago we had only a very rough idea of the power required for 
audition, but thanks to the pioneer work of Fletcher in 1925 and to subsequent 
work, we now have a useful practical standard and scale of sound-intensity. The 
unit or minimum audible intensity, the phon, has been defined by the British 
Standards Institution as an r.m.s. pressure of 2 x io~ 4 dyne/cm?, which corresponds 
to an r.m.s. displacement velocity of about 5 x io~ 6 cm./sec., a displacement of 
about io -9 cm. at a frequency of 1000 c./sec., and a power of about io“ 16 w. 
per cm? For ordinary conversation in quiet surroundings, an intensity of 40 phons, 
or decibels above the threshold, is sufficient, which requires a power W of 
io~ 16 x io 4 =io” 12 w. or one //,/xw. per cm? Since W=P/4.irr 9 where P is the total 
power emitted by a source and r is the distance, 

r= s/^w^ xl ° 7cm - 

or 900 kilometres, if P is 100 kw.; and as the electric radiation is somewhat 
concentrated towards the surface of the earth it appears that 100 kw. of electrical 
radiation should provide satisfactory audition up to a radius of 1000 kilometres if it 
could be completely transformed into acoustic energy. 

Although there is no prospect at present of such perfect transformation it is of 
interest to consider a possible application. In figure 2, suppose we have two flat 
horizontal plates, ab and cd , say on the ceiling and floor of a room, and a very thin 
sheet of rubber or cellophane ef in contact with the lower surface of the plate ab 
which should be perforated to ensure equal air pressure on both sides of the film. 
The lower surface of the film ef should be silvered to render it conducting and be 
connected to the bottom plate cd through a tuning inductance L , while ab is 
connected to cd through a choke coil and high-tension battery giving an e.m.f. E 
which can be varied to cause the film ef to be attracted against ab with a very ligh 
pressure. If electric waves traverse the space between the plates, L can be adjusted 
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to resonance, and if v is the induced voltage, the attractive force varies proportionally 
to Ev , tending to cause the film to vibrate with the frequency of the waves and with 
amplitude proportional to v. Owing to the high frequency of the carrier waves, 
their effect on the film would be inappreciable and in any case inaudible, whether 
the wave is modulated or not, if the film is equally free to move up or down, but 
if the film is just in contact with the plate it is free to move downwards but not 
upwards, and this should give a rectifying effect and an audible response to 
modulated waves. 

Whether such a device would be of any practical use or not is open to question, 
and it would hardly be welcomed by valve manufacturers, but it is extremely simple 
and clearly shows the basic requirements of a broadcasting receiver: (a) electrical 
resonance to collect all the available power in a given volume, (b) transformation 
of electrical to acoustic power, and (c) rectification to separate the modulated from 
the supersonic vibrations. The unsymmetrical motion of the film is the mechanical 
equivalent of the rectifying crystal or valve, and it exists to a small extent even in 



our ears, as a result perhaps of the articulation of the ossicles, so that we can hear 
modulations of powerful supersonic waves. 

Incidentally it seems possible that a large metal plate covered with a thin layer 
of soft fibrous material such as silk chiffon and a conducting film would make an 
excellent condenser microphone or loudspeaker for use with ordinary receiving 
sets, as the extreme lightness of such a film and the small amplitude needed with 
a large area should render it uniformly responsive to all acoustic frequencies. Such 
a device could be fixed as a flat panel on a wall or ceiling, or form the surface of a 
sound-picture screen. It seems quite likely that it will be true before long that 
“walls have ears” and also tongues, whether the prospect is pleasing or not. 

The physical nature of electric waves . There is another connexion between 
acoustic and electric waves, however, which greatly assists the comprehension of 
the latter. Although the Maxwellian theory is supposed to be well known and 
many are able to handle its equations with enviable facility, its physical basis and 
implications seem to be little understood—so much so that its validity is now 
disputed. During the last few years I have been trying to simplify the Maxwellian 
theory and get down to its physical foundation, and have found that both the 
Maxwellian equations and the fundamental equations of acoustics can be reduced 
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to simple and similar algebraic equations from which the phenomena of electric 
and acoustic waves can be easily developed and made physically intelligible. One 
example may interest radio engineers. 

If we agitate one end of a cord, transverse waves travel along it, and in any 
textbook of acoustics it is shown that the velocity V of propagation of these waves is 


V= 



where T is the tension in the cord and m its mass per unit length. Now opposite 
charges attract one another as if they were connected by elastic contractile threads 
which become thinner as their length is increased, and the attractive force or 
tension T in the thread between a proton and electron, of charges +e and —e 
respectively separated by a distance r in a medium of permittivity k, is e 2 jkr 2 . But 
a moving charge is equivalent to a current element and produces a magnetic field 
which possesses energy, and since it is due to the motion of the charge it is sometimes 
called electrokinetic energy, in correspondence with the kinetic energy of a moving 
mass. This implies that an electric field has mass or density, so that a charged body 
has what we call electromagnetic mass; and if we consider an electric field as being 
made of fibres or bonds, a simple calculation shows that the mass m of a bond 
connecting a proton and electron in a medium of permeability (jl is fie 2 /r 2 per unit 
length. Hence if either the proton or the electron is agitated, waves should travel 
along the bond with a velocity V such that 




IT /e*/h* 
V m V pe 2 lr 2 




and this is Maxwell’s formula for the velocity of propagation of electric waves. 
In space, k and jjl have certain absolute values k 0 and jjl 0 which we have not been 
able to determine separately, but we can measure their product & 0 /x 0 by simple 
electrical measurements, and i/V(^ 0 /x 0 ) comes out to exactly the velocity of light 
as determined by direct measurements, or very nearly 3 x io 10 cm./sec. 

This gives one illustration of the assistance which can be given by acoustics or 
mechanics towards the understanding of electric waves, and its practical value may 
be considerable as it indicates that we can determine and visualize the transmission 
from an oscillator by the help of simple models with stretched strings. 

Acoustic measurements . Progress in science and its technical applications depend 
enormously upon measurement, but in this respect acoustics has been seriously 
hampered and it is remarkable how much has been achieved in spite of this obstacle 
which has only recently been partially overcome. Within a couple of decades after 
the advent of electric generators, motors and transformers, we had fairly accurate 
units and primary standards of p.d. and current, and ammeters, voltmeters and 
wattmeters of high sensitivity and wide range; but it is only a few years since we 
have settled on a definite unit and scale of acoustic intensity and have developed 
instruments capable of measuring intensities directly and conveniently. 

On fundamental grounds it seems that acoustic measurement is the most 
difficult of all technical measurement problems.. As was mentioned above, the 
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power in acoustic waves is extremely minute—only about 1 jujuw./cm? for ordinary 
speech—and it is extremely difficult to collect the power from a definite area and 
concentrate it on the measuring element, owing to the disturbance of the waves by 
the presence of the measuring instrument itself. Moreover all solid substances 
reflect sound, so that laboratory acoustic measurements resemble photometry in 
a room in which the walls, ceiling, floor, furniture and observers are all m ir rors; 
while in the open they are liable to serious disturbance by air currents which 
cannot easily be shielded. In all these respects acoustic measurements are at a great 
disadvantage compared with electrical measurements, but there is one matter in 
which the advantage is on their side—they are nearly always made in one medium, 
so that the power can be determined from measurements of pressure or displacement 
alone and there is no need for phase-measurements or wattmeters. 

Before the advent of thermionic valves the Rayleigh disc and acoustic pendulum 
were almost the only devices which enabled acoustic power to be directly measured, 
but they were so delicate that they were very rarely used, and the only portable 
instrument was the Webster phonometer, which was probably insufficiently 
sensitive for all but loud sounds. Now we have several types.of direct-reading valve 
instruments of ample sensitivity, but they all require calibration, and the two main 
desiderata now appear to be a simple standard source of sound, and more effective 
acoustic absorbing materials. 

As regards the standard source, the ideal would be a sphere expanding and 
contracting over its whole surface with a known uniform amplitude, and some 
years ago I suggested covering a solid metal sphere with a layer of quartz crystals; 
but this would only give a very small amplitude for an inconveniently high voltage, 
and I am inclined to think that the best standard would be a solid metal sphere 
say 10 cm. in diameter covered with a layer of fibrous material about 1 mm. thick 
like a tennis ball and having a thin rubber envelope gilded on the outside. I rejected 
this idea earlier on account of the difficulty of measuring the amplitude of a delicate 
film, but Prof. Andrade has since shown that the amplitude of vibration of the air 
itself can be measured by observing fine smoke particles through a microscope, 
and moreover since the acoustic absorption of a thin layer of fibrous material should 
be extremely small, the radiated power should be directly measurable with a 
wattmeter. A sphere 10 cm. in diameter vibrating with an amplitude of 2 x io -4 mm. 
should give an acoustic intensity of about 50 phons at a distance of 3 m. for a 
frequency of 1000 c./sec. and a total power of about io/x,w.; and with an alternating 
p.d. of 1000 v. between the sphere and film, the maximum electrostatic force would 
be nearly 0*2 g./cm?, so that it should not be difficult to find a material which 
would yield sufficiently under this pressure to give the above displacement. 

Acoustic absorption and noise-reduction. The problem of noise-reduction has 
become one of ever-increasing urgency, and although a great deal of work has been 
done on it lately with encouraging results, especially as regards comfort in air and 
railway travel, there is great need for further improvement, for the sake not only 
of general comfort but also of facilitating acoustic measurements. Reduction of 
noise to 10 or 20 phons would give great relief, but for acoustic measurements 
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almost complete suppression with a minimum thickness of sound-absorbing 
material is desirable. Up to the present, investigations appear to have been confined 
to testing the acoustic absorption of various materials, and I do not think the 
scientific aspect of the problem and its possible application to the production of 
absorbent materials has received much attention. 

The obvious means for absorbing sound is to communicate the acoustic 
vibrations to small granules or fibres which dissipate the energy in friction, but the 
density or inertia of solid particles is so high compared with that of air that their 
direct response is very small, and hence the attenuation is low and a large thickness 
of material is required for effective absorption, as can be seen in certain acoustic 
laboratories. But since the energy of a vibratory motion is proportional to the 
square of its amplitude, a tenfold increase of the amplitude of the particles would 
dissipate a hundred times the energy, and the simplest way of increasing their 
amplitude is by resonance. 

According to the famous optical dispersion theory of Drude this is the way in 
which light is absorbed. Reverting to figure 1 it will be noticed that the protons 
and electrons of the dielectrics are shown as being coupled by elastic bonds, and 
since the protons and electrons have unequal masses each atom will have two 
resonance frequencies for either of which the amplitude or electric displacement 
will build up to a high value if excited by a continuous train of electric waves. 
This is equivalent to a great increase of the permittivity k of the dielectric, and 
hence causes a great reduction of the velocity of propagation V, equal to i/V(^aO> 
for waves of either of these frequencies. Hence if there were no dissipation of 
energy, light of either of these frequencies would be unable to pass through the 
medium, and the spectrum of the transmitted light would be crossed by two dark 
lines or absorption bands; but if the dielectric is slightly conducting, energy is 
dissipated and the bands become broader. In complex molecules, represented by 
lattice models with a dozen or more balls, the number of degrees of freedom and 
resonance frequencies is very large, and hence the absorption bands are very 
numerous; and if they are sufficiently broad and evenly spaced, a thin layer of the 
material may be practically opaque to all waves over a wide range of frequencies, 
although even in a solid material the space occupied by the molecules is a very small 
fraction of the total volume. 

This indicates that an acoustic absorbing medium should have (a) a large 
number of resonance frequencies fairly evenly spaced over the frequency range to 
be covered, and (b) sufficient internal friction to broaden the bands and dissipate 
the energy without overdamping and unduly reducing the resonance. It is far 
too much to expect to find such a combination of properties in any natural material, 
but it does not seem as if it should be very difficult to produce one artificially. 

Suppose we have a couple of sheets of thin cellophane, press them between 
dies so as to cover them with indentations of various sizes and shapes, put a little 
light powder.in each indentation and then stick them together so as to form a 
single sheet covered with partially dust-filled cavities or bubbles having different 
resonance frequencies. If the sizes of the bubbles were suitably graded and the 
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quantity of powder in each were suitable, a single sheet of this kind would have 
the desired characteristics and should have considerable absorptive effect with 
almost negligible weight. Of course a considerable amount of experiment would 
be required to produce sheets which would absorb nearly uniformly over the large 
frequency range (nearly 14 octaves) of audible sound, but a start could be made 
with bubbles of a single size and determining the frequency of the sound which 
they refuse to pass, and from a few such experiments the required form of the dies 
could be designed with sufficient accuracy. As the bubbles could be very close 
together it seems possible that a few sheets of such material mounted nearly in 
contact would give a high degree of absorption for a small thickness. They should 
be sufficiently transparent for use with office windows in noisy streets, and a grid 
of strips of the material an inch or so wide mounted fairly close together would 
probably give considerable acoustic absorption with little interference with light 
or ventilation. 

Although these remarks and suggestions have been based purely on theory and 
I have not kept in touch with recent developments sufficiently to know whether 
any of them may have been made by others, I hope they may be of some service 
both for future progress and for stimulating this discussion. 

DISCUSSION 

Mr W. West. The oldest of all acoustical measuring devices is the human ear. 
In recent years apparatus for objective measurements has taken much of the burden 
of testing away from the ear. But subjective testing still is, and is likely to remain, 
of basic importance to progress in electroacoustics. The proper functions of 
subjective and of objective tests are, in fact, complementary. The ear is the final 
arbiter and the main responsibility rests on the results of subjective tests. Subjective 
tests are essentially comparison tests, and the ear requires a real and relevant 
standard for comparison. For example, if two transmission systems with loud¬ 
speakers are to be compared for quality, it is I think insufficient merely to ask the 
observers which they judge to be the better. Instead, a comparison with the 
original source of sound, heard in the same room under natural listening conditions, 
would give the ear a chance to decide which transmission is more like the original. 
The ear is so adaptable that small details of the technique of testing can introduce 
an unwanted influence on the result; moreover the avoidance of conscious or 
unconscious personal bias by the observers often requires careful study. Time does 
not permit me to do more than draw attention to the importance of subjective tests 
and to the need for continued scientific study of the methods whereby the most 
relevant and reliable information can be obtained therefrom. 

Mr G. C. Mauris. The achievements of research in electroacoustics have been 
so considerable in recent years, and their practical embodiments so important, that 
some of the weak points still outstanding may get overlooked. 

On the radio-engineering side, more particularly in the broadcast-receiver field, 
many difficulties exist. For example in the design of loudspeakers it has apparently 
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been impossible for mathematical science to deal with the problem of the typical 
vibrating paper cone of a loudspeaker. This seems to be due to the existence of so 
many degrees of freedom in the parts that are coupled together and the difficulty 
of specifying boundary conditions. The cone is coupled at its centre to a moderately 
stiff coil and is constrained at its outer edge; it is the aim of most designers to make 
the outer edge of the cone extremely flexible, while the centre is sometimes stiffened 
with dope, in order to get a good response at low frequency. As is well known, the 



Figure 3. 


cone vibrates as a whole or in other modes according to the frequency, and as a 
result of an immense amount of empirical work designers are able to make loud¬ 
speakers with a variety of frequency-response characteristics. It is unfortunate 
that there seems to be no theory for use as a guide to any further advance, and 
empirical methods still hold the field. Figure 3 shows the frequency-response 
characteristic of a typical loudspeaker with a number of photographs of the 
vibration pattern on the cone at certain points along the curve. 

Even when a particular frequency-response characteristic can be attained at 
will, we have to face a very difficult problem in interpreting the behaviour of the 
loudspeaker with actual speech or music and appraising its value as a reproducer. 
In the first place there arises the difficulty of the reverberation time and natural 
frequencies of the room in which the loudspeaker is tested. These characteristics 
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of the room may markedly affect the reproduction, and the fact that loudspeakers 
are used in cabinets of various sizes adds in effect another resonator to the long 
chain of coupled systems. Various methods for obtaining useful objective measure¬ 
ments in such conditions have been used, and I would like in particular to refer 
to one which has been developed by my colleague Mr Brittain and demonstrated 



Figure 4. 


at the Physical Society’s exhibition. A description appears in the Wireless Engineer 
of January 1938.* This we have found very useful. It consists briefly in feeding the 
loudspeaker with a source containing, in effect, components of all frequencies in 
a band and analysing the loudspeaker output with a sharply tuned analyser. The 
noise is the shot noise from a saturated diode, and experience shows that this 
method can be used in a normal room to give results closely comparable with those 
obtained by measurements of single frequencies in a damped room or in the open 

* Brittain and Williams, “ Loudspeaker reproduction of continuous spectrum input”. Wireless, 
Engr (January 1938). 
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air. It is of particular use when a loudspeaker is in a cabinet, for measurements 
in damped rooms, unless these are inconveniently large, are unsatisfactory in such 
a case. It is also useful where extraneous noises are large, and a current issue of 
Electronics describes how our method is being used in America inside aeroplane 
cabins. The effect of peaks and cut-off shown in a response curve can be roughly 
estimated, so that we can by inspection of such a curve see what will be the general 
performance of the loudspeaker and what difference would be made by shifting 
a peak, say, £ of an octave, or altering its amplitude by 3 db. or so. Major errors 
can thus be avoided. There remain, however, a large number of cases in which 
listeners find important differences which are very difficult to trace to particular 
electroacoustical sources. One that immediately presented itself was the generation 
of harmonics, and we have devoted much time to this. There are, of course, cases 
in which, owing to the low radiation efficiency of a small cabinet, a bass note is so 
cut that the harmonics, those natural to the original musical instrument or voice, 
may have their relative intensity increased to several hundred per cent. In addition 
to these well-known cases we have made an estimation of the audibility of the 
whole range of harmonics in the presence of the fundamental, for loudspeakers 
under conditions of use. This involved an immense amount of work as a large 
number of fundamentals must be chosen and harmonics up to the 10th must be 
searched for; tests must be made at various levels of output and with different 
types of loudspeakers. One immediate difficulty is that the results are very 
voluminous. They have been demonstrated in the form of models at the Physical 
Society’s exhibition; figure 4 shows a model, which indicates the nature of the 
problem; the dark rods represent fundamentals and the white rods in the same rows 
represent the corresponding harmonics. 

It has been known for some time that very small percentages of higher harmonics 
will be noticed by a listener in comparing two loudspeakers. Our attempt was to 
carry this observation further so that one might be able to say if a harmonic of 
measured percentage at a particular frequency or band of frequencies was in fact 
the cause of the users’ criticism in a particular case. The attempt has not been 
carried on long enough to enable the question to be answered fully, and there are 
undoubtedly inconsistencies. It is necessary to take into account the whole tonal 
balance of the loudspeaker and set, and possibly the effect on transient sounds of 
any peaks in the response curve and, as Mr West said, of intermodulation products. 
Meanwhile for practical purposes an assessment of quality by measuring and 
weighting certain harmonics is in actual use in the radio industry as an aid to the 
specification of performance, but then it is doubtful whether this method is of 
any use to the design engineer. 

Dr Phyllis Kerridge. For the appreciation of even the most perfect electro¬ 
acoustics, both the ear and the brain are necessary. The ear is a physiological 
mechanism, which, like a physical mechanism, occasionally goes wrong: and is like 
a physical mechanism again, in that one can learn about its working by finding out 
why it goes wrong, and how it can be put right. 
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Electroacoustics has already invaded otology. We have hearing aids, and also 
audiometers. It is still quite exceptional to be able to get any figures concerning 
the physical characteristics of hearing aids. This elementary lack is a real bar to 
progress. I would like to take the opportunity afforded by this occasion of stressing 
the problem of audiometers, which are now available for testing the auditory 
threshold of deaf persons. They would be more generally used in clinical practice 
if they were cheaper. But the essence of the present difficulty is the variety of 
audiometers which is offered. The otologist cannot by himself decide between a 
good and an indifferent instrument, and cannot state the minimum physical 
standards to which such instruments should be made. When I plead for co¬ 
operation between the physicist and the otologist I do not wish to seem ungrateful 
to the many physicists (several of whom are present to-day) who have helped me 
in the past. I think there is a good case for a permanent coalition. 

We all know that knowledge is worth seeking for its own sake, and that one 
cannot tell what pure knowledge gained by this generation may not result in 
material benefits to the next. But there is no reason for avoiding a research which 
would quite certainly benefit the present generation. 

Mr S. Hill. The subject is very wide, embracing much of the field of com¬ 
munication engineering. In a certain sense, telephony is just two electroacoustic 
problems joined by a transmission problem. There is a tendency among electrical 
engineers to be biased towards the electrical side and to regard acoustics rather as 
the nuisance side. After a famous definition of early medicine, public-address 
engineering might once have been described as the art of putting electrical apparatus 
of which we knew little into buildings of which we knew nothing. Though this state 
of ignorance has passed, many acoustic problems remain and they are the more 
awkward because they are partly aesthetic. The technical and the aesthetic can 
only be wedded if technician and artist co-operate from the earliest stage of design. 
They should work together to make their building independent of public-address 
aid, but should nevertheless make provision for public-address systems which 
special circumstances may always make necessary. The electroacoustic expert is 
too often called on to provide solutions that basic design has made impossible. 
I would like to see reverberation-meters and noise-meters popularized. For this 
they need to be much simpler and more workable. We might then have fewer of 
those unpractical acoustic surveys which are performed in an empty (and quiet) 
hall, both the absorbing and the emitting functions of the audience being neglected. 
Measured results in halls must be treated with caution, as any engineer will see if 
he calculates the required acoustic power in terms of the reverberation time for 
a room for which his experience tells him a 10 w. amplifier is needed. He will 
probably calculate a few milliwatts. 

Dr L. E. C. Hughes. A subjective method of estimating the quality of reproduc¬ 
tion of broadcast programme receivers has been in use by the Apparatus (Approval) 
Subcommittee of the Central Council for School Broadcasting for about 6 years; 
the committee has trained itself to assess quality of reproduction on a scale, which 



37 ° Discussion on electroacoustics 

has been shown to be consistent, and to say whether or not the receiver under test 
is of adequate quality for use in receiving broadcast lessons in schools. For the 
speech test, a local studio and modulating system uses the type of apparatus used 
in normal transmission. The characteristics of the speakers, both male and female, 
are studied by the non-technical members of the committee before the quality on 
a standard reference receiver and loudspeaker, which are always maintained, are 
judged. The reference receiver is to assist the members of the committee in 
recollecting the desirable characteristics of the speakers’ voices, and so estimating 
the degree of defect in receivers under test, a special regime of testing between the 
standard and test being maintained. The reference standard is not the best that 
could be obtained, otherwise the members of the committee would not be able to 
recognize receivers which might be better in performance than the standard, which 
is definitely better than the minimum tolerated for class-room purposes. 

By making tests on receivers, which have been independently measured in the 
manner laid down in the Radio Manufacturers’ Specification for receiver testing, 
it was hoped to correlate the objective tests with the subjective rating, but there 
appeared to be no correlation and further experiments must be made. 

There is no doubt that the final test of a reproducing system is an aural com¬ 
parison of the reproduction with the original, but the instances where this is possible 
are comparatively rare and have to be specially arranged. There are no means 
whereby the public can assess the value of high-grade reproduction under suitable 
conditions. The special technical tests are to satisfy the designers that the apparatus 
is functioning as intended, and to enable them to chase faults. The final test 
must be a subjective one, so that it may be possible to recognize the commercial 
tolerance of departures from the ideal specification of reproduction. 

Mr L. C. Pocock. The connecting link which unites an electric to a mechanical 
or acoustic system is a transfer impedance and is often called the “force factor”; 
it has interesting similarities to and differences from an electrical transformer. 
For example, for maximum transfer of energy from an electrical resistance con¬ 
taining an e.m.f. to a mechanical resistance, the force factor should be equal to 
the geometric mean of the two resistances. Reactances of the same sign in the 
two systems neutralize each other under certain conditions; for example, if there 
is an electrical inductance on one side and a mass reactance on the other side and 
the force factor is the geometric mean of the resistances, the frequency characteristic 
is as at (a), figure 5, with maximum efficiency at zero frequency where reactance 
is zero. If the force factor is progressively increased, characteristics like (b) and (c) 
emerge, having maximum efficiencies at certain frequencies where the electrical 
and mechanical reactances neutralize; thus with a slight loss of maximum efficiency 
a flatter response curve is obtained with a higher force factor. 

As an example of modern application of this and other acoustic principles, 
I will refer to a recent improvement in telephone receivers.* New magnetic materials 

R°berton, “An improved quality commercial telephone receiver”, Elect . Commun . 
17 , no. 2, p. no. 
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have enabled an increase of 100 per cent to be obtained in force factor with resultant 
advantages in frequency characteristic as has already been described. In addition, 
the acoustic side of the instrument, which has long been neglected, has now been 
designed on sound principles analogous to those encountered in electrical networks; 




the resultant improvement in frequency characteristic is shown in figure 6. From 
the transmission point of view the high peak in the old characteristic was prejudicial 
in reinforcing unduly the vowel sounds, which are already high in energy-content 
and masking to some extent the higher speech frequencies. The gain in output 
at the higher frequencies with the new design enables the new receiver to produce 
substantially the same speech loudness as the old receiver. 

Mr H. A. M. Clark. I should like to describe the underlying principle of 
a device used at the E.M.I. laboratories for recording the results of electroacoustic 
calibrations. The main features of the instrument are the accuracy of the logarithmic 
law to which the scale conforms and the use of a robust meter, of comparatively 
low current-sensitivity, for chart recording. The meter is controlled by the auto¬ 
matic adjustment, by means of a series of relays, of a resistance attenuator, the 
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deflection being proportional to the attenuation required to keep the output level 
of the attenuator constant. 

Mr John McLaren. Although this discussion is primarily on electroacoustics, 
I am not going to talk on that subject, but on architectural acoustics, since I am 
responsible for the acoustical design of the studios of the British Broadcasting 
Corporation. But since I have been given a lead by Dr Drysdale, who mentioned 
the subject of absorption by resonance, I feel justified in my choice of subject. 
Dr Drysdale mentioned that electroacoustics was the bringing together of electricity 
and acoustics, and in a similar way I can say that architectural acoustics brings 
together acoustics and architecture. 

In the laboratories of the B.B.C. Research Department we are carrying out an 
extensive research on absorption by resonance, and we have found that to obtain 
absorption in the lower frequencies it is preferable to use this means rather than 
an excessive thickness of porous absorbent, which is very clumsy from the archi¬ 
tectural point of view. It is one of the most important points in architectural 
acoustics that the treated studio should be pleasing aesthetically and not look like 
a warehouse or a packing shed. Natural structural features, such as can be con¬ 
structed by normal building-construction methods, are always used to obtain this 
resonant effect. Anything in the nature of accurately designed resonant chambers 
are strictly barred by reason of the cost and difficulty of construction. 

The first element which gives considerable resonant absorption is the ceiling, 
which is of normal lath and plaster on wood joist construction. This has a natural 
resonant period far down in the scale, and gives good absorption in the region of 
50 c./sec. The next element is lath and plaster, which consists of wood or other 
non-metallic lathing spiked to battens spaced with from 14 to 18 in. between 
their centres and rendered with lime and hair plaster. This has a fairly wide 
absorptive region up to about 250 or 350 c./sec. Finally, there is wood panelling 
of studio construction, which gives further resonant absorption in the same region 
of the frequency spectrum. It has a further use in enriching the tone from orchestral 
music. For the upper frequencies a 1 in. thickness of rock wool, asbestos, or felt 
is used. These materials have a fairly straight absorption characteristic for fre¬ 
quencies above 500 c./sec. Below this frequency the absorption drops off until it 
is very small at 50 c./sec. By careful proportioning of the quantities and by suitable 
placing of these elements, an overall flat characteristic up to about 3000 c./sec. is 
obtained. There is generally a falling off in the reverberation time for the higher 
frequencies, which is due in a great measure to air absorption in large halls, and 
also to the generally increased absorptive value of the materials for the highest 
frequencies. 

In the design of these studios, it has been found that it is impossible to calculate 
even approximately the reverberation time from absorption coefficients which have 
been measured in the reverberation chamber. This is probably due to two effects, 
firstly that the conditions of measurement in the reverberation chamber are not 
the same as those used in the studio, and secondly that it does not seem correct 
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to add porous absorption, which is resistive, arithmetically, to resonant absorption, 
which is reactive. It is considered that these should be added vectorially, in analogy 
with electrical impedances, and it is hoped in due course to be able to evolve a 
new reverberation formula which will take into account the presence of reactive 
and resistive absorbents. 

Mr R. A. Bull. The problem of obtaining high acoustic absorption is particularly 
acute in the design of rooms to simulate the condition of a free sound field. To 
obtain a high ratio between direct and reverberant sound for measurement purposes, 
the surface area of the room should be large and the average absorption coefficient 
should approach unity. An interesting form of wall treatment has been suggested 
by Bedell* consisting of multiple layers of muslin and flannel spaced at unequal 
intervals from the wall. Such a structure can give a substantially uniform absorption 
coefficient of 0-98 over the frequency range 250-5000 c./sec. 

In a room having a high absorption coefficient, I have found that the average 
pressure generated by a small source may fall at a greater rate than would be 
anticipated from the inverse square law at frequencies at which the air absorption 
should have been negligible. This is particularly true if the measurement is made 
adjacent to one of the boundary walls. It has been suggested that this may be due 
to the wave-front being bent towards the absorbing surface, with the result that 
more energy strikes the surface than if the wave-front remained plain. 

There is one aspect of equivalent-loudness measurements by objective noise- 
meters which I should like to mention. The noise-meter, in its usual form, measures 
the quantity V(SP 2 ), where P is a pressure component at a given frequency of 
a complex sound field. If a weighting characteristic simulating a constant-loudness 
contour of the ear is used in the meter, the quantity measured is modified by 
suppression of the contribution of low-frequency and high-frequency components. 
Since, on a loudness basis, the appreciation by the ear of the contribution of a given 
component does not bear a simple relationship to the pressure of that component, 
the noise-meter is open to a fundamental error. This was emphasized to me 
recently by the following experiment. A pure tone was produced in a highly 
damped room, the tone having an intensity corresponding to the intensity of the 
loudness contour used for the weighting network in the meter. The equivalent 
loudness of the pure tone was measured by the subjective technique recommended 
for the establishment of the phon, and also with the meter. The meter had previously 
been calibrated on a single tone. A second tone, also having an intensity corre¬ 
sponding to the loudness contour, was then added at such a frequency that masking 
should have been negligible. The measurements were repeated. This process was 
continued up to a total of five tones. As the number of tones increased, there was 
an increasing discrepancy between the objective and subjective measurements, and 
a smooth curve drawn through the measured points showed that the objective 
meter, when measuring five components, was reading some 8 db. lower than the 
subjective estimation of equivalent loudness. 


* J. Acoust . Soc. Amer. (October 1936). 
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This emphasizes that the objective noise-meter cannot, with a single calibration, 
be used for the universal measurement of equivalent loudness, but requires 
calibration in a laboratory by a primary method against a sound whose spectrum 
is similar to that of the sound to be measured. 

Dr A. H. Davis. Dr Drysdale has referred to the use of resonance in the 
design of acoustically absorbent materials. He may be interested to know that 
E. Meyer* and others have discussed acoustical absorbents composed of layers of 
foil or other thin material with resonant layers of air. 

A standard source of sound would of course be useful as Dr Drysdale suggests, 
but it should be remembered that a standard source probably had more importance 
in the early days of optics than it has now in acoustics, where the sound emitted 
from a source may be measured in absolute mechanical units, without the use of 
a standard source. 

I wish to refer also to one or two general aspects of electroacoustical measure¬ 
ments, and to one or two particular problems presented at the terminal points of 
electroacoustical systems. In general, sound-intensity measurements are on an 
exact basis. Methods exist for measuring the sensitivity of microphones and 
loudspeakers over the frequency range. At the National Physical Laboratory two 
distinct bases are employed for calibrations of microphones; one employs the 
Rayleigh disc as the ultimate standard of sound measurement, and the other uses 
known pressure variations set up by a controllable piston in an enclosed space of 
known volume. The two methods agree excellently and thus show that intensity 
measurements are on a safe foundation. 

Certain special questions arise when the output of telephone receivers and 
similar devices is considered; for telephone receivers are used, in practice, with 
the human ear as a terminating impedance, and their output depends upon the 
nature of this impedance. Human ears vary enormously, and the question arises: 
What should be the characteristics of an artificial ear intended to represent the 
average human ear as a terminating impedance when the pressures set up in the 
ear by the receiver are being measured? To a large extent this problem has been 
solved, and we know the relation between the acoustical pressures exerted in the 
ear canal and the resultant loudness of the sound concerned. But an analogous 
case arises in assessing the output of hearing aids of the bone-conduction type, in 
which the receiver is a vibrating point or button which is applied not to the ear 
but to the mastoid bone. In this case what terminating impedance corresponds to 
the average skin-covered bone of the human head? What are the real thresholds 
from which one should measure? 

The question of measuring the distortion which arises in any electroacoustical 
system from lack of proportionality between the stimulus and the response has 
been much discussed, but still seems to be somewhat open. One can measure the 
total production of harmonics consequent upon the distortion of a pure tone input; 
one can go further and weight the harmonics before summation on the ground that 

* Elect . Nachr.-Tech. 13 , 95 (1936). 
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they are not all equally loud to the ear. On the other hand one can take the view 
that these harmonics themselves are not seriously detrimental in the reproduction 
of sound, but that what matters is the extent to which undesirable difference tones 
are produced when a sound composed of two or more components is injected into 
the system. Only experiment can decide which criterion, if any, gives the most 
useful figure, and it would be very interesting to hear the views of those who have 
had practical experience of any correlation between the effects of distortion and 
numerical estimates of its magnitude. 

Two important recent achievements in electroacoustical instruments relate to 
measurements on noise. One is the production of an analyser whereby one can 
record, on a cinema camera, the changing constitution of sounds, a cathode-ray screen 
showing instantaneously the intensity of sound in the various audiofrequency 
bands. The other is the development of objective noise-meters for determining 
the equivalent loudness of sounds by means of an indicating instrument, and without 
suspicion of personal bias. Since the ear is not equally sensitive to sounds of all 
pitches the sensitivity of the meter has to vary with pitch in the same manner as 
that of the ear. Without certain additional adjustments, however, such a meter 
will not normally measure repeated impulsive sounds. For dealing with them the 
meter needs to be given appropriate electrical characteristics which are equivalent 
to a certain amount of transient memory. I will not go into details, but a recently 
published paper* gave particulars of the development of such a meter at the 
National Physical Laboratory, for moderate and loud noises, and showed the 
wave-forms of varied types of noise for all of which the meter gives results in 
satisfactory agreement with subjective measurements of loudness. 


* A. H. Davis, J. Instn Elect . Engrs, 83 , 249 (1938). 
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DISCUSSION 

Prof. L. C. Martin. The authors of this paper have shown successfully that 
familiar optical methods can be usefully employed in new investigations, and they 
are to be congratulated on several achievements of obvious value. I shall be glad, 
however, if they can deal more specifically with a difficulty which I feel in relation 
to the basis of the aberration calculations in the earlier part of the paper. 

They point out that the equipotential surfaces are non-spherical; hence if the 
typical equation of such a surface in terms of the generating curve 

x=ay 2 +by 4t + cy G +... 

is considered, we find that the coefficients of the terms in y* and y G etc. will differ 
from those characteristic of a sphere of the same axial curvature. The coefficient 
of primary spherical aberration due to the surface will depend on the. term in y\ 
When y is so small that the term in y 4 is inappreciable, we have reduced the 
consideration to the paraxial case. 

In the paper it appears to be argued that since on the drawing-board we can fit 
a spherical curve to an equipotential trace fairly well if we neglect the outer parts 
of the curve, we shall obtain a true measure of the spherical aberration by assuming 
the sphericity of the surfaces and applying formulae appropriate to a sphere but 
using very small values of y. This does not seem to be valid, unless it can be shown 
independently that the equipotential surfaces near the axis are spherical to a second 
degree of approximation. 

The confirmation of the results by practical tests does not reassure me as much 
as it might, since, as the authors point out, the accuracy of the Hartmann test for 
the paraxial region is very low, and the form of the aberration curve in the neighbour¬ 
hood of the axis is not easy to make sure of. On the other hand a knowledge of the 
true primary aberration is essential for the small-aperture beams employed in 
electron microscopy. 

The whole subject is of such great importance that a thorough analysis of the 
question I have raised is very desirable. If the determination of the spherical 
aberration of electron-optical systems can be effected without most laborious inte¬ 
grations it will be a great gain to practice. 
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Authors’ reply: We appreciate Prof. Martin’s point and agree that it is probably 
rather rash to conclude that the trigonometrical method would give an accurate 
value of the spherical aberration occurring in the narrow pencils of electrons used 
in electron microscopy. However, in view of the inevitable approximations in 
almost any method of evaluating the aberration, we feel that the main value of 
theoretical calculations lies in the extent to which they can be used as a tool for 
improving the design of electron lenses. Thus it is extremely useful to know in 
what direction a certain change in the shape of the equipotential surfaces will tend 
to modify the positive and negative contributions to the final aberration. For this 
purpose we believe that in the general case the trigonometrical method is eminently 
suitable. Examination of the experimentally determined equipotential surfaces 
shows that at either end of the field plot, where the aberration contributions are 
greatest, the curvature of the surfaces increases at a short distance from the axis, 
a deviation that in general will increase the arithmetical value of the aberration 
arising at each surface. Hence the error introduced in the trigonometrical method 
is one of degree rather than of kind, and will not appreciably affect its value as 
a designing tool. It is, of course, true that with certain types of electrode structure 
the equipotential surfaces might be distorted in such a way that the positive surfaces 
would introduce negative aberration and vice versa; in that case the main application 
of the trigonometrical method would have to be confined to the determination of 
the optical constants of the system. 

It is worth pointing out that, although the primary spherical aberration depends 
on the y 4 term in Prof. Martin’s equation, the Petzval curvature depends on the 
y 2 term. The evaluation of this quantity is not, therefore, in question. 
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REVIEWS OF BOOKS 

Physical Science in Modem Life , by E. G. Richardson. Pp. 256. (London: The 

English Universities Press.) 8s. 6 d. net. 

It is refreshing to find a book on physics intended primarily for the layman which does 
not give the impression that physics is synonymous with “atom-splitting and electron¬ 
chasing”. In fact Dr Richardson in this book has “set his back to the atom and the 
molecule ” and deals with macroscopic, not microscopic, phenomena. It is not generally 
realized how much advance there has been in recent years in the less spectacular branches 
of physics; for example recent work on convection has done much to foster improvements 
in engines, cooling and ventilation, and there is an interesting section on this topic. 
Dr Richardson concerns himself with those recent advances in physics which make 
contact with our everyday existence and which have specially interested him. Among 
these are sound and supersonics, sensation and reaction, items about heat and light, and 
the exploration of the stratosphere. On the whole the style is pleasing and the diagrams 
and photographic reproductions are excellent. The printing and production of the book 
leave nothing to be desired. h r l 

The Amplification and Distribution of Sound , by A. E. Greenlees, A.M.I.E.E. 

Pp. xiii-f 254, with 82 diagrams. (Chapman and Hall, Ltd., 1938.) 10$. 6 d. net. 

In recent years the artificial reproduction of speech and music has found extensive 
application in many fields. In auditoria too large for the unaided voice to reach remoter 
members of the audience, amplification can provide satisfactory hearing for all, and even 
where defective hearing is due to bad acoustical properties of the auditorium, some 
improvement may usually be obtained by the use of a suitably designed public-address 
system. In the open air the amplified voice may address large crowds, as for instance at 
sports meetings, or may be used for the control of traffic, or for the direction of passengers 
at railway stations. The amplification of music is used to raise the volume of sound from 
a small orchestra, or to enable it to serve several rooms at the same time, while the repro¬ 
duction of music from disc or film records has largely replaced the cinema orchestra. 
Even the steam organ of the roundabout is being ousted by the loudspeaker. 

The design of amplifying equipment is governed by the purpose for which it is to be 
employed, and correct choice or design requires both a proper understanding of the 
acoustical considerations involved and a knowledge of the characteristics of the various 
types of microphones, amplifiers and loudspeakers which are available. The author has 
sought to bring together in this volume all the relevant information required for the 
specification, lay-out and operation of sound-amplifying equipment. He deals with the 
component parts of equipment for operation from microphones, from disc or film records 
and from radio receivers, and describes the planning of complete installations for various 
purposes and their operation and maintenance. On the practical side the choice of 
material is good and fairly complete, though some reference might have been made to 
the high-frequency type of loudspeaker, and to the power microphone which can operate 
a loudspeaker directly without the need for an intermediate amplifier. Of necessity little 
detail is given of the various types of components which may be employed, but the book 
provides an adequate summary of the essential features which govern the choice of the 
appropriate type and, to some extent, the general lay-out of the equipment for the 
particular purpose in view. In the chapter on fundamentals the choice of material is not 
so good. Indeed, the questions dealt with are entirely electrical, and no reference is made 
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to acoustics, a subject on which one might expect the average reader to be more in need 
of instruction. The text is well illustrated with diagrams, and numerical examples are 
freely used. In converting power ratios to decibel changes and vice versa, however, the 
practice of quoting the result to an accuracy entirely unwarranted by the data should 
have been avoided. The acoustical engineer is rarely interested in any fraction of a decibel, 
and never in a thousandth part. 

The book can be strongly recommended to those engaged or interested in the planning, 
installation or operation of sound-amplifying equipment. N . 

The Perception of Light: An Analysis of Visual Phenomena in Relation to Technical 
Problems of Vision and Illumination , by W. D. Wright, D.Sc., A.R.C.S. 
Pp. 100. (London and Glasgow: Blackie and Son, Ltd.) Price 6$. net. 

This little book of 95 pages is a valuable addition to the literature of vision. The 
author has made a useful selection of his material, and the amount of space given to 
various subjects, though necessarily limited in a book of this size, is well balanced, with 
the result that the reader is left with the impression that far more ground has been 
covered than is accomplished by many books of more pretentious dimensions. 

The scope is indicated by the chapter headings—General account of visual phenomena; 
Vision at low intensities; Vision at high intensities; Glare; Visual sensations; Recent 
researches—and under each of these heads much useful information is given. The book 
forms an excellent introduction to the study of vision for students or others who wish to 
be launched well into the subject with a minimum of reading. The writers of text-books 
usually, and very naturally, have views of their own on those problematical aspects of 
their subjects which are still controversial, and it is important that the reader should not 
be led by the method of presentation to regard as a generally accepted doctrine some 
speculation or theory which has not yet acquired this status. Dr Wright gives exceptionally 
little ground for complaint in this respect but, probably through inadvertance, his 
treatment of the vexed and difficult question of the quantitative relatedness of sensations 
is open to criticism. For example, he states that within the range of intensities for which 
A ifl (the Weber fraction) is approximately constant, and for which also brightness- 
contrast is largely dependent on ratio of intensities, the integrated curve of A I/I will 
correspond to a sensation-interval scale. The statement is made as though there were no 
doubt about the conclusion following from the postulated facts, whereas there are many 
authorities who would deny the validity of the conclusion. In later editions, for which 
there will no doubt be a demand, the author should remedy this defect, not necessarily 
by retracting such views as he may hold, but by giving some account of the philosophical 
difficulties which have arisen in connexion with this part of the subject, and indicating 
the conflict of views which at present exists on the applicability of quantitative concepts 
to sensations. 

But we must not end on a note of criticism where so much is deserving of commenda¬ 
tion: all who are interested in the subject of visual perception will find both profit and 
pleasure in reading Dr Wright’s book. j. g. 

Ferromagnetism: The Development of a General Equation to Magnetism , by J. R. 
Ashworth, D.Sc., formerly Hon. Research Fellow of the University of 
Manchester. Pp. xiii + 97. (London: Taylor and Francis, Ltd.) 

For many years Dr Ashworth has been the leading exponent of the idea that the 
variation of the intensity of magnetization of a ferromagnetic is closely analogous to the 
changes of density of a fluid under similar conditions of temperature. In his view, the 
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relation between the intensity of magnetization, applied field and absolute temperature 
takes the same form as Van der Wads’ equation for a gas, the quantity H replacing p, 
an expression containing the intensity of magnetization replacing the ajv 2 term, and the 
reciprocal of the maximum intensity of magnetization at low temperatures replacing the 
b term of the more familiar gas equation. 

Now it is obvious that such analogies have an individual rather than a general appeal, 
and it is possible that, in the modem literature, they have not been given as careful a 
consideration as they deserve. Consequently, the monograph before us may be treated 
as a complete, authoritative exposition of these analogies, which should rectify any lack 
of treatment elsewhere, and each physicist can judge for himself whether they are likely 
to assist him in his outlook on magnetic problems. At any rate, he can assess for himself 
the experimental facts bearing upon the subject which the author surveys. But the author 
does not introduce modern quantum conceptions into his work, and the reviewer feels 
that very much experimental and theoretical work has been done in the last ten years 
in connexion with magnetostriction and energy changes associated with ferromagnetism 
which the author should have taken into account. L . F . B . 


Gaseous Electrical Conductors , by Prof. E. L. E. Wheatcroft. Pp. xi + 265. 

(Oxford Engineering Science Series. London: Humphrey Milford, Oxford 

University Press.) 21 s. net. 

It is fitting that the Oxford Engineering Science Series should include a volume on 
gaseous conduction, a subject which now interests engineers as well as physicists. The 
fact that gases can become relatively good conductors creates difficulties for the engineer 
interested in high voltages and in switch design, but it also gives us the mercury arc 
rectifier, the thyratron, and the luminous discharge tube. Prof. Wheatcroft’s book 
contains much information on this subject in a compact form and it will be of value both 
to the physicist and to the engineer. A considerable portion of the book deals with the 
various fundamental phenomena involved, and this makes it suitable for the reader with 
but little previous knowledge. The essentials of the kinetic theory of gases, thermionic 
and photoelectric emission, secondary electron emission, motion of ions in electric and 
magnetic fields, and space charge effects are treated adequately and give the book a wider 
appeal than it might otherwise have. Then follows a discussion on the nature of the glow, 
corona, arc and spark. The second part of the book is concerned mainly with practical 
applications; vacuum technique, vacuum and gas-filled tubes, circuit breakers, and 
luminous discharge tubes are amongst the subjects discussed. Throughout the book a 
considerable amount of mathematical treatment has been given without making it too 
heavy for non-mathematical readers. It is well balanced in this respect. 

It is surprising to find that the author has used for the quantum of energy emitted the 
symbols hf instead of the very widely accepted notation hv . One would like to have seen 
more consideration of the breakdown of various gases under high pressures, with mention 
of the case of freon. Although considerable attention has, very properly, been given to 
thyratrons, no reference is made to their de-ionization time. It is a pity that a book of 
this type should not have a more adequate index. The entries amount only to about one 
per page, but this deficiency is offset to some extent by the clearly set-out table of contents. 
This volume can be recommended without hesitation as a good general text-book on the 
subject with which it deals. E T s w 
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The Properties of Glass, by George W. Morey. Pp. 561. (New York: Reinhold 
Publishing Corporation; London: Chapman and Hall.) Price 62s. 6 d. 

Glass is such a common substance and has such diverse uses that a collected and 
critical account of its properties is certain to be appreciated by many readers. Dr Morey 
evidently knows his subject, and must have given years to the collection, not merely of 
such obviously useful data as the refractive index, but also of incidental references in 
non-technical literature, both ancient and modern. It thus comes about that chapter 1, 
on the history and definition of glass, is good reading, however superficial our interest 
may be. We learn how the Assyrians made glass, taking care to use styrax wood which 
had been cut in the month of Ab as fuel, and in addition we are shown the results of 
modern analyses of glasses made as early as the fifteenth century b.c. Apparently the 
definition has always given trouble. Merrett in 1662 set out 26 properties which jointly 
defined the material, of which a few are worth quoting: “20 Tis the most plyable and 
fashionable thing in the world, and best retains the form given. 21 It may be melted 
but ’twill never be calcined. 22 An open glass fill’d with water in the summer will 
gather drops of water on the outside, so far as the water reacheth, and mans breath blown 
upon will manifestly moisten it.” 

After this introduction, the book deals with the chemical side of its subject, and 
proceeds to mechanical aspects such as viscosity, the annealing process, and surface 
tension. Then follow thermal conductivity, heat capacity and thermal expansion, and 
elasticity, strength and hardness. A long chapter is naturally devoted to the optical 
properties, and here one misses any reference to British optical glass. The value of the 
data is greatly enhanced by the fact that the chemical composition is given for each glass 
as well as the optical properties. 

Chapters 17 to 19 are occupied with data and discussions on electrical and magnetic 
properties, and the final chapter, headed “The constitution of glass”, includes both the 
x ray and other evidence. There is a large index, and the blank pages at the end headed 
“memoranda” should be very useful. 

The book is beautifully produced, and the high cost is doubtless justified by the 
expense of production and the smallness of the probable market. Nevertheless, the cost 
is to be regretted, for it must put the work out of the reach of most individuals, restricting 
the possible market almost entirely to libraries. j. A- 

The Physical Properties of Colloidal Solutions , by E. F. Burton. Pp. viii+235. 
(London: Longmans, Green and Co. 1938. Third edition.) Price 15$. net. 

The preface to the third edition begins as follows: “On completion of the manuscript 
for this edition it was found that somewhat over one-half was completely new matter. 
There has been considerable rearrangement of the material and orientation of emphasis.” 
Notwithstanding these changes, the book is still far from fulfilling the promise of its title: 
it deals exclusively with suspensoid (or lyophobic) sols and does not discuss the larger 
and, as most people will think, more important class of emulsoid (or lyophilic) colloids. 
The preference thus shown is perhaps natural in a physicist, whose “aim has been to 
accentuate the contribution of the study of colloidal solutions to the confirmation of the 
basic principles of the kinetic theory of matter”. The Brownian movement, the distri¬ 
bution of particles, and the determination of Avogadro’s number certainly receive very 
full treatment, but it seems doubtful whether this will be of any satisfaction to the reader 
who may reasonably expect to find information on silicic acid, proteins, or rubber in a 
book on colloidal solutions. 

Optical properties, electrokinetic phenomena, and electrolyte coagulation are treated 
adequately on recognized lines; brief reference only is made to modem theories (such as 
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Pauli’s) of the origin of the charge on colloidal particles. The account of Smoluchowski’s 
work on coagulation-velocity does not give the simple formula for the number of primary 
particles surviving after a time t, though it is the one most easily verified experimentally. 

A brief concluding chapter again emphasizes the importance of the contributions made 
to physics by the study of suspensoid sols, and a number of outstanding problems, ex¬ 
clusively connected with these systems, are defined. 

“The phenomena of adsorption which is of the very greatest moment..(p. 225; 
the italics are the reviewer’s) must be an unfortunate oversight on the part of the proof¬ 
reader. e. H. 


Ultrasonics , by L. Bergmann, translated by H. S. Hatfield. Pp. viii + 264. 
(London: G. Bell and Sons, 1938.) Price 16s. 

The applications of supersonics have so multiplied since the piezoelectric oscillator 
came into being, that the English-speaking reader will welcome die appearance of this 
textbook. It contains five chapters. The first deals with various types of generator, 
including the mechanical precursors of the magneto-strictive and piezoelectric sources, 
and includes some useful practical data in the form of circuits and coil-sizes for the latter, 
not forgetting hints on persuading a stubborn crystal to oscillate. The second chapter 
deals with the various methods for detecting the radiation, including the now well-known 
one by which the supersonic beam is made to act as an optical grating. In the third and 
fourth chapters we find comprehensive accounts of experiments on the propagation of 
waves in fluids and solids. The final chapter deals with the more spectacular effects and 
technical applications. In the bibliography which follows a number of important British 
and American papers have been overlooked, whereas some French papers have crept in 
which should surely not have been admitted, since they deal with sound measurements 
in the audible region or with ondes de choc which are not usually classified under ultrasonics; 
this is, however, a venal fault, and does not detract from the value of the first general 
account of the subject in the English language. Actually this is the second book in the 
German tongue, another on similar lines having appeared in 1934. The publishers have 
naturally selected Dr Bergmann’s more up-to-date book for translation. Dr Hatfield’s 
translation is uniformly good. E< R 

Under the general heading Actualites Scientifiques et Industrielles we have 
received the monographs listed below. Each is written by an authority on his 
subject and the treatment is, in general, concise and clear. The publishers are 
Hermann and Co., 6 Rue de la Sorbonne, 6, Paris. 

562. B. Cabrera. Dia - et Paramagnetisme et Structure de la Matiere . 20 fr. 

569. W. Jeunehomme. Calcul des JSquilibres Physico-Chimiques. 20 fr. 

574. F. Bedeau. Theorie et Technique du Bruit de Fond . 25 fr. 

613. S. Rytov. Diffraction de la Lumiere par les Ultra-sons. 15 fr. 

626. Maurice Prost. Travaux Pratiques de Physique. I. Mesures . Chaleur . 25 fr. 

627. Pierre Dubois. Les Cristaux Mixtes et leur Structure. 12 fr. 

635. Julien Pacotte. UEspace Hermitien Quantique. 12 fr. 
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PHYSICS AND THE PHYSICISTS OF THE 
EIGHTEEN-SEVENTIES 

By SIR AMBROSE FLEMING, F.R.S. 

Honorary Fellow of the Institute of Physics 
Address delivered 13 January 1939 

Introductory remarks by Prof. Allan Ferguson, President of the Society 

W e meet this afternoon to celebrate an event which is, I think, unique 
in the history of learned societies. The Physical Society was founded 
in 1874, mainly through the efforts of the late Prof. Guthrie. Its 
first scientific meeting was held on the 21st of March in that year, and the 
first paper at this meeting, on the “New contact theory of the galvanic cell”, 
was read by Mr J. A. Fleming. Now, sixty-five years later, Sir Ambrose 
Fleming, in his ninetieth year, stands once again at the rostrum of the Society 
of which he is so distinguished a Fellow, to tell us something of that past in 
which he has played so great a part. Sir Ambrose has touched the scientific life 
of our age at many points. To his skill in design, electrical science owes many 
beautiful measuring instruments; for his many books and papers, which have 
contributed so largely to the advancement and dissemination of knowledge, the 
science owes him a heavy debt; his invention of the thermionic valve has made it 
possible for listeners in far corners of the earth to hear the very words of the 
inventor as he speaks; and, more than all else, he lives in the veneration and 
affection of those many generations of engineers whom he has taught. 

Of the 99 founder members of the Society, Sir Ambrose Fleming is the sole 
survivor, for our venerated Past President, Sir Oliver Lodge, joined the ranks at a 
little later date. 

I now call on our Founder Fellow and Duddell Medallist to add yet one more 
to the long list of the papers which he has read before the Society. 

Sir Ambrose Fleming’s address 

At the especial request of our President, Prof. Allan Ferguson, I have under¬ 
taken to give a short account of “The physics and physicists of the eighteen- 
seventies”. Perhaps some may ask why that particular decade has been selected, 

as 
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and the answer is that in 1874 the Physical Society of London was founded 
by a well-known physicist, Prof. Frederick Guthrie. There must therefore have 
been at that time some events drawing special attention to physical research. 
Although the idea of forming a fresh learned Society concerned with physics 
specially was welcome to many, not all of the most eminent physicists of that day 
thought it a necessary addition to our resources. For instance no less an authority 
than James Clerk Maxwell considered that the Proceedings or Transactions of the 
Royal Society were the proper avenues of publication for the results of any meritorious 
research or discovery in physics and that if a Society was to publish papers which 
were not of sufficient importance to find a place in the records of our premier 
learned Society its progress towards dissolution would be very rapid. 

But what was not clearly evident at the time was that though a paper or a 
research might fall short of the standard required for the Royal Society reception 
it might yet stimulate general discussion or thought which would yield valuable 
results in time. This proved to be the case and the records of the Physical Society 
for the past sixty-four years have amply justified the foresight of Guthrie in founding 
this Society. The first meeting of the Physical Society was held on 21 March 1874 
in Guthrie’s lecture room in the Science Schools, South Kensington, and by his 
great kindness I had the privilege of reading the first given paper to the Members, 
the subject being “The new contact theory of the galvanic cell”. 

Let us then take a glance backward at the state of physics in the years 1870-80, 
and the men who were foremost in advancing it. We may divide them into two 
broad classes. There were first a few who were highly competent mathematicians 
and conformed to the model of Newton in being able not only to wield the powerful 
weapon of mathematical analysis but also were competent experimentalists. In 
Great Britain at that time this class was chiefly represented by Sir George Stokes, 
Lucasian Professor of Mathematics in the University of Cambridge, by Sir William 
Thomson who had held the Chair of Natural Philosophy in the University of 
Glasgow since the time when he was twenty-two years of age and by his enormous 
knowledge, brilliant experimental researches, and practical inventions held a 
foremost place in universal opinion as a physicist. 

Then next by James Clerk Maxwell, who even as an undergraduate had made 
notable contributions to mathematics and physics. He had translated Faraday’s 
physical conceptions into mathematical language, explored the phenomena of 
colour, laid firm the foundations of the kinetic theory of gases and made important 
measurements of the viscosity of air. He had held professorships of Natural 
Philosophy at Aberdeen and King’s College, London. In 1865 he had resigned 
this latter appointment and retired to his Scotch estate at Glenlair to engage in 
writing his great treatise on Electricity and Magnetism. Peter Guthrie Tait was 
then Professor of Physics in the University of Edinburgh. As a mathematician he 
had inherited the mantle of Sir W. R. Hamilton, the inventor of quaternions, but 
Tait also made many very important contributions to experimental physics. Then 
in the same rank of great mathematical physicists we had in Germany, von Helm¬ 
holtz arid KirchhoflF; in France, Cornu; and in the United States, Willard Gibbs. 
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On the other hand there were many eminent physicists who, like Faraday, had not 
much mathematical knowledge but attained their results purely by experimental 
work. Amongst these in the eighteen-seventies, John Tyndall was one of the most 
popular. He had very great abilities as an exponent of science. J. P. Joule had made 
the most valuable contributions to physical measurements by his proof of the so- 
called Joule’s law in electricity and in his determinations of the mechanical equivalent 
of Heat. A reprint of Joule’s scientific papers was issued by the Physical Society in 
1884. 

Very prominent in this group was Sir William Crookes. He had, like many of 
the experimental physicists, begun as a chemist. Crookes discovered by spectrum 
analysis the element thallium and had isolated the metal and determined its atomic 
weight. Crookes had then turned to research on electrical discharge in high vacua. 
He had improved methods of vacuum technique and had rediscovered many im¬ 
portant facts concerning electric discharge in high vacua noticed by Hittorff, Puluj 
and others. Finally he devised the light mill or radiometer. 

Another of this group was Dr J. H. Gladstone, the first President of the Physical 
Society, and he also was first of all a chemist and latterly an experimental physicist. 
His work on refractive indices was of special importance. Neither must we omit 
to mention in this group the name of Frederick Guthrie who made several very 
important additions to physical knowledge. Other experimental physicists of that 
date were R. B. Clifton at Oxford, W. Grylls Adams and G. Carey Foster in London, 
Balfour Stewart in Manchester. Prior to about 1866 there were in Great Britain 
hardly any laboratories properly equipped for research or teaching in physics. 

The necessity for quantitative work especially in electricity had been emphasized 
by the technical advances in telegraphy. In 1856 a far-seeing man, Cyrus Field, 
had conceived the idea of a transatlantic submarine cable to unite Great Britain 
and the United States and had formed a company in 1856 to undertake it. But the 
question at once presented itself whether signals could be sent through such a long 
cable quickly enough to enable a sufficient income to be earned to pay interest on 
the capital and also the working expenses. Faraday had been consulted and pointed 
out that such a submarine cable was a large condenser or Leyden jar but he thought 
signals might be sent through it sufficiently quickly to make it pay. 

Here we see the immense power of mathematical analysis guided by correct 
physical ideas. In 1855 William Thomson, then a young professor, sent a paper on 
the theory of the electric telegraph to the Royal Society. Assuming the cable to 
have a certain resistance and also electrostatic capacity per mile, he proved that when 
a steady electromotive force was applied at one end the outcoming current at the 
other rose up gradually according to a certain curve of arrival. The time taken to 
reach a certain current strength was directly proportional to the square of the length 
of the cable and directly as the product of the resistance and capacity per mile of 
the cable. This showed that the right method for signalling was to have as sensitive 
a detector as possible at the receiving end and to use the lowest possible applied 
electromotive force at the sending end. The first Atlantic cable was made in 1857? 
but an attempt to lay it failed. The cable broke repeatedly and was finally lost. 

25-2 
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In 1858 a second attempt was made. Thomson had meanwhile invented and made 
his sensitive mirror galvanometer for cable signalling. The officials in charge of the 
cable could not understand Thomson’s mathematical conclusions and would not 
accept his advice, but attempted to work ordinary telegraphic instruments by 
applying large electromotive forces at the sending end by induction coils and 
batteries. The result was that in about a month’s time they broke down the insula¬ 
tion by piercing the gutta percha and killed the cable. Before its death however 
Thomson had been able to show the merits of his mirror galvanometer. The result 
was to indicate the necessity for possessing absolute methods of electrical measure¬ 
ment, and, urged by Thomson, the British Association had appointed in 1862 a 
Committee to consider this subject. An absolute system of units was selected based 
on the centimetre gramme, and second as units of length, mass and time and 
practical electrical units of resistance, capacity inductance, etc., created to represent 
certain multiples or fractions of the absolute electrical units based on the centi- 
metre, gramme and second. This Committee continued to report every year up 
to 1870 but was re-appointed in 1881 to continue its work. 

The comprehension and adoption of this absolute system of c.g.s. units was 
facilitated greatly by the publication in 1875 by the Physical Society of a treatise on 
it by Prof. J. D. Everett called “Illustrations of the c.g.s. system of units”. An 
enlarged edition was published in 1879 under the title “Units and physical con¬ 
stants”. Since that date it has passed into general use. The British Association 
Committee published a Report in 1863 containing descriptions of the methods of 
determining the absolute values of certain practical standards of electrical resistance 
and capacity. This was written by Prof. J. Clerk Maxwell and Prof. Fleeming 
Jenkin and described the experiments made at King’s College, London, with this 
object. In 1865 a third Atlantic cable was laid and lost. But in 1866 success finally 
crowned the efforts of the promotors and a fourth cable was made and laid and the 
1S65 cable raised and repaired. Thus two complete Atlantic cables effected com¬ 
munication between England and the United States, which were worked with 
Thomson’s instruments. 

In 1870 Thomson invented his remarkable syphon recorder to receive and print 
cable messages and this has remained to this day the standard instrument for all 
cable reception. On one occasion Mr Latimer Clark showed the sensitivity of 
Thomson’s mirror galvanometer in a very interesting way. He had the ends of the 
1865 and 1866 Atlantic cables joined in Newfoundland, and at Valencia in Ireland 
he had the ends of a submarine cable 4000 miles long at hand. He made a single 
voltaic cell of a lady’s silver thimble, having in it a small amount of dilute sulphuric- 
acid. Dipping into this a small rod of zinc he used this cell to make signals detected 
by Thomson’s mirror galvanometer through the united length of the two cables. 
Thus the year 1870 saw the practical achievement of submarine telegraphy accom¬ 
plished and the invention of the instruments needed for working. From that time 
the making and laying of submarine cables became a particularly British industry. 

But the same year (1870) witnessed another event of great importance with 
regard to physical research, viz. the founding of the Cavendish Laboratory at 



Physics and the physicists of the eighteen-seventies 387 

Cambridge. Although some attempts had been made to foster physical research 
there the University was without means to provide for it. 

In October 1780 the Seventh Duke of Devonshire, then Chancellor of the 
University of Cambridge, sent a letter to the Vice-Chancellor offering to defray 
the cost of erecting and equipping a physical laboratory in the University. This 
munificent offer was gratefully accepted. In March 1871 Maxwell was elected as 
the first Cavendish Professor of Physics. The building of the laboratory was 
completed early in 1874. A year before, in 1873, Maxwell had published his great 
Treatise on Electricity and Magnetism and physicists everywhere were trying to 
master the new ideas he had introduced into the subject. He had embodied in it 
his earlier work of expressing in mathematical language Faraday’s ideas of lines of 
electric and magnetic force and of the dielectric as the true seat of the energy 
involved. He had also included in the second volume a reproduction and exposition 
of his great paper sent to the Royal Society in 1864 on “A dynamical theory of the 
electromagnetic field”. In this paper he had shown that electric and magnetic 
effects are propagated through space with a velocity equal to that of light in the 
medium and had foretold the existence of the electromagnetic waves now utilized 
to give us radio-telegraphy and telephony. After Maxwell’s death in 1879 I 
remember that an eminent mathematician, Sir W. D. Niven, said to me that he 
regarded this paper with its wonderful originality and power to be one of the 
greatest productions of the human mind. 

In his Introductory Lecture given by Maxwell in October 1871, on his installa¬ 
tion as Cavendish Professor, he had expressed his ideas of the aim and functions of 
the Laboratory. He did not contemplate that its main use should be that of training 
undergraduate students in the repetition of experiments described in text books, 
but he considered rather that its principal object should be quantitative measure¬ 
ments and the production of new knowledge by research by post-graduate or other 
students'. Very magnificently has this ideal been held in view by Maxwell’s successors 
in the Chair. For more than sixty years under the guidance of Lord Rayleigh, 
Sir J. J. Thomson and Lord Rutherford, a continual stream of vastly important 
additions to our knowledge of the physical universe has issued from the Cavendish 
Laboratory and men trained there have gone out to all parts of the world to continue 
that work and increase the fame of the Cavendish Laboratory, Cambridge, as a 
fountain head of new scientific knowledge of unspeakable importance. 

Another event in the year 1870 which had an influence on physical research 
was the taking over by the State of the telegraph system of Great Britain. Up to 
that time land telegraphy had been conducted by several public companies each 
with its special area of operations. This of course greatly limited the use of the 
electric telegraph. 

The Government of that day passed Acts of Parliament in 1868 and 1869 
entitling them to buy out, take over, and place under the General Post Office all 
telegraphic work in Great Britain. At the same time that work was greatly extended 
and the country overlaid with a network of telegraphic wires enabling communica¬ 
tions to be made between all places where there was a post office. This called for 
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the production of practical standards of the electrical units such as the ohm, the 
volt, the ampere, and the farad, and accurate methods of electrical measurement. 
The British Association Committee had constructed a number of coils of wire of 
various alloys, the resistance of each of which was asserted by them to be at certain 
marked temperatures equal to io 9 absolute units of resistance on the electromagnetic 
system. These had been deposited in the Cavendish Laboratory. It had been 
suspected however that their true resistance was less by about 1-3 per cent than 
io 9 cm./sec. 

When I went up to Cambridge in October 1877 to work in the Cavendish 
Laboratory, Maxwell suggested to me to undertake the work of comparing these 
coils and ascertaining from them their resistances at certain temperatures and 
hence the most probable value of the B.A. unit. 

For this purpose I devised a special form of Wheatstone’s bridge which was 
described to the Physical Society in 1880. I prepared, as the result of about two 
years’ work, a chart showing the variation of resistance with temperature of each of 
the coils. The true absolute value of these were determined later on (after Maxwell’s 
early lamented death in November 1879) by Lord Rayleigh, who was Cavendish 
Professor until 1884. This B.A. unit proved to have an electrical resistance of 
0-9867 x io 9 cm./sec. or less than a true ohm of io 9 cm./sec. The workers in the 
Cavendish Laboratory during Maxwell’s life included Arthur Schuster, R. T. 
Glazebrook, Donald MacAlister, J. E. H. Gordon, G. Chrystal, W. M. Hicks, 
W. Garnett and J. A. Fleming. 

When I began to attend at the Cavendish Laboratory, Maxwell gave one or 
two courses of lectures each session. I was astonished to find that the attendance 
at these did not exceed two or three students in place of the one or two hundred 
who in a German or Scottish University would have eagerly listened to one of 
the greatest of British physicists. For one course on electricity in 1879 the only 
attendants were Mr Middleton (an American gentleman) and myself. Yet Maxwell 
gave to us much original matter he had in preparation for an elementary treatise 
he was writing. In one of the last lectures he delivered in his life, Maxwell gave us 
an elegant method of solving problems on networks of conductors. Mr Middleton 
turned to me at the end and said “Sir! this man (Maxwell) is great! He does not 
come here and tell us what he has read in books, but gives it to us hot from his 
brain!” 

Part of Maxwell’s work during the last years of his life comprised the editing 
for publication the unpublished electrical researches of the Hon. Henry Cavendish 
(1731-1810). Cavendish was an experimentalist of great ingenuity and with the 
most rudimentary apparatus carried out important researches. Maxwell repeated 
with similar apparatus all Cavendish’s results. Amongst other things Cavendish 
anticipated Faraday’s discovery of specific inductive capacity and made researches 
to find out if the law of electrical attractions or repulsions varies in any sensible 
degree from the inverse square of the distance. Maxwell carefully repeated this 
with improved apparatus and found that the index deviated from 2 by not more 
than 1/21,600 either way. Cavendish made measurements of the comparative 
electrical resistance of various materials by taking the shock of a Leyden jar through 
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a certain length of each material and adjusting the lengths until the shocks were 
estimated to be about equally painful. Most of the workers in the laboratory were 
called upon at various times to act as shock-meters in Maxwell’s repetition of 
Cavendish’s experiments. 

Maxwell’s lecture experiments were always marked by great ingenuity and he 
could give copious new information on even the most familiar, scientific facts or 
discoveries. In conversation he was often difficult to understand by reason of a 
certain paradoxical and humorous mode of speech. At a celebration of the centenary 
of Maxwell’s birth at Cambridge in June 1931 I ventured to say at a memorial 
meeting: “To have enjoyed even a brief personal acquaintance with Maxwell and 
the privilege of his oral instruction was in itself a liberal education; nay more, it 
was an inspiration, because everything he said or did carried the unmistakeable 
mark of a genius which compelled not only the highest admiration but the greatest 
reverence for the man himself as well.” 

No mention of Maxwell’s work would be complete without a brief reference to 
his other writings written in the eighteen-seventies. He published a treatise, the 
Theory of Heat , which had all the characteristics of lucidity and novelty which 
marked his authorship. In it he gave the elements of the science of thermodynamics 
and the contributions to it made by Carnot, Clausius, Willard Gibbs, Rankine and 
W. Thomson. His other small book, Matter and Motion , was a delightfully in¬ 
teresting small treatise on dynamics. It was re-edited with some additions after 
Maxwell’s death by Sir Joseph Larmor. In addition to this he wrote many articles 
for the 9th edition of the Encyclopaedia Britannica and in 1873 gave a memorable 
lecture on “Molecules” to the British Association at Bradford, parts of which have 
been often quoted. 

We must then return to consider the work of Sir W. Thomson (later Lord 
Kelvin) during the decade 1870-80 under consideration. He was at this time 
engaged in improving the mariner’s compass. As a yachtsman and the owner of 
the Lalla Rookh he took an extreme interest in all things connected with navigation, 
and he left his improvement on everything. In 1874 he was asked to write an article 
on the magnetic compass for Good Words and at once took note of the defects of 
the type then used. Little by little he brought it to a state of perfection in which 
it was adopted all over the world. He gives a full account of it in the third volume 
of his popular Lectures and Addresses . At the same time he vastly improved the 
method of deep sea sounding by using steel pianoforte wire instead of hemp rope. 
The depth was measured by the degree to which the air in a glass tube, open at 
the bottom but closed at the top, was compressed when the sea floor was reached. 
In 1876 he made known his enormously ingenious machines for recording, analysing, 
and predicting the tides at any port, and in a lecture at Glasgow in 1875 he gave a 
most instructive account of methods of determining the position of a ship at sea 
by means of Sumner circles. His knowledge of everything connected with naviga¬ 
tion, tides and waves was vast and accurate, and he touched nothing he did not 
elucidate and improve. It is impossible therefore to mention here more than a 
fraction of his scientific work. 

In personal character Lord Kelvin (as Sir W. Thomson became in 1892) was 
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infinitely attractive and admirable. His kindness and courtesy to younger men and 
modesty with regard to his own great achievement were his chief characteristics. 
Although I had seen and heard him at several British Association Meetings in 
1871 at Edinburgh as President and in 1876 at Glasgow, I did not become personally 
known to him until 1882. He was then engaged in inventing his ampere balances 
and other electrical instruments. As Electrician to the Edison Electric Light 
Company of London I was able to afford him, at 57 Holbom Viaduct, some 
facilities for using large electric currents, and that led to personal intercourse. I 
had the privilege of visiting him at his home in Glasgow and on his yacht. I have 
still in my possession some autograph letters he wrote to me about his work and 
inventions. 

The decade we are considering was remarkable also for the completed invention 
of two important electrical appliances, viz. the speaking telephone and the in¬ 
candescent electric lamp, the achievement of which had long been an object of 
physical research. 

Without reference to early attempts, we all know that Alexander Graham Bell 
was the first to produce a simple speaking telephone which was publicly exhibited 
in 1876 at the Philadelphia Exhibition. Sir W. Thomson saw and used it there, 
and on return to England he described it enthusiastically to an audience at the 
Glasgow meeting of the British Association. Bell was actually engaged in trying 
to effect multiple telegraphy when he stumbled across the principle of his magneto¬ 
telephone. 

The Bell telephone was a good receiver but poor transmitter. T. A. Edison 
had meanwhile invented his carbon-button transmitter, in which the motions of a 
sound-actuated diaphragm compressed a button of lamp black and varied its 
resistance and therefore the current in the circuit. 

D. E. Hughes, the inventor of a printing telegraph, then came into the field in 
1878 with his discovery of the effects of light pressure on a loose contact between 
two pieces of graphite carbon. This in time gave us the modern microphone 
transmitter. Bell had suggested meanwhile the idea of a telephone exchange, and 
the Edison and Bell interests in England had to unite to provide the most effective 
transmitter and receiver. 

In 1879 Hughes made an appliance, which Lodge subsequently called a 
“coherer”, by using an imperfect contact between two pieces of graphite carbon 
or of carbon and metal. He joined this in series with a Bell magneto telephone and 
a voltaic cell. He found that this apparatus gave sounds in the telephone when 
placed even at some distance from an induction coil giving sparks. He showed these 
experiments to the President of the Royal Society and others. But he was unfortu¬ 
nately told by them that there was nothing new in it but simply ordinary Faradaic 
electromagnetic induction. On the contrary, Hughes had in fact made an arrange¬ 
ment for detecting Maxwell electromagnetic waves being sent out from the induction 
coil. If he had not been discouraged he might have gone further and anticipated 
the researches of Branly, Lodge, and Marconi, and given us radio-telegraphy 
fifteen years earlier than we did actually obtain it. 
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The problem of incandescent electric lighting had occupied attention for thirty 
years or more in the endeavour to provide a small unit of light for domestic illumina¬ 
tion. J. W. Swan solved the problem early in 1880 of producing a carbon filament 
by carbonizing a cotton thread which had been parchmentized with sulphuric acid, 
and mounting a loop of this carbon filament in a glass bulb exhausted of its air. 
Edison about the same time carbonized slender filaments of bamboo in horse-shoe 
shape and also produced an effective carbon-filament lamp. 

The early lamps gave a light of about 16 candles at a power expenditure of 
about 64 w. From that date electric illumination by incandescent lamps became 
practicable. 

In conclusion it may be useful to attempt to sum up briefly the achievements 
in physics during the decade 1870-80. Broadly speaking it was an age of practical 
invention in which well ascertained scientific principles were applied in various 
ways to create new industries or useful arts. In telegraphy there were many very 
important additions. Wheatstone automatic, quadruplex, and high-speed printing 
telegraphs came into use. The speaking telephone and telephone exchanges added 
to the convenience of life. Electric incandescent lamps and the invention of the 
dynamo had made possible public electric supply stations, and domestic electric 
illumination. In 1873 the reversibility of the dynamo was discovered, viz. that it 
could act as a motor when current was put into it, and some degree of progress 
had been made in the use of electric motors and possible electric transmission of 
power. Not by any means the least important of the practical inventions of the 
eighteen-seventies was that of the gelatine dry plate in photography devised by 
R. L. Maddox in 1871, which greatly extended the uses of photography. 

In relation to physical theories, the period we are considering was essentially 
mechanistic and deterministic in ideas. The conception of a universal aether having 
elasticity and density was widely held, and numerous mechanical aether theories 
were proposed. Atoms in vibration were supposed to agitate the aether and produce 
waves in it, but no one had explained how the vibrating atoms got a grip on the 
aether, seeing that the aether offers no resistance to the motion of the earth and 
planets through it. 

Theories of atomic structure were in a very vague and nebulous state. Thomson’s 
theory of atoms as vortex rings in the aether had not explained anything of importance. 
The science of thermodynamics had, however, been well developed, and much 
progress made by the writings of Clausius, Rankine, W. Thomson, and Willard 
Gibbs. The foundation stone of the science for thermodynamics was laid by the 
publication in 1824 the remarkable essay by Sadi Carnot on the “Motive power 
of heat”, in which he gave the Carnot cycle. This essay was, however, then known 
to very few. W. Thomson made acquaintance with it when as a young graduate he 
went for a year to Paris to work with the great experimentalist Regnault. Thomson 
published in 1849 a paper in which he made known and expounded Carnot’s work. 
Carnot’s essay in French was republished in 1878, having been thus lost sight of 
for many years, but Thomson’s paper in 1849 had by that time brought it to the 
notice of physicists of that day. On the basis of the Carnot cycle Thomson sub- 



392 Sir Ambrose Fleming 

sequently suggested his absolute scale of temperature independent of any working 
substance. He also enunciated his law of dissipation of energy. The facts that 
heat is the kinetic energy of atoms, and that mass kinetic energy could be converted 
into heat at a certain rate, were fully appreciated. But it was not so generally 
realized that the whole of any quantity of heat energy cannot be converted into 
mass kinetic energy. There was a widely diffused belief in that day that the physical 
theories corresponded closely to reality and that such words as “size”, “time”, 
“mass” and “energy” denoted actualities independent of any observer. The 
physical theories of 1870-80 were looked upon as well-established explanations of 
facts. Not every physicist, however, shared this view. Maxwell once said in my 
hearing “Because we can imagine a mechanism which can achieve some result we 
find in Nature it does not in the least follow that it is done in that way.” 

Not ten years later, however, the first of the events occurred, namely the 
Michelson and Morley experiment, which were to undermine and destroy this 
confidence and to show that our interpretation of physical phenomena involves 
the observer as well as the thing observed. 

There was a strong tendency in the eighteen-seventies and even later to adopt 
physical theories which were mechanistic or involved ideas capable of visualization. 
At present we are content to obtain mathematical expressions which are consistent 
with facts. Hence, regarding Maxwell’s theory of electromagnetic propagation, 
we accept the view taken by Hertz that Maxwell’s theory is expressed in Maxwell’s 
equations, without demanding the statement of it in terms of visualized mechanism. 

When we come to look back then on the work of physicists during the eighteen- 
seventies, what we find is that their inventions, discoveries of fact, and ascertained 
principles remain with us to-day as of permanent value, forming part of our useful 
knowledge. But their theories and speculations as to underlying causes in Nature 
have nearly all passed away. Perhaps it will also be the same with our present-day 
work. If some sixty years hence a Fellow of the Physical Society gives a talk on 
the “Physics of the nineteen-thirties”, he will have to record the great additions 
then made to knowledge of physical facts. But he may also have to say that our 
explanations and theories concerning them have all vanished, or at least been 
replaced by others also destined in turn to pass away. 
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I. ON THE NEW CONTACT THEORY OF THE 
GALVANIC CELL 

By J. A. FLEMING, B.Sc., F.C.S. 

This paper is reprinted here in view of its historic interest. The original will be 
found on pages 1 to 12 of volume 1 of the Proceedings 

T he contest that has for so long been waged between the supporters of the 
two theories of the galvanic cell, the contact and the chemical ', can hardly be 
said to have been brought even now to a decisive issue. For although the 
contact theory, as originally proposed by Volta, received a fatal blow when the law 
of conservation of energy became clearly understood, yet in its place a new contact 
theory has arisen, supported by novel and important experimental evidence, which 
has again been placed by recent writers on electrical science in formidable opposition 
to its old rival. 

The old contact theory of Volta had its origin in an entire ignorance of the 
science of energy. It simply referred the current produced through the circuit of 
a pile to the effect of the metallic contacts, and it ignored the thermal and chemical 
changes which are also necessarily present; but it had to be finally abandoned when 
once it became clearly understood that the appearance of a current involved the 
disappearance of some other energy, actual or potential, as an invariable accompani¬ 
ment. The new contact theory may be said to have had its source in the discovery 
of Sir W. Thomson, that there is undoubtedly a difference of potential produced 
when dissimilar metals are placed in contact—a fact not only abundantly proved 
by Thomson by direct experimental evidence, but, as he has pointed out, confirmed 
in a remarkable way by the phenomena of the Peltier effect, which, when inter¬ 
preted by the dynamical theory of heat, furnish the most reliable measures of its 
amount. These facts, together with others presently to be referred to, have been 
made to furnish the key to a fresh explanation of the dynamics of the galvanic cell, 
which I have ventured to call the new contact theory, as opposed to the old or 
voltaic one. 

It is not possible, however, to define in a few words the precise details of the 
new theory; they can only be arrived at by collecting together the statements as 
we find them laid down by their authors. The object of the present paper is to 
draw the attention of those interested in this question to the objections that may 
be raised against this new contact theory—objections based on facts, some old and 
some which perhaps may prove new, but all of which alike seem to throw fresh 
difficulties in the way of this theory, although capable of simple explanation by 
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the old chemical hypothesis. It will be necessary then to review briefly the precise 
statements of this new contact theory, in order to show exactly what are the points 
against which objection may be taken. This will be best accomplished by collecting 
the statements of its principal supporters and arranging together their explanations 
of the phenomena which arise 

(1) when dissimilar metals at the same temperature are placed in contact, 

(2) when one insulated metal is placed in a liquid capable of acting chemically 
upon it, 

(3) when two different metals are placed insulated and unconnected in one such 
liquid, 

(4) when the two metals are joined across by a metallic arc or when two or more 
cells are joined up in series. 

1. That the contact of metals is always attended with the production of a 
difference of potential between them was for a long time denied by ardent supporters 
of the chemical theory. De la Rive endeavoured to show that the effects observed 
might be attributed to oxidation; but his experiments are not conclusive; and to 
Sir W. Thomson belongs the credit of having established the fact by experiment, 
irrespective of his theoretical deductions from the facts of thermoelectricity. He 
thus describes his decisive experiment: “A metal bar insulated so as to be movable 
about an axis perpendicular to the plane of a metal ring, made up half of copper 
and half of zinc, the two halves being soldered together, turns from the zinc towards 
the copper when positively electrified, and from the copper towards the zinc when 
negatively electrified.”* The difference of potential he finds to be about 0*6 or 0*7 
of that of a Daniell’s cell when the metals are perfectly clean; but by dxidation of 
the copper it may be made equal to or even greater than that of a Daniells cell. 
He has also shown that if zinc and copper cylinders be connected by a wire, the 
electrometer detects a difference between the potentials of the air in the interior, 
and, lastly, that if copper filings be allowed to fall from a copper funnel in contact 
with a vertical zinc cylinder, they convey a negative charge to a receiver placed 
below. Sir W. Thomson concludes that there is sufficient evidence to show that 
zinc and copper attract one another chemically at any distance if connected by a 
fine wire, and that, as Prof. Tait remarks, “when any two bodies of different kinds 
are brought into contact, there is a certain amount of exhaustion of the potential 
energy of chemical affinity between them, and that the equivalent of this is, partly 
at least, developed in the new potential form of a separation of the so-called electric 
fluids, one of the bodies receiving a positive, the other a negative charge, the 
quantity depending on the nature and form of the bodies”.f 

This is equivalent to saying that at the surface of contact there is perpetually 
a force tending to separate the two electricities in a direction perpendicular to that 
surface, while at all points ever so little within it there is no such force. 

Prof. Maxwell reiterates essentially the same facts. He gives Thomson’s proof 
that the electromotive contact-force at a junction of two metals is represented by 

* Reprint of papers on Electrostatics and Magnetism , p. 316, § 400. 
f Thermodynamics > p. 6a, § 107. 
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P/, where P=the coefficient of the Peltier effect, or the head absorbed at the 
junction due to the passage of a unit of current for a unit of time; and J is Joule’s 
equivalent. He remarks that the electromotive force, as determined by this method 
experimentally, does not account for the whole electromotive force of a simple 
couple. This latter is in general far greater than that given by the Peltier effect for 
the same pair of metals. “Hence the greater part of Volta’s force must be sought 
for, not at the junctions of the two metals, but at one or both of the surfaces which 
separate the metals from the air or other medium which forms the third element of 
the circuit.”* 

Prof, Jenkin, referring to these experiments of Thomson, adds that “In cases 
where no known chemical action occurs, as where zinc and copper touch each other, 
and yet difference of potential is produced, since this involves a redistribution of 
electricity, a small but definite consumption of energy must then occur; the source 
of this power cannot yet be said to be known.”f 

2. It seems to be universally admitted that when an insulated metal is placed 
in a liquid capable of acting chemically upon it, a difference of potential is produced 
between the metal and the liquid, a sudden rise in potential taking place in passing 
from the metal-surface to the liquid in contact with it, or that the metal becomes 
negatively and the liquid positively electrified, metals differing in the degree of 
electrification they can produce with any one electrolyte. 

3. But if we ask what are the conditions when two different metals are so 
immersed, we find the most contradictory statements given. Sir W. Thomson 
expresses his opinion thus in 1862: “For nearly two years I have felt quite sure 
that the proper explanation of voltaic action in the common voltaic arrangement is 
very near Volta’s. I now think it quite certain that two metals dipped in one 
electrolytic liquid will (when polarization is done away with) reduce two dry pieces 
of the same metals when connected each to each by metallic arcs to the same 
potential”, J which seems equivalent to saying that there is no difference of potential 
produced other than that due to dissimilar contact. Thus also Prof. Tait: “By 
interposing between two metals which have been electrified by contact a compound 
liquid or electrolyte, these metals are at once reduced to the same potential—a result 
which could not have been obtained by connecting them by any metallic conductor. 
By the passage of the electricity a portion of the electrolyte is decomposed, and 
the potential energy thus developed is equal to that possessed by the electricity 
while separated in the metals.”§ * 

Prof, Jenkin advocates essentially the same views: “When two dissimilar metals 
are plunged side by side into a liquid such as water or dilute sulphuric acid, they 
do not exhibit any sign of electrification; the three materials remain at one potential, 
or nearly so. If while the two dissimilar metals are in the liquid they are joined by 
metallic contact to terminal pieces of one and the same metal, these terminal pieces 
will be brought to the same difference of potentials as that which would be produced 


* Treatise on Electricity and Magnetism ,, 1 , 302. 
t Electricity and Magnetism , p. 55. 
j Electrostatics , p. 317, § 400. 


§ Thermodynamicsi p. 66, § 116. 
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by direct contact between the dissimilar metals.”* 5 This amounts simply to saying 
that, as long as no wires are attached to the plates of a single cell, there is no difference 
of potential; but that when wires are joined on, the observed difference of potential 
is due to the contact of the wire with that metal plate to which it is dissimilar. 

Again: “When a single metal is placed in contact with an electrolyte, a definite 
difference of potentials is produced between them; zinc in water becomes negative, 
copper in water becomes negative, but less so than zinc. If, however, the two metals 
are plunged together into water, the copper, zinc, and water forming a galvanic 
cell, all remain at one potential, and no charge of electricity is observed on any part 
of the system.” “ If a piece of copper be now joined to the zinc, it (the copper) will 
become negative, and the other copper plate positive, the difference of potentials 
being that due to the direct contact between the zinc and piece of copper only, 
the water having the effect of simply conducting the charge from the zinc to the 
copper plate and maintaining them at one potential. 

The foundation for these statements is found apparently in an experiment due 
to Sir W. Thomson. He finds that if half-disks of zinc and copper be arranged 
under a movable metallic needle maintained at a high positive potential, if they are 
connected by a wire or by contact, the needle moves in such a way as to show that 
the copper is negative and the zinc positive; while if they are separated by a slight 
interval and connected by a drop of water, no difference of potential is observed. 
Prof. Jenkin also lays great stress on the fact that, whereas copper in contact with 
zinc becomes negative, in a single cell with wires attached it is the wire attached to 
the zinc that shows a negative potential. This he holds to be conclusive that the 
junction of the wire with the zinc plate is the real seat of the electrical separation; 
although he admits that there may be a slight difference due to the liquid, and that 
different liquids may augment or decrease this difference. 

In another place he says: “If the voltaic theory of the cell were absolutely 
correct, the electromotive force of the cell would depend wholly on the plates in 
the electrolyte, and not at all on the solution employed to connect them.” J But it 
has been found that the potential series of the metals is slightly changed by the 
solution employed to join the plates: in order to account for this fact it is necessary 
to treat the voltaic theory as incomplete. He adds, however, that the potential 
series of the metals for water, dilute acids, and ammonic chloride do not differ so 
much as to invalidate the theory, although the series for alkaline sulphides is quite 
different and anomalous.§ 

* Electricity and Magnetism , p. 22. 

f Electricity and Magnetism , p. 44. t Electricity and Magnetism , p. 215. 

§ It may be remarked in passing, that this identity of the potential series for different acids may 
perhaps arise from a different cause, and not be altogether such a proof of the contact theory as 
Prof. Jenkin concludes it is. Andrews has shown that, when one metal combines chemically with 
different acids, the amount of heat liberated is the same, or nearly so. Hence, if the metals be 
arranged in the order of their heat-producing power when combined with the same acid, that order 
will remain the same for most other acids. But the order is quite different when the metals are 
combined with sulphur or oxygen. It is true that this order is not the electrochemical one; but 
various causes may interfere to disturb it. At any rate it is sufficient to show that this fact of the 
partial identity of the potential series for different acids cannot by any means be claimed as conclusive 
of the contact theory. Moreover, although the order may be the same for the different liquids, we 
do not know that the coefficients are the same for each metal in every dilute acid. 
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4. When the two plates in one electrolyte are joined by a wire, or when simple 
cells are joined up in series and the circuit closed by a wire, we find it stated that 
there is a constant separation of the electricities at the point of contact of different 
metals and a constant recombination, attended with decomposition, through the 
electrolyte. “Perhaps it is strictly accurate to say that the difference of potential is 
produced by the contact, and that the current which is maintained by it is produced 
by chemical action.”* And, lastly, that in a series of cells the electromotive force 
is due to the sum of the differences of potential produced by all the contacts. 

The above quotations may be taken as affording the plainest notion of the new 
contact theory; and it will be seen that its fundamental propositions are briefly 
these: 

I. That two plates of different metals in one liquid are at the same potential 
when insulated and separated; i.e. there is no difference of potential due to chemical 
affinity. 

II. In a cell series the gradual rise in potential, or the electromotive force, is 
due only to the dissimilar metallic contacts. 

III. The chemical action in the battery is the result rather than the cause of 
the difference of potential, and is looked upon as an accompanying action rather 
than as the actual creator of the current, it having little or no share in the production 
of the difference of potential between the terminals. 

These are, I venture to think, points not to be admitted as proved without further 
inquiry, and against which, as I shall hope to show, some grave if not insuperable 
objections may be urged, founded on other experimental evidence. 

The first question to be settled is, then, whether in a series of cells the whole 
of the difference of potential between the terminals is due to the contacts, as above 
stated, or whether any portion is due to the tendency towards chemical combination 
existing between the metals and the electrolytes; and, as a consequence, whether 
in a single cell the plates are at the same potential or at different potentials, owing 
to the difference of chemical action upon them. Now I think this point will be 
sufficiently proved if we can establish by experiment, (i) that a battery of cells can 
be constructed without any dissimilar metallic contacts and with terminal plates 
of the same metal, and which shall yet exhibit difference of potential and continuous 
current; for if this is possible, it must follow that chemical affinity alone is capable 
of creating electromotive force as well as of maintaining a current, and that, .in an 
ordinary cell-series, some part at least of the electromotive force is due to this cause, 
whilst the remainder is the result of the metallic contacts that may exist. Or (ii) if 
we* can establish directly that the two plates in one cell are not at the same potential, 
as stated by more than one authority. 

With regard to the first point, it will be remembered that an old experiment of 
Faraday’s proved that a current can be maintained and decomposition effected by 
a single cell where there is no dissimilar contact. It is not easy to see how this 
experiment can be explained by any form of contact theory; indeed it appears un¬ 
answerable. But in order to leave no point unsettled by experiment, it seemed 
desirable to try and arrange a series of cells in which all dissimilar contact was 

* j Electricity and Magnetism , pp. 53-5* 
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absent, so that the difference of potential due to chemical action might be separated 
from that due to the contacts and rendered visible by the electroscope. 

It is obvious that we can make no attempt to do this unless we can in some way 
or other obtain a battery with terminals of the same metals; for otherwise the very 
junctions with the electroscope introduce what we want to eliminate, viz. dissimilar 
metallic contact. But the following is a method by which this can be accomplished. 
If plates of lead and copper be placed in nitric acid the lead is positive to the copper, 
since it is most acted upon; but if lead and copper be placed in solutions of alkaline 
persulphides, then the copper is most readily acted upon and is positive to the lead; 
that is, the positions are reversed. 

Now, if we place in a cell A dilute nitric acid and a copper and a lead plate, we 
cannot join up another cell of the same sort in series without introducing contact. 




NO a H S s Na. N0 3 H S s Na 5 
Figure 2. 


But if, instead of using a cell containing acid, we place next A a cell, jB, containing 
sodic pentasulphide, and bend over the lead plate of A to dip into the liquid in 5 , 
and place in B also a copper plate, we shall then have two cells joined up in series 
without dissimilar contact and with similar metals for terminals; and yet the action 
of the liquids on the metals is such that in A the lead is positive to the copper Cu, 
and in B the copper Cu' is positive to the lead. Hence there is a regular rise in 
potential in passing through the two cells; and on joining CuCu' by a copper wire 
a current flows through both cells in the same direction, and the general effect is 
to urge round a current in the direction shown by the arrows. It is obvious that 
we need not limit ourselves to two cells. By forming a pile of alternate cells filled 
with acid and alkaline persulphide, connected by bent copper and lead plates 
alternately (figure 2), we shall be able to accumulate difference of potential to any 
extent; and if the number of acid and alkaline cells be equal, we shall always end 
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with a plate similar to that with which we began. Such a battery will exhibit a 
difference of potential between its two terminals when the circuit is opened, and 
will give a current when it is closed. In it we have nothing but chemical action to 
rely upon both for creating electromotive force and for maintaining the current. 
We have no dissimilar contacts; and as the terminal plates are similar, we can effect 
the junctions with the electroscope without introducing an unbalanced dissimilar 
contact. I have constructed such a battery of sixty cells; and by the kindness of 
Prof. Guthrie, to whom my thanks are due, I have been permitted to compare its 
potential with that of a Daniell’s cell, by means of a quadrant electrometer belonging 
to his laboratory. By this means it is at once seen that the difference of potential 
increases proportionally to the number of cells, the electromotive force of four cells 
being about equal to that of one Daniell. Joined up with a galvanometer it indicates 
a current, which, however, rapidly falls off in strength, owing to the formation of an 
insoluble cupric sulphide upon the copper plates. Joined up in opposition to a single 
Daniell’s cell, with a galvanometer included in the circuit, I find that it requires 
from four to five cells to balance the force of the Daniell at first immersion; but after 
leaving it to work on short circuit for z\ hr. its electromotive force had fallen off 
50 per cent; it then required about eight cells to bring the needle to zero. This gives 
for the electromotive force of two cells at first about 0-5 of a volt; or the whole sixty 
cells are equal nearly to fifteen DanielPs cells. It readily effects the decomposition 
of many electrolytes, and exhibits therefore every property of an ordinary cell-series. 
Above all, it will therefore be noticed that since there is a regular rise in potential 
in passing from cell to cell, and as all parts of each plate must be at the same 
potential, that rise can only take place at the surfaces where the active metals are 
in contact with the electrolyte (that is, at the seat of the chemical action), and that 
therefore two metals in one electrolyte cannot be at exactly the same potential. But 
I find that more direct evidence still of this fact is to be found in an experiment of 
Faraday’s, which seems to have escaped the notice of the contact theorists. 

In his Experimental Researches he gives the following fact: “I took a voltaic 
apparatus, consisting of a single pair of large plates, namely a cylinder of amalga¬ 
mated zinc and a double cylinder of copper. These were put into a jar containing 
dilute sulphuric acid, and could at pleasure be placed in metallic communication 
by a copper wire connecting the two plates. Being thus arranged, there was no 
chemical action whilst the plates were not connected; on making the contact a 
spark was obtained. In this case it is evident that the first spark must have occurred 
before metallic contact was made, for it passed through an interval of air; and also 
that it must have tended to pass before the electrolytic action began, for the latter 
could not take place until the current passed, and the current could not pass before 
the spark appeared.” “Hence,” he says, “I think there is sufficient proof that the 
zinc and water were in a state of powerful tension previous to the actual contact.”* 5 
It is difficult to reconcile this with the experiment of the half-disks and drop of 
water made by Sir W. Thomson. But, at any rate, a consideration of the whole of 

* Experimental Researches in Electricity , Series viii, f 956. 
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the facts would seem to point out that the only safe conclusion is, that in anyseries 
of cells of any sort the electromotive force is a ’complex effect, being due to the 
algebraical sum of all the differences of potential due to dissimilar contacts plus 
the algebraical sum of the differences of potential due to the chemical affinities of 
the metals and electrolytes minus any opposing force due to polarization etc.and 
that so far from being the exclusive cause, the contacts can only be said strictly to 
have a share in producing the difference of potentials between the extremities of a 
battery.* 5 And, lastly, we may with advantage compare the statements of the 
contact theory with certain other well-ascertained facts. Such statements, for 
instance, as these: “If we close the circuit by connecting the metals by a wire, we 
then have constant separation of electricities at the point of contact of different 
metals, and constant recombination attended with decomposition through the 
electrolyte.”f “The electricities separated at the metallic junctions recombine 
through the water”, “whilst the current flows the water is decomposed” J—which 
seem based on the assumption that the principal seat of the electrical actions is not 
to be looked for at the seat of the chemical actions. But, now, how does this fit in 
with those cases of electrochemical inversions noticed by De la Rive, where the 
direction of the current in a cell is reversed by simply diluting the electrolyte. Thus 
zinc is negative to tin in strong nitric acid, and mercury negative to lead; but in 
weak nitric acid the positions are reversed. Hence, if couples'be formed of these 
metals in strong nitric acid, and the acid be gradually diluted, the current first 
ceases and then is reversed in direction. 

Here, without altering the metallic junctions, :we„ can at pleasure alter the 
direction of the current, and therefore also the direction of the fall in potential, 
since the current must flow from high to low potential. This seems conclusive that 
the chemical electromotive force must be even greater than the contact electro¬ 
motive force. This reversal of the current, by changing the seat of the chemical 
activity, may be shown in another way, depending on the application of a very old 
principle. If plates of copper and clean iron be connected by copper wires with 
a galvanometer, and the iron rendered passive by immersion for a moment in strong 
nitric acid, then if these plates are plunged into dilute nitric acid the galvanometer 
indicates a strong current going through the cell from the copper to the iron. If 
they be removed for an instant and the iron plate touched, on again immersing the 
current is found to be reversed. Or we may again change the conditions, and notice 
that it is not sufficient to have merely two different metals and an electrolyte to 
form a cell. If plates of pure gold and platinum be placed in nitric acid, the most 
delicate galvanometer detects no current, and the same for many other pairs of 
metals and electrolytes. 

Here we have contact of different metals producing its difference of potential; 
yet no current flows round “decomposing the electrolyte”, as, according to the 
contact theory, it should do; but the instant we give play to chemical combination 

* Amounting in a Daniell’s cell perhaps to 60 or 70 per cent of the whole electromotive force. 

f Tait, Thermodynamics, §116. 

t Jenkin, Electricity and Magnetism , p. 54. 
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the ordinary results ensue. If the extremities of the copper wires from a galvano¬ 
meter be attached to iron plates, and these plunged into separate cups of dilute 
nitric acid, on making connexion between the two cups by a bent iron plate dipping 
into each no current is detected. On making one limb of the connecting plate 
passive and re-immersing, a strong current is visible; and we find that we have the 
direction of the current completely under command by making any of the four 
plates more or less acted on than the other three. 

If these experiments are to have any importance attached to them, it can scarcely 
be doubted that they land us in conclusions similar to the others, namely: that we 
must look for the principal source of the electrical disturbance at that place where 
the greatest chemical activity is being brought into play; and that whereas contact 
of metals is in itself productive of definite electrical separation, there is in the battery 
another cause assisting in the production of difference of electrical potential 
between the terminals, viz. the potential chemical combination between the metals 
and electrolytes existing when the circuit is open—the energy of the current 
produced when the circuit is closed being, of course, the equivalent of this potential 
energy which disappears. 
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I T is somewhat hazardous to call any electrical experiments “new” in view of the 
enormous amount of research in that subject past and current. Nevertheless, 
the experiments about to be now shown have not, as far as I can find, been put 
on record precisely as here described and hence I think their novelty can be 
tentatively assumed. 

The fundamental fact to be noticed is that when certain insulating materials, 
the best of which appears to be pure silica (Si 0 2 ), in a certain state of fineness of 
powder are allowed to fall down a tube and strike a metal plate perforated with 
small holes or a metal wire gauze of zinc, copper, nickel or iron, the metal plate 
becomes electrified positively and the insulating powder negatively. There are 
however certain conditions to be satisfied. The powder, which may be of silica, 
sulphur, silver, or river sand or of certain other materials, must have grains of 
nearly equal size and must be dried so as to be free from all moisture. Also the size 
of those grains must be such that when they fall on the perforated metal sheet or 
gauze they fall through the apertures and do not accumulate on the metal. There are 
wide limits permissible in the ratio of area of hole or mesh-aperture to size of grain. 

Thus I find that with silica granules about o-oi in. in diameter and a perforated 
zinc plate with holes about ^ in. in diameter and interstices of the same width, the 
effect is well shown. But it is also exhibited nearly as well if copper wire gauze is 
used, the apertures being about in. in width so that there are 600 holes to the 
square inch in place of 70 for the zinc plate. The electrification is not so great when 
nickel or iron wire gauze of the same mesh is used. It can also be shown when dried 
and sifted silver or river sand is used as the powder, and less perfectly with crushed 
sulphur. To obtain the best effect the powder must strike the perforated plate with 
a certain velocity, as it is this blow which creates the electrification. The powder 
must not heap up or stay on the plate but fall instantly through the holes. 

The following arrangement works well. In a metal tray or dish three blocks of 
paraffin wax are placed, and on them a circular metal dish which can be connected 
by a wire with a gold-leaf electroscope. On this dish is placed an ebonite tube about 
6 in. high and 4 in. in diameter. On the top of this is placed a sheet of perforated 
zinc or copper wire gauze which also can be connected at pleasure with the electro¬ 
scope. The powder, say pure silica, as above described is placed in a tin funnel which 
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has a metal tap at the end of its nozzle, and beyond that there is a length of metal 
tube a quarter or half an inch in diameter and a foot or several feet in length. The 
end of this tube is held about 2 or 3 in. from the metal plate and the tap is slowly 
opened. The powder then strikes the plate and the attached electroscope indicates a 
strong positive electrification. If the insulated tray catching the powder which falls. 
through the apertures in the plate is connected to the electroscope it will be found 
to be negatively electrified. 

The material of the tube down which the powder falls has iio effect on the result. 
The tube may be of brass, iron, glass or ebonite. It is all the same. This shows that 
the effect is not due to friction of the powder falling down the tube, but to the impact 




Figure 2. 


Figure i. i, metal funnel for containing the powdered material; 2, control tap; 3, fall tube; 
4, perforated metal plate or metal gauze; 5, ebonite cylinder; 6, insulated disk; 7, paraffin blocks; 
8, tray for catching powder. 


Figure 2. 1, 2, metal hoppers for containing powdered silica or other material; 3, 4, metal fall tubes; 
5, ebonite cylinder; 6, partition of perforated zinc or metal gauze; 7, wire connexion from 
partition to an electric condenser. 


of the particles on the plate. The metal of which the plate is made and the material 
of which the powder consists affect the potential to which they are electrified as 
regards amount but not as regards sign. The plate becomes positive and the trans¬ 
mitted powder negative. In figure 1 are shown the arrangements above described 
for exhibiting this impact electrification. With this arrangement the powder has to 
be gathered up from the tray and put back into the funnel to try another experiment. 

But I have devised a plan in which a certain small quantity of the powder is used 
again and again without waste or loss. It is as follows. Two glass bottles or tin 
canisters, figure 2, have brass tubes fixed in their necks. These brass tubes are fixed 
into the opposite ends of a short and wide ebonite tube. In this latter a disk of 
perforated zinc is placed as a diaphragm across its centre. The arrangement is then 
like an hour-glass or egg-boiler. If one canister is filled with powdered silica or any 
other such material and the appliance placed so that this canister is at the top, the < 
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silica falls down through the zinc diaphragm and collects in the bottom canister* The 
apparatus can then be turned over like an hour-glass and the silica powder again 
falls on the perforated zinc diaphragm. At each such passage positive electricity 
accumulates on the zinc plate and by an external wire connected to the diaphragm 
the charge can be given up to an electric condenser consisting of two metal plates 
with a thin layer of ebonite between them. If then these plates are separated, their 
capacity will be reduced and the potential correspondingly raised. We can thus 
obtain electricity at very high potentials or many thousands of volts. 

By a small modification of this last arrangement we can make an electrical 
machine which will continuously provide electricity at very high potentials as 
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Figure 4. 


Figure 3. A new electrical machine. 1, metal hoppers for delivering or receiving the powdered silica 
or other powder; 2, metal fall tubes; 3, ebonite cylinder; 4, hollow ebonite axes on which the 
cylinder revolves; 5, a fixed diaphragm of perforated zinc. 


Figure 4. Sideway view of the machine in figure 3. 1, metal hoppers; 2, metal fall tubes; 3, ebonite 
cylinder; 4, hollow ebonite axes; 5, fixed diaphragm of perforated zinc; 6, metal wire connexion 
from diaphragm to the electric storage condenser. 


follows. A cylinder of ebonite has hollo.w ebonite axes fixed in its flat ends, figures 3 
and 4. These are supported in wood bearings so that the cylinder can rotate about 
the hollow axes. Metal tubes are fixed in this drum like spokes of a wheel, and each 
tube carries at its outer end a metal canister or hopper in which powdered silica 
can be contained. As this drum and its spokes revolve, the powder will fall down out 
of the canisters at the high position and be collected again in those in the lowest 
position. 

Across the inside of the ebonite drum is fixed a rectangular partition of perforated 
zinc. This is carried on fixed metal axes which pass loosely through the hollow 
ebonite axes of the drum, and therefore the partition does not rotate with the drum. 
As the drum is rotated the silica powder is continually being dropped on the upper 
side of the zinc partition and passing through it is collected again by the radial tubes 
in hour-glass fashion. The charges of positive electricity given to the zinc partition 
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are led away by. the metal -axes to an electric condenser. By separating the plates 
of.this, condenser at intervals we can then obtain electric.charge at very high 
potentials. . . I ; 1 . .. .. 

This .novel type of electrical machine does not depend on friction or induction 
but on the electrification created when the silica powder falls through a perforated 
zihc.plate., . .... ... 

In seeking for possible anticipations of the results here recorded, my attention 
was drawn to some experiments;of Faraday mentioned in vol. 2 of the Eighteenth 
Series, of his Experimental Researches in Electricity, published in 1843. 

A workman in the employ of Sir W. Armstrong had noticed that steam escaping 
from a steam boiler sometimes gave an electric shock to a hand held in it. Faraday 
took up the investigation of this effect in his usual exhaustive manner. He used a 
steam boiler with internal furnace insulated on blocks of resin. He used jets of 
various forms at the end of the pipe by which the steam escaped and also different 
forms of insulated plates against which the steam was blown. He soon found that 
electrical effects were not produced if the steam was dry, but only if the steam 
carried in it particles or drops of pure water. The presence of any salt or acid in the 
water droplets destroyed all electrical manifestations. Also he proved that tempera¬ 
ture was not concerned in the production. The function of the steam as such is 
confined to carrying along the particles of water. L * • 

Tt then occurred to Faraday : to try if a jet of compressed air could act as the 
vehicle of the water particles. His anticipation proved correct. If air was com¬ 
pressed by a pump in a copper vessel and made completely dry, then when it 
escaped by a jet against an insulated plate no electrical effect was created. If, 
however, the air was made damp with pure water, then the electrical phenomena took 
place. Lastly he had the idea of substituting for the water particles some powder of 
an insulating substance such as sulphur, shellac or silica and he found that when a jet 
of dry air carrying particles of these insulators was allowed to impinge on a cone made 
of wood, metal, or other substances, the particles which bounced off were electrified. 

I repeated some of these experiments but could not obtain by the air-blast 
method results nearly as good as those obtained by my method of allowing streams 
of particles of insulators to fall down a tube and strike a sheet of perforated metal or 
metal gauze. Faraday however had noticed the great superiority and constancy of 
results when silica powder was used. He also noted, as I did, some anomalous 
. results. 

Thus a rod of silica rubbed with silk, wood or even metal in the mass becomes 
positively electrified. But when the silica dust is allowed to fall on metal gauze or 
impinge on a wood cone the silica flies off negatively electrified. This seems to 
indicate that there is something not yet explained and that the electrification involves 
more than mere friction. 

Returning then to the experiments I have exhibited, viz. the impact of falling 
particles of insulators on perforated metal sheets or metal gauze, it will be noted 
that very good results are obtained when zinc is used as the metal sheet and silica as 
the powder. I was at first inclined to attribute this partly at least to the fact that zinc 
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is highly electropositive and that its atom readily gives up i or z electrons from its 
outer ring. But when I later on found that copper wire gauze gives almost as good 
results with silica, the above suggestion seemed inadmissible. Again no explanation 
has yet been given why silica is so easily electrified positively in the mass and yet 
in the powder takes a negative charge by impact against either zinc or copper, 
which metals lie so far apart in the electrochemical series. There seems therefore 
to be much room left for further investigation. 

While I submit then that Faraday’s experiments above described do not 
anticipate mine so as to deprive them of novelty, it is clear that much additional 
research is required to obtain an understanding of the electric phenomena involved. 
It is with the object of suggesting such research that I have brought them to the 
notice of the members of the Physical Society. 

NOTE ADDED 13 APRIL 1939 

I find that it is not necessary to use any tube to guide the falling powder. If 
the silica powder or other material is poured out of a jug and allowed to fall on 
the perforated metal sheet in a stream, the electrical effects are produced as stated. 
It has been suggested to me that since quartz or silica is piezoelectric this might 
be the cause of the electrification. But this is negatived by the fact that Rochelle 
salt, which is strongly piezoelectric, gives no electrification by my methods, whilst 
sulphur, which is not piezoelectric, gives good electrification as has been stated 
above. Hence the facts described cannot, I think, be in any way due to piezo¬ 
electrification. 
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ABSTRACT . The author’s previously published results for the thermal conductivity of 
Armco iron up to a temperature of 8oo° c. have been confirmed by two independent 
methods. The first was a comparative method involving longitudinal heat-flow, and the 
second an absolute method in which the heat flowed radially from the centre to the circum¬ 
ference of a thick-walled cylinder. By means of the latter method the thermal conductivity 
has since been determined up to a temperature of just over iooo° c. The thermal conduc¬ 
tivity of this sample of iron is found to decrease steadily as the temperature is raised 
through the magnetic transformation region, and to reach a minimum value of 0-065 
cal./cm.-sec.-° c. in the vicinity of the a-y transformation point. 

Determinations of the electrical resistivity of the same iron have been extended to a 
temperature of 1430° c., and the Lorenz function has been evaluated over the range 
covered by the experiments on thermal conductivity. From 200 to 8oo° c. this function 
has unusually high values of (0-72 ± 0-02) x 10 -8 but above the magnetic transformation 
point a steady decrease occurs, a value of o-6o x io~ 8 being reached at iooo° c. The 
Lorenz function of y iron is thus seen to be in reasonable agreement with the value of 
o*58 6 x io~ 8 indicated by Sommerfeld’s theory. 


§1. INTRODUCTION 

I N 1934 the present author published (x) the results of an absolute determination 
of the thermal conductivity of a nickel-plated rod of Armco iron, up to a temper¬ 
ature of 8oo° c. It was possible to allow for the effect of the nickel-plating and to 
derive values for the thermal conductivity of the iron over this temperature range. 
At about the same time Shelton <a) published some results for an iron of somewhat 
similar composition over the temperature range 100 to 500° c. which agreed closely 
with the aforementioned determination. 

Since that time the results of two other determinations of the thermal conduc¬ 
tivity of Armco iron to high temperatures have been published, one by Maurer 
and the other by Hattori (4) . For the purpose of comparison these four series of 
experimental data for certain temperatures are set out in table 1. The chemical 
compositions of the four specimens are given in table 2. 

Up to a temperature of 6oo° c. the four sets of data are in no case found to differ 
by as much as 5 per cent, and over the range from 200 to 500° c. the results ob¬ 
tained by Powell, Shelton and Maurer only differ by about 1 per cent, whilst those 
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Table i. Comparison of four sets of data for the thermal conductivity of iron 


Temperature (° c.) 

Thermal conductivity (cal./cm.-sec.-°c.) as determined by 

Powell 

Shelton 

Maurer 

Hattori 

30 

0-173 

— 

0-173 

0-168 

100 

- -o-i&3 

0-159 

— .-O-IOI 

0-159 

200 

0-147 

0-145 

0-146 

O '143 

300 

0-132 

0-131 

0-131 

0-127 

' * 400 - 

-0*116 

' 0*1:17- 

• 0-117 

- o-n2 

500 

. °*?P 3 s _ 

o'104 

0-104 

0-099 

600 

0-093 

— 

0-095 

0-092 

700 

0-082 

— 

0-090 

0-090 

800 

0-071 

— 

. 0-086 

— 

900 

— 

— 

0-083 

— 

1000 

— 

— . ■ 

0-083 

— 

iroo 

— 

— 

0*085 


1200 

— 

— 

0-087 

— 


Table 2. Chemical compositions of the four specimens for 
which results are given in table 1 



Description 
of iron 



Percentage composition of iron 


Observer 

C 

Si 

Mn 

P 

S 

Cu 

Fe (by 
difference) 

.Powell 

. Armcoiron 

0'O23 

Q-007 

0-025 

0-007 

0:020 

— 

99918 

Shelton 

Basic open 
hearth iron 

0*02 


o *93 

0-042 

0*005 

—— 

99-903 

Maiirer 

Armco iron 

0*01 

Trace 

0*02 

O-OII 

0-040 

0-0 5 

99-869 

Hattori 

Aimco iron 

0-015 

o-oio 

0-032 

0-003 

0-030 

0-013 

99-897 


by Hattori are from 3 to 4 per cent lower. Agreement of this nature is very satis¬ 
factory, for the measurement of thermal conductivity is one which is known to be 
readily susceptible to experimental errors. In fact, in the opinion of the writer, a 
small source of error which would lead to too low a result appears to have been over¬ 
looked, in Hattori’s experiments. His specimen was in the form of a rod 14 mm. in 
diameter land 100 mm. long. A longitudinal-heat-flow method was employed,, the 
temperature-gradient being measured by thermocouples inserted in holes 2 mm. 
in diameter, 8 mm. in depth and 4 cm. apart. In the centre plane of each hole the 
cross-sectional area ofthe iron has thus been reduced by just over 10 per cent. This 
will cause the lines of heat flow to become more crowded at these points, and an 
assumption that the flow is rectilinear will lead to too low a value for the con¬ 
ductivity. 

In order to obtain some idea of the error involved, potential leads were attached 
to a metal rod of the above size at a distance of 4 cm. apart, and measurements were 
made of the electrical resistance of this section of the rod. Holes 2*25 mm. in 
diameter were then drilled in the rod to a depth of 8 mm. at points immediately 
opposite the potential leads, after which the measurement of electrical resistance was 
repeated. The presence of the holes increased the resistance by about 2-5 per cent. 
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In view of this result it is considered that Hattori’s values for the thermal con¬ 
ductivity of Armco iron should be increased by some 2 per cent. When this is .done 
all the results agree to within about 2 per cent up to 6oo° c. . - _ 

Beyond 6oo° c., however, the results obtained by both Maurer and . Hattori 
decrease less rapidly with increase in temperature than do those obtained by. the 
writer, and at 8oo° c. the difference is seen to amount to about 20 per cent..litis* of 
course possible that a real difference, which can be attributed to some difference in 
chemical composition or in heat treatment, exists between the conductivities of 
these specimens. In view, however, of the general tendency for the thermal con¬ 
ductivities of iron and steels of widely different compositions to converge towards a 
common value as the temperature is increased, such an explanation appears un¬ 
likely. 

As the iron tested by the writer has been used as a comparative standard for the 
determination of the thermal conductivities of other materials (s,6) , and as further 
measurements of this kind are in progress, the removal of any doubts regarding the 
thermal conductivity of the iron in question is a matter of vital importance. 

Some time ago the comparative method was used in an attempt to extend the 
work on iron to much higher temperatures (7) . Results were obtained over the range 
800 to iioo° c. but were thought to be rather uncertain at the highest temperatures 
in view of contamination of the thermocouples pegged into the iron. In the course of 
these experiments, however," additional values, which agreed with those previously 
published for the conductivity of Armco iron, were obtained at temperatures just 
below 8oo° c. After the appearance of Maurer’s results these tests were repeated for 
another specimen of the same iron, and the original results have again been con¬ 
firmed. Quite recently, still more conclusive confirmation of the original results has 
been obtained by means of a totally different method in which the absolute thermal 
conductivity is derived from measurements involving a radial flow of heat. This 
method has made reliable determinations of the thermal conductivity possible up to 
just over 1000 9 c. 

These additional measurements and results are described in the present paper, 

§2. ADDITIONAL MEASUREMENTS MADE BY THE COMPARATIVE 
LONGITUDINAL-HEAT-FLOW METHOD 

Two rods each about 1-4 cm. in diameter and 7 cm. in length were machined 
from the original 3-in. rods of Armco iron. These rods were then drilled and tapped 
to a depth of about 0-25 in. at one end, and joined together by being screwed over a 
short piece of rod. The composite rod was then turned down to a diameter of about 
1*28 cm., and mounted up in a manner similar to that shown in figure 1 of a previous 
paper (6) , within an enclosure which could be evacuated. In the present instance the 
upper rod of iron replaces the rod of graphite shown in this figure as the specimen 
under test. Three platinum and platinum-rhodium thermocouples were again pegged 
along the working section of each rod. The energy flowing in the lower rod was 
obtained from the difference between the temperatures indicated by a pair of 
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thermocouples in this rod, together with a knowledge of the dimensions of the rod 
and its thermal conductivity at the mean temperature. When the guard tube was 
adjusted to prevent lateral interchange of heat, this amount of energy could be 
assumed to flow in the upper rod and used for the derivation of its conductivity. The 
continuous curve given in figure i of the present paper represents the results 
originally derived for the thermal conductivity of Armco iron over the temperature 
range o to 8oo° c., and is the curve from which the assumed values for the thermal 
conductivity of the lower rod have been taken. The experimental points represented 
by open circles were furnished by the foregoing method for the i*28-cm. rods. 



Figure i. Variation of theraial conductivity of Armco iron with temperature. , Powell’s 

original absolute determination (1934); -, Maurer’s determination (1936). Determina¬ 

tions by comparative method: O, with J-in. rods; •, with i-in. rods. Determinations by 
absolute method: x, first assembly; ®, second assembly; ,El third assembly. 


Each point has been obtained in terms of an assumed value for the thermal con¬ 
ductivity at a somewhat lower temperature. Thus the points plotted at 612 and 
620° c. were obtained in terms of assumed values at about 440° c., whilst those 
plotted at 678, 728 and 773 0 c. were derived from assumed values at about 540° c. 

The broken line indicates the course of Maurer’s curve after its deviation from 
that obtained by the present author, and it will be noted that at 540° c. the value 
assumed for the thermal conductivity is common to the two sets of data. The 
derived values however in the range 600 to 8oo° c. are seen to lie within 2 per cent 
of the original curve and to show no tendency to follow that obtained by Maurer. 

The results of the later measurements made by the same method but with rods 
2*54 cm * i n diameter and 18 cm. in length are represented in figure 1 by solid circles. 
These points are again seen to lie very close to the original curve. 
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§3. MEASUREMENTS MADE BY THE ABSOLUTE 
RADIAL-HEAT-FLOW METHOD 

The experimental arrangement used for the radial-heat-flow method is shown 
in figure 2. 

The specimen, which was also machined from the original 3-in. rods of Armco 
iron, consisted of a number of superimposed disks, each 6-3 cm. in outer diameter 
and having an axial hole i-i cm. in diameter. The two centre disks were each 

Y .^-Movable thermocouple 


Supporting rod 
Pythagoras tube^ 

Potential leads^=; 
Refractory brick^^ 

Steatite^_ 

End heater— 

Kanthal windings*^ 
Asbestos rope^_ 

Specimen 


Thin disk for 
resistance 
measurement 

Asbestos insulation 


Steel base- lrX^ ^ll 


^Current leads 




Figure 2 a. Plan of upper 
disk showing thermo¬ 
couple lioleh 

Current leads 

I \ Potential leads 


Figure 26. Plan of disk 
included for resistance 
measurement. 


i 


-Slow stream 
of nitrogen 


Figure 2. General arrangement of apparatus for measurement of thermal conductivity by 

radial heat-flow method. 

2-54 cm. thick and above and below these were 10 disks each x cm. in thickness. In 
the two centre and upper eleven i-cm. disks, holes just under 2 mm. in diameter 
were drilled (with a no. 49 Morse drill) parallel to the axis at four points on a 
diameter and about 2 mm. in from the curved surfaces. The bottom disk was of 
rather greater diam eter and carried three vertical steel rods which fitted correspond¬ 
ing slots cut in all the other disks and enabled them to be so aligned that a thermo¬ 
couple, insulated by fine twin-bore silica tubing, could be moved up and down 
within any of the four sets of holes cut in the upper disks. It was possible to use one 
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thermocouple for all-temperature-measurements, and with it to explore the tem¬ 
perature-distribution in each of four positions within the specimen. The sub¬ 
division of the specimen into disks in this way was necessary to enable thermo¬ 
couple holes of sufficient depth to be drilled. This procedure however has a further 
practical advantage in that the poor contact between each pair of disks helps to 
diminish the flow of heat towards either end of the specimen’. To reduce this longi¬ 
tudinal heat-flow further, small heating-coils consisting of kanthal wire set in 
grooves cut in steatite blocks were placed above and below the. specimen. The 
axial heater consisted of kanthal wire uniformly wound on a pythagoras tube about 
7 mm. in diameter. Potential leads of platinum wire were tied on to the kanthal 
heater at points about 5 cm. apart, the points of contact corresponding approxi¬ 
mately with the outer boundaries of the two central disks. The heater was connected 
to a 110-v. battery, and the energy generated in this centre section was derived from 
observations of the current C flowing in the wire and the voltage-drop V across the 
potential leads. A potentiometer was used for these measurements, the current 
being derived from observations of the potential-drop across a standardized re¬ 
sistance connected in series with the main heater. 

When tests were being made at temperatures below 300° c. the temperatures 
were measured by means of a nichrome and eureka thermocouple and the specimen 
was surrounded by a water-cooled steel tube of 7*1 cm. internal diameter. At 
higher temperatures a platinum and platinum-rhodium thermocouple was used, the 
steel tube was heated by current generated in kanthal wire uniformly wound on 
mica insulation, and a slow stream of nitrogen was passed through the apparatus to 
prevent excessive oxidation. 

During a test the end heaters were so adjusted that when a state of steady tem¬ 
perature was reached there was, over the centre section of the specimen, no appreci¬ 
able gradient in temperature towards either end. Temperature-readings were then 
taken at five equidistant points within this section in each of the four holes, the 
same thermocouple being used for each observation. To enable the thermocouple to 
be readily held in the desired series of positions it was attached to a rod fixed to a 
carriage which could be moved up or down a graduated vertical column. The silica 
insulation ensured that the junction of the thermocouple was held approximately 
at the centre of each hole. From these readings the mean temperatures T t and T 2 
for the internal and external positions were derived. The thermal conductivity K of 
the specimen was then calculated by means of the equation 

VClog^jrJ^) 

*73 U ( T ^ T,y 

where / is the distance between the potential points on the centre heater, and r ly r 2 
are the mean distances of the two internal and two external thermocouple holes 
from the axis of the specimen. Division by /, the mechanical equivalent of heat, 
converts the thermal conductivity to the units previously employed, namely gram 
:alories per square centimetre per second for a thickness of 1 cm. and a difference in 
emperature of i° c. A typical set of results is given in table 3. 
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Table 3. Typical'set of readings obtained with the radial-heat-flow methoch 
Potential length Z, 5*05 cm.; mean value of r ly 077 cm. (holes B and Qj, mean 
value of ^, -2*96 cm. (holes A and D); current in central -hVater^ 2;amp.,; 

voltage-drop across potential leads, 17*885;_ener^ geiierated in central Section, 
62-8 w. . . ■.. ..* "V* 


Position (cm. above 
lower potential - 
point) 

Thermocouple readings (/iv!) 

A 

B 

(B—A) 

C 

D 

(C-D) 

E* 

o*s 

6994 

7091 ■ 

97 

7098 

6999 

99 

9993 

i *5 

6996 

7092 

96 

7x00 

7003 

97 

10043 

3*5 

699s 

7088 

93 

7102 

7005 

97 

9958 

3*5 

6991 

7083 

92 

7097 

7004 

93 

9674 

4*5 

6986 

7077 

9 i 

7095 

7002 

93 

9623 

Mean 

6993*4 

7086-2 

93-8 

7098-4 

7002*6 

95-8 

9858 

Temperature (° c.) 

767-2 

775-8 

8-6 

776-9 

768*1 

8*8 

1023*1 


# In axial hole of pythagoras tube on which heater is wound. 


The mean temperature was 772-0° c. and the mean value of (Ti — T 2 ) was 8-7° c.; 
hence 

-Z^ 772 °c. == °‘°73 • 

The temperature-differences usually employed ranged from 8 to 12° c. At about 
340° c., however, temperature-differences of 3 and 6-8° c. were used, the latter 
difference being obtained when the tube surrounding the specimen was water- 
cooled. At lower temperatures the temperature-differences were smaller, and it was 
on this account that thermocouples giving larger e.m.fs. were used for the measure¬ 
ment. In spite* of the rather small temperature-differences involved, the departure 
of the points from the curve does not exceed about 3 per cent,, and the accuracy of 
the result was confirmed by. tests made at the same* temperature but with a con¬ 
siderable change in the experimental conditions. .The results shown in figure 1 were 
obtained with three separate assemblies, in each of which the axial heater was 
changed, as well as by varying the temperature-difference in the manner indicated 
above. ../ 

With the first assembly the previous results up to 8o.o° c. were once more entirely 
confirmed. With the second assembly a series of points was obtained over the tem¬ 
perature range 700 to 920° c. at intervals of about 20° c. The purpose of this pro¬ 
cedure was to ascertain the behaviour of the thermal conductivity of iron over a 
range of temperature which included both the magnetic and a-y transformation 
points. The former of these is located at about 770° c. and the latter at about 910° c. 
In the third assembly a temperature of 1004° c., which extended the observations 
well into the y-iron region, was reached. In these tests a temperature-difference of 
the order of 8° c. was used and this was considered to be sufficiently small to allow 
the presence of any appreciable discontinuity in the curve relating conductivity with 
temperature to be detected. As will be seen from the points plotted in figure 1, 
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there does not appear to be any such discontinuity at the magnetic transformation 
point. 

Beyond 8oo° c. the thermal conductivity continues to decrease as the temper¬ 
ature is increased, but the rate of decrease diminishes and a minimum value is 
reached in the neighbourhood of 910° c. The thermal conductivity of y iron is thus 
seen to have a small positive temperature coefficient. This is in agreement with 
Maurer’s conclusion, although his curve indicates absolute values some 25 per cent 
greater than those obtained in the present investigation. The possession of a 
positive temperature coefficient is also in agreement with the general behaviour of 
steels of the austenitic type, in which the iron is in the y form: 

§4. COMPARISON OF LONGITUDINAL-HEAT-FLOW AND 
RADIAL-HEAT-FLOW METHODS 

With the object of extending our knowledge of the thermal conductivity of iron 
to higher temperatures a number of experiments have now been carried out by both 
the longitudinal-heat-flow and the radial-heat-flow methods, and it would seem 
desirable to make some comparison of their relative merits. 

The chief source of error in the longitudinal-heat-flow method arises from lateral 
gain or loss of heat. This heat-interchange is normally made as small as possible by 
adjustment of the temperature of the guard tube, but these adjustments can occupy 
a considerable time before a satisfactorily matched and steady state is reached. The 
relative magnitude of any correction which has to be applied to allow for im¬ 
perfectly matched conditions decreases as the quantity of heat flowing along the 
rod is increased. In the original experiments with rods of iron 3 in. in diameter the 
heat-flow in the rods at 8oo° c. was such as to establish a temperature-difference of 
some 6o° c. between the two points, 19*4 cm. apart, on which the determination of 
thermal conductivity was based. The correction amounted to 1 per cent when the 
mean temperature of the guard tube differed from that of the rods by about 2 0 c. In 
the subsequent experiments in which this method was used, smaller rods were 
employed and thermocouples were attached to the rods at much smaller distances 
apart, but the temperature-differences from which the thermal conductivities were 
derived were still of the order of 50° c. 

The radial-flow method has the advantage that much smaller temperature- 
differences can be employed. This renders the method particularly well suited for 
the study of metals whose thermal conductivity may vary non-linearly with tem¬ 
perature. The adjustment of the end heaters to prevent longitudinal heat-flow 
proves to be much simpler than is that of the guard tube in the longitudinal-heat- 
flow method, and, provided such losses are made negligibly small, the radial-flow 
method also has the advantage that no corrections need be applied. This appreciably 
shortens the time required for the evaluation of the result. The experiment itself 
has also been found to yield results considerably more quickly. A steady temperature 
at 8oo° c. can be reached about 8 hr. after starting from cold, whilst a change of 
50° c. at that temperature requires about 3 hr. before the conditions are sufficiently 
steady for a set of readings to be taken. 
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The main trouble which arose when attempts were made to use the longitudinal- 
heat-flow method for tests above 8oo° c. was due to contamination of the thermo¬ 
couples. In the original tests with 3-in. rods one interchangeable thermocouple had 
been used for all temperature-measurements, but this was no longer possible when 
the smaller rods were heated in an evacuated enclosure. The thermocouples were 
then pegged into the iron, and although temperatures above iooo 0 c. were reached it 
was frequently found in these experiments that the values obtained on cooling to 
lower temperatures were several per cent higher than before. This did not appear 
to be due to a change in the conductivity of the iron, for the electrical resistivity 
showed little alteration, and it was thought to result from the greater contamination 
and consequent lowering of the readings of the thermocouples attached at the 
hotter end of the rod. The radial-flow method is not subject to this trouble, since it 
enables all temperatures to be observed with one thermocouple, which can be 
renewed from time to time. 

In the present experiments an opening has been left at the top of the apparatus to 
allow of the movement of this thermocouple. A certain amount of oxide has formed 
on the curved surfaces of the specimen, but this does not effect the path within the 
specimen over which the observations of temperature are made. It was considered 
necessary to pass a slow stream of nitrogen through the apparatus to prevent the 
thermocouple holes from becoming choked with oxide. A small amount of oxide 
was, however, formed around the holes in the upper disk, and it was the partial 
closing of one of these which terminated the third run when endeavours were being 
made to obtain a value at 1040° c. In further experiments these upper holes will be 
made somewhat larger, and it may then be possible to dispense with the stream of 
nitrogen. 


§5. ADDITIONAL MEASUREMENTS OF THE 
ELECTRICAL RESISTIVITY 

In all determinations of the thermal conductivity of electrical conductors, it is of 
interest to observe the behaviour of the so-called Lorenz constant, which is the 
product of the thermal conductivity and the electrical resistivity divided by the 
absolute temperature. In the earlier work on Armco iron this function was found to 
increase from a value of 0-62 x io -8 at o° c. to the unusually high value of 0*74 x io“ 8 
at 400° c. and, after remaining more or less constant over the range 400 to 700° c., to 
decrease to 070 x io”* 8 at 8oo° c. Now that the thermal conductivity has been 
satisfactorily determined at higher temperatures it is of interest to study the further 
behaviour of this function. 

A curve showing the variation of electrical resistivity with temperature is plotted 
in figure 3. This figure contains results from three separate experiments. Values up 
to about iooo 0 c. were obtained in the course of one of the attempts to measure the 
thermal conductivity by means of the longitudinal-heat-flow method, the thermo¬ 
couples pegged into one of the iron rods 1-3 cm. in diameter being used as potential 
leads. These values were necessarily obtained with the two ends of the working 
section at different temperatures, and an independent experiment has also been 
phys. soc. li, 3 27 
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carried out in the absence of such a gradient. A rod 3 in. in length and 0-238 cm. in 
diameter was machined from one of the original iron rods, and mounted up in the 
centre of a silica tube wound with nichrome wire and lagged with asbestos rope. The 
current was led into the specimen by means of iron wires, and thinner iron wires 
tied to the rod at points about 3 cm. apart served as potential leads. A platinum and 
platinum-rhodium thermocouple was located at the centre of the specimen. The 
specimen and its surrounding furnace were placed in an evacuated enclosure and 
heated to successively higher temperatures, at each of which resistance-measure¬ 
ments were made. The surprisingly high temperature of 1434 0 c. was reached 
before the nichrome-wound furnace burnt out. The circuit had presumably been 
retained by means of molten metal held within a shell of oxide. 



Temperature (° c.) 

Figure 3. Variation of electrical resistivity of Armco iron with temperature. O, rod 0*238 cm. in 
diameter uniformly heated in vacuum; •, rod 1 • 3 cm. in diameter with longitudinal temperature- 
gradient; x, disk o*i cm. thick, with radial temperature-gradient. 

When the radial heat-flow method was first used for the determination of thermal 
conductivity, a disk only o-i cm. thick was included, as shown in figure 2, for the 
purpose of ascertaining whether measurements of electrical resistivity could be 
simultaneously carried out. This disk was insulated from the main specimen by 
disks of mica, and in order to increase its resistance it was slotted as shown in figure 
zb. Current and potential leads of nichrome tape were welded to the disk in the 
positions shown in this figure and the resistance of the disk was determined by the 
usual method, which involved a reversal of the direction of the current to eliminate 
thermal e.m.fs. As the effective dimensions of the specimen were not known, 
the observed resistances were converted to specific resistances by means of a 
conversion factor derived from the specific resistance of the metal at normal 
temperatures. 
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The three sets of data are seen to agree to within some 1 or 2 per cent, which 
confirms the practicability of this last-mentioned method as a means of combining a 
measurement of specific resistance with one of thermal conductivity. 

The curve drawn through the points in figure 3 is of the same form as that 
previously obtained for both iron and nickel in the region of their magnetic trans¬ 
formation points. There also appears to be a very slight decrease in the rate of 
change of resistivity with temperature in the neighbourhood of the a-y transforma¬ 
tion. 

§6. THE LORENZ FUNCTION OF IRON AT HIGH TEMPERATURES 

In figure 4 values of the Lorenz function of Armco iron are plotted over the 
temperature range o to iooo 0 c. These values have been derived from data read off 
from the curves drawn in figures 1 and 3. It is seen that the aforementioned 



Figure 4. Variation of Lorenz function of Armco iron with temperature. 

decrease in the region of 8oo° c. commences after the iron has ceased to be ferro¬ 
magnetic, and continues into the y-iron region. No marked discontinuity accom¬ 
panies the a-y transformation, but it is a matter of considerable interest that the 
Lorenz function of iron in the y form shows a strong tendency to agree with the 
theoretical value of 0-586 x io~ 8 predicted by Sommerfeld on the assumption that 
both thermal and electrical conduction are the result of electronic agencies. 

§7. SUMMARY OF RESULTS 

Previously published results for the thermal conductivity of Armco iron up to a 
temperature of 8oo° c. have been confirmed in the first instance by means of a com¬ 
parative method involving longitudinal heat-flow, and subsequently by an absolute 
determination by a radial-heat-flow method. Further use of this latter method has 
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enabled the thermal conductivity to be satisfactorily determined to a temperature 
of just over iooo° c. The thermal conductivity of this sample of iron is found to 
decrease steadily as the temperature is raised through the magnetic transformation 
region, and to reach a minimum value of 0-065 cal./cm.-sec.- 0 c. in the vicinity of 
the a-y transformation point. 

Determinations of the electrical resistivity of the same iron are included up to a 
temperature of 1430° c.; they enable the Lorenz function to be calculated over the 
range covered by the experiments on thermal conductivity. From 200 to 8oo° c. 
this function has unusually high values of from 0-70 x io -8 to 074 x io~ 8 , but above 
the magnetic transformation point a‘ steady decrease occurs, and at iooo° c. the 
value is only o-6o x io~ 8 . The Lorenz function of y iron is thus seen to be in reason¬ 
able agreement with the value of 0*586 x io~ 8 indicated by Sommerfeld’s theory. 
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ABSTRACT '. The electrical resistances of a series of nickel amalgams with concentrations 
between 0*013 an( * 0*246 g. of nickel per 100 g. of mercury were measured over the tempera¬ 
ture range 20 to 300° c. A very marked permanent change in resistance was found to 
commence at about 225 0 c. This coincided with a change in the magnetic properties, for at 
low temperatures the amalgams are diamagnetic with no trace of ferromagnetism, whereas 
when once 225 0 c. has been exceeded, they exhibit pronounced and permanent ferro¬ 
magnetic properties. It is suggested that, since the ferromagnetic metal in iron or cobalt 
amalgams can be concentrated and removed by the application of a magnetic field, the 
behaviour of nickel amalgams may provide a method for the quantitative estimation of 
cobalt in mixed solutions of cobalt and nickel salts. 


§1. INTRODUCTION 

M any researches have been made upon the electrical properties of mercury 
amalgams, and the earlier work has been summarized by Koenigsberger (l) , 
Williams (a) and Edwards (3) . It appears that there are several gaps in our 
knowledge of the electrical conductivity of amalgams, and, in particular, no study of 
the effects of dissolving the ferromagnetic metals in mercury has been made. In 
many cases the data as to the variation of the conductivity of amalgams with tem¬ 
perature are very meagre, and little attempt has been made to correlate the electrical 
properties of amalgams with other physical properties possessed by them. Recently, 
Bates and Day (4) examined the variation of the resistance of manganese amalgams 
with rise in temperature and obtained interesting results which they attempted to 
correlate with the magnetic properties found by Bates and Tai (s) . As particular 
attention has lately been paid in this laboratory to the magnetic properties of ferro¬ 
magnetic metals dissolved in mercury, it was considered desirable to examine their 
electrical properties at the same time, and accordingly the experiments on nickel 
amalgams described in this paper were made. 

§2. EXPERIMENTAL PROCEDURE 

Nickel amalgams are rapidly oxidized in the presence of air when the concen¬ 
tration of nickel is low, whereas more concentrated nickel amalgams do not appear 
to be attacked readily. The mercury used in this work was prepared by the Hulett* 6 * 
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method as modified by Bates and Baker (7) , and the nickel amalgams were obtained 
by the electrolysis of solutions of known concentrations of nickel sulphate with the 
mercury as cathode until they were completely denuded of nickel, as was shown by 
the disappearance of the coloured ions. The freshly prepared amalgams were washed 
in distilled water and transferred as rapidly as possible to a conductivity apparatus 
similar to that employed by Bates and Day (4) , with the exception that the platinum 
contacts were now made thicker, as this appeared to give steadier working condi¬ 
tions with these amalgams. Immediately after the introduction of an amalgam, the 
apparatus was evacuated and heated for a long time at 150° c. to ensure the removal 
of traces of water and of occluded gases; as will be shown later, it was inadvisable to 
heat the amalgam until it boiled. By careful manipulation of the apparatus the 
amalgam was thoroughly mixed and a homogeneous thread was formed within the 
capillary tube. The apparatus was then connected through tubes containing alkaline 
pyrogallol and drying agents to a nitrogen cylinder, and a pressure of about 80 cm. 
of mercury was maintained upon the amalgam, a simple barometer tube being 
arranged as safety valve. 

The resistance of the amalgam thread was measured by a double-potentiometer 
method; the falls of potential across a standard 100,000-Q. resistance and across an 
adjustable standard resistance were respectively balanced against those across a 
standard io-jQ. resistance and across the amalgam thread connected in a second 
circuit. A shallow trough of mercury formed in a block of paraffin provided a 
particularly fine resistance-adjustment in the latter circuit, and thermoelectric 
effects were eliminated in the usual way. The temperature variation of resistance of 
a pure mercury thread also was measured in the same apparatus, and to facilitate 
the comparison of the resistances of the amalgam and pure mercury threads die 
following procedure was adopted. The divergences of the experimental values for 
the resistance of the pure mercury thread from an arbitrary value R T given by the 


formula 


R t = R 0 (i + 0*0009 P) 


were plotted on a graph against the corresponding values of the temperature T . 
From the graph the divergence at any temperature could readily be deduced, and the 
true resistance of the mercury thread could be obtained by adding this divergence to 
the value of R T , found by substituting the appropriate value of T in the above 
formula. The quantity R 0 was so chosen that all values of the divergences were 
small and could be plotted accurately. The value of Ai?, the difference between the 
resistance of the amalgam thread and that of the mercury thread at the same tem¬ 
perature, was thus quickly obtained from the observed resistance R of the amalgam 
and the resistance of the pure mercury thread found in the above manner. 


§3. RESULTS 

Final measurements were made with a series of amalgams whose concentrations 
ranged from 0*013 to 0*246 per cent of nickel by weight. It was not possible to use 
amalgams of higher concentration because of lack of homogeneity and the difficulty 
of placing them in the capillary tube. The main results of the measurements are 
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shown in figure 1 in which the values of AR/R T for the several amalgams are plotted 
against the temperature. In every case the resistivity of the amalgams is less than 
that of pure mercury, and, except for the weakest amalgam, the curves show the 
same general form. There is a slight, steady fall in the numerical value of AR/R T as 
the amalgam is heated above room-temperature, and a sudden and marked change 
takes place at about 220 or 230° c. Beyond this temperature the amalgam suffered 
a permanent change: the initial resistance-measurements could not be repeated 
when it was cooled, and the decrease in A R persisted. Apart from observations 
made after an amalgam had been heated above 200° c., no traces of temperature 
hysteresis were found. In the case of the weakest amalgam it is considered that the 
experimental values were unreliable, as the values of A JR are of the same order as the 



Figure i. Variation of AR[R T with temperature for nickel amalgams of stated 
percentages by weight. 

maximum value of the experimental error, which was mainly determined by the 
accuracy with which the temperature of the thread could be maintained and 
recorded by means of mercury thermometers. Moreover, as has already been 
mentioned, weak amalgams are much less stable than strong ones and much more 
difficult to handle. 

The behaviour of AR/R T in the region of sudden change is shown in more detail 
in figure 2, where the depression in the curve in the neighbourhood of 200° c. is 
considered to be a real phenomenon and not due to experimental error. It is 
difficult, of course, to obtain satisfactory measurements of A R/R T in the steeplj 
descending portion of the curve, because the phenomenon is irreversible, and once a 
particular temperature has been exceeded it is unprofitable to allow the amalgam tc 
return to that temperature in the hope that representative resistance-measurements 
will be obtained. Above 300° c. the marked changes in resistance have ceased, bul 
the amalgam is still slightly more conducting than pure mercury. 
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The magnetic properties of these amalgams have been measured by Mr C. J. W. 
Baker and one of us, by a special technique which will be described in a subsequent 
paper. We have found that at room-temperature the freshly prepared amalgams are 
diamagnetic and show no traces of ferromagnetism. This is in marked contrast to the 
behaviour of freshly prepared cobalt or iron amalgams which are always ferro¬ 
magnetic, and in which the ferromagnetic metal may be moved and forced to 
occupy a tiny droplet by the action of a magnetic field. The droplet can be detached 
from the remainder of the amalgam and contains nearly the whole of the ferro¬ 
magnetic metal. Similar behaviour is exhibited by a nickel amalgam only after it has 



Figure 2. Variation of AR/R T with temperature for a nickel amalgam containing 
0*1472 per cent of nickel by weight. 


been raised to a temperature above 225 0 c. We have thus found that within the 
limits of experimental error this magnetic change occurs at precisely that temper¬ 
ature at which the resistance changes begin. The magnetic changes appear to pro¬ 
ceed rather more sharply than the electrical changes, presumably because the mag¬ 
netic measurements have to be made in the presence of a magnetic field which aids 
the coagulation of the nickel particles. There is also a change in the magnetic 
properties, namely a decrease in the diamagnetic susceptibility, corresponding to 
the depression in the curve of figure 2 at 200° c., which is thought to be connected 
with the change in the magnetic properties of mercury in the presence of gas. 

Now, ferromagnetism is not an atomic phenomenon and its establishment in a 
nickel amalgam means that the nickel particles have coalesced to form magnetic 
domains. It seems clear that at lower temperatures in the freshly prepared amalgams 
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the nickel atoms must be loosely combined with the mercury atoms or with hydro¬ 
gen liberated during the electrolysis, in such a way that any holes in the 3d electron 
band of the nickel are filled. Mott and Jones (8) consider that in the case of nickel the 
electric current is carried by the s electrons which are scattered by transitions from 
the s to the d bands. From their work it follows that the resistivity of the metal is 
proportional to the cube root of the number of gaps or positive holes in the d bands. 
Consequently, anything which causes a reduction in the number of holes in the d 
bands will cause a decrease in the resistivity. 

The presence of the nickel in the amalgam may be considered to distort ( (8) , 
p. 279) the first Brillouin zone of mercury and increase the number of electrons 
which overlap it. Consequently, the presence of nickel results in a decrease in 
resistance as long as its d band is filled. When the d band is opened, however, 
scattering can take place, and the resistance of the amalgam increases, while at the 
same time the ferromagnetism associated with the holes in the d band can be 
manifested. 

It has been suggested above that the nickel in the freshly prepared amalgam is 
loosely combined with hydrogen, so that the hydrogen electrons fill the holes in the 
d bands. The quantity of hydrogen thus required would be very small, and, even if 
it were completely liberated at 225 0 c., less than 0*5 cm? would be set free in the 
magnetic apparatus at that temperature. Alternatively, if a loose coupling between 
nickel and mercury atoms is suggested, it is relevant that magnetic measurements 
with pure mercury in the presence of gas show that a change occurs in mercury 
below 200° c. 

Apart from the interest which attaches to the unusual manufacture of a ferro¬ 
magnetic by a rise in the temperature of a diamagnetic liquid amalgam, at least one 
interesting application suggests itself. If we electrolyse a solution containing both 
cobalt and nickel, both metals should be deposited in the mercury. The first can be 
separated by the action of a magnet on the freshly prepared amalgam, and the 
second by the action of a magnet on the amalgam after heating to 250° c. Whether 
this would lead to a quantitative method for the separation of small quantities of 
cobalt in the presence of nickel is not yet known. Experiments to clear up this 
question and to see whether the quantity of cobalt in a cobalt-nickel amalgam or the 
quantity of nickel in an iron-cobalt-nickel alloy can be accurately estimated, are 
now under consideration. The applicability of the method would be somewhat 
restricted by the fact that nickel amalgams containing more than 1 per cent of nickel 
are very pasty. 


§4. ACKNOWLEDGEMENTS 

We are indebted to the Government Grants Committee of the Royal Society for 
a grant with which apparatus used in these investigations was purchased. 



424 


L. F. Bates and J. H. Prentice 


REFERENCES 

(i) Koenigsberger, J. Handbuch der Elekt. (Graetz), 111 , 654 (1933). 

(а) Williams, E. J, Phil . Mag . 50 , 589 (1928). 

(3) Edwards, T. I. Phil Mag . 2, 1 (1926). 

(4) Bates, L. F. and Day, P. G. Proc . Phys. Soc. 49 , 635 (1937). 

(5) Bates, L. F. and Tai, L. C. Proc . Phys. Soc . 49 , 230 (1937). 

(б) Hulett, G. A. Phys. Rev . 33 , 307 (1911). 

(7) Bates, L. F. and Baker, C. J. W. Proc . Pfrys. *Soc. 50 , 409 (1938). 

(8) Mott, N. F. and Jones, H. E. Properties of Metals and Alloys , p. 267 (1936). 



THEORY OF THE WIDTH OF RINGS FORMED 
BY ELECTRON-DIFFRACTION 

By G. P. THOMSON, F.R.S. and M. BLACKMAN 

Received 25 November 1938. Read 24 February 1939 

ABSTRACT. The widths of the diffraction rings formed by transmitted electrons are 
examined from the point of view of Bethe’s theory. It is shown that these angular widths 
are much less than the range of angle of incidence giving strong reflection, an exception 
occurring in the Bragg case, where the beam enters and leaves by the same crystal face. 
This explains most of the discrepancy found by Trillat and Hautot between the theoretical 
and observed widths of diffraction rings. 


§1. INTRODUCTION 

I N many experiments on electron-diffraction a fine beam of fast electrons is 
allowed to pass through a polycrystalline film, and the well-known diffraction 
rings are obtained when the beam on emerging falls on a photographic plate 
placed at right angles to it. The width of these rings has been known to be of the 
same order as that of the incident beam; i.e. the actual width due to diffraction is 
small. 

This angular width has been the subject of a recent investigation by Trillat and 
Hautot (l) , who used a very fine beam of electrons of energy about 40,000 ev. and 
took particular care to estimate the effect of the size of the beam on the width. They 
find the angular width to be about 1/15,000 in the case of nickel and gold films. The 
theoretical value to be expected on the basis of the dynamical theory due to Bethe (a) 
was also discussed and this, it was claimed, is of the order 1/60 or i°. Such a dis¬ 
crepancy would be very serious. 

It seems to us, however, that the real reason for the discrepancy lies in the fact 
that the conditions of the experiment are not those under which the theoretical 
width is derived. It is certainly true that Bethe’s theory (2) will give a large reflection 
coefficient for a beam of 40-kv. electrons incident at an angle which may differ by as 
much as ±0*5° from the Bragg angle; but in a transmission experiment the width 
of the diffraction ring is determined by the range through which the reflected ray 
can vary with a fixed incident ray and any angle of incidence. We are hence dealing 
with the deviation and it is the variation of the deviation with angle of incidence that 
is the deciding factor. It will be shown below that this variation is indeed small 
compared with i° in the cases which usually occur when, as in the case of fast 
electrons, the Bragg angle is small. 

In the dynamical theory it is usual to distinguish two cases of reflection by a set 
of planes: (a) the Bragg case, in which the electrons emerge from the surface on 
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which they fall, and (b) the Laue case, in which the electrons emerge from a 
different face of the crystal. This latter case is the one which would chiefly be ex¬ 
pected in a transmission experiment, and here the deviation can indeed be shown to 
vary very little with the angle of incidence. The Bragg case is however exceptional, 
as will be shown in § 4. 


§2. DYNAMICAL THEORY 

The basic idea of the dynamical theory is to find the general solution of the 
Schrodinger equation for an electron inside a crystal, and to fit this solution to 
those for electrons outside the crystal. Starting with a beam of electrons incident on 
a face of a crystal, we should be able to determine all the beams emerging from the 
crystal with the help of the solutions and the boundary conditions. 

In the kinematical theory the possible reflected beams are found most easily by 
using the reciprocal lattice. O and M are two points in the reciprocal lattice figure 
1 (a); from O a vector OP is drawn in a direction opposite to that of the incident ray 




and of length 1 /A, where A is the wave-length. A sphere of radius 1 /A is drawn around 
P; if this sphere passes through the lattice point M, PM is the direction of a re¬ 
flected beam. 

The dynamical theory starts from a solution consisting of a linear superposition 
of all pairs of waves of the type PO, PM even when the sphere does not go through M. 

These have to be fitted on to the incidence wave, the boundary condition being 
that the component tangential to the surface should be continuous. If we take now 
the ray OP 1 , where | OP x | = i/Aq, to represent the incident ray, figure 1 (fi), then the 
boundary conditions can be satisfied in the following manner. Through P 1 we 
draw a line P X N parallel to the normal to the surface. Any ray drawn from O to a 
point on P X AT will have the same projection on the surface as OP, and hence will 
satisfy the boundary condition and can represent a primary ray in the crystal. As an 
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example a possible primary ray OA has been drawn; one of the secondary rays 
associated with this ray is AM. 

The ray OP represents the ray OP 1 modified by refraction. The difference 
| PM | — | OP | = £/ 27 t in Bethe’s notation (2) . It gives a measure of the deviation 
from the exact condition for reflection of the kinematical theory, and we should 
expect strong reflected rays only in those cases in which £ is small. In the simplest 
example, when there is only one reflected ray, the dynamical theory shows that 
instead of one primary and secondary ray in the crystal there are two of each, repre¬ 
sented by OA , AM and OB, BM in figure 1 (6). The distance PA , PB can be found 
from the detailed theory. 

We.are not concerned here with the details of the calculation; it suffices for our 
purpose to know that there is strong reflection when £ lies in the range ± v/k, where 
v is the Fourier coefficient belonging to the reflection (2) and k= 27 t/X. 

If we are dealing with a parallel-sided slab the normals to the two surfaces are 
parallel, and hence the two secondary waves will have the same projection on the 
surface; they will therefore combine to form a single wave outside the crystal. This 
wave can be represented in the reciprocal lattice by a ray drawn from a point on 
P X N to M. The position of this point, Q ly is determined by the fact that the wave¬ 
length of the reflected wave is the same as that of the incident wave, i.e. 

I QiM | = i/Aq. 

§3. THE DEVIATION IN THE LAUE CASE 

We can now proceed to the calculation of the deviation. If we take the case of a 
parallel-sided slab (as we shall throughout) the construction is that given in § 2. 
We do not need to go into the discussion of the rays in the crystal at all. The incident 
ray in the reciprocal lattice and the normal to the surface through the end point of 
the ray having been drawn, the reflected ray follows immediately from a simple 
geometrical construction. 


M 



In a transmission experiment we are dealing mainly with the Laue case of the 
dynamical theory. The deviation has its simplest form in the symmetrical Laue 
case, where the reflecting planes are at right angles to the surface. We may neglect 
the refraction too in this case, as it can be shown to be sufficiently small. The 
geometrical construction for it is given in figure 2. O and M are again two lattice 
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points in the reciprocal lattice. For convenience in calculation we draw the rays 
LO, LM representing the incident and reflected rays when the Laue conditions hold 
exactly. | OL | = | LM | = i/Xq and OLM= 20, where 0 is the (small) glancing angle 
of incidence on the reflecting planes. PO represents a ray whose glancing angle 
differs slightly from 0 , and j PO | = i/Aq. Through P a line PN is drawn parallel to 
the normal to the surface; this will be parallel to the line bisecting MLO. A circle 
with M as centre and ML as radius will cut PN in Q. Then QM represents the 
direction of the reflected ray for reasons given in § 2, and the deviation is the angle 
between PO and QM. The distance [ PM | — | OP [ is £/ 27 t and is equal to | PQ | to 
a sufficient degree of accuracy. It will then be seen that j PQ | = £/2 v. Hence 

\LP\ = \LQ\ = ^6 and LOP=LMQ =£/2/c0, 

where k = 2irl\. Hence the angle between PO and QM is MLO + LMQ—LOP 
and =20, and the result holds approximately for all values of £. The deviation 


M 



is independent of the angle of incidence and there is no additional width due to 
reflection. 

In the rather more general case in which all rays still lie in the same plane and the 
normal to the surface makes an angle with the reflecting planes, this is no longer 
true. The construction is given in figure 3. All the rays being defined in the same 
manner as in figure 2, the deviation is again the angle between PO and QM. We 

draw PS parallel to the bisector of MLO cutting LQ in S . Then 

I PM | ~ | OP | = ijZTT 

as before, and can be put equal to PS. A1soL6p=£/2k 0 as before, but 

LMQ=LMS+ SMQ = £/z k 6 + £ tan ^k. 

The deviation OZM becomes 20 -f £ tan i/j/k. 

We can now go on to consider the case where the normal to the surface does not 
lie in the same plane as the incident ray and the normal to the reflecting planes. In 
figure 4 we have again the same construction as in figure 3, except that PN rises out 
of the plane MLO which contains PO. The sphere with M as centre and LM as 
radius cuts PN in Q. QM is then the reflected ray. 
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Because of the large radius of the sphere we may represent the portion between 
L and Q as a plane perpendicular to the plane MLO. The line LSR is the inter¬ 
section of the two planes, PS being as before parallel to the bisector of MLO. PR is 
then the projection of PQ, and RM is the projection of QM, on the plane MLO . 
The true deviation is the angle between QM and PO which we shall call 8; the 

A 

angle between RM and PO is 77, and QMR is e. Then cos 8=cos 77. cos e; 

| PM\~\ 0 P\=t/ 27 T, 

and may be put equal to PS. The angle 77 has been found above in terms of £, and is 
equal to 2 0 4 - £ tan i/j/k if we denote the angle between PR and PS by ifs. If RPQ — </>, 
| QR | = | PR | tan (j>— | PS | tan <£/cos if/ 



unless iff is near £77-; hence 


QMR= | QR I/I QM \ = £ tan <f>/ K cos 

Since 0 is small as well as £//c we can expand cos 8, cos 77 and cos € (except in very 
special cases = ift m == far ); the relation cos 8 = cos 77 . cos € yields 


(8-77) (S + 77) = € 2 , 


i.e. 


or 


e 2 € 2 

8 -’)-s^=p. 


S=77 + -5=20 + - tant/r-f 

'40 k T 


£ 2 tan 2 <ft 1 
k 2 cos 2 ^40* 


It will be shown below that £/k has a value of about 1/2000 in an average practical 
case. Hence the additional term can be left out, and the total deviation can be put 
equal to 20+$ tan i/j/k where $ is the angle between the projection of the normal on 

the plane MLO> and the line bisecting MLO. 


§4. THE DEVIATION IN THE BRAGG CASE 
We consider now the Bragg case in which the electrons emerge from the surface 
on which they fall. We shall show below that this case is an unlikely one in a trans¬ 
mission experiment with fast electrons. Besides, the maximum of the diffraction 
ring formed in this way will be displaced considerably by the refraction and would 
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therefore not form a part of the ring due to the Laue case. The Bragg case is how¬ 
ever interesting because the deviation does actually vary considerably with angle of 
incidence, and we do obtain here the order of magnitude of i° suggested by Trillat 
and Hautot. 

In figure 5 we give the geometrical construction for determining the deviation 
in the simplest Bragg case, in which the surface is one of the reflecting planes. O and 
M are again the two lattice points in the reciprocal lattice; LO and LM are the 
incident and reflected rays inside the crystal when the Laue conditions hold exactly. 
These are drawn only for convenience in calculation. The length of LO is i/A. P x 0 
represents the direction of the incident ray, PO the same ray modified by refraction; 

| j^O I = i/Aq, I PO I = i/A. The position of P is obtained by drawing P X N parallel 
to the normal to the surface; a circle with O as the centre and radius equal to OL 
will cut P X N in P. | PM [ — | OP | is then £/ 27 t. 

In order to obtain the reflected ray, a circle with M as centre and with radius 
equal to OPi is drawn. This will cut P 1 N in Q 1 . Q X M is then the reflected ray. For 
convenience we add the ray QM, which is Q X M modified by refraction. 



The line P X N will be perpendicular to the bisector of MLO\ from symmetry 
LOP=LMQ. By comparing figure 5 with figure 3, and from the remarks of § 3, it 

will be seen that LOP =£/ 2 /c 0 , where k = 277/A in this case. The angle between PO 
and QM is then 2 9 — £/k6 } as will be seen from figure 5. To get the true deviation 

we have to subtract from this the effect of refraction, i.e. twice POP x . If V is the 
inner potential and E the energy of the incident electrons, it can be shown very easily 

that POP x = V/2E6. Hence the total deviation is 2 Q — QkQ— VjE 9 . 

It will be seen that the variation of the deviation is very much larger than that 
found in the Laue case, as 8 is very small. Furthermore the centre of the region, 
where £ = o, is displaced through an appreciable angle by the refraction. 

In the more general case in which the normal has an arbitrary direction the 
deviation will have a more complicated form but will be of the same order of 
magnitude. 

The glancing angle of incidence for electrons of the energy used in the trans¬ 
mission experiments is a few degrees. Since the crystals are also very small, about 
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200 A., the electrons will not emerge from the surface on which they fall unless it is 
one of the reflecting planes. In this case the projection of the surface on to the 
incident beam will be small compared with that of a randomly arranged surface. 
The intensity intercepted by the former surface is therefore relatively small, quite 
apart from the smallness of the probability that the required boundary plane will 
occur in the right position. These considerations lead one to the conclusion that the 
Bragg case may be neglected in comparison with the Laue case. 

§5. DISCUSSION OF RESULTS 

In a thin polycrystalline film the crystals will in general be bounded by a number 
of crystal planes and will not correspond directly to the thin plates assumed in the 
above calculations. It does seem reasonable to suppose, however, that a repre¬ 
sentative Laue case will form a reasonable approximation to the true conditions. The 
results of § 4 show that the variation of the deviation is given by the limits of 
£ tan i / j / k ; according to the dynamical theory (z) the limits of £ can be taken to be 
± v/k. If we take for v a value of 2 x io 16 (corresponding to 7-5 v.), for i/A a value of 
16 x io -8 cm: 1 (corresponding to an energy of about 40,000 ev.), and for tan $ the 
value unity, the width of the ring is 2v/k— 1/2500. The theory of the Laue case 
shows that this width is to be taken at the point where the intensity has fallen to its 
half value. 

The above estimate appears at first sight to be still much larger than that given 
by Trillat and Hautot. The uncorrected angular widths given for gold and nickel 
films are about 1/3000. From this the maximum error due to the width of the 
original beam, etc. is subtracted, yielding values of about 1/15,000. These are used 
to calculate the Fourier coefficients. Since the allowance for other causes of 
broadening has been taken at the maximum possible, the above figures give a lower 
limit for the width. Even so the gross width as measured by Trillat and Hautot is 
rather less than that calculated above, though the difference is probably not more 
than can be explained by the approximations of the theory. 

In the authors’ experience the tendency is to underestimate the width of the 
rings whether these are measured visually or by microphotometry. Experiments (3) 
made to determine the relative intensities of rings show that the base of the rings 
spreads more widely than would be expected from a casual examination of the 
microphotographs, and rough measurement of figure 1 of the paper by Trillat and 
Hautot suggests considerably greater breadths than he gives. 
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ABSTRACT . The nature of the lattice-distortion in filed powders of copper, nickel and 
rhodium, three face-centred cubic metals, is considered on the basis of experimental 
determinations of the widths and intensities of x-ray reflections from these metals. The 
effect of extinction on the reflected intensities is discussed in detail and from the magnitude 
of the extinction estimates are made of the mean crystal-sizes. It is shown that lattice- 
distortion causes a decrease of reflected intensity which becomes more marked as we go 
from rhodium through nickel to copper; the broadening of the reflections increases in the 
reverse direction, namely copper through nickel to rhodium, which is the direction of 
increasing hardness. 

The experimental results are discussed in relation to various hypotheses as to the nature 
of lattice-distortion in metals. It is shown that periodic displacements of the atoms, of the 
type discussed by Dehlinger and Boas, explain qualitatively that an increase in the widths 
of the reflections is accompanied by a decrease in the intensity effect. With this type of 
distortion it would be necessary to suppose that in rhodium, which shows the greatest 
broadening of the reflections and little or no change of intensity, the lattice-distortion 
takes the form of atomic displacements following a cosine law. Detailed examination shows 
that the theory does not give a satisfactory quantitative explanation of the observed results. 
It is shown that with distortions of a non-periodic type, changes of reflected intensity may 
occur as a result of irregular displacements of the atoms and a broadening may occur as 
a result of a change in the mean crystal parameter throughout an entire grain. The experi¬ 
mental results for the decrease of intensity and the broadening of the reflections are 
satisfactorily explained in this way. Values of the lattice energies associated with these 
changes are calculated and are compared with values obtained by direct methods; from 
this comparison it appears that the energy of a distorted metal resides mainly in the atomic 
displacements rather than in macroscopic stresses extending over entire grains. No 
immediate explanation is forthcoming of the fact that an increase of the broadening effect 
is accompanied by a decrease of the intensity effect, but a tentative explanation is suggested 
which is compatible with the observed correlation between the changes observed with 
x-rays and the cohesional properties of the metals. 


5 1- INTRODUCTION 

I n order to obtain further information about the nature of lattice-distortion in 
worked metals, we have extended our recent investigation (s) of the widths of 
x-ray reflections from filed rhodium powder to filed powders of copper and 
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nickel, all three metals having face-centred cubic structures. Special care was taken 
that the measurements should be made under the s^ame experimental conditions 
in order that the results might be directly comparable. In previous papers (4,s) we 
have given results for the intensities of x-ray reflections from filed powders of these 
metals, so that we are now able to study their distortion from the standpoint of both 
the widths and the intensities of the reflections. In a recently published survey of 
the subject, Brill and Renninger (3) have pointed out that no such investigation has 
yet been undertaken and have laid stress on its usefulness in checking certain 
theoretical conclusions arising out of the work of Dehlinger (7) and of Boas (2) . 

It will be convenient to give first the additional experimental data for the widths 
of the reflections from copper and nickel. The same experimental arrangements 
were used as in the previous work (s) on rhodium and no further account is-necessary. 
Since the K absorption edges of copper and nickel come within the range of wave¬ 
lengths usually used in this type of work, we have restricted the present measure¬ 
ments to one radiation for each powder, namely, Zn Kol radiation for copper and 
Cu Kol radiation for nickel. In the case of rhodium five radiations were employed 
in order to obtain special information on certain points, but it was not considered 
necessary to carry out the measurements on copper and nickel in such detail. 


§2. RESULTS OF LINE-WIDTH MEASUREMENTS FOR COPPER 

AND NICKEL 

As in the case of rhodium, we have determined the widths of the reflections as 
defined by v. Laue (l2) , namely, the integrated intensity divided by the maximum 
intensity. The corrections to the observed widths rendered necessary by the separa¬ 
tion of the a x and a 2 components are based on the work of F. W. Jones (xi) . The results 
are set out in table 1. 

Table 1. Laue widths of x-ray reflections from filed copper 
and nickel powders 


Radiation 

Reflec¬ 

tions 

6 

(degrees) 

Laue 

widths 

(nun.) 

Separation 
of cxj and a 2 
components 
(mm.) 

Correction 
for a x a a 
separation 

Corrected 

Laue 

widths 

(mm.) 




{a) Copper 



ZnKa 

220 

34*2 

0 *55 

o-m 

o*954 

0*525 


3ii 

41*25 

o*53 

o*i44 

0-918 

0-485 


222 

43*5 

o*4S 

0-156 

0-869 

o*39 


33i 

6o*o s 

o*79 

0-285 

0*858 

0*68 


420 

627 

0*90 

0*318 

o-866 

0-78 




(b) Nickel 



CuKol 

220 

38-2 

0-585 

0*120 

0-952 

0*555 


3ii 

46*45 

0*58 

0-160 

°'§o 5 

o*53 


222 

49*25 

o-54 

0-177 

0-882 

0*475 


33i 

72*35 

1*30 

o-479 

0-852 

i-ii 


420 

77*9 

I*96 

0-710 

0-858 

i-68 


28-2 
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§3. COMPARISON OF THE WIDTHS OF REFLECTIONS 
FROM CO'PPER, NICKEL AND RHODIUM 

The widths of the reflections may be compared most satisfactorily by plotting 
them against tan 6 , 0 being the Bragg angle; this places the points for the higher 
angles of reflection practically on a straight line, whereas plotting against 9 gives a 
curve rising steeply as 6 tends to 90°. The results are shown in figure x, the solid 
points indicating results for rhodium, while the open circles and crosses indicate the 
results for nickel and copper. 

It was emphasized previously that for rhodium the widths of all reflections 
except the 222 lie near a single curve, the 222 reflections lying on a slightly lower 



Figure i. Laue widths of x-ray reflections from filed powders of copper, nickel and rhodium, plotted 
against tan 9 for the following radiations. Rhodium, Ku radiations of zinc, copper, nickel, 
cobalt and iron; copper, Ka. radiation of zinc; nickel, Kol radiation of copper. 

and almost parallel curve. Similar results are obtained for copper and nickel; all 
points except the 222 lie on curves similar to that through the rhodium points, but 
the 222 points fall below these curves. A further point of similarity is that for all 
three metals the widths of the 420 reflections tend to lie above the mean curve, and 
of the 331 reflections below the mean curve; the points corresponding to these 
reflections are indicated in figure 1. 

Figure 1 shows that the reflections from rhodium are markedly broader than 
those from copper and nickel, and that the nickel reflections are slightly broader 
than those from copper. The broadening of the reflections increases therefore in the 
order copper to nickel to rhodium. This corresponds to the order of the metals when 
they are grouped according to their hardness or other cohesional properties, such 
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as melting points, and indicates a possible correlation of the broadening of the 
x-ray reflections with the cohesional properties. Further discussion of these results 
is given later, after the intensity measurements have been compared. 


§4. DISCUSSION OF THE EXPERIMENTAL DATA FOR THE 
INTENSITIES OF REFLECTIONS FROM FILED POWDERS 
OF COPPER, NICKEL AND RHODIUM 


The results for copper and nickel were obtained by Brindley and Spiers (4) , and 
for rhodium by the present writers Cs) . The intensities reflected by the filed powders 
were compared with those reflected by chemically prepared powders of the same 
metal, the results being expressed in terms of the scattering factor f T (T denoting a 
measurement at temperature T)> rather than in terms of reflected intensity L We 
have 


fr (filed powder) 
fx (chem. powder) 


V /(chem. powder) 



(a) 10 8 X (sin 6 )/X (b) io“ 8 x (sin 6 )/A 


Figure 2. Experimental values of [/z-ailed)//r^hem.)] plotted against (sin 6 )/ A. In figure 2 (a), the circles 
and squares denote values obtained with moderately coarse and with very fine files respectively. 
In figure z(b), curves marked I are calculated theoretically on the assumption that the atoms are 
randomly displaced; curves marked II are discussed in the text. 


The results for the three metals are reproduced in figure 2, where [f T (filed) //r (chem.)] 
is plotted against (sin 0 )/A. The two sets of results for rhodium were obtained by 
using a moderately coarse file, shown by circles, and an almost dead-smooth file, 
shown by squares; in both cases the powders actually used were passed through a 
fine sieve having 350 meshes to the inch. The rhodium results are strikingly different 
from those for copper and nickel, and an explanation for this fact must now be 
sought. 

The intensities reflected by a filed powder are likely to be affected by extinction 
and by lattice-distortion, extinction affecting mainly the lower-order reflections and 
distortion mainly the higher-order reflections; the nature of the results will therefore 
depend on the relative magnitudes of the two effects. Figure 3 shows the kind of 
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results to be expected. The curves taken in order show the effect of (a) extinction 
alone, ( b ) extinction with a small amount of distortion, (c) extinction with larger 
distortion, ( d ) distortion alone, (e) distortion with a small amount of extinction, and 
(/) distortion with larger extinction.* Comparing the experimental results in 
figure 2 with the curves in figure 3, we see that the rhodium results resemble 
curves (a) and (i), the copper and nickel results curves (d) and (e). 

Before the effects of filing on the intensities reflected by the three metals can 
be quantitatively compared, we have to decide whether the chemically prepared 
powders are themselves free from distortion and/or extinction. Ideally the reflections 



Figure 3. To illustrate the effect of extinction and distortion in a filed powder on the ratio of/y for 
the filed powder to /y for an ideal powder free from extinction and distortion, (a) extinction 
alone; ( b ) extinction with small distortion; (c) extinction with larger distortion; (d) distortion 
alone; (e) distortion with small extinction; (/) distortion with larger extinction. 

from the latter should be unaffected by either extinction or distortion, and we 
could then regard the variation of [/y(fiied)//r(chem.)] with (sin 8 )/ A as arising solely 
from the effect of the filing process. A check on the suitability of the chemical 
powders is obtained by comparing the scattering factors f T for the chemical powders 
in absolute units with theoretically calculated scattering factors. 

In the case of copper and nickel (6) the good agreement between the experimental 
and the theoretical values of f T over the whole range of (sin 6 )jX investigated indicated 
negligible extinction and distortion in these powders, which may therefore be 
regarded as approximating closely to the ideal. 

In the case of chemically prepared rhodium there is reasonably good agreement 
for the reflections of higher order but the observed values of f T fall considerably 
below the theoretical values for the reflections of lower order. This points to the 
existence of appreciable primary extinction in the chemical powder, a correction 

* The exact shape of the distortion curve will depend on the nature of the distortion, but if the 
atomic displacements are approximately random, the decrease in intensity will follow the same law 
as the temperature effect; this has been assumed in drawing the curves in figure 3. 
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for which is essential before comparison of the results for filed rhodium with those 
for filed copper and nickel. This correction was described in the previous paper on 
rhodium* 5 ^; it is made by obtaining a mean crystal-size for the powder from the 
depression of the observed values of f T for one reflection below the theoretical 
curve and the subsequent use of this mean crystal-size to correct the observed 
values for other reflections. In table 2 we give the observed values of/ T for chemical 
rhodium before and after correction for extinction in this manner, and also the 
theoretical values of /y, which were calculated in our previous paper ^ 5 \ The 
reasonably good agreement which exists between the corrected experimental values 
and the theoretical values over the whole range of (sin 0 )/A indicates that the 
former may be taken as fairly reliable values for rhodium powder when free from 
both extinction and distortion. 


Table 2. Values of f T for chemically prepared rhodium powder 


Reflections 

10 8 x (sin 0 )/A 

, h 

observed 

Correction 

for 

extinction 


It 

theoretical 

in 

0-228 

28-5 

1-15 

32-7 

32-2 

200 

0*263 

27 - 4 s 

i-io 

30'2 

30*2 

220 

o *373 

23-56 

I *035 

24-4 

24*7 

3 ii 

o *437 

21-8 

1-02 

22-25 

22*2 

222 

0*456 

21-3 

1*02 

21*7 

21*55 

33 i 

o *574 

18-7 

i*oo 5 

18-8 

18-2 

420 

0-589 

18-3 

I *005 

18-4 

17-8 

422 

0-645 

i6-6 

i*oo 6 

16-7 

i 6 ' 4 s 


The observed values of [/y(fiied)//r(ciiem.)] for rhodium can now be corrected for 
extinction in the chemical rhodium; the results for the two filed powders are shown 
by circles and squares respectively in figure 4, the dashed lines being mean curves 
through the points. 

We now have for comparison the copper and nickel results in figure z(b) and the 
rhodium results in figure 4. We have first to consider how far the intensities from 
the filed powders are affected by extinction before we can come to any conclusion as 
to the magnitude of the distortion effect. 

The results for copper and nickel approximate to curves (<d ) or (e) in figure 3. In 
their original paper, Brindley and Spiers (4) considered that the filed copper and 
nickel powders had negligible extinction and that the curves marked I in figure z(b) 
adequately fitted the experimental points. Actually these curves were calculated on 
the assumption that the atoms in the filed metals have effectively random displace¬ 
ments from their normal lattice positions. The observed values seemed to agree with 
this hypothesis, with the exception of the 200 reflections which appeared to give 
low values. In the light of the rhodium values, however, it now appears more 
probable that the values for the 200 reflections are not abnormally low, but rather 
that those for the 111 reflections are high. Reasons why the 111 reflection might 
give high values have been discussed in the previous paper (s) . We consider, therefore, 
that the experimental values are better represented by curves passing through the 
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zoo points, such as those marked II in figure 2 (b). These curves ressemble case (e) in 
figure 3; in other words, lattice-distortion is the major effect, but extinction is not 
entirely negligible. If we take the depressions of the 200 points below curves I to 
be due to extinction, the values found for the mean crystal-sizes are 3-6 x io~ 5 cm. 
for filed copper, and 2*9 x io -5 cm. for filed nickel. The corresponding effect of 
extinction on the reflections of the higher orders is entirely negligible, so that curves I 
calculated on the assumption of random atomic displacements are not appreciably 
changed. 



Figure 4. Ratio of fa for filed rhodium to fa for ideal rhodium powder free from extinction and 
distortion, plotted against (sin 0 )/A. The squares and circles correspond to the two filed powders. 

In figure 4 the general run of the dashed lines through the observed points 
resembles curves (6) or (a) in figure 3; there is extinction with little or no distortion. 
To determine how far primary extinction will account for the results, the full curves 
in figure 4 were calculated on the assumption that the values of f T for the 200 
reflections from the filed powders are low, entirely owing to primary extinction. The 
mean crystal-sizes calculated in this way are respectively 6-3 and 6*6 x io~ 5 cm. for 
the two filed powders. These calculated curves do not fit the experimental results 
exactly, though the agreement could be improved somewhat by making some 
allowance for the distribution of crystal-sizes about the mean value. The tendency 
of the experimental points to fall slightly below the calculated curves as (sin 0 )/A 
increases may indicate that in addition to extinction there may be a small distortion 
effect, but we can be certain that even for large values of (sin B)f A, about o-6, 
lattice-distortion cannot reduce the values of/ r for the filed rhodium by more than 
3 or 4 per cent. 
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§5. COMPARISON OF THE EFFECTS OF LATTICE-DISTORTION 
IN COPPER, NICKEL AND RHODIUM ON THE INTENSITIES 
OF X-RAY REFLECTIONS 

In the preceding section we have attempted to disentangle the combined effects 
of lattice-distortion and extinction on the reflected intensities. In rhodium, the 
relatively large extinction effect makes it difficult to come to any conclusion as to the 
magnitude of the distortion effect except at large values of (sin 0)/A; in copper and 
nickel, extinction has a smaller effect and is negligible at the larger values of 
(sin 6 )/ A. It is in this region, therefore, that the most satisfactory comparison can 
be made of the distortion effects in the three metals. Table 3 gives values of the 
ratio of /t for the distorted metal to f T for the undistorted metal when (sin 0 )/A is 
equal to 0-5 and o-6. 

Table 3. Values of [/r (distorted metai)//r(undistortedmetai)] for copper, nickel 

and rhodium 



Jt (distorted metal lA/iF (undtetortecl metal) 

10 8 x (sin 0 )/A = o*5 

10 8 x (sin 0 )/A=O '6 

Copper 

Nickel 

Rhodium 

0*93 

o* 9 S 

0*96 to 1*00 

0-89 

o *93 

o*97 to i*oo 


The general run of the results is clear; the effect of distortion in reducing the 
reflected intensities becomes more marked as we go from rhodium through nickel 
to copper. This is the reverse order to that found for the increase of the widths of 
the reflections. We see , therefore , that if lattice-distortion is measured in terms of the 
broadening of the x-ray reflections , rhodium has the largest and copper the smallest 
distortion , whereas if it is measured in terms of the reduction of the reflected intensity , 
the opposite conclusion is obtained. 

§6. TYPES OF LATTICE-DISTORTION AND THEIR EFFECT 
ON THE WIDTHS AND INTENSITIES OF X-RAY REFLECTIONS 

The problem of determining the nature of the distortion in a worked metal from 
the widths and intensities of x-ray reflections has received considerable attention 
both experimentally and theoretically, but the problem is still far from solved. In 
a recent survey of the subject, Brill and Renninger (3) point out that no one has 
hitherto measured both the widths and the intensities for a group of metals, so that 
in this respect the present experiments provide a wider basis for examining the 
problem than has previously been available. It will be convenient to consider first 
distortions of a periodic type and then those of a non-periodic type. 

{a) Distortions of a periodic type (Dehlinger-Boas). Dehlinger (7) first discussed 
the results to be expected from a lattice distorted by periodic displacements of the 
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atoms from their normal positions, and he considered in detail displacements which 
follow a cosine law. Lattices deformed in this way give rise to diffraction ghosts 
which are of appreciable intensity only in the immediate neighbourhood of the 
principal reflections; the reflections are therefore broadened, but the total integrated 
intensity remains unchanged. Hengstenberg and Mark (lo) considered a similar type 
of distortion but obtained contradictory results, namely a decrease of intensity with 
no broadening, but the origin of this discrepancy, according to Brill and Renninger (3 \ 
lies in the fact that no account was taken of the diffraction ghosts. 

Boas (3) also has considered a periodic type of lattice-distortion in which equal 
blocks of the lattice at regular intervals are displaced in a direction normal to the 
reflecting planes. This is equivalent to the superposition of a large number of Fourier 
components and is shown to produce a decrease of the reflected intensities without 
appreciable broadening. The transition from the simple to the more complex type 
of distortion is examined by Boas (2) by means of Fourier analysis and he concludes 
that as the type of distortion becomes more complex, requiring more Fourier terms 
to describe it, so the broadening of the reflections becomes less and the change of 
intensity greater. This is consistent with the fact that lattice vibrations (heat motion) 
affect only the intensities and not the widths of x-ray reflections. Brill and Renninger 
lay particular emphasis on this complementary character of the broadening effect 
and the intensity effect. 

(b) Distortions of a non-periodic type. Theoretical discussions of distortions of 
this type in relation to x-ray results have not as yet been forthcoming, owing, 
doubtless, to the difficulty of obtaining an exact mathematical formulation of the 
problem. When a polycrystalline metal is distorted, we may suppose that the indi¬ 
vidual grains exert stresses on each other which result in a breaking up of the grains 
and also in a bending and twisting of the lattice planes. The atoms will be displaced 
from their normal positions but in general the displacements will not follow any 
simple law and, throughout an entire fragment of crystal, they may be so irregular 
as to approximate to a random displacement. This would result in a change of the 
reflected intensity which could be treated mathematically in the same way as the 
random displacements due to heat motion. 

The stresses exerted by the grains on each other may also result in the mean 
lattice spacing throughout a grain (i.e. a region throughout which there is coherent 
reflection) being slightly different from the spacing of the undistorted lattice and 
this would cause a shift in the positions of the reflections. If the mean lattice 
spacing in some grains is slightly greater and in others slightly less than in the 
undistorted metal, and if the two are equally probable, a symmetrical broadening of 
the reflections will be produced. It is not essential to this view that certain grains 
as a whole should be compressed and others expanded; in any one grain there may 
be groups of atoms in closer proximity than in the ideal lattice and other groups in 
which the atoms are farther apart, but if the net result is that the mean lattice spacing 
differs from that of the undistorted metal, then a shift of the x-ray reflections is to be 
expected. 

The separate consideration of the intensity effect and of the broadening effect 
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does not necessarily imply that a particular model cannot be found which will 
satisfy the requirements of both, but in the absence of a full mathematical treatment 
along these lines it is simpler in the first place to consider the two effects separately. 


§7. EXPERIMENTAL RESULTS CONSIDERED IN RELATION 
TO DISTORTIONS OF A PERIODIC TYPE 


An outstanding feature of the experimental results is that the broadening of the 
reflections increases and the intensity effect decreases as we go from copper through 
nickel to rhodium. This agrees with the conclusions arising out of the work of 
Dehlinger and of Boas. If the experimental results can be interpreted in terms of 
periodic lattice-disturbances, then in rhodium the disturbances must approximate 
to a cosine type, since this appears to be the only periodic type of distortion giving 
line broadening with little or no intensity effect, while in copper and nickel the 
disturbances must be of a more complex type. 

This conclusion cannot be reconciled, however, with that arrived at in the previous 
paper on rhodium (s \ There the view was taken that distortions approximating to the 
pure cosine type are unlikely to occur and that, since broadening will not occur with 
more complex types of distortion, the observed broadening probably has another 
origin. This, in fact, was also the conclusion finally arrived at by Boas (:z) , who 
stated, “ Wir glauben, daher, dass die nach Deformation von Kristallen beobachtete 
Linienverbreiterung nicht von periodischen Gitterstorungen herriihrt”. We then 
proceeded to show that a satisfactory explanation of the observed widths of the 
rhodium reflections could be obtained in terms of a variation of the lattice parameter 
from one crystal grain to another. 

The qualitative agreement which now appears between the experimental results 
for the three metals and the theoretical results for periodic distortions necessitates 
a reconsideration of the question. The most rigorous test which can at present be 
applied is to consider whether a satisfactory quantitative explanation is obtainable 
for the broadening of the rhodium reflections in terms of periodic distortions of the 
cosine type. The theory was given first by Dehlinger and subsequently, in a slightly 
modified form, by Boas. For a lattice in which after every period of distortion there 
is an undistorted region, Boas has expressed the angular width B of the reflected 
radiation in the following form: 

n A V” (l ~ 2p (I -p) [i -Jo (2/ s 
D ~ 20 . cos e M 1 [(1 -p) Jo ( 277 hv) +p] 8 J • . K > 


In this expression, h is the order of the reflection from planes with spacing a, p the 
fraction of the lattice free from distortion, v the amplitude of the distortion, 2 M 
the number of atoms in the lattice, and J Q the Bessel function of zero order. This 
equation resembles Scherrer’s equation for the breadth of reflections from small 
crystals. If we write L =2 aM, the length of a side of a crystal, Boas’s expression 
reduces to 


5(Boa8>- ZT^ 



I-2ft (l-p) fl-./o ( 2 irhv)] } 

[(l-p)Jo(2nhv)+pY y 


(2) 
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and the corresponding expression given by Scherrer is 

-B(Seherrer) = L — g 2 »J■ 


( 3 ) 


This similarity is not fortuitous, for reference to the paper by Boas shows that 
similar theoretical considerations are involved in their derivation. 

Now in the previous paper on rhodium we have already considered in detail the 
possibility that the broadening of the reflections might be due to the production of 
a very small crystal-size L . The experimental results were shown to be incompatible 
with this view, for whereas according to Scherrer’s expression (or subsequent more 
exact expressions given by v. Laue and by Kochendorfer) the breadth B must 
increase linearly with A for any given value of 0 (or some function of 0 , such as 
tan 0, figure i), actually we find that the widths of the reflections for different values 
of A fall on a single curve. Furthermore, the order of magnitude of L calculated 
from the observed broadening by means of Scherrer’s expression, or the more 
accurate expressions given later by v. Laue and by Kochendorfer, is entirely in¬ 
compatible with the relatively large extinction found in the rhodium powder. From 
the similarity of expressions (2) and (3) it would be expected that similar arguments 
would equally well disprove the hypothesis that the broadening arises from periodic 
distortions of cosine type, and detailed examination shows that this is so. The 
complex character of the expression in curly brackets in equation (2) and the fact 
that the parameters v and p occur, make any detailed consideration of this equation 
more difficult than the corresponding problem discussed in the previous paper. If 
we rewrite equation (2) in the following form: 

B (cos 8)1 A=( V^/L) F(h,v,p), .(4) 

where F (A, v, p) stands for the expression in curly brackets in equation (2), then the 
left-hand side of equation (4) can be obtained from the experimental data and the 
right-hand side can be calculated for various values of L, h , v and p. These, then, 
are two convenient quantities for comparison. 

In calculating B (cos 0 )/A from the experimental data, allowance has been made 
for the natural widths of the reflections due to the focusing properties of the camera 
by subtracting from the observed widths for the filed powder the corresponding 
widths for the chemically prepared powder; this method, though not exact, is the 
one usually adopted and at present there appears to be no better alternative. If W 
is the linear width of the reflections, then 

B = ( Willed powder — W chera. powder)/-R> 

where R , the camera radius, is 30-5 mm. The observed values of W are given in the 
previous paper (s) . 

In figure 5 values of B (cos 0 )/A obtained from the experimental data are plotted 
against A, the order of the reflections, calculated from the Bragg equation, 

h = 20 (sin 0 )/A; 

the symbols used in the figure indicate the radiations employed. 





An x-ray study of lattice-distortion in copper , nickel and rhodium 443 

In the first place we note that if the broadening is correctly given by equation (1), 
then B (cos 0 )/A should be constant for a given value of h\ actually we find a con¬ 
siderable spread of the observed values. It is seen, however, that for the most part 
there is no progressive change of B (cos 0 )/A with the wave-length A, which suggests 
that the spread of the points for each value of h may arise either from experimental 
error or from the approximate nature of the correction for the natural line-widths. 
It cannot, therefore, be concluded that the spread of the points necessarily disproves 
that the main cause of the broadening is distortion of a periodic cosine type. 



h, order of reflection 


Figure 5. Experimental values of B (cos 0 )/A plotted against h. The symbols indicate the radiations 
employed, as follows: O, Zn Ka .; x , Cu Ktx ,; □, Ni Kol ; A, Co K*; +, Fe Kol, The full curves are 
calculated from the expression (VW^) & (K P)> with the following values for the parameters. 
Curve I: £ = 5- iox icr 6 cm.; © = 0*0637, p= f; © = 0-0517, p-i\ ©=0-0398, p=o. Curve II: 
^=5*75 x io" 6 cm.; © = 0-0955, p = £. Note also the position on the vertical axis of the 
intercept for a curve with L equal to 65 x io~ 8 cm. 

The curves in figure 5 are calculated from the expression ( ^/njL)F(h, v, p) for 
the following values of L, v and p: 

Curve I: L= 5-10 x io-«cm.; v = 0-0637, p =or v =0-0517, p = i ; or v =0-0398, 
p=o. These three pairs of values of v and p give almost identical curves. 

Curve II: L = 575 x 10- 6 cm.; 0=0-0955, p = J. 

Values of L, v and p of these magnitudes give the best agreement between the theo¬ 
retical expression and the observed values of B (cos 6 )/X. Within fairly wide limits, 
the parameters v and p can be adjusted so that over the range in which we are 
interested in the function F(h,v,p), which is from h =0 to h =5, practically identical 
curves are obtained; this is illustrated by the three pairs of values of v and p which 
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fit curve I. This means that the experimental data are inadequate to enable any 
conclusion to be drawn as to the magnitudes of v and p . 

A further property of this function is that it tends to unity as h tends to zero. 
Hence, as h tends to zero, B (cos 0 )/A tends to V^IL; the intercept of the calculated 
curve on the vertical axis depends therefore only on L. For the two curves shown 
in figure 5, L is of the order of 5 x io~ 6 cm., which is much smaller than the value 
65 x io~ 6 cm. estimated from the extinction. If the crystal-size were really as small 
as 5 x io“ 6 cm., then there should be negligible extinction. A careful examination 
shows that the parameters L, v and p cannot be chosen so as to give agreement with 
the experimental values of B (cos 0 )/A and at the same time make L of the order of 
65 x io~ 6 cm. In figure 5 we show the position of the intercept on the vertical axis 
corresponding to L = 65 x io -6 cm. and it is clearly impossible for a curve of the 
type shown in the figure to pass through this point and also fit the experimental 
results. 

The conclusion therefore seems unavoidable that a periodic cosine distortion is 
inadequate to explain quantitatively the experimental results unless we can accept 
a value as small as 5 x io~ 6 cm. for the mean crystal-size, and find an alternative 
explanation to primary extinction for the marked drop of intensity of the low-order 
reflections from the filed rhodium. 

We turn now to consider whether a more satisfactory explanation of the experi¬ 
mental results is obtainable in terms of non-periodic distortions. As we have 
previously indicated (§ 6), it will be convenient to consider the widths of the 
reflections in terms of a variation in lattice spacing from one crystal grain to another, 
and the intensities in terms of a random atomic displacement; we will therefore 
consider the widths and intensities separately in the following two sections. 

§8. THE WIDTHS OF THE REFLECTIONS FROM COPPER, NICKEL 
AND RHODIUM CONSIDERED FROM THE STANDPOINT 
OF A VARIATION IN LATTICE SPACING 

Corresponding to a change 8 a in the lattice parameter, there will be a shift of 
the reflected line a distance Sx given by 

8 x= —2R tan 6 8 a/a, 

where R is the camera radius. If dp is the probability that S a/a lies in a small range 
:>etween z and {z+dz), then, assuming a Gaussian distribution, we have 

dp — {hj^/n) e-***dz. 

{ the distribution of intensity on the photographic film of a reflection from the 
mdistorted metal at the same angle 9 is represented by the function I (x), then for 
he distorted metal a fraction of this intensity, I (x) 8 p, will be displaced a distance 
x , and may be represented as I (x') 8 p. The total intensity of the line is not changed 
y this process so that the integrated intensity is given by 

SI(x)dx=$\LI{x') 8 p]dx. 
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The maximum intensity of the line, however, is reduced. The linear Laue-width is 
then given by ^ //(,)* 

W ~ p/ (*') 8/>]max’ 

The calculation of W as a function of 6 is a laborious process, because for each value 
of 9 a different intensity distribution I (x ) must be used. Assuming a Gaussian 
distribution for 8 a/a, we see that there is only one adjustable parameter, h . Writing 
z for da/a , we easily obtain the r.-m.-s. value, 

ijh Vz. 

and hence can calculate the internal energy of the worked metal from the following 
formula due to Stibitz (l4) : 

I+2CX 2 )], 


where E is Young’s modulus, a Poisson’s ratio, V the energy per unit volume. 

Following the same process for nickel and copper as for rhodium, we have 
obtained the best values of h to fit the experimental results; the measure of agree¬ 
ment is similar to that previously obtained but is naturally less rigorous, since there 
are fewer observations for nickel and copper than for rhodium. The results are 
summarized in table 4 which gives h, the constant in the distribution law, \/z 2 , the 
r.-m,-s. variation in the lattice spacing, and V the internal energy. 


Table 4. Data for the variation of lattice spacings in copper, 
nickel and rhodium, and values of the internal energy 


Metal 

h in the formula 
dp — 

(h/Vv) e h2zZ dz 

where a=da/a 

V 

cal./g. 

Copper 

345 

0*00205 

0*0l69 

Nickel 

317*5 

0*00223 

0*0340 

Rhodium 

207 

O-0O43I 

0*0834 


The values of V in table 4 are of a very different order of magnitude from the 
results of Taylor and Quinney (is) who measured the internal energy of several 
worked metals calorimetrically. For pure annealed copper subjected to rapid twisting 
they find that the maximum absorbed energy is 1*149 ca Vg- and the corresponding 
figures for annealed mild steel and decarburized mild steel are respectively 1*267 
and o*66o. In earlier measurements on metals worked by stretching Farren and 
Taylor (8) gave for the maximum absorbed energy 0*38 cal./g. for copper and 
0*33 cal./g. for aluminium. In both these methods of cold-working it is evident 
that the amount of energy absorbed is far greater than that calculated above. This 
discrepancy is not due to the fact that the present results are for metals distorted by 
filing, since Boas (l * has made similar calculations using results for metals worked by 
drawing and rolling, and his estimates of V are even smaller than those given in 
table 4. These results suggest that the energy of a distorted metal does not reside 
mainly in the macroscopic stresses set up in the individual grains of the worked 
metal. 
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§9. THE DECREASE OF REFLECTED INTENSITY CONSIDERED IN 
TERMS OF RANDOM ATOMIC DISPLACEMENTS, AND THE LATTICE 
ENERGY ASSOCIATED WITH SUCH DISPLACEMENTS 

We have seen (§§ 4 and 5, and figure z{b)) that it is only for copper and nickel 
that there is a well-marked decrease of intensity which can be associated with 
lattice-distortion; for rhodium the effect of extinction predominates over any change 
of intensity due to lattice-distortion. In their original paper, Brindley and Spiers (4) 
showed that for copper and nickel the decrease of intensity could be interpreted in 
terms of random atomic displacements, and the more detailed considerations of the 
present paper which attempt to assess the magnitude of the extinction in these 
metals have not affected this conclusion. 

Calculations of the latent energy from the r.-m.-s. atomic displacements found 
by Brindley and Spiers <4) were first published by Boas (l) who used these results 
to find an apparent temperature increase by applying the well-known Debye-Waller 
expression for the effect of heat motion on x-ray intensities and hence he obtained 
the equivalent energy content. His. results were 7*4 cal./g. for copper and 6*4 cal./g. 
for nickel. Comparing these results with direct calorimetric measurements, he 
inadvertently quoted an earlier measurement by Rosenhain and Stott (l3) , namely, 
0*23 cal./g. for copper, erroneously attributing it to Taylor and Quinney whereas 
actually they gave the value 1*149 cal./g. for copper. Instead therefore of the x-ray 
value being about 30 times too large, as Boas stated, it is only about 6 times too 
large. The discrepancy is, of course, still appreciable, but we can now say that the 
lattice energy calculated from the intensity-measurements is at least comparable 
with the calorimetric value, whereas the energy calculated from the line-broadening 
experiments is of an entirely different order of magnitude. In a subsequent paper 
Boas (2) emphasized that if it is assumed that instead of the atoms being displaced 
purely at random, groups of atoms are similarly displaced, then the internal energy 
will be less than that calculated for a random displacement, a suggestion which 
may well be the true explanation of the difference between the two estimates of the 
internal energy. It seems reasonable to conclude that the seat of the energy in a 
worked metal lies in atomic displacements rather than in macroscopic stresses 
extending over entire grains; this, however, does not exclude the possibility that 
such stresses may exist and be responsible for the broadening of the x-ray reflections. 

It is of interest to note that experiments by Fricke and his collaborators (9) also 
point to a connection between internal energy and the intensity of x-ray reflections; 
they find, for example, that the energy-content of zinc oxide prepared by dehydra¬ 
tion of the hydrate depends on the temperature of dehydration; the lower the 
temperature, the greater the energy content, x-ray examination shows that the 
reflected intensities decrease with increase of internal energy; there is, however, 
practically no change in the widths of the reflections. The increased energy-content 
and decreased intensity of reflection are attributed to lattice-distortion of a type 
which they describe as eingefrorene Wdrmeschwingungen , i.e. it consists of atomic 
displacements which are random or nearly so. 
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§10. CONCLUSIONS AND DISCUSSION OF RESULTS 

Hypotheses of two kinds have been proposed to explain the changes observed in 
the widths and intensities of x-ray reflections from worked metals. On one hand, 
Dehlinger and Boas have considered distortions of a periodic type; on the other 
hand, the distortion may be of a non-periodic type with irregular displacements 
of the atoms and possibly also with a change in the mean crystal parameter through¬ 
out a grain. The final conclusion drawn by Boas was that the broadening of the 
reflections from worked metals could not be satisfactorily explained in terms of 
periodic lattice-distortions and he suggested that the effect might be due to stresses 
extending over entire grains. This view was shown by the present writers to 
explain the broadening of a large number of reflections from rhodium measured with 
five different radiations. 

The experimental results given in the present paper, however, have necessitated 
a reconsideration of the whole question, for we now find that as we proceed from 
copper through nickel to rhodium the intensity effect decreases while the broadening 
of the reflections increases, a result which agrees qualitatively with the conclusions 
arising out of the work of Dehlinger and Boas on distortions of a periodic type. 
Since rhodium shows little or no decrease of intensity due to distortion and a large 
broadening, it follows that the distortion, if periodic, must approximate to the 
cosine type, and this enables us to carry out a quantitative test. In the case of 
copper and nickel, which show both a decrease of intensity and a broadening of the 
reflections, we cannot say more than that if the distortions are periodic they must 
be of a more complex type than the simple cosine type. The discussion given in § 7 
shows that we cannot obtain a satisfactory explanation of the broadening of the 
rhodium reflections in terms of a periodic cosine distortion. We are therefore led to 
consider distortions of a non-periodic type and have related the broadening of the 
reflections to a variation of lattice parameter from one crystal grain to another, and 
the decrease of reflected intensity to an irregular, effectively random, displacement 
of the atoms. In this way the broadening effect and the decrease of intensity can 
be separately explained, but we are still left with the question why the intensity 
effect decreases as the broadening effect increases. 

The following tentative explanation is admittedly hypothetical but appears 
worthy of consideration. We note, in the first place, that the intensity effect decreases 
as we go from the softest metal, copper, to the hardest, rhodium. We may suppose 
that with increasing cohesional force between the atoms, the magnitude of the 
atomic displacements will decrease so that there will be a smaller intensity effect. 
If the atomic displacements tend to relieve the large-scale, macroscopic, stresses in 
the worked metal, then we should expect the softest metal, copper, to show the 
smallest line-broadening and the largest intensity effect, and vice versa. 

Calculations of the lattice energy associated with (a) changes in the lattice 
spacing and (b) random atomic displacements have been compared with values 
obtained calorimetrically; (a) is much smaller than the directly obtained values 
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while ( b) is comparable with though larger than these values. From this we con¬ 
clude that the seat of the internal energy is mainly in the atomic displacements; this 
agrees with conclusions drawn by Fricke from chemical and x-ray investigations. 
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ABSTRACT . The effect of temperature on rectification has been studied in the case of 
six different crystals. The effect of temperature variations on crystal rectification in the 
interval -75 to +30° c. is especially interesting in the cases of silicium and molybdenite. 
In the former case there is a very marked increase in rectification at the higher temperature, 
and in the latter case the sign of the rectification is changed. The presence of a magnetic 
field appears to have no effect on rectification. 


§1. INTRODUCTION 

T he effect of heat on crystal rectification was studied by Flowers <x) , who 
observed that the rectifying action of galena decreases with rise of tempera¬ 
ture and vanishes at about 270° c. Khastgir and Gupta (a) repeated Flowers’s 
experiments at 30 and ioo° c,, and found that at the higher temperature rectification 
decreases for all crystals and disappears for pyrites and galena. Working on the 
same subject, Sen (3) noticed, in contradiction to the results of the former experi¬ 
menters, that points having good rectifying properties may exist in galena at 
temperatures as high as 270° c. 

In the present work, crystal rectification for direct current and for alternating 
current of 1000 c./sec. has been investigated, particularly in the low-temperature 
region from —75 to +30° c. In some cases this range has been extended up to 
150° c. The experiments were made on the crystals mentioned in table 1. 

Table 1 


Crystal 

Source 

Zincite with calcite 
Molybdenite 

Copper pyrites 

Silicium with a little iron 
Galena 

Bornite with chalcocite 

Franklin, N. Jersey, U.S.A. 
Norwegen 

La Gardette, Dep. Isfere, France 

Joplin, Missouri 

Butte, Montana, U.S.A. 


29-2 
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§2. APPARATUS 

The crystal is clamped by a copper holder, and a copper spring forms the whisker. 
The combination is centrally suspended in an air cryostat, figure i, made of a 
triple-walled pyrex-glass enclosure surrounded by a cold bath of solid carbon dioxide 
and acetone. The innermost tube H has a diameter of 1*5 cm., and can be electri¬ 
cally heated by means of a coil wound non-inductively over its exterior and covering 
a length of 16 cm. The mean distance between two consecutive turns is 0-25 cm., 
and local non-uniformity in heating is prevented by covering the coil with a film of 
cellulose. An exploring thermocouple shows almost no temperature-gradient 
throughout the middle third of the radiator. 

Before immersion of the concentric tubes in the cold bath, the enclosure is 
dried by being pumped out and refilled with dry air through the side tubes GG . 



Any particular temperature above that of the bath can be easily maintained, 
without disturbance of the crystal, by simply adjusting the heating current to a 
predetermined value obtained from a curve connecting the heating current and the 
corresponding equilibrium temperature. The concentric tubes assist in producing 
evenness, and increase the efficiency by nearly insulating thermally the heater from 
the bath. 

The temperature of the crystal is indicated by means of a constantan-steel 
thermoelement T, connected to a high-resistance microammeter calibrated in 
degrees. The steady state can be reached in less than 10 min. by first passing a 
large heating current until the temperature approaches the required level, and then 
reducing the current to the value corresponding to the desired temperature. 
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The crystal circuit used in d.-c. rectification is of the usual potentiometric type. 
The a.-c. circuit is illustrated in figure 2. The voltage across the crystal is adjusted 
by controlling the amplification of the two power valves by means of the filament 
current. 


§3. PROCEDURE 

As far as possible, small currents of short duration were sent through the crystal 
in order to avoid electrical heating. Readings of voltage and current were taken 
first at the lowest temperature and then at higher temperatures. The crystal was 
afterwards recooled to its initial temperature, and the first set of readings was 
checked. In all cases it has been noticed that the currents regain very nearly 
their original values. 

The rectification ratio in d.-c. measurements was calculated by dividing the 
difference between the currents I ± and I 2 in the two directions by the larger current. 
In a.-c. measurements, N was taken as i/I, where i is the rectified component, 
measured by the d.-c. milliammeter, and I is the effective a.c. measured by the hot¬ 
wire milliammeter. 


§4. RESULTS 

Typical results are given in tables 2, 3, 4 and 5. In zincite and silicium, I x is 
the current from the whisker to the crystal, while in all other cases I x is the current 
in the reverse direction. The unit in which the currents are expressed is 0*04 mA. 
except for copper pyrites, bornite and galena, for which the unit is 5 mA. 


Table 2. Typical results at —75 and + 30° c. 


Crystal 

Voltage 

At -75° c. 

At +30° 

C. 

h 

ii 

N 

h 

n 

N 

Copper pyrites 

2-4 

37'7 

0-2 

0*995 

32 

I 

0*990 


i *44 

13*3 

O 

1 

ii*7 

■ 

0*989 


0*48 

4*2 

O 

1 

3*5 

HI 

I 

Bornite 

1*6 


O-48 

0*971 

22 

o*8 

0*964 


0*96 


0*16 

0*981 

n *5 

°. 3 

o *974 


0*32 


0-02 

0*993 

3 *i 

0*08 

0*974 

Galena 

1*7 

24*8 

I 

0*960 

mm 

2*1 

0-917 


1-02 

ii*4 

0*2 

0*982 

BM 

o*6 

o *945 


o *34 

3*4 

O 

1 

■a 

0 

1 

Zincite 

4 


IO 



8-5 

o*8o 


z 'i 


4 



3*2 

0*85 


o*8 


i-8 



i*6 

0*62 

Silicium 

3*6 

8*8 

4 

0*55 

24 

4*3 

0*82 


2*16 

3*4 

0*6 

0-83 

10 

o*8 

0*92 


0*72 

0*2 

0 

1 

0*9 

0 

1 

Molybdenite 

a *5 

0*757 

0*313 

0-587 

3*5 

7*2 

— 0*652 


i 1 *S 

0-235 

0*118 

0-497 

1 

3 

— 0*667 


°*5 

0‘005 

0*0025 

0*500 

0*1 

0*8 

-0*875 
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It will be noticed from table 2 that copper pyrites, bomite and galena show, in 
general, a decrease in rectification as the temperature is raised, as a result of an 
increase in the electrical conductivity in the direction of the smaller current. With 
galena further tests have been carried out at 25 0 and 150° c. by heating the crystal 
in an electric furnace. It has been observed, table 3, in contradiction to Khastgir 

Table 3. Results for galena at 25 and 150° c. 


Voltage 


At 25° c. 



At 150° c 

* 

h 

h 

N 

h 

h 

N 


21 

3*9 

0*813 

21*5 

o *3 

0*986 

1*12 

14 

i*8 

0*871 

14*2 

0*1 

o *993 

0*84 

9 

0-9 

0*900 

9*2 

0 

1 

O 56 

4*9 

o *3 

0-939 

5 

0 

1 

0*28 

i *4 

0*1 

0*929 

i *3 

0 

1 


and Gupta’s observations which indicate no rectification at ioo° c., not only that 
points having very good rectifying properties may exist above ioo° c., as was 
found by Sen, but also that N may increase with temperature, chiefly owing to a 
decrease in the smaller current. 



Figure 3. Rectification by silicium. 0 , current; x , current ratio N; I at -75°c.; II at +30°c. 

Zincite shows a slight increase in N with temperature, due to an increase in I x 
and a decrease in I 2 , while silicium always shows a very marked increase both in 
rectification and in electrical conductivity. Curves are drawn, figure 3, for silicium 
from the data in table 2. 

Molybdenite, tables 2 and 5, is very sensitive to temperature variations, notably 
in the low-temperature region, for the direction of the larger current is reversed 
below o° c., figures 4 and 5. This result is confirmed by a.-c. tests, table 4, 
figure 6. Further, the electrical conductivity in both directions rapidly increases 
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with temperature. Between o and ioo° c. there is no reversal, and in general N 
increases at a gradually diminishing rate. 


Table 4. A.-c. test for molybdenite at —75 and +30° c. 


Voltage 

At -75° c. 

At + 30° c. 

i 

I 

HI 

i 

I 

hi 

12*5 

o*SS 

5'75 

0*094 

-15 

85 

-0*177 

10 

o *375 

475 

0*079 

—12 

66-s 

— 0*180 


0*28 

2*75 

0*101 

- 7*3 

45 



0*10 

1*75 

0*057 

“4 

25*5 

-0-157 


0*05 

0-50 

0*100 

-i *7 

8*25 

— 0*204 


Table 5. Variation of rectification of molybdenite with temperature 


Volt- 

At -70 

c. 


At -3 

0 c. 

At +58° c. 

At 4* ioo° c. 

age 

A 

a 

N 

A 

^2 

N 

A 

A 

N 

A 

A 

N 

6*2 

1*2 

0*9 

0*25 

9*3 

13*1 

— 0*29 

2 f 

39 

-0*36 

32*5 

58-5 

~o *44 

4*96 

0*9 

0*7 

0*22 

6*7 

8-3 

— 0*19 

l6 

27 

—0*41 

22*5 

42*5 

— 0*48 

372 

o *5 

0*4 

0*20 

4*2 

4*5 

— 0*07 

10*2 

■a 

— 0*40 

14*5 

26*3 

“ 0*45 



Figure 4. Change of sign of rectification by molybdenite. O, current; x„ current ratio N; 

I at — 7o°c.; II at — 3°c.; Ill at + 58°c.; IV at +ioo°c. 

The temperature coefficient of resistance of a molybdenite crystal made in the 
form of a resistance thermometer was determined by Pierce (4) . The specimen 
showed no evidence of rectification, but it showed a very rapid decrease in resistance 
as the temperature is raised. 
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§5. EFFECT OF MAGNETIC FIELD 

The small magnetic field created within the heating coil of the cryostat suggested 
the study of crystal rectification under the action of a magnetic field. Experiments 
were made on silicium in a field of 2280 gauss, produced by a Du Bois electro¬ 
magnet, the lines of force being in one case parallel to the direction of the current 
through the crystal and in another case perpendicular to it. 

The results showed that over a range from o*8 to 4-0 v., corresponding to a 
range of J x from 0-02 to 6*oo mA., the change from H—o to H— 2280 and vice versa 
produced no changes in the values of N that exceeded the experimental error, 
which was about 1 per cent. The slight observed variations in the currents could 
not be attributed with certainty to the effect of the field, as they were not exactly 
reproducible. 
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ABSTRACT . The time of oscillation of a bar pendulum is shown to be practically 
unaffected by the use of a carriage supporting the knife-edge and sliding along the bar; 
the accuracy of the usual laboratory exercise on the bar pendulum is considerably 
increased. With a stop-watch showing tenths of a second the value of g can be determined 
quickly to within a few parts in 10,000. 


F or teaching purposes experiments on the time of oscillation of a bar pendulum 
are commonly employed in the preliminary study of the compound pendulum 
and for determining g, the intensity of gravity. The usual form of apparatus 
consists of a brass bar about a metre in length and 2*54 cm. in width, drilled with a 
series of holes which serve as points of suspension from a fixed knife-edge. Only a 
rough degree of accuracy in the timing of the oscillations can be expected owing to 
the shorf length of the bearing, while the theory is confused by the presence of the 




Figure 1. Bar pendulum with sliding carriage 
supporting knife-edge. S , clamping screw. 


Figure 2. Sliding carriage in plan. S , clamping 
screw; S', balancing screw; K, knife-edge. 


holes along the bar. These defects may be eliminated by the use of a carriage 
which slides along the bar and can be clamped at any point, and which supports 
rigidly a knife-edge projecting on either side of the carriage and filed away in the 
interior. The knife-edges may be supported on a pair of glass plates mounted on 
either side of the platform of a wall-bracket, the platform between the plates being 
cut away to allow free passage of the pendulum and carriage. The bracket should, 
of course, be set by means of a plumb line so that the glass bearing surfaces are in a 
horizontal plane. 

The pendulum is now apparently complicated by the presence of the carriage, 
which (1) may add to the gravitational couple, and (2) must add a term to the 
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moment of inertia of the system. The effect of (i) may be made quite negligible 
by adjusting the carriage until its centre of gravity coincides with the line of the 
knife-edge. The effect of (2) can be reduced to well under 1 part in 10,000, whilst 
adequate strength and rigidity is permitted in the carriage, and may thus to this 
approximation be neglected. The simple formula 


' =27r J‘ 


' k*_+h? 

gh 


may accordingly be applied, where k 2 = (Z 2 + 6 2 )/i2, l denoting the length of the bar, 
b its breadth and h the distance from the knife-edge to the centre of gravity of the 
bar alone. 

Observations for plotting T against h may now be made with a continuous 
variation of h on either side of the centre of gravity. 

For the most accurate determination of g the value h=k should be chosen, since 
at this position the value of T passes through a minimum. The formula thus 
reduces to fzk 

^~ 2lT \ g' or T* ’ 


Calculation shows that in this particular case, if l is 1 metre, a variation in h of 
one millimetre affects T to the extent of only three parts in a million. A close 
accuracy of setting of h to equality with k is thus unimportant, and the determina¬ 
tion depends essentially on only two measurements, namely, those of the total 
length of the bar and the period of oscillation. The length can be determined 
without special care to one or two parts in 10,000, while of course b need only be 
known roughly. The value of T can be measured by a good stop-watch to less than 
1 part in 10,000. The bar pendulum thus affords a simple means of obtaining £ to 
within a few parts in 10,000. 

Some observations and calculations from an actual experiment may be quoted 
for illustration. 

The length l of brass bar was ioo-oo cm., its breadth b 2*54 cm., its mass M 
1020 g., and the mass m of the carriage 68*5 g. Hence 

k = V(^+ b 2 )/iz = 28*876 cm. 

The value of /, the moment of inertia of the bar when at the setting h =&, works 
out at 17 x io 6 g.-cm? the moment of inertia of the carriage alone about its 
knife-edge, is estimated to be 98 g.-cm? Thus F/I is 0-57 x io -4 . 

The period of oscillation T of the carriage alone about its knife-edge was 
observed to be 37 sec. (In making the carriage it is a simple matter to arrange that 
its centre of gravity shall be slightly below the knife-edge, and to adjust it by the 
removal of metal until the period of oscillation attains this order of value.) With 
the formula T f = ztt ^(F/rngh*), where h! denotes the distance of the centre of 
gravity of the carriage below the line of the knife-edge, h' works out at 0-004 cm * 
and mh'=o-2j. Comparing mh' with Mh at the value h—k y we have 

mh'/Mh= 0-27/1020 x 28-876== io -5 , 

which shows that the effect of gravity control due to the carriage is quite negligible. 



D. Owen 


458 

The use of the simple formula T=2tt V{(k 2 + h 2 )jgh] is thus justified, the effect 
of the carriage being insensible to the order of approximation aimed at. 

Proceeding to the observation of !T, the carriage was set approximately at 
cm. and the pendulum was suspended. A stop-watch showing 
tenths of a second (supplied by the Venner Time Switch Co.) was used, allowing 
of estimation of times to a hundredth of a second. A telescope was focussed on the 
lower end of the pendulum when the latter was at rest, so that its vertical cross-wire 
coincided with the image of a black line inked near the extremity of the bar. The 
pendulum was set swinging with an amplitude of about 2 cm. and the passages 
across the zero were observed. For a preliminary estimate, duplicate measure¬ 
ments of the duration of 50 oscillations were taken. The observed times were 
76*22 sec. and 76*24 sec., whence, approximately, 7 ’= 1*5246 watch seconds. It is 
found that, after a little practice, in such a pair of observations the times recorded 
by a stop-watch of the type specified seldom differ from the mean by more than 
0*02 sec. The pendulum was now allowed to swing for about 10 min., the 
duration of some unknown integral number of oscillations, n , being measured with 
the stop-watch. The total time was 599*17 which=7zT, whence 


w = 599-17/1-5246 = 393-0; 


n is therefore taken as 393, whence T = 1*5246 watch seconds. The stop-watch 
was checked over a run of about 10 min. against a standard clock, and found to be 
slow by 2*5 parts in 10,000. The period corrected for watch rate is therefore 
1*5249 sec. 

A similar set of measurements was made with the carriage transferred to the 
corresponding position on the other side of the centre of the bar. On a preliminary 
estimate, T=£ (76*21+76*24)750 = 1*5245 sec. The long period observed was 
597*60 sec., whence n'== 597*60/1*5245 = 391*99. Taking n as 392, 

T = 597-60/392= 1*5245 watch seconds, 

or, when corrected for watch rate T 2 = 1*5248 sec. 

The mean value of T is | (1*5249+1*5248), or 1*52485 sec. 


Then 


_ 87 T 2 k _ 87 T 2 X 28*876 

g —T* 1-52485 2 


= 980*6 cm./sec? 


No correction has been included for the buoyancy of the air, which has the effect 
of virtually reducing £ by about 1*5 parts in 10,000; or for the moment of inertia of 
the carriage, which would add a further o*6 parts in 10,000 to the calculated value. 

The pendulum, with a carriage of the design indicated, is made by Messrs 
Griffin & Tatlock, Kingsway, London. 
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ABSTRACT . In this apparatus the simultaneous release of two spheres, one from a 
fixed height and the other from a known but variable height H, causes two switches to 
be thrown so that the time interval between their operation is a linear function of ^/H. 
The apparatus is tested by a condenser-discharge method which affords a determination of 
g with an accuracy of about £ per cent. The use of the device is illustrated by a study of 
current growth in an inductive circuit for which the time constant is deduced. 


§ 1. THE APPARATUS AND ITS STANDARDIZATION 

T his note gives an account of experiments to test the possibility of employing 
freely falling bodies for the successive operation of electrical circuit switches 
when the desired interval between their action is of the order of J sec. The 
disposition of the apparatus may be seen by reference to figure 1 a which also shows 
the well-known condenser-discharge circuit employed for the actual measurement of 
the time interval between the working of the switches P and P'. The falling bodies 
employed were two steel Skefko ball bearings A and B, \ in. or 1 in. in diameter, 
which were released simultaneously from two electromagnets with cupped poles, # 
figure 1 b y by opening the switch S. They fell freely and were caught in pockets 
P, P', lined with plasticine to prevent rebounding. These pockets were at the ends 
of brass rods pivoted at their centres and capable of moving to an extent limited 
by stops K and K\ in the plane of the drawing. In the preliminary experiments the 
pockets were fitted to condenser keys from which the springs had been removed. 

The impact of A on P disconnects the battery from the circuit and allows the 
condenser to discharge through the resistance R until the arrival of B breaks the 
circuit at P'. The final potential-difference between the plates of the condenser is 
then estimated by making the switch S and observing the kick of the galvanometer 
G. It is of importance to ensure, by careful mounting of the contacts, that the 
arrival of A at P shall not, by mechanical vibration, momentarily break P'. A 

* In our experiments the simultaneous release of the spheres was facilitated by the insertion of 
thin strips of paper between them and the poles: for experiments involving a large number of 
observations thin copper pole pieces would serve the same purpose and economize time. 
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serious defect of this nature may be detected by a control experiment involving A 
only, in which a battery and the primary of a transformer are joined through P', and 
the secondary of the transformer is connected to a galvanometer which is deflected 
if the time interval between the equal and opposite changes in flux on break and 
make is sufflciently great. 

If h be kept constant and H varied, then 

. H=\g(T 0 -T e y and h=ig(t 0 -t e )\ 

where the symbols with subscripts 0 and e denote observed times and any constant 
timing errors respectively. Thus 

T 0 -t 0 = V( 2 /g) VH+{T e -t e - V( 2 /g) Vh}. ' .(I) 


Am 




Figure xb. 


Further, the current flowing through R during the discharge of the condenser is 
given by 

_ d Q = _ r <W_V 

dt u dt~R' 

where Q and V represent charge and p otential- difference respectively. Thus 

f v dV_ 1 f t=To-u 
Jvo V ~CR] t =o ’ 

or T 0 -t 0 =CR log. (Fq/F) = 2-30 3 CR log 10 (F 0 /F), .(2) 

where F 0 and V are the potential-differences between the plates of the condenser 
on the arrival of A at P and B at P' respectively. 

Substitution in equation (1) of thevalueof (T 0 - 1 0 ) obtainedfromequation(2)gives 

2‘303CP log^o (VJV) = V(2 /g) VH + {T e -t e - V(2/g) Vh}, .(3) 
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which affords a means of demonstrating how nearly ( T 0 —t 0 ) approximates to a 
linear function of -\/H* An alternative treatment, which affords a more interesting 
test and involves the accuracy of the electrical constants of the circuit, is to rewrite 
equation (3) in the form 

logio^= -(1/2-303Ci?) 1/(2, \g) (1/2-303Ci?) {T e -t e - V(z/g) Vh}+log 10 V 0 , 

.( 4 ) 

which shows that a plot of log 10 V against ■s/H will not only substantiate the required 
relation by its rectilinearity, but also yield a value for g from the magnitude of its 
gradient. 

In the experimental work the practice of allowing the condenser to charge for 
3 min., before releasing A and discharging C by instantaneously pressing S' 



directly after the impact of B with P', was adhered to as minimizing the effects of 
imperfections in the condenser. The condenser was shorted for 1 min. after each 
observation to eliminate the effects of residual charges. The relative values of V, 
which are all that are required, were estimated from a calibration curve which was 
linear over the range employed and was obtained by using the arrangement shown 
in figure 2. In this circuit R and R' are resistances taken from two boxes such that 
(R+R') is constant. K x is a key depressed for 3 min., and K 2 a key depressed 
instantaneously and directly after the release of K x : in this way the conditions of the 
main experiment are simulated. Check readings to ensure the constancy of F 0 are 
talren during the progress of the experiment by opening P' before P. 

Figure 3 illustrates a plot of log 10 F against \/H, obtained by using a 
substandard condenser and a wire-wound i-megohm resistance. It may be seen 
that the graph is satisfactorily linear, and the value of the gradient obtained by the 
method of Awbery (r) corresponds to a value of g equal to 976 cm./sec? A confirmatory 
experiment yielded a value of g equal to 980 cm./sec? 

• When identical switches are employed, (T s —t e ) should be sufficiently small to make (T 0 —t 0 ) 
proportional to (yJH — ^/h): we desire however to keep our argument as general as possible, and 
accordingly we neglect this simplifying assumption. 
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Figure 3. 


§2. EXPERIMENTS WITH AN INDUCTIVE CIRCUIT 

The second part of this note is concerned with the application of the two- 
sphere arrangement to the study of the relation between current and time in an 
inductive circuit 



Details of the circuit in question are indicated in figure 4. The key consists 
of a mercury-in-glass switch (for which we are indebted to Messrs The Mercury 
Switch Manufacturing Company) strapped to the arm of a lever. The impact of a 
sphere in the pocket tilts the lever and makes the circuit through L. K 2 is a key 
similar to those described previously. L consists of two coupled large air-cored 
inductances each of approximately 1 h., and T is a solenoid with two small 
inductance windings which serve as the primary and secondary of a transformer. 
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The experiment consists as before in simultaneously releasing the two spheres 
from different heights above P x and P 2 respectively, but now with the object of 
making the primary circuit and, after a measurable time t , breaking the secondary. 

The magnitude of z, the primary current, t sec. after its initiation is then esti¬ 
mated by means of a subsidiary experiment in which L is replaced by a variable 
non-inductive resistance R' and the positions of the spheres are unaltered. R' is 
varied until on dropping the spheres the galvanometer kick is the same as it was 
previously; the reading of the ammeter A then gives the value of i in the main 
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experiment. This is because damping due to the closing of the secondary circuit 
is in operation for the same time in both experiments, and the change in flux 
caused by the primary current growing from zero to i in the first experiment is the 
same as that due to the almost instantaneous establishment of the current registered 
by the ammeter in the second experiment, provided that in both instances the 
inertia of the galvanometer system is sufficient for all the charge to circulate through 
the coil before it moves. 

Figure 5 shows a series of values of z, obtained as indicated above, plotted against 
corresponding values of time calculated from the expression Vi^/g) {'VH— ^/K) 
(see figure 1): and the production of this curve to cut the axis shows that the 
difference between the reaction times of the switches is of the order 0*14 sec. 
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To determine the time constant of the inductive circuit we write 

t=V&g) VH+{Te-t e -VWg) Vh} 

as before, and combine it with the relation 

i =Zoo {1» exp (- Rt/L)}, 

where is the final steady value (0*356 amp.) of i read from A with L in circuit, to 
give 

logio-(i/2-30 3 ) (R/L)V( 2 /g) VH+* constant 
if H and not h be varied. 



A plot of logi 0 (1 —i/iao) against ^/H is shown in figure 6: it is satisfactorily 
linear and thereby justifies the experimental procedure. Moreover the value of 
R/L, the reciprocal of the time constant, estimated from the values plotted by the 
method of Awbery (l) is 24*7 sec: 1 , and is in good agreement with the value of 
24*8 sec: 1 calculated from tests with a Post Office box giving 57*0 £ 2 . and an Owen’s 
bridge giving 2*30 H. 
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RELATIVISTIC COSMOLOGY 
By G. TEMPLE 


Read at a discussion on the expanding universe held jointly with the Royal 
Astronomical Society , 27 January 1939 


5 1. INTRODUCTION 

T he object of this paper is to give a general account of thfc relativistic theories 
of the large-scale structure of the Universe. The history of this subject up to 
January 1933 is admirably summarized in Robertson’s report (7) , but the 
importance of recent developments amply justifies a further survey of the problem. 
These recent developments are three in number. In the first place there are the 
investigations of Milne and his school (6,I4) into the possibility of solving the cos¬ 
mological problem by the methods of the special theory of relativity. Secondly there 
are the researches of Whittaker and his fellow-workers (l,3,5,1]c,I2) on the form taken 
by the astronomical distance functions in general relativity. Thirdly there is the 
new and more extensive observational material due to Hubble and Shapley. 

The importance of these investigations lies in the views which they give of the 
physical and astronomical significance of the mathematics of relativistic cosmology. 
The general theory of relativity has been severely criticized by Milne (6) * as wholly 
conceptual in origin and incapable of detailed application to problems of matter in 
motion. Accordingly he has constructed a cosmology within the framework of the 
special theory of relativity. On the other hand, Whittaker, Walker and McCrea 
have shown that the mathematical description of world structure given by general 
relativity can be accurately interpreted in terms of actual astronomical practice. 
Lastly both the special and general theories of cosmology have been subjected to the 
inevitable critique of observation—a critique which is unfortunately rendered in¬ 
decisive by the lack of really extensive observations. 

This practical problem will be treated by Dr McVittie later in this discussion 
(p. 529). This paper will deal only with the mathematical theories and their physical 
interpretation. In Robertson’s report (7) the principles of general relativity were 
taken for granted and immediately applied to the problem of cosmology. But the 
whole interest of this application resides in the astronomical interpretation of the 
analysis, and to provide a cogent and satisfactory interpretation requires a restate¬ 
ment of the fundamental principles of the theory. A fresh analysis of the general 
theory of relativity is therefore attempted in §§ 8, 9 and 10, and it will appear that 
the characteristic feature of this analysis is its emphasis on the physical significance 
of parallel displacement. Milne’s theory is also restated so as to. facilitate comparison 

* §§ 504-14- 
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with the cosmological theory of general relativity (§§ 5, 6 and 7), and by a simplifi¬ 
cation of Walker’s proof it is shown that Milne’s solution of the problem is unique 
within the domain of special relativity. 

This account of the details of modern cosmological theory would be incomplete 
without an introductory reference to its conceptual basis and to the general principles 
and prejudices which so largely determine the form of the theory. We therefore 
begin with an attempt to make explicit the basic presuppositions of all relativistic 
theories. 


Part I. GENERAL PRINCIPLES AND METHODS 
§2. THE ASSUMPTION OF THE UNIFORMITY OF PHYSICAL LAWS 

The methods of cosmology are necessarily speculative. The observations made 
in a terrestrial laboratory of a distant nebula refer primarily to certain physical 
events in the laboratory itself, such as the orientation of a telescope or the darkening 
of a photographic plate. The customary association of these events in the immediate 
neighbourhood of the observer with properties of the nebula depends entirely upon 
hypothesis, viz. that the physical laws valid in the laboratory are also valid in a 
region extending to the distant nebula. Such a hypothesis is unavoidable although 
it is frequently made without explicit avowal. A purely empirical basis is wholly 
inadequate for cosmological studies. The interpretation of observations necessarily 
requires conceptual and speculative elements. 

We therefore make the explicit assumption of the uniformity of physical laws, 
and especially of the laws of spatial and temporal measurement. But this assump¬ 
tion can be understood in two different ways. In the first place it can be understood 
to mean that those laws which are valid in the immediate neighbourhood of a 
terrestrial observer are universally valid. This global uniformity implies that space- 
time in the large is geometrically the same as space-time in the vicinity of our 
terrestrial laboratories, i.e. that it is the well-known Minkowski manifold of special 
relativity. In the second place physical uniformity can be understood to mean that 
those laws which are valid in the immediate neighbourhood of a terrestrial observer 
are also valid in the immediate neighbourhood of any event in space-time. This local 
uniformity implies, roughly speaking, that space-time is Minkowskian in the small 
domain near any prescribed event, but it does not place any limitation on the ways 
in which these small Minkowskian domains are connected together. This freedom of 
connexion is utilized in Einstein’s general theory of relativity to exhibit gravitational 
force as an illusion produced by the geometry of space-time. 

§3. THE ASSUMPTION OF HOMOGENEITY 

The empirical basis of relativistic cosmology consists of observations of the 
orientation, the apparent brightness and the Doppler effect of the extra-galactic 
nebulae. Its object is to derive information about the large-scale structure of the 
universe, small local irregularities such as stars being neglected. To co-ordinate and 
unify the rather meagre observational material it is not enough to make the hypo- 
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thesis of the uniformity of physical laws. It is necessary to go further and to make 
some hypothesis regarding the way in which the infinite potentialities of physical 
laws are actualized in the universe. The particular feature of the smoothed-out 
universe which such hypothesis must envisage is the distribution and motion of the 
nebulae in space and time. Of all the hypothesis which might be made it is evident 
that the very simplest is that, in some sense, the distribution of the nebulae is 
homogeneous. It is this hypothesis which is usually described as the “cosmological 
principle”. Studies in relativistic cosmology consist essentially of precise inter¬ 
pretative definitions of homogeneity and of detailed mathematical deduction of the 
quantitative observations which these definitions imply. 

Perhaps the most general and most satisfactory definition of homogeneity is that 
given by Milne (6) ,* and it is his definition which we shall adopt here. Broadly 
speaking this definition states that the nebular distribution is homogeneous if the 
smoothed-out universe of nebulae presents the same appearance from each nebula. 
More precisely, if A and B are observers attached to two different nebulae, the 
totality of the observations made by A on the whole universe of nebulae must be 
described by A in exactly the same way as the corresponding observations made by 
B are described by B . The hypothesis of the uniformity of space-time implies that 
there are no privileged observers for whom physical laws have an especial simplicity 
or character. The hypothesis of the homogeneity of nebular distribution implies 
that there are no privileged observers for whom physical events have an especial 
simplicity or character. 

There is no a priori evidence for either of these principles. They are submitted 
for consideration only on the grounds that, as a matter of practical convenience to 
the mathematician and physicist, they are the simplest hypotheses which can be 
framed, and that their consequences are in full harmony with the general polyphony 
of observation. 


§4. COSMOLOGY AND THE SPACE PROBLEM 

Such are the basic hypotheses of relativistic cosmology. The mathematical tools 
required to forge them into a physical theory are tensor analysis and group theory. 
The mathematical apparatus required is far from novel and is, to a very large 
extent, an inevitable extension of that constructed by Poincar6, Helmholtz and Lie 
in their researches on the axiomatic basis of the metrical geometry of the space 
determined by rigid bodies. A brief indication of the nature of this extension will 
fitly close this section. 

The fundamental physical fact with which the space problem begins is the 
persistence of the congruence of rigid rods, i.e. the fact that two rigid rods con¬ 
gruent in any assigned place can be separated and moved by different paths to 
another position, where they will again be congruent. This fact arouses the mathe¬ 
matical enquiry. “What are the possible groups of transformations corresponding 
to the motion of rigid bodies?” With certain natural subsidiary conditions this 


* Chapter 3. 
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problem was completely solved by Lie. His solution however is subject to two 
implicit restrictions—it neglects the factor of time and it is essentially local in its 
validity. In other words, it tacitly assumes that the geometry of space is independent 
of the passage of time during the motion of rigid bodies, and it quietly ignores the 
fact that the final solution can be valid only in that domain in which the basic 
physical facts are verified, viz. the immediate neighbourhood of an observer in a 
terrestrial laboratory. If we endeavour to remove these restrictions we are im¬ 
mediately confronted with the problem of the geometry in the large of space-time, 
i.e. with the general cosmological problem. In the third part of this report we 
have given a restatement of the general theory of relativity from this point of view. 

Part II. COSMOLOGY IN SPECIAL RELATIVITY (MILNE’S THEORY) 

The solution of the cosmological problem by the methods of the special theory 
of relativity, duetto Milne, merits particular consideration, not only because of its 
extreme simplicity, but also because the solution obtained is unique in the pre¬ 
supposed field of discourse. To facilitate comparison between this solution of the 
cosmological problem and the other solutions offered by general relativity we shall 
give in this part a version of Milne’s theory in accordance with the general 
principles adopted in the previous part. The investigations initiated by Milne 
are in fact much wider in scope than can be indicated by our version, and, in 
particular, they start from a completely novel discussion of the correlation of 
measurements made by different observers in terms of light signals only. 

§5. THE NEBULAR CONGRUENCE 

We proceed, then, to discuss the distribution of nebulae in the space-time of 
special relativity. If t is the temporal co-ordinate, and £, 77, £ are rectangular spatial 
co-ordinates, the interval ds between two neighbouring events is given by 

ds 2 ~ c 2 dr 2 — d £ 2 — dr } 2 — dt 2 ^ 

c being the speed of light. (These co-ordinates are normal Riemannian co-ordinates 
with base-point at the origin.) The relations between the measurements made by 
two observers A and B at any two events A 0 and B 0 in their respective life-histories 
are most conveniently expressed in terms of the normal co-ordinates (t A q , £ Aq , rj Ao , 
£a 0 ) ( t b 0 , Vboj £js 0 ) with base points at Aq and B 0 and with their temporal 

co-ordinates r A and r B taken in the direction of the world lines of A and B at A 0 
and B 0 . The required relation can then be expressed by saying that the transforma¬ 
tion relating the two sets of co-ordinates belongs to the general Lorentz group. 

The distribution of the nebulae as seen by A at the event A 0 should be given in 
detail by the equations of the world line of each nebula; but it is mathematically 
convenient to replace this atomic distribution by a hydrodynamical distribution in 
which the nebulae are treated as particles of a continuous fluid, which is described 
in gross by its density and velocity at every point and time. The world lines of the 
nebulae are then to be considered as a congruence of time-like curves in the space- 
time manifold. 
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We must next express the cosmological principle in terms, of this nebular 
congruence. By the principle of homogeneity the distribution of nebulae as ob¬ 
served by an observer A (attached to a certain nebula) at an event A 0 must be the 
same as the distribution of nebulae as observed by an observer B (attached to 
another nebula) at some event B 0 . Hence the equations of the nebular congruence 
must remain invariant under the transformation connecting the normal co-ordinates 
of A 0 and jB 0 defined above. 

To this principle of homogeneity Walked I4) adds the principle of symmetry, 
viz. that the distribution seen by each nebular observer has spherical symmetry 
about the observer. It may be that this further assumption is really unnecessary, 
but it considerably helps forward the argument, which now runs as follows. 

§6. THE STRATIFICATION OF SPACE-TIME 

The set of events such as B 0 , at which a nebular observer B sees the same world¬ 
view as a prescribed observer A at a prescribed event A 0 on his world line, forms a 
three-dimensional manifold V 3 passing through A 0 . This manifold is invariant 
under the transformations from one observer to another and under the rotation 
transformations about each observer. The aggregate of these transformations forms 
a continuous group G 6 with six parameters. Now, by a well-known theorem of 
group theory, a V 3 which admits a G 6 is a manifold of uniform curvature, i.e. a 
species of hypersphere. 

In the immediate neighbourhood of A 0 the V 3 which passes through A 0 coincides 
with the instantaneous space of the observer A at A 0 . Hence the world lines of the 
nebulae are orthogonal to the invariant manifolds V 3 . These manifolds, which are 
hyperspheres, are therefore concentric, and the nebular world lines therefore diverge 
from a common event <&. 

If we take normal co-ordinates with this common event <? as base point, the 
equations to the world line of any nebula are 

f = «T, rj = vr, £ = zot, 

u y v and w being the (constant) components of its velocity. In the world view of 
the observer attached to the nebula with the world line g= o, 97=0, £=o, at the 
epoch r the nebulae at a distance or, equal to (£ 2 +i7 2 +£ 2 )4, appear to be receding 
with a speed <r/r, proportional to the distance o*. Thus Milne’s theory leads very 
simply to Hubble’s velocity, distance relation, and the coefficient of proportion¬ 
ality, t” 1 , has an immediate interpretation as the reciprocal of the age of the nebula, 
dated from the event S. 

In this theory space-time exhibits a natural stratification into the system of 
three-dimensional manifolds V 3 , whose general equation is 

(£ 2 + V 2 + £ a ) — c 2 ? 2 =constant. 

To emphasize this stratification of space-time and to facilitate a comparison of 
Milne’s theory with the general theory of relativity we make the transformation 

f=cr sin 0 cos <f>y rj—a sin 9 sin <j>y £=crcos 0 , 
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introducing the spherical polar co-ordinates (<r, 6 , cj>), followed by the transformation 


T—t (i+r 2 )%, o—ctr. .(6*i) 

Then ds 2 =c 2 dt 2 —c 2 t 2 r 2 dd 2 +r 2 sin 2 dd^. .(6*2) 


In this system of co-ordinates the world lines of the nebulae are given by 
r=constant, 0 = constant and <j> = constant, 
and the V’s are given by 

t= constant. 

It is therefore a very simple matter to determine the density of the nebular distribu¬ 
tion, which, in virtue of the cosmological principle, is a function of t only, say 
n (£). The equation of continuity is 

where A is the determinant of the coefficients in the expression for the metric (6-2), 
i.e. A = — (cVr 4 )/^+r 2 ). 

Hence n(t)=B/(cH% .(6-3) 

where B is a dimensionless constant. 


§7. OBSERVABLE RELATIONS 

In order to obtain relations between directly observable quantities we shall 
determine the number of nebulae for which the Doppler shift factor D lies in a 
prescribed range dD , and the relation between the apparent brightness of a nebula 
and its Doppler effect (s) . 

An observer whose world line is r=o receives a ray of light whose world line 
must be a null curve and which, by symmetry, has the equations 


whence 


6 = constant, 


<f> = constant, 


dt 

t 


to/ts^ *s + (i +r* 2 )^, 


dr 

(1 +r 2 )i 9 


( 7 -x) 


the suffixes o and 5 referring respectively to the observer at the moment of recep¬ 
tion and to the nebula at the moment of emission. The Doppler factor D is therefore 
given by 

j _ wave-length at observer _ dt 0 t 0 
— wave-length at nebula ~ dt s ~ t s ’ 


since r s is constant along the world line of the nebula. 

Hence all the nebulae observed to have the Doppler factor D lie on the manifold 
given by the equations 

t,=to/D ) 


and 


r s +(i+r/)k=D, 


( 7 -a) 




or 
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The number of nebulae observed by 0 to lie in the spherical shell with radii r s and 
r,+dr s is 

dN=J (0$fi (rt > 3 n (*)=4^ al ^M, 

by equations (6-3) and (7-1). Therefore, by equation (7-2), 

dN=irB (D-D- 1 )* dD/D , 
or, on writing D = 1 + 8, 

^= 4 * 58 * (1-28+^8*+...). .(7*3) 


To determine the apparent brightness of a nebula we first compare E s and E oy 
the energies of a photon when emitted by the nebula and when received by the 
observer, and also N s and N 0 , the numbers of photons emitted per unit time by the 
nebula and received per unit time by the observer. We have that 


and 


E s wave-length at observer dt 0 t 0 
E 0 ~~ wave-length at star ~ dt 8 ~ t s ’ 

N 8 __ i/dt s __t 0 
N 0 1 \dt Q t 8 


Now it can be shown that the cross-sectional area of this pencil of radiation from s 
varies as (\r 8 t 0 ) 2 , so that the apparent brightness varies as N 0 E 0 (r s t 0 )~ 2 , i.e. as 
N S E S (r 8 t 0 /t s )~*. The distance L as judged from observations of apparent brightness 
is therefore given by 

L=r s t 0 /t s — r s D, 

whence L=\ (D 2 - 1) = 8 (i + J8). .(7*4) 


Part III. COSMOLOGY IN GENERAL RELATIVITY 

§8. THE PROBLEM OF CONGRUENCE IN SPACE-TIME 

The general theory of relativity is based on the assumption of the local uni¬ 
formity of the physical laws of spatial and temporal measurement. This means that 
any observer A at any event A 0 in his world line can set up a system of local Minkow- 
skian co-ordinates, with their origin at A 0 , valid in the immediate vicinity of A 0 . 
The observer A can also assign co-ordinates to any observable event P, however 
remote from A 0l in terms of observations of P made at A 0 , but the relation of these 
global co-ordinates to the local co-ordinates remains a matter for investigation. In 
fact the first problem to be discussed is the relation between the local co-ordinates 
attached to different events and the global co-ordinates covering the observable 
universe. 

The simplest methods by which two distant observers can compare and correlate 
their local co-ordinate systems are either the use of light signals or the transport of 
rigid scales and clocks. The method of correlation by means of light signals has 
been extensively developed by Milne and Whitrow. Here we shall consider the 
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second method. The problem which it suggests is the natural extension of the 
classical space problem. This latter problem discussed the congruent transforma¬ 
tions of a three-dimensional space into itself. The present problem discusses what 
may be called the ‘'congruent transformations” of a small three-dimensional space— 
the local instantaneous space of an observer—free to move in four-dimensional 
space-time. 

This general space-time problem has never been attacked, but a particular 
solution—which may be the only solution having physical significance—is furnished 
by Levi-Civita’s theory of parallel displacement as interpreted by Eddington’s 
concept of equivalence. This particular solution is effectively given by stating the 
components of the vector A * 1 + dAv- at an event with (global) co-ordinates (pci* + dxP), 
which is equivalent or congruent to the vector at the event (x^). (Here and else¬ 
where the suffixes take the value o, i, 2, 3 and Einstein’s summation convention is 
used.) The explicit formula is 

dAP=-TfyA*dxP, .(8-1) 


where T£p is the Christoffel symbol of the second kind for the quadratic form 

ds 2 =g oc p dx* dxP, 

which specifies the metric in global co-ordinates. 

The physical significance of the formula for parallel displacement is that it 
specifies the changes in the co-ordinate measure of a scale or clock which is trans¬ 
ported from (xt*) to (#/* + dxP) in a natural or non-violent manner. It follows that the 
natural motion of a particle will be obtained by taking the vector A* to be the tangent 
vector dx*/ds of the world line of the particle. The resulting equations are 


d 2 xP 
ds 2 




dx a dxP _ 
~dF~ds~ 0 ’ 


( 8 - 2 ) 


the familiar equations to geodesics. 

So far nothing seems to have been gained by the preceding elaborate discussion, 
but a further consideration of the conditions to be satisfied by the coefficients g^p 
shows that what has been vaguely described as the “natural motion” of a particle is 
in reality its motion under gravitational forces only . In other words those physical 
phenomena which are treated in classical Newtonian dynamics as motion under the 
inverse square law of attraction are discussed in general relativity as natural motion 
under no forces. It is, of course, well known that to a first approximation the two 
theories agree, and that to a second approximation the relativistic theory provides a 
satisfactory account of certain outstanding small discrepancies between observation 
and the Newtonian theory. 


§9. THE STRESS TENSOR 

It has already been emphasized in connexion with the special theory of re¬ 
lativity (§ 5) that the actual discrete distribution of the nebulae in space-time is to 
be replaced by a continuous distribution, in which the world lines of the nebulae 
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form a congruence of curves. The same method is to be adopted in general re¬ 
lativity, the direction of the world line which passes through any event P being 
specified by a unit vector A P at P. The density p of the continuous distribution is 
related to the actual discrete* distribution in such a way that pda> is, on the average, 
the total mass of the nebulae in a volume da> of their instantaneous space at an event 
P. Considerations of continuity then show that the momentum vector />A a must 
satisfy the divergence equations 

Ax (p A°0 = o, 

where Z) a , the symbol for covariant differentiation, is employed because the space- 
time manifold is not Minkowskian in the large.' 

The hydrodynamics of this continuous distribution can be expressed in two 
equivalent ways, viz. either by equations of the Lagrangian type which assert that 
the world lines are geodesics, or by equations of the Eulerian type which are satisfied 
by the so-called stress tensor T^ or pX^XP. The Lagrangian equations are 

A a D a A£==o, 

whence Ax ( Tf) = Ax (pX^Xp) = Ax (p A a ) -f pX^D^Xp 

=o- .(9*1) 

The Eulerian equations therefore express the fact that the divergence of the stress 
tensor is zero.* 

Some investigators take the stress tensor in the form 

P“0==pA a A0 

where p*P is the tensor representing the internal stresses of the continuous distribu¬ 
tion, and they further assume that 

if a4=^8, and p^—p, 

so that the only stress is a hydrostatic pressure p. The object of this assumption is 
to take into account the pressure due to the radiation in the inter-nebular space, but 
as the effect of radiation is almost certainly negligible we shall not take it into 
account here. 


§ 10. THE FIELD EQUATIONS 

We shall obtain the conditions to be satisfied by the coefficients^ (alluded to in 
§9) as the extension of Poisson’s theorem (AF=-4777/?, for the gravitational 
potential V) appropriate to general relativity. Following Synge (lo) we consider 
the world lines L, M of any two neighbouring particles, and two events P, Q 
respectively on L and M . The “absolute gravitational intensity at an event” is clearly 
a meaningless phrase, as we can only measure relative velocities and relative accelera¬ 
tions. But “the excess of the gravitational intensity at Q over the gravitational 
intensity at P” can be defined to be the acceleration of Q relative to P. We define 
corresponding events P and Q on L and M by the condition that if Q x corresponds 

* Much deeper considerations of the relation between the geodesic law (8-2) and the divergence 
equations (9*1) are to be found in papers by Walker^ 13 ^ Robertson^ and Synge^A 
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to P 1 and Q % to P 2 then the geodesic intervals PiQi and P 2 Q 2 are equal. Then if 
is the infinitesimal vector drawn from P on L to the corresponding event Q on M 
the velocity of Q relative to P is the covariant derivative of rjf 1 along L, i.e. 

Dr j ^=A a D 0L 7)^ 

where A“ is the tangent vector to L at P. Similarly the acceleration of Q relative to 
Pis 

Now, by a classical theorem due to Levi-Civita (4) , 

Z)ZV= -R^p \*r) v \P, 

where R^p is the Riemann-Christoffel tensor. It is satisfactory to note that this 
expression for the relative acceleration, i.e. the gravitational force, is independent of 
the direction of M. 

Remembering that ^ — dx^ we see that the covariant derivatives of the gravi¬ 
tational intensity at P are given by 

fn/dx v = -R^ v p\*AP. 

Hence the divergence of the gravitational force at P is 

fp/dxr- — R^upp A a A0=P aj g A a A0, 

where R a p is the Ricci tensor. Synge's investigations^ 0 * show that the divergence so 
defined by the contracted covariant derivative agrees with the classical definition in 
terms of the gravitational flux across a closed 2-way in the instantaneous space of L. 

Now in classical dynamics the divergence of the gravitational force at P is 
proportional to the density of matter at P. In general relativity the expression for 
the divergence depends upon the orientation of the instantaneous space in which it 
is calculated, and the simplest generalization of Poisson's equation will be of the 

form R a? \«tf=aT afi \*)?+b, 

in which it is expressed as a linear function of the stress tensor T aj g. We have in¬ 
serted here a term b, independent of P aj3 , in order to allow us to consider the 
possibility that the effective density may not be the actual density, but the excess of 
the actual density over some average density of all gravitating, matter. The ad¬ 
vantage of this hypothesis is that it makes possible a uniform and static Universe— 
which is clearly impossible in classical dynamics except in the trivial case when there 
is no matter present. 

It follows from our generalized Poisson’s equation (which must hold for all 
time-like vectors A a ) that 

&«P = a T«p + t>iap- 

Now we have seen (^i) that the stress tensor T a g satisfies the generalized divergence 
' <1 " a,i< ' n D,TJ>. o, 

and it is known that this is also true of the modified Ricci tensor R a p - ig a pR, where 
R=g*PR a p. It follows that the term b must have the form 

b=\R~ A, 
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where A is a constant—the so-called cosmological constant. Moreover a must be a 
constant, and a further comparison of the classical Poisson’s equation with our 
generalized Poisson’s equation, based on an examination of geodesics, shows that 

a— — 87ry/c 4 , 

where y is the Newtonian constant of gravitation and c is the speed of light. 

We thus obtain Einstein’s field-equations 

Rql^ ~ iR&atfi “I" AfiajB “ K ^'ot j 3 > . 

where ^=8777/^. 


§11. THE STRATIFICATION OF SPACE-TIME 

The cosmological principle can be applied in the general theory of relativity 
exactly as in the special theory, and, when it is supplemented by the principle of 
symmetry, it shows that the space-time manifold contains a system of three- 
dimensional manifolds V 3 , each of which has uniform curvature and is cut orthogo¬ 
nally by the world lines of the nebulae. This argument, due to Walker (l4) furnishes 
a proof of the assumptions adopted by Robertson (7) as the foundation of relativistic 
cosmology. The stratification of space-time implied by this argument is exhibited 
by taking a system of co-ordinates such that 

ds 2 =c 2 dt 2 -R 2 (t) dl\ 

where dl 2 — + 7,2 sin 2 0 d<j>\ 

Here R (t), sometimes written as exp g (t), is an arbitrary function of t; the world 
lines of the nebulae are given by 

r= constant, 0=constant, 96 = constant; 

and the manifolds V 3 are given by *=constant, the constant k being +1, o, or — 1 
according as the manifold is spherical, flat or hyperbolic in curvature. The isotropic 
and uniform character of a V s can be shown by making the transformation 

r=f/(i + ikf 2 ), (f>o), 

when dP « (dr 2 +f 2 d 8 2 +f 2 sin 2 0 d<f> 2 ) (1 + J&f 2 )- 2 . 

It will be noticed at once that the metric of special relativity as employed in Milne’s 
theory is obtained by taking k to be —4 and R (t) to be ct. 

To determine the unknown function R (t) and the density p of the nebular 
distribution we now substitute the values of the Ricci tensor R a p appropriate to the 
metric (n-i) in the field equations (10*1), the stress tensor being expressed in the 
form 

r«P=pA a AP, 

where A a the tangent vector to the world lines, of the nebulae has the components 

A°=c~ 1 , A x =o, A 2 =o, A 3 =o. 
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After a little rearrangement we thus obtain the following two equations: 
and -2itR" + 2 (kc*+R'*) = Kc* P R\ 

These relations were first obtained by Friedmann (z) , under much more restrictive' 
hypotheses. 

The first equation shows that 

c( ^ <o)=± L{^A)} dx ' 

where D (x, A) = Xx z — %kx + kE. 


It then follows that pc 2 R*=E> a constant. 

This result could also have been obtained from the divergence equation satisfied 
by the stress tensor. 

§ 12. OBSERVABLE RELATIONS 

Just as in the special relativistic problem observable relations can now be 
deduced from the form of the line element (ii-i). We shall consider, as before, an 
observer whose world line is r=o and whose observations made at t=t 0 refer to a 
nebula at r=r s , t=t 8 . Then the Doppler shift factor is 




R_M 

R(t.) 


(l2*l) 


and the number of nebulae observed to lie in the spherical shell with radii r„ and 
r,+dr, is Airr 2 dr 


where p = Ejc 2 R z (t 8 ) = ai?~ 3 (t 8 ), say. 

Hence dN = 47rar s 2 dr s (l— \kr 2 )~^ 

=47rar s 2 c\dt s \/R (t s ), .(12-2) 

using the equation to the null curve joining (r B , t s ) to (0, t 0 ). The elimination of t 8 
between (12-1) and (12*2) enables us to calculate the observable ratio dNjdD. 

The distance as judged by apparent brightness is now 


L=r s R ( t 0 )/R (t 8 ) = r s D, .(12-3) 

and this can also be expressed as a function of D only when R is known as an 
explicit function of t. 

The detailed comparison of theory and observation is given by McVittie in the 
succeeding paper. 


§13. THE TOPOLOGY OF THE EXPANDING UNIVERSE 
In the region of space-time occupied by the nebulae the line element is given by 

• ds 2 =c*dt 2 —R 2 (t) _f^ r 2 +r 2 dd 2 +r 2 sin 6 d<j> 2 J, 

the world lines of the nebulae being r= constant, 8 = constant, <f> = constant. Since 
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the direction of these lines is essentially time-like, dt % must be positive and t must be 
a real co-ordinate. Now R (t) is implicitly given as a function of t by the integral 



and hence the possible range of values of R must be limited so as to ensure that the 
integrand shall be real. 

A detailed consideration of the various cases which can arise, according to the 
values given to the constants A, k and E, is given in Robertson’s report. Here we 
wish to emphasize only this fact—that the range of values thus found for R (t) 
refers only to that portion of space-time actually occupied by matter. The question 
of the existence of empty space-time outside this region still remains for further 
consideration. 

To elucidate this situation consider the metric of Milne’s expanding universe, 
equation (6-2), 

ds*=c*dt*-(ct)* (^+« s +r ! sin 2 6 d<t>^, 

derived from the general relativity metric by writing 

A = o, &= -4, k — Oj R(t) = ct. 

The argument in the first paragraph, of this section shows that in the portion of 
space-time occupied by the nebulae—let us say the nebular space-time—we must 
have t real. But the transformation (6-i) 

r=£(i+r 2 )i a = ctr 

shows that ds 2 — c 2 dT 2 —(dcr*+a 2 d 9 2 +cr 2 sin 2 9 d(f> 2 ). In these new co-ordinates 
(r, <r, 9 , <f>) the whole of space-time is clearly given by allowing r and a to have the 
ranges 

— 00 <r< + 00, 0<a< 4-00. 

NOW t 2 = T 2 -a 2 /c 2 , 

so that t is real only inside the light-cone 

r 2 = cr 2 /c 2 . 

Hence the nebular space-time is surrounded by an empty region extending to 
infinity. 

In the case of the general relativity metric we cannot make a similar transforma¬ 
tion to exhibit at once the empty space-time with which the nebular space-time is 
surrounded, but we can devise another and more fundamental line of approach to 
this question. We consider the path of a free particle projected from an event on the 
boundary of the nebular space-time. If the form of this path indicates that the 
particle has entered nebular space-time and appeared across the boundary within a 
finite interval in the past, we can at once infer the existence of an empty space- 
time surrounding the nebular space-time. 

This method can be very simply illustrated by means of Milne’s metric. The 
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curve rt=a/c is easily seen to be a geodesic which meets the boundary f=0 at the 
event (2=o, r= 00). The value of J \ds taken along this geodesic to (t=t a , r=r 0 ) is 


K 


c 2 dt 2 — cH 2 


dr 2 \* 


1+r 5 


w: 




loo (i+r*)i 
=7 {i+T'ff-a. 


Hence a particle pursuing this geodesic entered the nebular space-time at a finite 
interval in the past. We are therefore obliged to envisage an empty region of space- 
time surrounding the portion which is filled with matter. The consideration of these 
topological questions must, however, be reserved for subsequent investigations. 


§14. CONCLUSION 

The two main hypotheses upon which relativistic cosmology depends are the 
uniformity of space-time and the homogeneity of the distribution of nebulae. 
In the special theory of relativity these assumptions lead inevitably to Milne’s 
cosmological theory, in which there is only one arbitrary constant at our disposal, 
namely, the present age of our own nebula, dated from the epoch when all the nebu¬ 
lae were coincident in space. In the general theory of relativity the fundamental 
hypotheses lead to an expression for the metric of space-time which is perfectly 
definite apart from three arbitrary constants, A, k and E. It may be that the topo¬ 
logical consideration just adumbrated will also throw light on this problem, but 
for the moment we must rely on the observational evidence marshalled by McVittie 
for any further information about the values of these constants. 
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ABSTRACT . The diffraction of electrons by anthracene crystals gives results which are 
in agreement with the structure as previously determined with x rays. In addition to the 
normal type of multispot pattern characteristic of electron diffraction by thin single 
crystals, however, there appears superimposed another pattern consisting of areas or islands 
of diffuse scattering. It is shown that this diffuse-area pattern is due to molecules which, 
though oriented with respect to the beam in accordance with the crystal-orientation, have 
nevertheless no definite phase relationship with each other. The diffuse-area pattern is thus 
virtually equivalent to that which would be given by a gaseous stream of oriented molecules 
flowing past the electron beam. Since the crystal setting cannot as a rule be directly 
observed as it can in x-ray analysis, it has been necessary to develop methods for deter¬ 
mining the crystal orientation from a consideration of the normal electron-diffraction 
pattern features. In this way it was established that the diffuse-area pattern was furnished 
by molecules which, though in, or very near, their normal positions and orientations within 
the lattice, were acting as independent scattering groups. It is shown, by an extension of 
the Debye theory to molecular lattices, that the occurrence of the diffuse-area pattern in 
electron-scattering by molecular crystals can be satisfactorily accounted for on the supposi¬ 
tion that the molecules vibrate thermally as practically rigid units about their mean positions 
within the lattice. 

It is pointed out that the diffuse-area pattern can be regarded as an important adjunct 
to the x-ray Fourier synthesis method of determining molecular and crystal structure, in 
cases where the atomic arrangement within the molecule exhibits a sufficient degree of 
symmetry. Furthermore, it offers an approach to the study of molecular structure in cases 
in which the method of electron diffraction by gases fails owing to the complex nature of 
the pattern resulting from the lack of orientation of the molecules in the gaseous stream. 


§1. INTRODUCTION 

I N a previous communication^ it was shown that single-crystal electron-diffrac¬ 
tion transmission patterns could be obtained from a variety of organic compounds, 
both aliphatic and aromatic. Later (3) we drew attention to the fact that, in 
addition to the normal pseudo-cross-grating arrangement of spots, the patterns from 
crystals of certain aromatic compounds often contained diffuse bands or areas of 
blackening in an apparently orderly distribution which appeared to be related to 
the arrangement and separation of the carbon atoms in the molecules and thus 
seemed to be similar in origin to the well-known layer lines in reflection patterns 
obtained from monomolecular layers of normal straight-chain hydrocarbons (3) . The 
importance of the bearing of such a phenomenon upon the determination of the 
nature of molecular structure and its arrangement in the crystalline state need hardly 
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be stressed; accordingly, we have undertaken a systematic study of the diffraction 
of electrons by organic compounds, selecting as a starting point anthracene, the 
structure of which has been determined by x rays. 


§2. THE STRUCTURE OF ANTHRACENE 

According to x-ray measurements^, the anthracene unit cell is monoclinic, and 
its axial dimensions are as follows: a = 8-58 a., b — 6*02 a., c = 11 *18 a., while /? = 125 0 . 
It contains two molecules and, since the (hoi) and (010) spacings are halved when 
h is odd, the space group is <v, and the general atomic positions are + ( [xyz ), 
±(# + £—y> #)• Robertson (4) has determined the atomic co-ordinates by a 

Fourier analysis of the diffraction intensities obtained from spectrometer measure¬ 
ments, and the estimated values are set out in table 1, where A, B, C, ... represent 
the atoms as shown in figure 1. The co-ordinates expressed infractions of the axial 
lengths are given in table 2, and it is convenient also for numerical work to express 
the atom co-ordinates in terms of orthogonal axes a , b , c\ as in table 3. The per- 

Table 1. Carbon-atom co-ordinates in angstroms for anthracene, referred to the 
monoclinic axes £, 5 , c with the centre of symmetry of a molecule as origin 


Atom 

X 

y 

z 

From the a 
projection 

From the b 
projection 

A 

o*8i 

0*19 

4-17 

4-10 

B 

i*o6 

o *94 

3 *i 4 

3 *ii 

C 

o *54 

o -49 

i *57 

i *55 

D 

0*81 

1-24 

O'SS 

o-S 7 

E 

0-28 

078 

— VO 

— 0*98 

F 

0-56 

1*53 

— 2*02 

— I -98 

G 

0*02 

1*00 

-3-60 

- 3*54 

P = D /2 = 

0-40 5 

0-62 

0-28 

C + E '_ q _ C - E _ 



• 


2 ^ 2 

O’i 3 o 

-0-145 

1*275 


Table 2. Carbon-atom co-ordinates for anthracene 
expressed as fractions of a , b f c 


Atom 

X 

y 

z 

A 

0-094 

0-032 

0-369 

B 

0-124 

°* I 57 

0-279 

C 

0-062 

0-082 

0-140 

D 

0-095 

0-207 

0-050 

E 

0-033 

0-130 

— 0-089 

F 

0*065 

0*254 

-0-179 

G 

0*002 

0-177 

-0-319 

P = D/z = 

0-047 

0-103 

0-025 

C + E '_ Q _ C - E _ 

2^2 

0-015 

-0-026 

0-115 
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Table 3, Carbon-atom co-ordinates for anthracene expressed in angstroms 
and referred to the orthogonal axes a> i, c* 







Figure 1 a. The anthracene molecule in plan. Figure 1 b. Projection of the anthracene 

molecule on the plane ac\ 
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Figure 1 c. Projection of the anthracene Figure 1 d. Projection of the anthracene 
molecule on the plane bc\ molecule on the plane ab. 
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spective view, figure 2, has been drawn from the above data to show the arrangement 
of the molecules and the disposition of the axes. 

Robertson gives the further details of the molecular setting as follows. The 
angles between the d axis and the orthogonal projections of the long axis of the 
molecule upon the bd and ad planes are 8° and 30*1° respectively. Hence the long 
axis of the molecule encloses with the a , b and d axes the angles x equal to 119*7°, 
$ equal to 96-9° and co equal to 30*7° respectively. The long axis of the molecule lies 
at an angle of 8*5° to the crystallographic axis c. 



Similarly, the orientation of the short axis of the molecule (parallel to CEDD', 
etc.) is found from the average angles between the d direction and the projections 
of the short axis of the molecule upon the bd and ad planes respectively, which are 
found to be 69-6° and 46*9°. The angles with the a , b and d axes are thus, by 
calculation, x' equal to 69-6°, iff' equal to 28*6° and co' equal to 70-9° respectively. 
The benzene rings were found to be plane and regular hexagons with a C-C spacing 
of 1*41 a., the nearest intermolecular atomic separation being about 3*80 A. 
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§3. ELECTRON-DIFFRACTION TRANSMISSION PATTERNS FROM 
POLYCRYSTALLINE ANTHRACENE FILMS 

Polycrystalline films suitable for transmission were obtained by evaporation of 
a benzene or ether solution or by condensation of the vapour in vacuo on a collodion 
film supported on nickel gauze. Typical patterns, one taken with the film sufficiently 
inclined to the beam to show incipient arcing but the other much more inclined, are 
shown in figures 3 and 4 respectively. These and all other patterns discussed in 
what follows were taken with a camera-length L of approximately 47 cm. and an 
accelerating voltage between 50 and 70 kv. The analysis of figure 3 is set forth in 
table 4. 


Table 4. Anthracene vaporized on to collodion: specimen film inclined 
by about 9 0 from setting normal to beam: 48 kv. 
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These results are in good agreement with those obtained by x rays and show 
further that the crystals orient preferably with the ah plane parallel to the substrate, 
i.e. in (001) orientation. Thus, in figure 4, the projection of the axis about which the 
film was inclined to the beam passes horizontally through the central spot, and the 



Figure 3. Figure 4. 


diffraction arcs fall into groups lying on elliptic loci corresponding to different pairs 
of hk indices and whose major axes pass vertically through the central spot (s) . 
Since the orientation axis does not coincide with any important zone axis, a strongly 
marked development of layer lines is not to be expected. The 010 diffraction is not 
observed in x-ray patterns and is forbidden for the space-group C^ 5 ; its occurrence 
here is probably due to secondary or “ dynamic” scattering. 


§4. REFLECTION FROM POLYCRYSTALLINE ANTHRACENE 

SURFACES 

Reflection specimens were readily prepared by evaporation of an ether solution 
on polished stainless steel. A typical pattern is shown in figure 5. The occurrence 
of 00/ diffractions in the plane of incidence shows that the crystals are, as in the case 
of the previous transmission specimens, in (001) orientation with respect to the 
substrate surface. The remaining diffraction spots also fall on vertical row lines, 
each corresponding to one pair of hk indices. To complete the indexing of the 
pattern it is convenient to use the reciprocal lattice construction. Figure 6 shows the 
directions of the reciprocal axes a *, 6* c* relative to the crystal axes a , b , c, where the 
ab plane is parallel to the substrate surface, indicated by shading in the diagram. 
a*, i*, etc. are given by 

a*=ija sin ft, = 1 /ft c*=i jc sin ft; 
a*=y* = 90 0 , ft* =180° —ft 


and 
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The pattern, figure 5, is equivalent to that which would be obtained by rotation of 
a single crystal about an axis normal to the (001) plane. Hence in the reciprocal 
lattice construction for the diffracted beams, this lattice must be rotated about the 
c* axis to find where the reciprocal lattice points intersect the Ewald sphere, which 
in this case is approximately a plane normal to the beam and containing the c* axis. 
Thus each reciprocal lattice point describes a circle about the c* axis, whose 
intersections with the Ewald sphere (or, with sufficient accuracy, plane) have 



Figure 5. Reflection from anthracene in (001) orientation. 



Figure 6. The anthracene unit cell and its reciprocal. 

horizontal and vertical co-ordinates x and y in this plane, which are respectively 
normal and parallel to c*, and are given by 

* - ± {(ha* sin 0*)*+= ± (h 2 /a 2 +A 2 /* 2 ) 4 , 
y=ha m cos B*+lc*. 

The horizontal and vertical co-ordinates of the corresponding diffractions in the 
pattern are accordingly A Lx and XLy respectively. All vertical co-ordinates depend 
only on h and l; thus all points with the same h and l indices but different k index 
must lie on the same horizontal line in the pattern; and, similarly, diffractions with 
the same hk indices have the same horizontal co-ordinate and therefore lie on the 
gamft vertical row line. To construct the pattern from the intersection of the reciprocal 
lattice with the plane of reflection we have only to superpose the patterns of re- 
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ciprocal lattice points lying in planes passing through the c* axis, the diffractions 
corresponding to all the points in any one plane appearing in the pattern at or near 
the corresponding main azimuthal setting. For example, with the beam parallel to 
the b axis, the pattern is as shown in figure 7. The complete index diagram, figure 8, 
corresponding to the stronger diffractions in figure 5, was constructed in this 
manner, the size of each spot being made roughly proportional to its intensity in 
the diffraction pattern. The hk indices of each diffraction are given at the foot of 
each vertical row line and the l index beside the corresponding spot on the right- 
hand side of the row line in all cases except for the 11/ and 13/ rows, where the 



/ indices are placed to the left of the row owing to space restrictions, while the 20Z, 
izl and 42/ rows are indexed on the right-hand side of the diagram only for the 
same reason. Thus the most intense diffraction above the central spot is the 004, 
and the one immediately to its left is the 014. For the sake of clarity the indexing 
has been distributed over the whole pattern. The true rotation pattern would be 
symmetrical about the central vertical row line, and the fact that figure 5 is not 
completely symmetrical in this sense is to be ascribed to the presence in the path 
of the beam of a comparatively few and relatively large crystals, instead of many 
small ones with only one common axis of orientation. 

The relative intensities of the diffractions in figure 5 are approximately in 
agreement with those which would be expected according to the structure factors 
measured by x rays, when allowance is made for the radial decrease in intensity 
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due to atom-form-factor variation with scattering angle and for the limited number 
of crystals contributing to the pattern. Table 5 shows the general agreement of the 
estimated intensities with the x-ray structure-amplitudes (Robertson’s values) in 
the main zones of diffraction. Thus the diffractions which have a high structure 



Figure 8. Index diagram for the stronger diffractions in figure 5. 




Figure 9. Reflection from a rubbed anthracene surface in (001) orientation, 

factor are the strongest in the electron-diffraction pattern. It may be pointed out 
that, as might be expected, the diffractions such as 001, on, etc., occurring near the 
shadow edge in the pattern, appear abnormally weak, as a result of a partial screening 
by the appreciable roughness of the surface of the specimen. 

A striking fact is that rubbing the surface of a reflection specimen in a given 
direction results in a pattern, figure 9, which is independent of the azimuthal 
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direction of the beam, and in which the only clear diffractions recorded are those 
lying on the vertical central, i.e. 00Z, row. These are strong and show no appreciable 
broadening or arcing. 

Table 5. Comparison of the intensities of diffractions in figure 5 
with the corresponding x-ray structure-amplitudes 


hkl 

Observed 
intensity in 
figure 5 

x-ray structure- 
amplitude 
(Robertson’s 
values) 

OOI 

VS 

30 

00 2 

VS 

22 

003 

VS 

14*5 

004 

VVS 

22 

005 

S 

16 

006 

MS 

< 4 

007 

MS 

< 4 

008 

MF 

< 4 

009 

MF 

3 

on 

F 

9 

012 

F 

3*5 

013 

F 

4‘5 

OI4 

S 

I 3'5 

015 

S 

14 

Ol6 

F 

< 4 

017 

VF 

< 5 

Ol8 

MF 

6 

OI9 

MF 

5-5 

112 

F 

12 

113 

F 

12*5 

114 

S 

17*5 

II 5 

S 

16*5 

no 

s 

5 o*S 

in 

M 

9*5 

112 

F 

< 3 

113 

F 

6 

114 

M 

14 

1 15 

VF 

? 

200, 203 

MS 

59 , H *5 

201, 204 

F 

5 , 3 

202, 205 

F 

4 * 5,5 

203, 206 

F 

4 * 5,5 

204, 207 

MS 

22 * 5 , <4 

205,208 

F 

8, <4 

210,213 

VS 

48 - 5 , ? 

220,223 

S 

13 , <3 

221,224 

s 

13 , 23*5 

222, 225 

MS 

6, 19*5 


§5. TRANSMISSION THROUGH ANTHRACENE SINGLE CRYSTALS 

Single-crystal transmission specimens were prepared by condensation in air on 
nickel gauze or on collodion supported on gauze, or by picking up on gauze the 
film formed by the evaporation of a xylene solution on a cleaned water surface, 
either of these last two procedures being followed when a crystal oriented with the 
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ab plane in the specimen film was required. The thin plate-like crystals often showed 
interference colours, and some with areas up to as much as 10 mm? were obtained. 
Owing to the appreciable volatility (sublimation) of anthracene in vacuo , the change 
in the pattern with decreasing thickness could be followed and recorded with one 
and the same crystal; it was possible to obtain as many as five photographs, by 
starting with a sufficiently thick crystal and breaking vacuum after each exposure, 
before it had completely evaporated. 

As the first anthracene single-crystal transmission pattern to be discussed we 
reproduce that shown in figure 10 a. Its unusual and composite nature is un¬ 
mistakable, consisting as it does of an approximately symmetrical arrangement of 
diffuse areas of scattering superimposed on the normal type of spot pattern showing 
typical Laue-zone reinforcement. In electron diffraction we can hardly observe the 
setting of the crystal directly, as we can in x-ray work, and we must therefore deduce 
the setting from the diffraction pattern itself. Having done this we can then proceed 
to examine the relationship, if any exists, between the diffuse-area pattern and the 
molecular structure of anthracene. 

The indeocing of the normal Laue-spot pattern. In the case of figure 10 a, L and V 
were 48 cm. and 58 kv. respectively, and the dimensions of the nearly rectangular 
pattern unit (measured near the centre of the pattern) are 0-3925 and o-2i2 8 cm. 
Hence the spots clearly lie at the intersections of the two sets of Laue zones corre¬ 
sponding to the b and c crystal axes. The k and / indices relating to these zones 
are marked in figure 10 a. These pattern dimensions are in the ratio 1: 1-85, whereas 
b : c= 1: 1-857 by x rays; thus the beam was not far from being normal to the be 
plane. A third set of broad Laue zones exhibiting slight but distinct curvature lies 
near the strongly curved lines marked in figure 10 a; they comprise spots whose l 
indices are either all odd or all even. The diffractions lying on the zero-order zone 
which passes through the central spot have even l indices, while those in consecutive 
zones have alternately l odd and l even. The angles between the beam and the 
b and c axes can be derived from the measurements of the spot pattern in figure 10 a, 
as follows. 

Consider the general case of a cross-grating whose axes a x and a 2 enclose an 
angle oc 3 and are inclined to the reversed beam direction at the angles 0 X and 0 2 
respectively. Since the beam is normal to the screen, the projections, 2^ and a 2 , of 
a x and a 2 on the screen enclose an angle a 3 such that 

cos a 3 =(cos oc 8 - cos 0 X cos 0 2 )/sin 0 X sin 0 2 . .(1) 

The Laue zones, h x and h 2 , relating to the axes a x and a% intersect a x and 0% (produced) 
in points which, over the small range of angles of diffraction considered, are 
practically equidistant at intervals equal to A Lja x sin 0 X and XLja 2 sin 0 2 respectively 
when 0 X and 0 2 lie between about 20° and 160°. The Laue zones will in general be 
curved to an extent depending upon 0 X and 0 2 ; thus, from being practically straight 
lines when the corresponding 0 lies within the range between about 8o° and ioo°, 
they become increasingly curved with further inclination of the lattice row outside 
this range, the concavity lying towards the point where the lattice row produced 
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would meet the screen. The Laue zones intersect in diffraction spots whose positions 
can be specified in terms of their Laue indices h x ,h z . a 3 can be calculated from the 
distances R from the central spot of three diffractions of known indices or equivalent 
translations in the pattern. For convenience we take, where possible, R ia and R 01 


together with any other suitable translations R blh2 , whence 

COS « 8 = (V^10 2 + J/ 2 *A #10-^01 • .(2) 

From Sg, i? 10 and jR 0 i we can derive 9 X and 0 2 by the equations 
sin 2 0 2 =[(1+ m t —zm cos a 3 cos a 3 ) ± V{(i +m 2 —2m cos otj cos S3) 2 

- 4m 2 sin 2 a 8 sin 2 a 3 }]/2m 2 sin 2 a 3 .(3) 

and sin 6 l = m sin # 2 ; .(4) 

where m = (a 2 ja i ) (R n /R l0 ). .(5) 

When <*3=90° equation (3) reduces to 

sin 2 0 2 =[(1 + m 2 ) + VIC 1 + *« 2 ) 2 — 4»* 2 sin 2 S3}]/2m 2 sin 2 S3.(6) 


In the case of figure 10 a, oc 3 = a=9o° and b and c represent a x and respectively. 
Further i? 10 = 0-3925 cm., i? 01 =o-2i2 8 cm. and -812 = 0-575 cm., these values being 
means obtained from the strongest and best defined diffractions in the vicinity of 
the central spot. Hence a=i8o° —88° 23'. We can also combine -833 = 1-027 cm. 
with the values of R w and R 01 and obtain S = 180 0 — 88° 42'. Unlike 2 ? 12 and R^ , J? u 
is unsuitable for exact measurement as the corresponding row of diffraction spots lies 
in the "direction of the third set of diffuse zones. The mean of five measurements of 
the corresponding angle taken directly from figure 10a gives a= 180 0 —88° 44'. 
This directly measured angle is the most reliable in the present case since, owing 
to the thinness of the crystals, the Laue-zone relaxation allows spots to appear in 
positions markedly displaced from the points of intersection of maxima, i.e. medial 
lines, of the b and c zones. 

From the above data we obtain, therefore, m=i -007, 6 b = 82° 41' or x8o° — 82° 41', 
and Q e = 8o° 8' or 180° — 8o° 8'. The angles of tilt of b and c to the beam are thus so 
large that the curvatures of the corresponding zones are too slight to show whether 
the angles between these axes and the beam > or < 90°. Since a > 90°, however, 
6 b and 6 C must be both greater than or both less than 90°; and as the positive b and c 
directions are unknown in relation to the still undetermined direction of the a axis, 
this still leaves four possible crystal orientations. The set of Laue zones comprising 
diffractions all with l even or l odd, as judged from the spacing and the extent and 
direction of curvature, belongs to the [201] zone axis, if we assume b and c to be 
directed as in figure 10b and that 6 b and 6 e < 90°. The corresponding Laue index 
h'=zh+ 1 \ hence h must be equal to (h' — l)/ 2, so that when h' is even l must also 
be even for h to be an integer and, similarly, when h' is odd l must also be odd; and 
the pattern agrees with these requirements. Furthermore, the a-axis Laue zones 
are easily identified in figure 10a and have approximately the required direction, 
curvature and spacing. None of the three alternative orientations agrees with the 
pattern. 
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Owing to the fact that the be plane is in this case so nearly perpendicular to the 
beam and owing also to the Laue-zone relaxation, the measurements of spot- 
separation cannot yield more than a first approximation to the crystal setting, 
accurate to about 2°, but this is sufficient to furnish a complete indexing of the spot 
pattern upon which can be based a more accurate determination. 

In calculating the direction and spacing of the Laue zones due to the a and [201] 
axes the first step was to determine the direction cosines (4^%)? (4^2^) an< i 
of the axial directions a> b and c respectively with reference to three 
orthogonal axes OXYZ , figure 11, OZ being parallel to the reversed direction of the 
beam while OX is taken in the plane containing OZ and b. We have directly 

4=sin 0 6 , m 2 — o, n 2 = cos 6 b ; n z — cos 8 c ; .(7) 



and, since cosoi=l 2 l z + m 2 m z -{-n 2 ?t z =l z sind b + cos 8 b cos 8 C9 

/ 3 = (cos a-cos 0 6 cos 0 c )/sin 0 6 , 77% = ± (1 -Z 3 2 - 77 3 2 )£ « 3 =cos 0 e .( 8 ) 

Since 6 a is still undetermined, (4 ^1^1) must be found from the relations expressing 
the fact that a is inclined at an angle /} to c and at y to J, namely 

COS j8 = 44+^1^3 + ^X W 3> 
and cos y = l 1 l 2 +m 1 m 2 +n 1 7 t 2r 

together with 4 2 + m \ +w 1 2 =i. 

Thus from equations (9) and (10) we obtain 

4 = W <>2*% - n z^h) + (nt 2 cos jS - m3 cos y)}j(l z m 2 
m 1 ^{n 1 (*4-*4)+(4 cos £-Z 3 cos y)}/(47^-/3wz 2 ), J .^ 

in which can be substituted calculated from (7) and (8), so that 

the resulting expressions for 4 and are in terms of n x only and can be substituted 


-( 9 ) 

,(10) 
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in (10) to give % and thus 4 and m x . The angle y between the projections a, b of 
a and b respectively on the OXY plane normal to the beam (measured anti-clockwise 
from OX, i.e. the b direction) is tan -1 (w^/ 4 ) and the inclination of the a axis to the 
beam is cos -1 n 1; hence the construction of the a Laue zones follows in the usual 
way. The [201] axis projection on OXY makes an angle with b equal to 

tan- 1 [{( c/a ]) nts+zm^/^c/a) 

and its length is {{cm^ + 2amff +( cl 3 +zalfffi ; from which, together with the length 
of the [201] period ^ 201 9 equal to 14-12 A., the inclination of the [201] zone axis to 
the beam can be calculated and the Laue zones constructed. 

Thus in the present case, the angle between the projections of the [201] zone 
axis and the b axis on the plane normal to the beam is calculated from the above 
data to be i8o° + 33° 18', and the angle between the projections of a and b is 
calculated to be i8o° + 8i 0 25', whereas the observed angles are about i8o° + 20° 
and i8o° + 8o° 15' respectively. 



a* 

Figure 12. 


Determination of the crystal orientation from the Lane-spot indices. When once 
the pattern has been indexed it becomes possible to determine the crystal-orienta¬ 
tion more accurately. For this purpose we could use the measured angles between 
the projections of a, b and c, but the most accurate method makes use of the fact 
that the strongest spots in the pattern, which lie almost exactly on the medians of 
the Laue zones, must correspond very closely to Bragg reflections. In figure 10 a 
there are several such spots which may be used for this purpose; thus the 031 
diffraction is much the strongest, the next most intense is 344, and other slightly 
less strong diffractions are 245, T54 and 456, in this order of intensity but all with 
nearly the same intensity. The condition for a diffraction hkl to be a Bragg reflection, 
i.e. to fulfil the three Laue conditions, is that the point [[MZ]] in the reciprocal lattice, 
figure 12, must lie on the Ewald sphere of reflection which passes through the 
origin O and whose centre A lies at a distance i/A along the reversed direction of the 
primary beam. Since four points define the sphere and O must be one of them, it is 
dear that if three other known points in the reciprocal lattice lie on the sphere the 
latter, and consequently the direction of the primary beam, is defined. 
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Let A be the point [[UVW]\ in the reciprocal lattice. Then 

AO*='ZU*a**+ 2 LUVa*b* cos y* = i/A 2 , .(i 2 ) 

and ( U-hf a**+z 2 (U-h) (V-k) a*b* cos y*=i/A 2 .(13) 

Subtracting equation (13) from equation (i 2 ), we have 

S (ha** C 7)+2 (Uk+ Vh) a*b* cos y* = | r* m | 2 / 2 = i/ 2 d\ M , 

whence 

U (ha m + ka* b* cos y* + la* c* cos / 3 # ) 

+ V(ha*b* cos y*+kb**+lb*c* cos a*) 

+ PF (/w* c* cos jS* + *6* c* cos a* + lc**) 

= | ®/ 2 *■“ (2A*a* s + zLhka* b* cos y*)/ 2 .(14) 

If the indices of three Bragg reflections are known, three equations such as (14) can 
be obtained from which U, V and W can be calculated. Thus if the three equations 
are 

wz 1 [/+w 1 F+p 1 PF=i 

m i U+n i V+p 2 W=i - .(15) 

m 3 U+n 3 V+p 3 W= 1 


it follows that 



n x 

pi 1 

/ 

Pi 1 

m 1 

u= 

n2 

Pi 1 

A, V= — 

Pi 1 

m % 


n z 

Pi I 

/ 

Pi I 

m z 


A, 


and 

i m 1 n x 

/ 

Ml n l Pi 

W= 

1 rrt 2 n 2 

/ A, where A = 

m 3 n 3 p 2 


1 m 3 n 3 

/ 

m 3 «3 A 


.(16) 


We require to specify the direction of the beam by the angles 9 a , 9 t , 6 C which its 
reversed direction makes with a, b and c respectively. It suffices to calculate UA, 
VA, WA, since the beam lies along the line [ UD , VD, WD\ where D is any constant, 
i.e. along 

**ud.vd.wd= UD a* + VDb*+ WD c* . 


so that 


cos 9 a — r*.a/| r* | a—(XJD)j\ tc*xjd,vd,wd I a > | 
cos 0 s =r*.b/i r* | b=(VD)/\ r* UD>VD , WD \ b, 
cos 8 c =r*.c/\ r* \ c=(WD)/\ r* VDtVDiWD \ c.) 


•(17) 


In the present case 

i/a sin j8= 0-1422 at 1 , &* = i/6 = 0'i622 a: 1 , c* = i/c sin ^8=0*1091 a: 1 ; 

and a # = y # = 9o°, j8* = (i8o° — ^8) = 55 0 - Hence the equation (14) for a Bragg 
reflection hkl becomes 

C/(o*o2024ft+0-008910/)+ V (0-02759*) + H 7 (0*008910 A+ 0-01192/) 

= (o-O 2 O 24 A 2 + O-O 2759 * 2 + O*OII92/ 2 + O-Oo89I 0 X 2*/)/2.(18) 
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The three equations corresponding to the diffractions 03T, 344, and 245 are 
respectively 

■ U( — 0-06850)+ V (0-6363) + ^( — 0-09162) = i,'| 

U (0-083 54 ) + V (- 0-3676) + W (- 0-06979) = i,l .(19) 

U( — 0-0x268)+ V (0-3438) + W( — 0-1301) =i.J 

Whence by (16) 

[ 7 A = 0-04503, FA = 0-00706, IFA=0-01157. 


If we take UD— 4-503, VD= 0-706, WD = 1-157, then | ?*ud,vd,wd I = 0 ‘73°°: 
whence by (12), we obtain 


0 o =44°i', e 6 =8o 0 45', 0 o = 8i°5i'. .(20) 


In order to gain some idea of the accuracy and validity of the method as applied 
to this and similar patterns we repeated the calculation using the three diffractions 
03I, 344 and 154, which gave 0 O =43° 52', 0 6 = 8o° 43', 0 e =83° 2', in agreement 
with the above values to within 0° 11'. The first set of values corresponding to the 
three strongest spots was taken as being the most accurate obtainable. 

Construction of the molecular projection diagram. For the purpose of comparing 
the observed and calculated Laue-zone directions and spacings, and also as one step 
in the construction of the projection diagram of figure 10 b, we again refer the 
crystal axes abc to three orthogonal axes OXYZ (figure 11), such that OZ lies along 
the reversed direction of the beam and OX lies in the plane of OZ and the b axis. 
Then 

4=sin 6 b , — o, M2 = cos0 # ; .(21) 


and 


=cos 6 a , 


M3 = cos 0 e , 

cos a=44+»*2»*s+»is«s> 
cos y = 44+»h»*2+»i«2; 

so that 


4=(cos y—cos 0 O cos 8 b )jsm 8 t , n x =cos 9 a , m ± = +V( I— 4 2 ~ w i 2 )> .( 22 ) 

and 

4=(cos a-cos 0 S cos 0 c )/sin 0 6 , Ma=cos 6 e , m 3 — +V( I — 4 2— *s 2 ).(23) 

The values of (20) inserted in (21), (22), (23) give 


Z x =—0-1171, m x =- 0-6850, « l =o-7X9o, 
4= 0-9870, m% = o, Ma=o-i6o6, 

4= — 0-02310, 7Mj= 0-9896, M3=0-1418. 


(24) 


The XY co-ordinates of the end-points of the projections a, E, c of a, b, and c on 
the OXY plane normal to the beam are therefore (tfZ l5 am^), (bl 2 , bm^), (cl 3 , cm^), i.e. 
(-1-00.5, “ 5 ’ 87 8 ), (S*94i> o) and. (- 0-253, a ., and the lengths a> 5 , c are 

5-963, 5*94i an d ii-o 6 A. 
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The angles between the Laue-zone normals in the pattern are then given by 
a=tan” 1 (tn^/l^) = 18o° — 88° 40', 
y=tan -1 (m 1 /4)= i8o°H-8o° 18', 

and agree well with the measured angles 180 0 —88° 44' and i8o°4-8o° 15' respec¬ 
tively. The true value of XL calculated from the b Laue-zone spacing is 

R 10 b sin sin 5=2*332 a. cm., 

hence the calculated a y b and c Laue-zone spacings are XL/a= 0*391 cm., 
AjL/ 5 =0-3925 cm., and XL/c=o-zxi cm., in very fair agreement with the observed 
values 0*390, 0*3925, o* 2I2 8 cm. respectively. Further, the angle between the pro¬ 
jection of [201] and 5 should be 

tan” 1 [{(c/a) m z + 21^} /{(c/ a) Z 3 + 2Z x }] = 180° -f 17 0 2', 

and the length of the projection on OXY of the [201] period (T^i—14*12 a.) is 
{(cm z + zamff 4- (cl z 4- =2-37 1 a., so that the [201] zone axis produced should 

intersect the screen at a distance i? 0 = 2*371.47*o/{i4*i2 2 —2*37i 2 }^ = 8*oo cm. from 
the central spot. The [201] Laue zones should therefore be practically circular and, 
indeed, it will be seen that in figure 10 a circles can be drawn around the calculated 
intersection of [201] with the screen so as to pass through or near the strongest spots 
in the pattern, the measured radii of the 2nd, 1st, o, — 1st, —2nd and —3rd order 
zones being 9*75, 8*9, 8*o, 6*9, 5*75 and 4*2 cm. respectively. The radii, calculated 
from the relation i?^ 2 =i? 0 2 + A' (2AL 2 /2 r, 20 i) = 64*06 + 15*52^, are 9*75, 8*92, 8*oo, 
6*97, 5*75 and 4*18 cm. respectively, i.e. in close agreement with the measured radii. 
The calculated crystal setting is thus in agreement with all the features of the spot 
pattern of figure 10 a. 

To complete the projection diagram we require the projections of the two 
molecules associated with the unit cell, whose atom co-ordinates x, y , z, expressed 
as fractions of a y b , c, are given in table 2.* The projection of any point xyz in the 
crystal can be conveniently constructed by marking off xa 7 parallel to a, followed 
by yh parallel to h and zc parallel to c. Since the carbon hexagons are plane and 
regular, it suffices to find in this manner the projected positions of two points such 
as A and D for each molecule, whereupon the projection can be readily completed. 
With this crystal orientation, which we now know to an accuracy of within 15', the 
co-ordinates of A and D along the a 7 5 , c directions in the projection are (0*560, 
o*i9q, 4*08!) and (0*560,1*230, 0*553) a., while those of A x and D x differ only in the 5 
co-ordinate being negative, and the long axes of the two sets of molecules are very 
nearly normal to the beam, their projections enclosing an angle of 13-3-°. 

The construction of the diffraction pattern from the anthracene molecules regarded 
as independent scatterers. In discussing the origin of the diffuse-zone pattern in 
figure 10 0, we start from the assumption that this is due to scattering by molecules 
which, though oriented with respect to the beam in accordance with the crystal- 
orientation, have for some reason no specific phase relationship between each other. 

* We can neglect the hydrogen atoms, because of their weak scattering-power relative to that 
of the carbon atoms. 
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This is equivalent to a stream of molecules in the gaseous state in which, however, 
the molecules fall into two groups which are oriented with respect to the beam as 
they would be in the crystal. As a preliminary to deriving the pattern given by an 
anthracene molecule in some definite orientation with respect to the beam which is, 
as usual, normal to the screen, we may note that in the general case of a spatial group 
of scattering centres such as is constituted by any molecule, if the molecule can be 
resolved into a series of similar line gratings which are parallel but not necessarily 
otherwise in ordered array with respect to each other, then the regions of reinforce¬ 
ment from all atoms of the molecule must lie on those of the atom rows. The Laue- 
zone positions and widths corresponding to these atom rows can be constructed from 
the spacings and inclination of the rows to the beam and the number of atoms in 
a row. If the atomic arrangement in the molecule is such that two or more sets of 
Laue zones can be constructed, then the regions of maximum diffracted intensity 
will be limited to the intersections of these zones. 

The projection on the screen, i.e. on a plane normal to the incident beam, of the 
anthracene unit cell with its two molecules in the orientation corresponding to the 
spot pattern of figure 10 a is shown in figure 10 b. To construct the molecular, i.e. 
diffuse-area, pattern we construct the Laue zones for two mutually inclined atom 
rows from which the plane anthracene molecule can be regarded as built up, such 
as for example, the atom-row translations G'E' and G'B. Then the regions of rein¬ 
forcement from the molecule must lie at the intersections of the zones. In the projec¬ 
tion diagram figure 10 & (drawn to a suitable scale, e.g. 1 cm. for 1 a.) it was found by 
measurement that G'i?'-2-39 A., G'J?=2-2i A., ^^=2*37 a., and ^4 1 jF 1 / = 2-28 a., 
the angles made with B being respectively — 8i° 15', — 33 0 15', — 94 0 45' and 
— 32 0 45'; thus since all of these atom rows are steeply inclined to the beam, the 
maxima of the Laue zones are with sufficient accuracy equidistant lines normal to 
the atom-row projections G'E* etc., with spacings XL/G'E' etc., where 2*332 a. 

cm., i.e. with spacings 0-973, 1*055, 0*984 anc * 1*023 cm - respectively. The atom rows 
parallel to G'E' and A X C X contain either three or four atoms, hence their Laue zones 
may be taken to extend on each side of the line of maximum intensity to nearly a 
third of the space between consecutive zone maxima before the intensity factor 
becomes negligible; and since rows parallel to G'B and A^F{ contain only two 
atoms, their Laue zones practically coalesce. From the intersections of the two 
sets of Laue zones the position, shape and extent of the main maxima due to each 
molecule can be deduced. A diagrammatic representation of the pattern constructed 
in this manner from the two molecules by superposition, of their individual con¬ 
tributions is shown in figure 10c, in which are noted also the directions of the 
projection of the b axis and G'E' etc. In the representation of the regions of maxima 
in figure 10c and in later similar figures the points where maxima are due to the 
molecule based on O (i.e. [[000]]) are marked by a small circle, and the regions of 
appreciable scattering round these are shaded with vertical lines, while the maxima 
due to the molecule centred at O x (i.e. [[H°]]) are marked by small crosses and the 
regions round them are shaded horizontally. The lines of maxima of the Laue zones 
are only shown in later cases where band-formation occurs, where they help to 
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indicate the intensity-distribution more clearly by showing where the Laue zones 
overlap. In this representation the effect of the radial decrease in the carbon atom- 
form factor has not been included, and this must be allowed for in comparing the 
diagrams with the recorded diffraction pattern. The relative magnitudes of the 
maxima, apart from differences due to atom-form factor, can be roughly inferred 
from the structure factor corresponding to the co-ordinates (o, 0) and (f, f) of the 
two atoms in the unit cell of the cross-grating formed from G'E' and G'B (and 
similarly A X C : L , A X F^) as axes, according to which the maxima which have Laue 
indices H and K, associated with G'E' and G'B respectively, such that (H+K) is 
a multiple of three, are much stronger than the rest. These maxima are shaded 
darker in figure 10 c. Owing to the very limited extent of the molecular cross-grating 
in anthracene, such a treatment is only qualitative. Comparison with figure 10 a 
reveals, however, that this constructed molecular pattern adequately represents the 
positions of the regions of diffuse scattering in the diffraction pattern, figure 10 a, 
and that the roughly estimated relative intensities are also in agreement. 

The; estimated and recorded intensity-distribution may be compared in greater 
detail by the following method, which can also be used conveniently for any plane 
molecule even when, through absence of marked molecular symmetry, the approxi¬ 
mate Laue-zone method is inapplicable. Since the anthracene molecule consists of 
adjoining coplanar hexagon rings, the phase difference 8 n between the wavelet 
scattered in a given direction by the nth carbon atom in the molecule and that which 
would be scattered in the same direction by a point O at the centre of the molecule, 
figure 1, can be expressed as the sum of multiples of the phase differences f and 77 
of the wavelets which would be scattered from the points P and Q respectively; 
e.g. the phase difference for the wavelet scattered by the atom A will be §^ = £+377. 
The total amplitude of scattering from a single molecule at a distance R in the 
direction considered can therefore be represented by S (Y/i?) cos (co£+S„), where Y 

n 


is the scattering power of a carbon atom. The intensity of scattering from the 

1 1 - ,1 


molecule is thus 


4r=^ 2 <VAR 2 . 


•(25) 


in which S M * is analogous to the structure factor occurring in the standard expres¬ 
sions for the intensity of scattering from a space lattice, i.e. 

Sm 2 = A m *+Bm 2 , 

where A M =2 cos 8„,' 

n 

£ji/=2 sin 8„. 

n 

For the anthracene molecule 


■ 0 * 6 ) 

■ 0 * 7 ) 


Air=2 [ cos (£+377) +cos (—£+377) +cos (2^+277) +cos ( —2^+277) 

+ COS + 77) +COS ( — £ + 77) +COS 2 f] 
= 2 cos 2^+4 cos £ cos 77 + 4 cos zg cos 277 + 4 COS £ COS 377, 

B m = o. 


(28) 


and 
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The value of S M , i.e. A M , is given in table 6 for the characteristic range x8o°, 

o < x8o°, and figure 13, derived from figures obtained by graphical interpolation 
from the data in table 6, shows the contours for *V=°> 20, 40, 60, 80, IOO, 120, 
140, 160 and 180. The values g and rj appropriate to a given direction of scattering 
depend, of course, on the orientation of the molecule relative to the primary beam. 
The correlation of figure 13 with the theoretical distribution on the screen at a given 
molecular orientation may be carried out most simply by using the fact that the 
points of intersection of the Laue zones drawn, for example, for G'E' and G t B > 



Figure 13. 

correspond to the (f, rj) values (7^.60°, n 2 . 180°) where % is even or odd when n 2 
is even or odd respectively; hence if the contour diagram figure 13 is elongated, so 
that these points fall on the corresponding Laue-zone intersections constructed for 
any given molecular orientation, the detail of the intensity-distribution throughout 
the whole region is obtained. For example, the form of the pattern due to a molecule 
normal to the beam can be obtained simply by extending the diagram of figure 13 
parallel to the g direction in the ratio V3 - 1 ; but when one or both of the basic atom 
rows of the molecule are inclined at a relatively small or even zero angle to the beam 
their Laue zones become appreciably or even strongly curved and figure 13 must 
be more or less strongly distorted in order to represent the form of the pattern. 
In all cases, even where the plane of the molecule is parallel to the primary beam and 
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inclined so that the two sets of Laue zones are practically straight and parallel, the 
medial lines of the zones due to OP and OQ can be drawn, and since the nth zone 
from the central spot corresponds to £ or rj respectively equal to n. 27 r, the whole 
field of the diffraction pattern can be mapped out in £ and rj values and the related 
S M 2 values of figure 13 assigned to each point in the required field. In the present 
case of figure 10 c, the molecular Laue zones have been constructed with sufficient 
accuracy from measurements made in the projection diagram of figure 10 b, without 
the necessity of using a more exact calculation of the Laue zone positions. It will 
be seen that the more prominent details of the intensity-distribution expected in the 
present case are of the form already indicated in figure 10 c, which was deduced by 
the approximate method of marking the regions where the Laue zones overlap. 
The superposed patterns due to the two molecules agree with the recorded pattern, 
figure 10 (i) in the positions of the diffuse zones relative to each other, (ii) in the 

positions of the diffuse zones relative to the spot pattern, (iii) in the shape and extent 
of the maxima, and (iv) in their order of intensity relative to each other and to their 
intermediate regions. 

That this agreement is in no sense fortuitous can best be proved by a study of 
further diffraction patterns from anthracene crystals in a series of different orienta¬ 
tions. In putting the matter to the test, we first determine the crystal-orientation 
from the spot pattern and then construct a molecular-scattering pattern such as 
would be given by the two sets of molecules in the orientations corresponding to the 
crystal-orientation, assuming that there is no specific phase relationship between 
any of the molecules. If this deduced intensity distribution of the molecular pattern 
is in agreement with that recorded in the diffraction pattern, both as regards in¬ 
tensities and as regards orientation, then this supports the view that the background 
scattering is due to the scattering by molecules which, although they are in, or very 
nearly in, their proper orientations in the lattice, are nevertheless in some way so 
disturbed that there is no constant phase relationship between the scattering from 
individual molecules. A study of the diffraction patterns shown in figures 14-21 
will suffice to test the views set forth in the preceding paragraph. 

The effect of orientation on the diffuse-area pattern and the experimental proof of its 
molecular origin . Figure 14. Measurements along the main rows of spots in figure 
14 a gave the following values for the sides of the nearly rectangular unit of the 
pattern: i? 10 =0*282 cm., i? 01 = 0*379cm.; t ^ ]LUS t ^ e s P ot pattern is evidently due to 
the ah cross-grating inclined to the beam at a steep angle. The mean value of R& 
namely 0*652 cm., together with R 10 and jR 01 gives by equation (1) y= 180 0 —85° 5', 
and since m = (b/a) (J? 01 /jR 10 ) = 0*9430, it follows from equation (3) that #*>=78° 6' or 
i8o°-78° 6', and 0 a = 67 0 18' or i8o°-67° 18'. Since y>90°, 9 a and 0 B must both 
be greater than or both be less than 90°; thus, since the a zones are concave to the 
left in figure 140, the a and b axes, if directed as in figure 140, must make angles 
0 a , equal to 67° 18', and 0 B , equal to 78° 6', with the reversed beam direction. The 
settings of the a and b axes are thus fixed, and the c axis must be in one of two possible 
positions, according to which are the positive directions of a and b . With the positive 
directions of a and b as shown in figure 14&, the corresponding c Laue zones can be 
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identified and the broad curved Laue zones marked on figure 14 a are satisfactorily 
indexed as due to the [101] zone axis. The crystal orientation is thus uniquely deter¬ 
mined to be as it is represented by the projection drawing, figure 146. The positions 
of the expected Laue zones due to the c axis and to the [xoi] lattice rows were calcula¬ 
ted, as in the corresponding stage of the analysis of figure 10 a, in terms of the direc¬ 
tion cosines of a , b and c with respect to an orthogonal system of axes, but these calcu¬ 
lations based on the above approximate values for 9 a and 8 b will not be described 
further. The three strongest diffractions in the pattern shown in figure 14a are thus 
found to have the indices 03T, 81.10, 130, whence from equations (18), (16) and (17) 
the crystal setting is given by d a =6g° 44', 0^ = 77° 24', ^ = 56° 43'. The direction 
cosines of a, b and c with respect to three orthogonal axes OXYZ , such that OZ 
lies along the reversed beam direction and OX, OZ and a are coplanar, were calcu¬ 
lated by equations derived from (21), (22) and (23) by the appropriate change of 
suffixes and were found to be 

4= 0-9381, m 1 = o, W!=0-3464, 

4=—0-08050, wz 2 = 0-9726, Wj=0-2180, 

4 = —0-8141, m s = —0-1897, «3=o-5488. 

The XY co-ordinates of the end points of a, h, c were thus calculated to be (8-04 8 , o), 
(—0-485, 5-855) and ( — 9-10!, —2*x2q) a. respectively, whence 5=8-043 A., 
5 = 5-875 a. and c = 9-345 A. ; and the a, 5 , c co-ordinates of A and D in the projection 
are (0-755, 0-185, 3-447) and (0-764, i-2i 6 , 0-467) a. respectively. Measurement of 
the projection drawing yielded G'E'= 1-97 A., G'B= 2-39 a., A 1 C 1 = i-88 a. and 
A 1 F 1 ’=2-io a., their directions making with a the angles 22 0 30', 63° 15', 6° 30' 
and 8 o° 40' respectively. The mean value of XL calculated from R 10 and f?oi is 
2-245 A.-cm.; hence the Laue-zone spacings corresponding to these atom rows are 
1-137, 0-937,1-194 an< i 1*067 cm. Finally, from these data the intensity-distribution 
which would be given by independent molecular scattering was deduced and is 
shown in figure 14c. It will be seen that this intensity-distribution is in satisfactory 
agreement with the diffuse area pattern shown in figure 14a. 

Figure 15. It can be seen directly that figure 15 a is somewhat similar to figure 
14a, the crystal-orientation being therefore not far distant from that found for. 
figure 14a. Measurement of the spot-separations yielded J? 10 =0-271 cm. and 
f? 01 =0-381 cm., and by direct measurement y = i8o° —87° 40', whence m=(b/a). 
(Roil^io)— 0-9863 and, by equation (3), 0 j, = 8i° 1' or 180° — 8x° 1', 6 a = 76° 57' or 
180 0 —76° 57'. Since y is >90°, and in view of the directions of curvature of the 
a and b Laue zones, 0 „=76° 57' and 05 = 81° 1' with the positive a and b directions 
shown in figure 156, so that two crystal-orientations are possible according to 
whether or not these are the true positive directions of a and b. From these approxi¬ 
mate values of 0 O and 0 6 a calculation of the type previously outlined enabled the 
orientation to be determined uniquely by identification of the Laue zones due to 
the c and [101] axes. The three strongest spots therefore have the indices 515, 241 
and 606, from which were calculated the more accurate values 0„=78° 23', 
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Ob=* 79° 52', 0 C =47 0 38'. Taking three orthogonal axes with OZ in the reversed 
beam direction and a in the OXZ plane, we find that the direction cosines of a , b 
and c are 

4= 0-9795, m x = o, t* x =0-2014, 

4= -0-03617, ?w 2 = 0-9838, 7*2=0-1760, 

4=-0-7241, 77*3--0-1473, ^3=0-6738; 

hence the XT co-ordinates of the end points of 3 , J, c are (8-405, o), ( —o-2i 8 , 5*924) 
and ( — 8-095, —1-645) A. respectively, and a — 8-405 a., £= 5-927 a., J=8-26 0 a. 
The 5 , c co-ordinates of A and D in the projection diagram, figure 156, are 
therefore (0-795, 0-195, 3’°4s) and (0-799, **22 7 , 0-413) a. respectively. From the 
projection drawing G'2?' = 1*73 a., G'i? = 2-44 a., A 1 C 1 = 1-62 a. and = 2-01 a. 
at angles with <2 equal to 22 0 15', 56° 40', 3 0 30' and 85° 15' respectively, and since 
AL was calculated from i? 10 and i? 01 to be 2*263 a. cm. the corresponding Laue-zone 
spacings are 1-303, 0-927, 1*397 and i-i2 6 cm. Figure 15c shows the intensity-distri¬ 
bution of the molecular diffraction deduced from these data. 

Figure 16. The practically perpendicular unit translations of the spot pattern 
are i? 10 =0-305 cm. and R 01 = 0-3905 cm., corresponding to the ab cross-grating 
pattern with a crystal-orientation such that 0 6 =2= 90°, 0 a —63° 50' or 180 0 —63° 50'. 
Owing to the limitation of the spot pattern to a set of broad curved Laue zones, the 
direction of curvature of the a zones cannot be clearly distinguished, but a con¬ 
sideration of the crystal-orientations permitted by the above data leads (by a 
calculation in terms of direction cosines) to satisfactory identification of the prominent 
broad curved zones as due to [101] if 0^64°, 05=2=89°, 0 c == 6 i°. Three of the 
strongest spots in figure 16 a are thus indexed as 425, 020 and 344, from which are 
calculated the more accurate values 6 a = 64° 4', #6 = 89° 32', 0 c == 6 o° 55'. Referred 
to orthogonal axes OXYZ such that OZ lies along the reversed direction of the 
beam and a lies in the plane OXZ , the direction cosines of a , i, c are 

4= 0-8994, 77*! — o, n x = 0-4373, 

Z 2 =-0-00389, 77*2 = 0*99999, 7*2 = 0-0080, 

4 = — 0-8740, 77*3=2=0, 7*3 = 0*4860. 

The JSTY co-ordinates of the end points of a , 5 , c are thus (7-713, o), ( —o*02 s , 6-02 c ) 
and ( — 9 * 77 o> o-oo 5 ) A. respectively, and 5=7-713 a., £=6*o2 0 a., c= 9-775 A. The 
a, ff, c co-ordinates of A and D in the OXY projection are therefore (0-709, 0*193, 
3*6o 4 ) and (0-715, 1*247, 0-483) a. respectively. From the projection drawing 
G'E' = 2-03 a. and G’B=Z'\i A., making 8° 0' and 56° 20' respectively with a , and 
the projection of the other molecule is practically the mirror image of the projection 
of the first molecule with respect to the line a . Since XL = 2-3 Si a. cm., as calculated 
from R 10 and R 01 , the Laue-zone spacings corresponding to G f E* and G'B are 1-153 
and 0-975 cm., whence the intensity-distribution of the molecular scattering shown 
in figure 16 c has been deduced. 

Figure 17. The nearly perpendicular unit translations of the spot pattern are as 
follows: i? x 5=0-292 cm. and R 01 = 0*506 cm. They therefore correspond to the ab 
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cross-grating pattern. Since i? u =0-603 cm., equation (1) yields y= 180 0 — 85° 39' 
and, since m=(b/a)(R 01 /R 10 )= 1-216, we have by equation (3), 0 S =54° 48' or 
180 0 —54 0 48', #,, = 83° 30' or 180 0 —83° 30'. From the fact that y >90°, and from 
the direction of curvature of the a and b zones, 6 a and 0 S must both be less than 90°; 
i.e. 00=83° 30', 0 6 = S4° 48' with a and b directed as in figure 17 b. Calculation of 
the position of the c axis and its Laue zones corresponding to these a and b directions 
by the method previously described leads to the identification of the c zones in 
figure 17 a\ thus the positive a and b directions were indeed as in figure ijb. The 
broad circular Laue zones to which the spot pattern is limited are then found to be 
due to the [11 x] zone axis. A complete indexing of the spot pattern has thus been 
obtained, and the indices of the three strongest diffractions are found to be 224, 
605 and 145, whence the more accurate calculation gives the crystal setting as 
0 O =84° 59', 06 = 54° 26' and 0„ = 52° 14'. In order to show this setting by means of 
a projection diagram, the direction cosines of a, b and c were calculated with reference 
to orthogonal axes OXYZ with OZ along the reversed direction of the beam and 
a in the plane OXZ, and were found to be 

4 = 0-9962, m 1 — 0, «!=0-08738, 

4 = — 0-05112, m t = 0-8119, ^2=0-5816, 

4=-0-6295, m s= -0-4783, ^3 = 0*6124. 

The XY co-ordinates of the end points of a, b, c are thus (8-549, o), (-0-309, 4‘88 8 ) 
and (-7-037, —5-347) A. respectively; hence 5=8-549 a., b — 4-89, a., c- 8-837 a. 
The 5, B, c co-ordinates of A and D are (o-8o 4 , 0-157, 3-269) a. and (o-8i 2 , x-oi 4 , 
0-449) a. Figure 17 b shows the completed projection drawing. Measurements made 
in the projection drawing (scale 1 cm. for 1 A.) gave G'E' = v 96 a., G'B=2-22 A., 
A 1 Ci= z i-68 a., A1F1 = 2-40 a., the angles between G'E' etc. and a being 47° 45', 
56° o', 37° o' and 92° 30'. 

Since the accuracy of the measurements, and particularly that of the angles, was 
doubtful for the molecule at O owing to its small inclination to the beam, their 
calculation from the ^4 and D co-ordinates and (4 »*iHi) etc. was carried out as a check. 
Thus the a, 0, c components of the vector G'E' are twice those of — OQ, i.e. are 
(-0-26, 0-29, -2-55) a.; while the a, b, c components of G'B are the sum of those 
of D and E in table 1, i.e. (1-09, 2-02, —0-43) a. The X, Y, Z components of the 
radius vector from the origin to the point whose co-ordinates are (x, y, z) a. parallel 
to a, b, c, are given by 

. . - X=l 1 x+l 2 y+l- 3 z, \ 

Y=m 1 x+m 2 y+m 3 z, [ .(29) 


Z=n 1 x+n i y + ?i 3 z. 


We thus obtain for the X, Y, Z components of G'E' and G'B (1-331, i"45s> —1*362) a. 
and (i*25 4 , 1*849, I-OI 2) A -; whence the projection of G'E' on the plane OXY 
normal to the beam is of length (^ a .+ Y 2 f or 1-970 a. and makes an angle tan -1 ( Y/X ) 
equal to 47° 33' with a; and similarly the projection of G’B on OXY is of length 
2-23i a. and makes an angle of 55° 49' with 5. The values obtained from the 
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projection drawing by measurement are therefore, even for such a case as this, still 
of sufficient accuracy. 

A value 2-482 a. cm. of XL was calculated from R 10 and i? 01 ; hence the spacings 
of the Laue zones due to G'E' etc. are 1-267, i-ii 8 , 1-473 1-035 cm. and the 

pattern of molecular scattering, figure 17 c, was thus constructed. It may be noted 
that, since the Laue zones due to G'E' and G'B are nearly parallel, the inclination 
of the bands is intermediate between the directions of the two sets of zones; and; 
further, that when allowance is made for radial decrease in the atom-form factor the 
maxima along each band will occur nearer to the foot of the perpendicular from the 
central spot to the band than the zone intersections marked in figure 17c, as is 
actually seen in figure 17 a. 

Figure 18. The spot pattern of figure 18 a corresponds to that of the ab cross 
grating, since R 10 =0-283 cm -> -Roi =0 ‘ 4 01 cm - an< d R n = 0-5x3 cm., so that 

y=i8o° —84° 35', m = (bja) (i? 0 i/-R 10 ) = 0-9940, 
and 05=72° 30' or i8o° — 72° 30', 0 o =7i°26' or x8o°—7i°26'. 

From the fact that y > 90° and from the direction of curvature of the a and b zones, 
0 a =i8o° — 71° 26' and 0 S = i8o° —72° 30' if a and b are directed as indicated in 
figure 186; and the c axis is then in one of two possible directions, according to 
whether the positive a and b directions are as shown in figure 186 or are reversed. 
A calculation of the corresponding c direction (0 o = 2o° 54' and /3= i8o°—33° 15') 
and Laue-zone positions leads to the identification of the latter for the case shown 
by figure 18 b although, owing to their relaxation through the thinness of the crystal 
and also owing to the presence of extraneous spots evidently provided by small bent 
edges of the crystal, these zones are not very well marked. From this first approxima¬ 
tion to the crystal-orientation it was possible to index decisively at least those spots 
not too remote from the central spot, and the orientation was calculated more 
accurately from the indices, 021, 41 x and 320, of three outstandingly strong spots 
yielding 0 a =i8o°—70° 25', 0 6 = i8o°— 73° 26', 0 c =2i° 52'. The direction cosines 
of a, b and c with respect to three orthogonal axes OXYZ, such that OZ lay along 
the reversed direction of the beam and OX, OZ and a were coplanar, were calculated 
from these angles to be as follows: 

4= 0-9422, m^o, %= -0-3353. 

4=-0-1014, 7713=0-9531, 7i2=-0-2851, 

4= -0-2786, 7713=0-1860, 713= 0-9281; 

whence the XY co-ordinates of a, E, c in OXY are (8-o8 B , o), (—0-612, 5-737), 
(-3-1x4, 2-07,) A. Thus 3=8-o8 5 a., 5=5-8o 4 A., c =3-745 A. and 

y=tan -1 (7712/4) = i8o°-83° 56', jS=tan _1 (7713/4) = i8o°-33° 44'- 

The c axis thus meets the plate at 16-5 cm. from the central spot, and the c Laue 
zones will be approximately circular about this point and roughly equidistant, with 
a spacing XLjc equal to o-6i cm., since XL was calculated from i? 10 , R^ and y to be 
2-282 a. cm. These zones are marked in figure 18a, and the calculated positions of the 
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[1I2] axis and Laue zones are also shown, although the latter also are ill-defined. 
The a, 5 , c co-ordinates of A and D in figure 18a were calculated to be (0*760, o*x8 $ , 
1*382) and (0*760, i*20!, o*i8 7 ) a. respectively. Finally, measurement of the pro¬ 
jection drawing, corresponding to figure 18 b, gave G'jE'=o*5i a., G'B= 2*08 A., 
Ai Q = 0*92 A. and A x Ff = 1*50 A., these lines being inclined to a at angles — 24 0 o', 
62° 15', —57° 45' and x8o° —54°45' respectively, whence the Laue zones due 
to G'B and A x Ff are practically straight and equidistant lines normal to the 
projection of G'B and A x Ff respectively on the screen, over the small angles of 
deviation concerned, with spacings of i*io and 1*52 cm. respectively. Since G'E' 
is inclined to the beam at the fairly small angle 0 O equal to sin -1 (0*51/1*41 y/f) or 
12 0 3', the corresponding Laue zones will be considerably curved and will not be 
equidistant, and their positions may be found from the Laue relation expressing 
the semi-apical angles 0 of the Laue cones round the atom row of spacing d, i.e. 

cos 0=cos 0 O +n\jd. 

In the present case cos 0 = 0*9779 — re.(0*0190!), whence the Laue zones, which 
may be taken to be practically circles about the point of intersection of the atom 
row with the screen, cut the projection of G'E' on the screen (distant io-o cm. from 
the central spot) at distances R equal to L tan ( 0 O — 0 ) or 46*5 tan ( 0 O — 0 ) cm. from 
the central spot. The distance R from the central spot to the zones of order 1, o, T, 
2 and 3 are therefore 6*i6, o, — 3*60, — 6*47 and — 8*96 cm. In a similar manner it 
was calculated that A 1 C 1 was inclined to the beam at 22 0 8', and this line produced 
would meet the screen at 18*9 cm. from the central spot; and that the Laue zones 
of order 3, 2, 1, o, T, 2 and 3 cut the projection of A X C X on the screen at distances 
9*57, 5*52, 2*52, o, — 2*22, — 4*23 and — 6*12 cm. from the central spot. Figure 18c 
represents the intensity-distribution deduced for the two molecules, the curves of 
Laue zone maxima being shown for clearness, and the broken lines indicating the 
regions of maximum intensity along the main bands. 

Figure 19. The unit translations of the cross-grating spot pattern are as follows: 
jR 10 =0*303 cm. and i?oi =°'377 cm *> inclined at an angle 180 0 —86° 15'. This 
corresponds to the ab cross-grating with y=86° 15', m = (bja) (R0JR10) = 0*8730, 
0 „ = 86 ° 6 ' or 180 0 —86° 6 ', and 0 o = 6 o° 34' or 180 0 —6o° 34'. From the curvature 
of the a and b zones and since y < 90°, it follows that for a and b directed as in figure 
196, 0 o =i8o°—6o° 34', 0 6 = 86° 6', and the broad circular zones to which the spots 
are limited are due to the c axis which is inclined at a small angle to the beam. Three 
of the strongest spots are thus indexed as 2T0, 61 1 and 341, whence were calculated 
the more accurate values 0 o =i 8 o° —59 0 22', $&=83° 36', 0 C =7°24'. Referred to 
orthogonal axes OXYZ such that OZ is along the reversed beam direction and 
a lies in the plane OXZ, the direction cosines of a, b, and c are therefore 

4 = 0*8605, m x = o, «!= -0*5095, 

4= 0*06595, m 2= 0*9916, «2= 0*1114, 

4=-0*07925, m s = — 0-1010, «j,= 0*9917. 

The XY co-ordinates of a, 5 , c are (7*384, o), (0-397,5'97o) and (—o*88 s , — i*i2 # ) a., 
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and 0 = 7*384 a., 5 = 5-983 a., £ = 1-435 a., whence the 0, 5 , c co-ordinates of A and D 
axe (0-694, o-i 9 19 0-529) and (0-70!, 1-239, 0-073) A - respectively. Measurement of 
the projection drawing, figure 196, gave G'.E' = 0-53 a.,G'jB=2*30 a., A x C x — 0-07 A., 
A X F X =z*o() A., and their angles with 0 were 90° io', 6i° o', 22 0 and 115 0 respec¬ 
tively. Finally the value of XL calculated from R 10 and R 01 was 2-249 A. cm., hence 
the spacings of the nearly straight and equidistant Laue zones corresponding to 
G'B and A X F X were 0-974 and 1 -073 cm. respectively. By calculations similar to those 
described in connexion with figure 18 it was found that G'E' was inclined to the 
beam at 12 0 32' and when produced would meet the screen at a point 10-2 cm. 
from the central spot; and that the Laue zones of order 1, o, Y and 2 would cut the 
projection of G'E' in points distant 5*67, o, — 3*42 and — 6-21 cm. respectively from 
the central spot. Since A 1 C 1 is so nearly parallel to the beam, its broad zero-order 
Laue zone will cover the whole region of the recorded pattern. 

The theoretical molecular scattering pattern constructed from these data is 
shown in figure 19 c, and may be seen to correspond well with that recorded in 
figure 190 when allowance is made for the radial decrease in intensity due to the 
atom-form factor and for the fact that, owing to the thickness of the crystal, the 
pattern contains a considerable secondary scattering contribution. Moreover, the 
apparent slope of the bands is affected by the presence of the circular Laue-zone 
system of spots, although the slope does actually correspond well with that in 
figure 19 c. For the sake of clarity the more prominent Kikuchi line-pairs are marked 
and have been indexed. 

Figure 19*2 also shows clearly the occurrence, already referred to, of a noticeable 
displacement of spots from the intersections of the Laue-zone medians due to the 
cross-grating defined by two of the crystal axes, here the a and b axes. In this case 
the systematic nature of the deviations can be clearly observed; the inclination of the 
spot rows across each of the broad circular c Laue zones is slightly different from 
the mean direction of the a zones taken across the various c zone regions. The 
positions of the spots appear to be in accordance with the supposition that the 
crystal had the shape of a thin sheet normal to the c axis or nearly so, rather than of 
a thin sheet bounded by the ab plane. The spot positions agree well with the 
intersections of the b and [301] Laue zones; thus the crystal may have been a thin 
sheet bounded by the cross-grating plane containing these axes. 

Figures 20 and 21. The crystal-orientation in the case of figure 20 approximates 
closely to that of figure 140, but the crystal was thicker so that the third Laue 
condition has acquired such a degree of comparative rigidity that the cross-grating 
spots are nearly limited to true Bragg positions. The effect of increased crystal¬ 
thickness in bringing about a decrease in intensity of the diffuse-area pattern 
relative to the Bragg spots is very pronounced. 

Figure 21 was also obtained from a relatively thick crystal oriented so that the 
beam was only a few degrees inclined to the [101] zone axis, to the zero-order 
Laue zone of which nearly all the ab cross-grating spots in the pattern are limited. 
Here also may be clearly observed the relative weakness of the diffuse-area pattern 
and its occurrence in regions distinct from the spot pattern. 
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We have thus considered a representative series of diffraction patterns from 
single crystals of anthracene in different orientations. In every case the diffuse- 



Figure 250. 



Figure 21. 

area pattern, constructed on the assumption that it is due to diffraction by mole¬ 
cules which exhibit no constant phase relationship with each other but nevertheless 
occupy the same mean positions within the lattice as in the normal crystal structure, 
agrees with that recorded experimentally both as regards intensity-distribution 
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and orientation relative to the spot pattern. It is clear that the diffuse-area pattern 
must be due to reinforced diffraction arising from the regular distribution of 
atoms in the molecules. Thus, since the normal spot and diffuse-area patterns occur 
simultaneously, the phase differences between wavelets scattered from some of the 
molecules must vary from molecule to molecule. These molecules must therefore 
be displaced in some way from their proper positions in the lattice. 

Whilst several possibilities of accounting for the molecular displacement giving 
rise to the molecular diffraction effect suggested themselves, such as edge effects, 
distortion, superficial melting or incipient transition to the molten state, evaporation, 
mosaic structure and crystal imperfections generally, none of these proved satis¬ 
factory on inspection. Another cause, however, namely molecular heat motion 
within the crystal, seems able to explain the phenomenon. 

§6. A THEORY OF THE EFFECT OF THERMAL MOTION ON 
DIFFRACTION BY A MOLECULAR LATTICE 

Debye, Waller and James (6) have discussed the effect of heat motion on the 
x-ray diffraction from a crystal, but confined their discussions to the special case 
of a simple cubic lattice with a single type of atom. Theory and experiment are in 
agreement in showing that, apart from the displacement due to expansion of the 
lattice with rising temperature, the only effect of heat motion in this case is to 
reduce the intensity of, but not to broaden, the diffraction spots. In what follows 
we discuss the effect of heat motion on the diffraction phenomena from a molecular 
lattice. 

In view of the nature of the interatomic bindings, and neglecting as hitherto 
the hydrogen atoms, we disregard the intramolecular heat motion and consider the 
molecules as vibrating as a whole about their normal lattice positions. As a first 
approximation, suppose that the molecules vibrate without rotation in a simple 
harmonic manner, so that the restoring force is proportional to the displacement 
from the mean position, and suppose also that the molecules vibrate independently, 
their motions being in accordance with the Maxwell-Boltzmann law. To begin with, 
we consider the case of a crystal of which the unit cell contains only one molecule. 

Thermal motion and diffraction by a lattice of the type having a monomolecular 
unit-cell Let the co-ordinates of any atom in the crystal referred to a lattice point 
as origin be x, y, z, expressed as fractions of the axial lengths a , 6, c respectively. 
The direction of any diffracted ray is specified by the Laue numbers A, A, l referring 
to the crystal axes 0, b, c. The phase of the wavelet scattered from the atom in this 
direction relative to that of a wavelet which would be scattered in the same direction 
by an atom at the origin is ztt (hx+ky + lz). Thus if the amplitude of the incident 
wave is taken to be unity, the wavelet scattered by any atom in the crystal may be 
represented in exponential notation by the real part of the expression 

Pgi {fc)t+ 27 T ihx+ky+lz)}, 

i.e. Fe imt e 2ni2hx , 

where F is the atom-form factor. 


( 30 ) 
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Let x 0y y 0i z 0 be the co-ordinates defining the mean position of the atom with 
respect to the lattice point with which it is associated as origin, the co-ordinates of 
the latter being the three integers w 1? n 2} n z . Then if x f y and z vary harmonically 
about their mean values n x +x 0 , n z + z 0 , we have 


x=n x +XQ+x x sin (co^H-oCa), 
< y=n 2 +3; 0 + > y 1 sin (a> y ^ + a v ), ■ 
z=?u i +z 0 +z 1 sin (a> z £-f a z ), 


( 3 i) 


where the oc’s denote the arbitrary phase angles between the oscillations of adjacent 
molecules. As each molecule is assumed to vibrate as a whole, x x sin (a> x t + (x. x ), etc. 
have the same values x ninzns , etc. at any instant for all atoms of the same molecule; 
hence, if we consider only the molecule associated with %, n 2y w 3 , 


X — Tl-y + OCq + Xninzm > j 

y=fh+y 0 +y nin w,l .(32) 

z=n 3 +z 0 +z vinin;r ] 

Then from equation (30) the total displacement scattered by the atoms of the 
molecule associated with the lattice point « l9 w 2 , n% is 

^«iw 2 n3=S T.'LF exp (io)t) exp (zToLkn^) exp (27 ri'Lhx Q ) exp (27rfEto niW2W8 ), 


where the summation is taken over all the atoms in the molecule. 
We may write the molecular structure amplitude, 

2 S £ F exp (zTriZhxo), 

a?o Vo Zo 

in the usual form A+iB, where 


•(33) 


and 


A = S F cos 27 r (hx 0 + ky Q + lz Q )> 
jB = S F sin 27r (hx Q +ky 0 + lz 0 )y 


(34) 


both summations being taken over all atoms of the molecule. 

Thus Y Ml „ 4 „ 3 =exp (iatt) exp (2mLhn^ (. A+iB ) exp (ziriSkx^J .(35) 

The total diffracted intensity in the hkl direction, relative to that of the primary 
beam, due to the whole crystal is 



Mi-1 Mi-1 Ma-l 

S E S Y, 

7ll=0 712=0 713=0 


n\ninz 


.)( 


Mi-1 Mz-1 Ms—1 

2 2 2 Y, 

72-1 = 0 712=0 713=0 


V 


( 36 ) 


where the M’s are the number of lattice points along the corresponding axial 
directions a , b and c in the crystal, which is supposed to be a parallelepiped, and 
the asterisked expression represents the conjugate of the first expression. This is 
equivalent to 


/Mi— 1 Ma-l Ma-l \ 

/Ml-1 Ma-l Ms- 1 \ 

( 2 n S n T ™) 

( s S S 

'7ll = 0 772=0 718=0 / 

' 72-1= 0 712 = 0 713=0 / 


•(37) 
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and therefore contains terms of the types T„ lBa „ 8 T* niB ,„, and Y BlBjB ,YVn,'»»- 
Thus from equation (35) 

Mi-X Mt-l Mt-l 

S S S T„T* nin2n3 =M 1 M S! M 8 {A*+B*) 

711=0 na=0 713*0 

=N(A*+B% .(38) 

where N is the number of molecules in the crystal. 

The remaining part of equation (37) is equal to 

Mx-l Ma-l Mz— 1 Mi-1 Ms-1 Mi-1 

2 2 2 2 2 2 (A 2 + B 2 ) 

711=0 712=0 7 i 8*0 711'= 0 7 ta '=0 ns'—Q 

x exp {27 nUi (» x - rii)} exp {zmZh (x nintna - * Bl - w )}» .( 39 ) 

the cases where n Xi n 2 , n z and n x \ n 2 , n z are the same sets of integers simultaneously 
being excluded. It is assumed that the thermal displacement of any molecule 
from its mean position is equally probable in all directions and that the probability 
of a given displacement in any direction is in accordance with the Maxwell-Boltz- 
mann law. For the purpose of the calculation the displacement will be split up 
into its three components parallel to the axes of co-ordinates and, in order to 
fit in with the first assumption, we must specify the co-ordinates of the displacement 
in terms of three orthogonal axes, if the crystal axes are not already orthogonal, so 
that the values of the separate linear components are independent, i.e. the Maxwell- 
Boltzmann distribution of probabilities can be applied to each component separately. 
Thus let the orthogonal co-ordinate axes for the displacement be chosen as a', b' ? c', 
not necessarily equal, and defined by 


a' = a x a + & b+ft c,' 
b' = a 2 a+j8 2 b + y 2 c, 
c' = 012& + p z b +y 3 C yj 


( 4 °) 


i.e. a', b', c' are the lattice rows [oq&yj, [o^&yj, [o^ya] in the lattice a, b, c. 
Let the displacement of the molecule based on the crystal lattice point « l5 n 2J n z 
be r, where 

r ~ •X'mnvnz ^ ~y 711722713 “b ^721722728 ...... ) 

and r = J£ ni7l2nz a + 

*^711722723 b + 722723 ^ > ...... ( 4 ^) 

whence by substitution of (40) in (42) and comparing the coefficients of a, b and c 
with those in (41) 

^ 72 = a i ~b -^Ti^2“b Z n a3, | 

yn — Xnfil+ YnPl + ZnPzj f .( 43 ) 

#7i = -X*7iyi+ Y n y 2 + Z n y 3 ,) 

where for brevity the suffix n is written instead of The expression (39) 

now becomes 


2 2 2 2 2 2 (A 2 + B 2 ) exp {zTrihk {n x - n x )} exp {277*2 (Aoq -j- kfS x + ly x ) (X n - -X*,)}, 

n% 712 713 7I>1 # B 2 # Uz' 
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which may be written 

SSLS E E C 4 2 +£ a ) exp {%mZh exp {ziriZH (X n -X n ,)} 9 .(44) 

where H— Aa x + Aj8 x +Zy x , "j 

ZzOCg + + ^2> i .(45) 

L =A0C3+ kf 3 $ 4* Zy 3 . J 

Suppose now that the different molecules vibrate independently and that the energy 
associated with a displacement r along the a' direction is 

W=\fr* = \fa!*X n \ .(46) 

with similar expressions relating to the other component displacements Y n and 
Z n> involving the same force / per unit displacement, since the restoring force 
acting on the molecule is supposed to be the same in all directions. According to 
the Maxwell-Boltzmann law, the probability pdX n of the molecule lying between 
X n and X n + dX n is given by 

pdX n =C exp (-~ f ) dX n =Cexp dX n , .(47) 


with the normalizing condition that the constant C must satisfy 

')*• .(48) 


In order to find the mean value of the expression (44) we multiply it by the corre¬ 
sponding probability factors of type (47) characteristic of the vibration state con¬ 
sidered and integrate for all possible values of X n , treating X n , Y n and Z n as 
independent. Thus the mean value of the expression (44) is 

S S S S S S (A*+B*) exp {2^-EA 

Hi ns ns n\ ns ns* 


: n j£“exp (2 mHX n ) C exp (<**.}, .( 49 ) 


in which II denotes the product of six independent integrals of the type shown in 
6 

the bracket, with variables respectively X n , Y n > Z n , X n >, Y n > y Z n r, the three latter 
having the negative sign in the power of e. Since 


fa' 2 X n * _ fa'* ( 

' zkT +2mHX *- ~ 2 kT\ Xn ~ 


mHzkT\* ir*H* 


fa'* ) 


" 2 bT 
fa'* 2 J ’ 


the integral in expression (49) becomes 

f + “ f fal* ( v .rjZkT \ 2 ) „ ( 7i z H*2kT\ J f v TriHzkT\ 

J_„ P I 2kf\ Xn + mH J7*) j Cex p( ■ fa’2 ) d { x n+ ) 

( ir*H*2kT\ „ [+» ( fa'* X n '*\ , 

=ex P (.- JS*-) C L ex P {- ■ SsH dX ” 
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since the integral has the value 



27 rkT 

~w 


7 
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and C is given by equation (48). The remaining integrals in the product II in (49) 

6 

have similar values and this therefore reduces to 

222222 (^ 2 +S 2 ) exp{277i2A {n t -nf )}exp 

.( 5 °) 

The indices H , K and L are defined by equations (45) and are thus the Laue indices 
of the diffracted beam referred to the lattice rows a', b', c' as axes; hence we have 


1 _ 1 

a'*~ a'* + b'* + c'*~ d* HKL ~ d\ u ' . 

where d HKL is the spacing of the net planes whose indices are H, K, L referred to 
ab\ d as axes and d hJcl is the spacing of the same plane group referred to the 
axes a , i, c . By Bragg’s law, 

2<Wz,sin0 = A, .(52) 


where 20 is the angle between the primary and diffracted beams; whence equation 
(51) becomes 

gff 2 4 sin 2 9 , , 

^/t'2 - > . 


and the expression (50) reduces to 

(^ 2 +B 2 ) exp(— ~r~^j 222222 exp {277? Yh (%-%')}. 

.( 54 ) 

The summation of the expression (54) must now be made by summing all the 
terms including those in which b u n 2 , n a and nf, nf, nf are the same set of integers, 
then summing the latter group and subtracting this result from the first, whence we 
obtain 

/ &7r 2 Qrn 2 0 •pfeT'X -Mi—l M 2 — 1 

(.<4 2 +.B 2 ) exp (--7-) 2 exp (zmhtij) 2 exp (2-rnkn^ 

\ A J / 7ll = 0 712—0 

Mz— 1 Mi—1 ^ Mi— 1 # Ms—1 

x 2 exp (2 mln^ 2 exp (— zmhn^) 2 exp (— 277 rikn 2 f ) 2 exp (— 

718= 0 Til'—0 712 = 0 718 — 0 

—N (^ 4 2 +J 5 2 ) exp ( ?*£),. (ss) 

As a typical factor in the first part of the expression (55) we have 
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and the value of the other factor involving M x is (e~ Z7TihM i - x)/(e~ 27rih —i). The 
product of the two factors is therefore 

2 — _ e - 27 TihM^ 2 — 2 cos ZrrhMj sin 2 M-Jlrr , 

2 — (e 27rih — e “ 2lT ^) “ 2 — 2 cos 2*7 tA sin 2 hn .^ ^ 

The product of the six 2 terms in (55) is thus 

sin 2 M-Jnr sin 2 MJnr sin 2 Mffa 
sin 2 hn sin 2 hn sin 2 hr 

Finally, the total intensity of scattering I in the direction defined by the Laue 
numbers A, A, l referred to a, b and c is obtained by adding expressions (38) and 
(55), whence after simplication we have 

i 67 T 2 sin 2 0 fe 7 '^ 


t _/ 42 , D2\ sin 2 Mxfer sin 2 M^hr s in 2 M % hr 

' sin 2 hn sin 2 for sin 2 hr ” 


A 2 




+JV(^ 2 +B 2 ) ji —exp(- 


ifS^sin 2 # 

Tv 


■(57) 


which holds for the case of the unit cell containing a single molecule. 

Extension of the theory to a polymolecular unit-cell lattice , An expression 
analogous to (57), but valid for the case where the crystal structure is such that there 
are q molecules per unit cell instead of only one, can be derived as follows. Again 
suppose that all the molecules in the crystal oscillate independently. Then the 
co-ordinates (#, y> z) of any atom in the crystal can be expressed by three equations 
similar to (31), of type x—n 1 + x Q + P x 1 sin (a> x t + v ol x ) which may be written 

x=ih+x 0 + i>x ni7l2 n B - .(58) 

The total displacement *F Winan3 scattered in a direction hkl from the atoms in the 
pth molecule in the unit cell associated with the lattice point (n l9 w 2 , n^) is 

^1^3== exp (iajf) exp (2 mLhnf) exp (2 mZh ^ WlW2M3 ) »2jFexp (zml,hx 0 ) 9 .(59) 

where thep in the summation sign indicates that the summation is carried out over 
the pth molecule only. We may put 

*2 Fe 2ni =A P +iB v , .(60) 


Xoyazo 


representing the structure amplitude of the pxh. molecule, and we may also put 


P=Q 


2 (A 2+iB P ) = A + iB 


33=1 


.(61) 


for the normal structure amplitude S corresponding to the whole unit cell, so that 
S i =A 2 +B 2 

=E (Ap+iBp) E (Ay—iBp) 


= (s A P +iS B P ) IE A,—i S B v ) 
\ 33 p v' ' 

“V-W 


(62) 
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Thus 

—exp ( 'icot ) exp (27 n 2 hn^) exp (2 ttz SAj, 3 c Binsn3 ) (Ag+iBf) .(63) 

Hence the intensity of scattering in the direction hkl due to the whole crystal is 

/P—Q Mi—1 M 2 —I M 3 —1 \ /P ,= Q. Mi—1 M 2 —1 Ms—1 \ 

/=(S 2 2 2 f¥ nini J( 2 2 2 2 

'P= 1 711=0 712=0 713=0 r V £>'= 1 7ll'= 0 71 2 '= 0 773'= 0 ’ 

P=Q Mi— 1 M 2 — 1 Ms— 1 p'=Q Mi— 1 M 2 —1 Ms—1 

= 2 S 2 2 2 2 2 2 J¥ nintnaP W\, n , na , .(64) 

2>=1 711=0 712=0 W 3 =0 P =l 711 =0 712 =0 713 =0 

This sum consists of products of two kinds, j,T niW2W3 -pY # niWgW8 f° r the cases where 
p=p\ %=V, n^=n % \ n 3 =n B \ and J, in2WJ where at least one of the 

following conditions holds: 

p¥*p > ^19^% , n 2 ^n 2 f , . .(65) 

Thus, from equation (63), the sum of all terms of the first type is 

7 X = S 2 2 X *T ni „ fll g 3> 'F # niW2n3 

3) 7ll 712 713 

=2 222 (A,+iB,)(A,-iB,) 

P 7ll 712 713 

=iV2 (Ajf+B,?), .(66) 

p 

where N is the number of unit cells in the crystal. The sum of the terms of the 
second type in equation (64) is 

/a=22222222 exp {zmLh (%-%')} exp {z-niLh 

711 712 718 7U' 71*' 7ls' P p' 

h =222222 exp{ 27 n 2 A(« 1 -Mi')}exp{ 2 « 2 A( JI » niBtMj -^a; nj , nfW )} 

Til 71* 713 7ll' Tls' n8' 

x {2 (A,+iB p ) 2 , (67) 

(3? P' i 

subject to the conditions (65). 

To find the mean value of I 2 we proceed as before, whence 

J 2 = X X jx 4- iB p ) X (A# - iBp) ■ exp {ziriZh fa -%')} 

7ii7is7i8 ninz'nz' (p p' J ’ 

n&n' 

xnjf^exp zmH,X n C exp (- f ~^ ) d (»*„)} 

. / i 6 rr 2 sin 2 QkT\ 

—2 ( Ap+iBj, ) 2 (A 9 > iB^i) exp ^ j j 

Mi—1 Ms-1 Ms-1 Mi—1 Ms-1 Ms-1 , „ 

x 2 2 2 2 2 2 exp {ziriZh (%-<)}. (68) 

7ll=0 712=0 713=0 71l'=0 712'= 0 7ls'=0 

The s ummat ion of (68) is effected by summing all the terms including those for 
which %, w 3 and p are identical with Kg', />', then summing the latter 
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group separately and subtracting this sum from the first. We thus obtain 


_ Mi-1 Mi-1 Mi-1 Mi-1 Ma-1 , , v . „ , „ „ 

J a = S 2 2 S 2 S exp {imhh (%—«!)}S (.4„+tB„) £ (.4—*2}j,.) 

7ll=0 712=0 713=0 7ll'=0 71 %— 0 713'*= 0 P P' 

( i 6 w 2 sin a 0 fer> ^ ^ ^ ^ ,-nstA ~d\ _ ( i6 ir*sm s 6kT\ 

X6Xp V-A®- J~)~ -A 2 - /"j 


= {A*+B?) 


sin® M-Jrn sin 2 M 2 krr sin 2 M 3 Itt 
sin 2 hrr sin 2 kn sin 2 hr 


x 


( ibn^sin 2 6 kT\ A r ^ , 4 , r> on ( 

exp ^-^- yj-NI. (^d^+S^exp 


i6n®sin 2 0 feT\ 

S Tr 
.(69) 


The total intensity 1 of scattering from the crystal in the direction ft, A, l is therefore 
given by 


i=h+h 

= {A 2 +B 2 ) 


sin 2 M 1 hrr sin 2 M^kir sin 2 M z ln _ ( i67r 2 sin 2 0fcT 


— — i —- -.-g--.. —— ex p 

sin 2 hrr sin 2 kn sin 2 hr r 


+Nh (Aj?+B p 2 ) 
p 


H 

t — exp 


A 2 


-) 


7 


i6 tt 2 sin 2 6 kT\\ 

~ * 74 ' 


•( 7 °) 


The intensity-distribution given by equation (70) is closely similar to that 
represented by equation (57), which holds for the case in which there is one 
molecule per unit cell, the only difference being that instead of the normal crystal- 
structure factor (A 2 4- B 2 ) in the second term of equation (57) we now have the 
sum of the separate molecular structure factors S {A v 2 + B/). 

p 

It will be seen that the intensity-distribution given by equation (57) or equation 
(70) is the sum of two parts, the first part being the usual Laue interference function 
of the crystal space lattice multiplied by the normal crystal structure {A 2j rB% 
multiplied by a temperature factor exp {[ —(i67t 2 sin 2 0 )/A 2 ] (kT/f)} which weakens 
the spots without broadening them and which may be regarded as part of the atom- 
form factor. The first term is thus represented in the diffraction pattern by the 
usual strong and more or less sharp Laue spots. The second parts of equations (57) 
and (70), however, represent scattering which is characteristic of the atomic arrange¬ 
ment in the molecule and of the orientation of the molecules with respect to the 
beam. The factor S (A v *+B v 2 ) in equation (70) is the sum of the independent 

p 

scattering powers of the molecules associated with the unit cell, relative to that of 
a single electron for the direction considered and is independent of the grouping 
of the molecules into a lattice. The second term of equations (57) and (70) is also 
proportional to the number N of molecules in the crystal, instead of being pro¬ 
portional to N 2 like the maxima of the first part of equations (57) and (70). Thus, 
since with increasing crystal-thickness the ratio N/N 2 decreases in value, the 
diffuse-zone pattern should become weaker in comparison with the true Bragg 
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spots. It must be remembered, however, that most of the spots in the electron- 
diffraction single-crystal transmission pattern are not true Bragg spots. 

The thermal factor in the expression for the intensities of the diffracted spots 
falls in an exponential manner from the value 1 at the central spot, whereas the 
corresponding factor in the expression for the background scattering rises asympto¬ 
tically to a maximum value of 1. Thus, if curve 1 in figure 22 represents the atom- 
form factor for the atoms when thermal agitation is absent, curve 2 will be the 
corresponding curve when the thermal factor is appreciable, i.e. the effective atom- 
form factor in the expression representing the intensity of the spot pattern, while 
curve 3 is the effective atom-form-factor curve for the intensity of the diffuse area 
pattern. 

Application of the theory to the case of anthracene. In deriving the equations (57) 
and (70) certain simplifying assumptions were made. That these are justified in 
the case under consideration, namely anthracene, can be shown as follows. 

In the first place it was assumed that the molecule could be regarded as a rigid 
unit vibrating as a whole. If each carbon atom were to vibrate independently of 
its neighbours, it could be treated as an independent oscillating system which 
would give rise to diffuse scattering, the intensity expression for which will contain 
as thermal factor 

1 — exp {[-(i6tt 2 sin 2 0)/A 2 ] (kT/f)}. 

/has been calculated from spectroscopic data (7) , and has the value 7*6 xio 5 dyne/cm. 
for the carbon-carbon stretching force in the benzene ring. Since A =^= 0-05 a., 
sin 0^o-oi and T=^ 300° k., the above thermal factor has a value of the order of 
1—exp {—(3*4x io~ 3 )}, which is negligible. On the other hand, if we assume a 
wave-number 20 cm: 1 * for the oscillation of the molecule about its mean position, 
the force constant /, calculated for a simple harmonic oscillator, has the value 
4X io 3 dyne/cm. Then, with the above values of A, sin 0 and T y the thermal factor 
becomes 1 — e'" 0,646 or 0-48, and thus rises rapidly to an appreciable value near the 
central spot. Another way of regarding this effect is to consider the mean energy 
of oscillation in any direction of a carbon atom to be Owing to the high 

wave number 992 cm: 1 , however, the amplitude of vibration must be minute. 

Furthermore, the physical properties of anthracene (softness, low melting point 
and volatility) are such as to show that the cohesion between adjacent molecules 
must be weak. Hence we are justified in regarding the molecules as vibrating 
independently. 

Quantum considerations do not seriously affect the above conclusions. The 
Maxwejl probability distribution, Ce~ w l kT y which is continuous, should then be 
replaced by the discontinuous factor Ce~ nhv i kT . For the above values of v and T 
for molecular oscillation, however, hvjkT ^o-i so that the permitted energy levels 
are so close together that they may, to a first approximation, be treated as con¬ 
tinuous. For the separate carbon atoms hvjkT is large {v is high) and almost all 
the carbon atoms will be in the lowest possible energy levels. 


* This approximate value was suggested to us by Dr M. Blackman. 
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It was also assumed that the force/is the same in all directions; but it is unlikely 
that this is the case with anthracene. However, as we have already pointed out, the 
thermal factor, 1 - exp {[— (i6tt 2 sin 2 0)/A a ] (kT/f)}, rises rapidly towards the value 1 
with increasing 0 . Thus, provided 6 be not too small, the value of the second term 
will be inappreciable and, even if / should depend on the direction considered, the 
effect on the diffuse-area scattering at a sufficient distance from the central spot will 
be negligible. In the case of the patterns reproduced above, this minimum distance 
is of the order of 1 cm. 

§7. COMPARISON OF THE THEORETICAL AND 
EXPERIMENTAL RESULTS 

It remains to draw attention to further points of agreement between the theory 
outlined in § 6 and the experimental results. 

All the diffraction patterns, and especially figures 10, 14 and 17, in which a 
diffuse area maximum from the one group of molecules is superimposed on that 
from the other group show that the intensities are simply added and never weakened 
by such superposition; hence the waves diffracted from the different molecules 
into the diffuse area pattern have no specific phase relationship. Also in the 
patterns, such as figures 10, 17, 20 and 21, areas of diffuse scattering are often to be 
seen in regions where the Laue conditions forbid the occurrence of spots. Thus 
the diffracted waves arising from each molecule are independent in the same way 
as are the waves emitted from different light-sources, only the orientation and 
atomic structure of each molecule being of importance. The theory, in which the 
Maxwell-Boltzmann law was assumed, leads indeed, as we have pointed out in 
§ 6, to this result. In fact, it is not even necessary to assume that this law governs 
the thermal motions of the molecules for, from equation (64), we have 

7 =S...S exp (fat) exp (ziriYIitij) exp (27 ri'Lh 3 ) x nin2n3 ) (. A P + iB p ) 

x exp ( - fat) exp ( - 27 ri Yhn- 1 ') exp ( - 2m Yh v'X ni , n2 , ns ,) (A - iB»>) 
= E.. .E exp {zTTt Yh {n x - <)} (A P + iB v ) (A v . - iB v ) exp (2777 Yh v x ninin3 ) 

x exp (- 2 iriYh v .x n ^ n% ), 

Let 27 rYh v x nin2nz = and 27 rYh V fX ni ^ n ^ n3 - = <f >. 

We have then 

I— E.. .E exp {zmYh (tzj—%')} (A v +iB v ) (A P > — iB v >) (cos <f>+i sin <f>) (cos </>' zsin </>') 
= S...S exp {zniYh K-V)} (Ap+iBj,) (A^-iB^) 

x [cos <f> cos c^ + sin <f> sin <f>' +i (sin <f> cos <£' —cos <f> sin <£')]. 

In general <f> and <f>' are independent for different molecules and are equally prob¬ 
ably negative or positive. Hence the mean values of sin <f> sin </>\ sin </> cos <f>\ 
cos <f> sin ft are zero, except for the same molecule when sin 2 <f> is always positive. 
Thus the mean value of the first term in this expression is the ordinary spot-pattern 
expression, modified by the temperature factor written in the form cos j> cos <j>\ 
The second term comprises only those cross products which involve the same mole¬ 
cule twice. 
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Thus 


S 2 S 


. 2 exp {zmLh {( 24 J ,) 2 +( 25 3 ,) 2 } cos <f> cos <£' + 2 (A*+Bj) sin 2 9$ 


1=2 .. 

/ as , z>2\ si®- 2 M-yhn sin 2 M^kn sin 2 M»lir , -, , T „ . . „ _. — „ , 

-(#+*> Swt- -srer -are- ( cos «‘ +JV ? sm ‘ *■ 


•(7i) 


Hence each molecule adds its own intensity to the diffuse bands, the average 
of all terms relating to cross products of different molecules vanishing. T his is 
precisely what happens when light is emitted by several independent sources. 



Figure 22. 


Those results of the theory illustrated in figure 22 are borne out in practice by 
the facts that the intensity of the diffuse-area pattern shows a very much slowe: 
radial decrease in intensity, as we proceed outwards from the undeflected spot 
than does the associated spot pattern. Thus, for example in figures 10 and 17, at i 
distance from the undeflected beam such that the cross-grating spots are toe 
weak to be recorded, the diffuse-area pattern is still strong, indeed even remarkably 
so. 

According to the theory, the ratio of the intensity of a diffuse pattern to that 0 
a Bragg spot of the same (sin 6 )/X should decrease with increasing thickness o 
crystal; and comparison of figure 20 with figure 14a shows that this is the case 
Monochromatic x-ray patterns from molecular single crystals such as anthracem 
could not be expected to give rise to a visible pattern of diffuse areas, since h,) 
and l must have integral values, owing to the relatively large size of the crysta 
required; thus the theory states that at a given (sin 6 )jX the ratio of the Bragg spo 
and diffuse-area intensities is proportional to and will there' 

fore be very large. A mosaic crystal in which the individual crystals are very smal 
might, however, give rise to the diffuse-area effect with x rays. On the other hand 
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the diminution of spot intensities due to thermal agitation is, as we know from 
x-ray work, quite notable. 

In view of this agreement between the theory and experimental results, we may 
now conclude that the diffuse-area pattern is due to scattering by molecules which, 
owing to thermal agitation, scatter independently, although their mean positions 
are those of the crystal lattice. 


§8. CONCLUSION 

In conclusion we would specially draw attention to the significance of the 
electronic molecular scattering phenomenon, the nature of which we have now 
discussed. In the first place the diffuse-area pattern is likely to prove of assistance 
as an important adjunct to x-ray Fourier analysis in determining both the molecular 
and crystal structure of molecular organic crystals in which the molecules exhibit, 
as in anthracene, a sufficient degree of regularity of atomic arrangement, and where 
the inter-molecular binding forces are relatively weak. This second factor could no 
doubt in most cases be provided for by suitable heating. The diffuse-area pattern 
is, indeed, virtually a gas electron-diffraction pattern, but has the inestimable 
advantage over this of being equivalent to one obtained by the diffraction of the 
beam by a stream of molecules, all of which are oriented instead of being completely 
at random, as is usually the case. 
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DISCUSSION 

Professor G. P. Thomson. The phenomena described in this paper are an 
important addition to the subject of electron diffraction. There can, I think, be no 
doubt that the authors are right in ascribing the diffuse areas to electronic waves 
scattered by molecules which, though oriented as in the crystal lattice, are for some 
reason displaced relatively to one another so that the scattered waves are incoherent. 
The authors attribute this displacement to heat motion. While such an explanation 
is possible, and must indeed be valid to some extent, I should like to suggest an 
alternative view. It may be that we have to deal with a layer of molecules on the 
surface of the crystal, similar to the monomolecular layers on water studied by 
Langmuir and others. Such molecules would probably retain their relative orienta¬ 
tions, but their distances apart would be erratic, as they were found to be by 
Murison in the case of long-chain molecules on copper, so that the waves from them 
would be incoherent. The authors explain the fact that thick films give relatively 
little diffuse diffraction by considering the relative magnitudes of the two terms in 
equation (70) as a function of thickness. This argument seems to be invalid. It is 
true that at the maximum the first term varies as N 2 , but the width of the diffraction 
maximum is inversely as N so that the whole intensity of a spot varies as iV, as does 
the term in equation (70) representing the diffuse scattering. If the latter is due 
to a surface effect, the variation with thickness is explained. 

I think also that the result shown in figure 9 can be explained in the same 
general way, if it is supposed that rubbing detaches minute crystal fragments which, 
while they remain resting on the surface of the crystal and with the plane of cleavage 
parallel to that surface, are otherwise disposed at random. 

Authors' reply. We had considered the possibility of the diffuse-area pattern 
being due to some surface condition of the crystal, but rejected it for several reasons. 
It cannot be supposed that thermal vibrations are absent, and this by itself suffices 
to negative the suggestion of a surface layer in which the molecules are stationary 
but imperfectly positioned. Again, the fact that anthracene sublimes in vacuo at 
room temperature leads independently to the view that the molecules, at least in 
the surface layers, are not stationary. Furthermore, it seems improbable that 
molecules more or less isolated from contact with their neighbours in the surface 
layer could remain standing in exactly the same orientations as the molecules in 
the lattice, whose orientations are governed by the packing together of molecules 
in the closest possible way. Thus, in addition to parallel displacements from the 
lattice positions, such more or less isolated molecules would certainly be expected 
to take up orientations differing considerably from those of the molecules which 
form part of the lattice; and we have pointed out that in the patterns there is no 
noticeable broadening of the outer diffuse areas, such as would correspond to 
appreciable deviations, either static or oscillatory, from the latter orientations. This 
fact also suffices to show that the diffuse-area pattern cannot be due to surface 
effects alone, since the molecules at the surface must have considerable angular 
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as well as translational motion, unless it be assumed that the surface is always 
bounded by a complete and perfect layer of molecules even during sublimation, 
which is highly improbable. 

With respect to the variation of intensity of the diffuse-area pattern with 
crystal thickness, N : iV 2 refers to the intensity at a point in the diffuse-area pattern 
relative to that of a Bragg spot at the same value of (sin 0 )/A. The cross-grating spots, 
which occur at the intersections of the Laue zones due to two atom rows normal 
to the beam, are sharp, and their positions do not vary appreciably if the crystal- 
orientation is altered through a fairly wide range on either side of the setting 
considered. On the other hand, the Laue zones due to atom rows parallel, or nearly 
so, to the beam are always relatively much broader, and their positions are sensitive 
to changes in the crystal-setting *, thus, when the setting is such that a cross-grating 
spot becomes a Bragg spot, the whole of the spot may be considered to lie at the 
maximum of one of these zones, so that the intensity of the Bragg spot is effectively 
independent of the breadth of these zones, but depends only on the maximum value 
of the corresponding intensity factor, and is thus proportional to N 2 . We pointed 
out in the text, however, that most spots in a pattern are not true Bragg spots, i.e., 
have not the full maximum intensity, so that the intensity of the diffuse-area pattern 
relative to the mean spot-intensity will decrease less quickly than N: N 2 but more 
rapidly than N : N > with increasing crystal-thickness. 
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OBSERVATION AND THEORY IN COSMOLOGY 

By G. C. McVITTIE, Ph.D., F.R.A.S. 

Read at a discussion on the expanding universe held jointly with the Royal 
Astronomical Society , 27 January 1939 

- §1. HISTORICAL INTRODUCTION 

T he attempts hitherto made to solve the problem of the size and structure of 
the universe on the basis of general relativity have involved three stages. 
There is firstly the purely observational work. This consists, on one hand, of 
the measurement of the red-shift S, equal to dX/X, in the wave-length A of light 
* emitted by a number of nebulae of known apparent photographic magnitude* m. 
On the other hand, counts of the numbers N m of nebulae per square degree of the 
sky have been made down to a series of limiting magnitudes m lying chiefly be¬ 
tween 18 and 21*03. Observations of red-shift are practically restricted to bright 
nebulae for which m ^ 17, and in this region the values of 8 are so small that the red- 
shift has a negligible effect on the apparent magnitudes of the nebulae. The nebular 
counts are made for regions for which no observed values of 8 exist. But assuming 
that the red-shafts continue to obey even roughly the law found when m < 17, it 
follows that when 18 21*03, the shifting of the spectrum must have a con¬ 

siderable effect on the apparent magnitudes. 

The second step consists in summarizing the observations into so-called em¬ 
pirical equations. Hubble’s solution 2) of this problem produces the three equations 


log 10 S “0*2 (*»—A')— 4'707 ±o*oi6, .(1) 

logio N m = o-6 (m - A) - 9*052 ± 0*013, .(2) 

logio a = 0*2 (m - A) - 4*239 ± 0*024, .(3) 


where A, A' are the corrections applied to the apparent magnitudes in order to 
allow for the dimming effect of the red-shift. The form of these equations is arrived 
at by means of the following argument. It is known that, if the nebulae were 
moving slowly in flat Euclidean space, the theoretical relation between 8 and m 
would be 

logic § = o-zm + constant . 

Moreover, if the nebulae were uniformly distributed and at rest in flat space, the 
relation between N m and m would be 

logic = o*6 m + constant . 

Since the observed nebulae with apparent magnitudes down to about 18 do in fact 
follow rules of this kind, it is legitimate to suppose that the form of the relations 
would be retained for the greater depths of space provided m were replaced by some 

* For the explanation of this and other astronomical terms see Reports on Progress in Physics , 
pp. 24-9 (1934). 
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suitably corrected magnitude. In his attempt to carry out this extension, Hubble 
makes the four following assumptions: 

{a) The value of the correction A' is 38. With the aid of the observed values of 
S and m it is then possible to calculate numerical coefficients, and equation (1) is 
obtained (x) . 

(b) The equation (1) is valid down to m = 21*03. 

(c) The correction A in the relation between N m and m is proportional to the 
distance of the nebula. But Hubble does not enter into the thorny problem of 
distance.* He writes down (2) instead 

l°gio A = o*2 (m —A) + constant , .(4) 

as the definition of A in terms of m . The observed values of N m and m are then 
sufficient to give all the numerical coefficients, and the equations (2) and (3) emerge^. 

(d) The corrections A' and A are equal. Subtracting equations (1) and (3), we 
then have 

A' —A=2*948, . (sY 

which, in Hubble’s work (2) , is regarded as the fundamental observational equation. 

The third and last step consists in comparing some or all of the equations (1) to 
(5) with the corresponding predicted equations of general relativity. Hitherto con¬ 
troversy has raged over this step, for it emerges that a further observational datum is 
needed before this union of empirical and theoretical equations will give the details 
of the structure of the universe. Hubble (2) finds the additional datum in the effective 
temperature of the nebular radiation, and arrives at an extremely small universe of 
finite size. The present author’sarbitrary datum is the average mass of a nebula, 
with which he arrives at a hyperbolic universe of infinite extent. 

In the present paper we try to push the discussion back from the third to the 
second step. The question arises: Are the assumptions (a) to (d), on which equations 
(1) to (5) rest, valid in the expanding universes of general relativity in terms of 
which the observations are ultimately interpreted? Our answer is mainly in the 
negative, and we shall suggest an alternative method of interpretation which omits 
most of the second step and passes directly from the first to the third. 

We deal first with the validity of the assumptions, the universe being supposed to 
have the metric 

ds i =dt i —e oW a +r»d8«+r» sin* 6 dtf J.(6) 

Here&= —1,0 or i according as space is hyperbolic, flat or spherical. We suppose 
that an observer situated at r = o, 6 = o, <£ = o is making the observations at time t 0 . 
The function g (t) is arbitrary, but we can always choose it so that g (£ 0 ) = o. R 0 is 
then the value of the radius of curvature of space at t=t 09 provided, of course, that 
k=i or —i. The coordinates r, t are supposed to be measured in parsecs.f In 

* The meaning of the term “ distance” in general relativity is fully discussed by G. Temple^). 

t i parsec=3*o8 x id 18 cm. 
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such a universe it can be shown (4) that 

log 10 8=o-z jm— K+^{i +g<>"Ig a ' 2 ) 8 J + i-o-2M+log 10 ^ 0 '.(7) 

where JJ=log« 10 = 2-303. In this equation, a dash denotes differentiation with 
respect to t and the suffix zero indicates that the functions are evaluated at time 4 . 
M is the absolute photographic magnitude of an average nebula and K is the part 
of the red-shift correction which must be applied to m in respect of the shifting of 
the nebular spectrum over the sensitive region of the photographic plate. It is 
believed that K is proportional to 8, and K obviously depends on the distribution 
of energy in the spectrum, in other words, on the effective temperature of the nebular 
radiation. Now in equation (7) neither K nor go'/go* is known a priori so that theory 
has no light to shed on assumptions (a) and (b). The latter however has been almost 
universally criticized (s) . One objection is that the correction A' = 38 cannot be con¬ 
sidered as verified, since in the observable region of 8 this correction is negligible. 
But it is by no means negligible when 8 is being calculated for the extrapolated 
region between m= 17 and 7/1=21-03. 

With regard to (c), we note that the relation between N m and m in the universe 
denoted by equation (6) is approximately (4) 

log 10 N=o-6 {/»-(*+!8)}+log 10 ( 4 ™)_ 0 . 6 M+ 3 , •--(*) 

where, however, there appears N, the number of nebulae over the whole sky. This 
is related to N m by 

iV=4*i x 10 W m 

and is the quantity we shall use henceforward, a is a number proportional to the 
number of material particles per unit volume in the universe denoted by equation (6). 
Now the A of equation (2) must be the (K+58/E) of equation (8) and, if A is 
proportional to 8, then equation (7) would give 

log 10 A = o-2 jin - ^A+ sj 4* constant . .(9) 

This is, in general, not identical with equation (4) which is Hubble’s interpretation 
of assumption (c). Indeed it is clear that assumptions (c) and (d) are but two aspects 
of the same hypothesis, viz. that go'/go 2 is negligible compared with unity. There is 
no justification for such an assumption, and acceptance of it would rule out a priori 
many interesting possibilities. Notably, the case of motion in approximately flat 
space with uniform velocity (in the sense of Milne) would be dismissed without 
investigation, since it implies (6) that g (*) = 2 log* t and go" I go 2 — 

The arbitrariness of the four assumptions from the theoretical point of view 
suggests that the conclusions as to the structure of the universe hitherto arrived at 
may be as much conditioned by these hypotheses as by the observations themselves. 
We now proceed to an alternative interpretation of the latter. 
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§2. THE RELATION BETWEEN N AND m 

In principle, observation gives us two functional relations, one between 8 and m 
the other between N and m. With regard to the former, we have Hubble’s result (i) 
in which, however, the value of A' is speculative. It has been suggested by ter 
Bruggencate (7) that the constant term, -4*707 + 0-016, should be replaced by 
-4-907. Hubble and Humason (8) in 1934 had obtained —4*967 + 0*012 from very 
much the same observational material. When comparing the theoretical equation (7) 
with the observational relation, we shall include all probable values of the constant 


term if we put 

1 -o-2M+log 10 teoV 2 )^ .( I0 ) 

where X is a number satisfying the condition 

4707 <^4*967. .(11) 


This is the only use we shall make of the relation between 8 and m . We have thus 
rejected assumptions (a) and (b) and replaced them by the consideration that, what¬ 
ever form the observational relation between 8 and m may take if and when red- 
shifts are measured down to 772 = 21*03, this form must reduce to equation (1), 
within the limits given by equation (11), when 17. 

The rejection of assumptions (c) and (d) makes the equations (2) and (3) unsuit¬ 
able as empirical relations between N and m. Moreover equation (8) is now also 
useless as the corresponding theoretical equation, since it involves 8. We require N as 
a function of m alone. Now it is known (9) that, in the universe denoted by equation 
(6), the number of nebulae within radius r is 



on the assumption that powers of r/R 0 higher than the fifth are negligible. Again the 
theory of luminosity-distance (lo) gives us 

log 10 { r (1 + s )} = 0-2 (m - K) +1 - o*2M. .(13) 

We define a number a by means of the equation 

log l 0 (i+a 8 )=o-zK .(14) 

in accordance with the hypothesis that K is approximately a linear function of 8. 
Again we write 

logio P = 0-2 (m — M) +1 .(15) 

and then equation (13) becomes 

r {1 + (1 + a) 8 + #8 2 } = /x.. .(*6) 

It is also known (4) that the relation between r and 8 in the universe denoted by 
equation (6) is 

^-r=S + % a S a +_ 

2 £o 2 


(17) 
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-(* 9 ) 


.(20) 
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Ve solve this equation for 8 and find 

2 go 2 \ 2 ) 

lence by equation (16) 

r [x + (i+a)^r)-|(x+a)^- 2 - a |(^-r) a =/i> 

idxich gives 

= H- [* “ (* + a ) y) + {2 (1 + aY + (1 + a) -aj (&■ ^ 

low write equation (12) in the approximate form 

log,JV-lo g ,(» i ) +3 log., + ig 

nd then substitute for r from equation (19), neglecting terms involving powers of 
0^/2) higher than the second. There comes 

log* N= log* (47ra/3i?o 8 ) + 3 log* n - 3 ,(1 + a) (g 0 >/2) 

+ 3 [|(i+«)*+(i+a)^-a+i-^(^)](^,*).(21) 

iTxis is the theoretical relation between N and m, which, however, involves the 
bsolute nebular magnitude M, through /a. We replace M by X, using equations (xo) 
nd (15), so that 

log 10 (gbV/2) = o-2in-X. 
lence equation (20) becomes 

logio N— log 10 {^3 (“>)}-3^+o-6m-| (1 +a) ioM»* 

+| [i <>+-)‘-«+c ©’J***-”..<“) 

/hich we shall regard as the theoretical relation between N and m. It is correct to 
he second order of small quantities, these being represented by the terms in 
O o-2m-x # The relation may be expected to hold when m ^ 21*03, since in this range 
f m the powers of io°' 2w “ z decrease fairly rapidly. 

To find the values of the various coefficients in equation (22) from observation 
re write 


y=0'6m— log 10 N, "j 
*=IO 0-2m-Z , J 



.(23) 

4™ ( 2 \ 3 ) 

3 ^go) J ’ 

\ 

I 


. (24) 


—3X—log 10 
a x = 3 (1 +a)/E, 

|(x+ a)*-«+(i+«)*L+£_*.(£) 


a *~~E 
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j; = a 0 4- -b a 2 x*. .(25) 

We shall see below, in § 4, that a 0i a x , a 2 can be determined from the nebular counts 
by a least-squares solution. 

§3. THE FIELD-EQUATIONS 

The equations (10) and (24) show that the information we can hope to secure 
from observation is not as extensive as recent researches on the structure of the uni¬ 
verse might lead us to suppose. An estimate of the absolute nebular magnitude M 
will give us, through equation (10), the value of the parameter g 0 '. A knowledge of 
a i gives us, by one of equations (24), the constant a and hence K . In addition we may 
learn something of the density of matter in space, since a 0 yields the ratio a/i? 0 3 , but 
even here we shall require a preliminary estimate of the mass of an average particle 
of matter in the universe. The last of equations (24) shows that, since g 0 ” is unknown, 
we cannot determine k and R 0 independently. Hence the amount of the curvature 
as well as its nature remains undetermined. 

To advance further we must again appeal to theory. Einstein’s field equations* 1 
relating the density and pressure of matter in the universe to g 0 ', g 0 '\ k and R 0 , 
provide two additional equations which combine with equations (24). We have, if 
p y p denote the density and pressure respectively at the instant t Q , 


K0 — — +1 A 

Kp i?o a+3 U/ ’ 

.(26) 

k l \ 3 

.( 27 ) 

K P=-RjS° — 3 (“2") +A - 


Here k is a constant involving the gravitational constant G, given in equation (33) 
below, and A is the cosmical constant. These equations imply (ll) that 

[d {R 0 *eh p )] t=ta + [p d = 0. .(28) 

It is usual to assume that£ = o in the actual universe, on the ground thztp would be 
a measure of the proper motions of the nebulae, of the pressure of radiation, and 
so on, and that all these effects are small. This hypothesis leads, by equation (28), to 

p = aM 0 /i? 0 3 , .(29) 

where the constant of integration cxM 0 is interpreted as the product of a, the number 
of nebulae per unit volume, and of Mo, the mass of an average nebula. Thus we 
identify the material particles of the theoretical universe denoted by equation (6) 
with the nebulae of the actual universe. When ^ = 0, equations (26), (27) and (29) 

P™ 2k KOC 

.(3o) 

Returning to equation (24) we have 

a M 0 3 /PoV 
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whilst the last of the three equations (24), together with (30) and (31), becomes 


I0 “~^ M "} &)' . (32 > 


This equation will give both k and R 0 . We suppose that M 0 is measured in grammes 
and go'/2 in reciprocals of the parsec. Hence if G, the gravitational constant, and c 
the velocity of light, are both measured in c.g.s. units, the appropriate value of k in 
equation (32) is 

K= 3- o8 x"io* 8 x c 2 = 6 ‘°39 x 10-46 parsec-g.-sec. unit.(33) 


The second of equations (24), together with (14), gives approximately 



(34) 


which determines the value of the correction factor depending on the effective 
temperature of the nebular radiation. 


§4. NUMERICAL ESTIMATES 

We shall now find the constants a Q > a x , a 2 in equation (25) from the observed 
values of N and m. We shall compute them for the two limiting values of X in equa¬ 
tion (11). In table 1 the first two lines give the results of the nebular counts; the first 
five columns contain the Mount Wilson material (2) and the other two that from the 
Harvard Observatory (la) . The third line gives the value of y, and the fourth and 
fifth give the values of x for the two cases X= 4-707 and X— 4*967 respectively. 


Table 1 


m 

21*03 

20 

19-4 

18-47 

18*2 

12*78 

log 10 N 

7-777 

7-301 

6-955 

6*502 

6*328 

3*233 

y 

4-841 

4-699 

4-685 

4-580 

4*592 

4*435 

X 

0*3155 

0*1963 

0*I489 

0*0971 

0-0857 

0*0071 

0*1734 

0*1079 

0*0818 

0*0533 

0*0471 

0*0039 


The results obtained by a least-squares solution are as follows: 

In the case in which X= 4*707: 

a 0 = 5' 12 4> 0 1 =i-8i6, 0 2 =-1718. .(35) 

Using equation (34) we then have 

K = o-86S, .(36) 

whilst equations (32), (33) yield 

klR 0 *= -0-963 {1-564-3-579 x 10-38 (igo'Mo)} (i£oT- . ( 37 ) 


To find %g 0 ' we use equation (xo) and adopt for M the value —15-15 associated by 
Hubble (I3) with the form (1) of the relation between 8 and m. We have 

igo= 1-83 x io~ 9 parsec -1 . 


( 38 ) 
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We still require a value for M 0 . The estimates of the masses (,4) of the visible nebulae 
range from 4 x io 42 g. to 4 x io 44 g., but it is speculated that there is probably a good 
deal of dark invisible matter scattered throughout the universe. Let us therefore 
take the upper value of the mass of a visible nebula for our average and put 


•M<>=4* io 44 g. .(39) 

Introducing equations (39) and (38) into equation (37) we find that 

A/I? 0 2 = -0-963 {1-564-2-624 x io- 2 } (i£ 0 ') 2 - .(4°) 


Hence k= — 1, so that space is hyperbolic and infinite in extent. This conclusion 
persists even if we increase the value of M 0 given in equation (39) by a factor of 
about 50. This is equivalent to supposing that, for every luminous nebula counted, 
there were nearly 50 invisible nebulae present as well. Equations (40) and (38) give 


i?o=4-S 15 x io 8 parsecs .(41) 

and equation (31) yields p = 2x io -29 g./cm? .(42) 

In the case in which X = 4-967: 

Oo= 4 > <h= 3 ‘ 12 S> «a= “ 5 - 

Equation (34) yields K= 3-048, .(43) 

whilst equation (32) becomes 

W*= -0-591 {4-420-2-870 x io- 36 (ko'Mo)} (&,')*.(44) 

To find we use equation (10) with M equal to —14-2, a value which Hubble and 
Humason (8) associated in 1934 with the constant term —4-967 in the relation be- 
tween 8 and m. We find 

igo = i*S 6 x IO ~ 9 parsec- 1 . .(45) 

Again, assuming equation (39), we have 

W- -o- 59 i {4-42°-1-789} (ko') 2 - .( 46 ) 


It would appear that space is again hyperbolic provided, at least, that the invisible 
nebulae do not exist to any appreciable extent. But the fact that the two numbers in 
the bracket are now of the same order of magnitude must lead us to treat this con¬ 
clusion with some reserve. Equations (45), (46) and (31) give 


R 0 = 5• 14 x 1 o 8 parsecs, .(47) 

p = 9*87 x io~ 28 g./cm? .(48) 


Equations (30), (31) and (27) withp equal to o will give the value of the cosmical 
constant A for each of the two values of X. It turns out that A is negative for both. 
But this conclusion depends on a delicate balance between numbers of the same 
order of magnitude, as in the case of equation (46) above. We can therefore feel 
little confidence in the values of A so derived. 

It seems clear from the foregoing discussion that we can escape from the con¬ 
clusion that space is hyperbolic only by postulating considerable quantities of un¬ 
observable matter in the universe. Indeed, even the results (41), (42) and (47), (48) 
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must be regarded as lower limits for R 0 and upper ones for p, since the assumption 
M 0 =4 x io 44 g., on which they depend, is probably too high. 

It is worthy of note that the cases determined by the two values of X include 
between them the probable values of K as calculated by Hubble’s direct method^. 
He assumes that nebular spectra are similar, on the average, to that of the sun and 
that the solar spectrum can be represented as a black-body spectrum. The results 
are given in table 2, T 0 being the effective temperature of the black-body radiation. 
Hubble (a) regards 6ooo° as the correct temperature (l7) and the equation ^=1*838 
as strictly true. If we adopt this view, it would seem that the value 4*707 for the 
constant X in the relation between 8 and m is too small, but that the value 4*967 is 
rather large. 

Table 2 


To (° C.) 

75 oo 

7000 

6500 

6000 

55 °o 

5000 

K/S 

083 

1*23 

1*48 

1-83 

3*43 

3*28 


For the sake of comparison we give here the results calculated on the basis of the 
relations (1) to (5). Hubble (z) finds, assuming that K= 1*838, that 

k= 1, jRo = 1 *45 x io 8 parsecs, p = 6 x io“ 27 g./cm? 

McVittie (3,9) , assuming that the average mass of a nebula is 4 x io 43±1 g. and that 
there are no invisible nebulae, obtains 

k= — 1, R 0 = 1-5 x io 9 parsecs, p = 8-29 x io- 30 ^ 1 g./cm?, jK>(i-o8±o*io) 8. 

Our analysis of the observations leads to much more cautious conclusions than 
these. That space is hyperbolic seems nearly certain. The radius of space lies prob¬ 
ably between io 8 and io 9 parsecs, being nearer to the latter if the universe contains 
many dark nebulae in addition to the visible ones. The average density is certainly 
not greater than io -27 g./cm? and is more probably of the order of io” 29 g./cm? 
The effective temperature of the nebular radiation consonant with these results lies 
between 5000° and 7500°. Beyond such tentative conclusions it seems impossible to 
advance without introducing arbitrary and unjustified hypotheses. 
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MUTUAL AND SELF INDUCTORS COMPENSATED 
FOR CHANGE OF FREQUENCY 

By ALBERT CAMPBELL, M.A. 

Received 26 October 1938. Read and demonstrated , in the absence of the author , 
by Dr L . Hartshorn 10 February 1939 

ABSTRACT . The effects of self and mutual capacitance on the electrical constants of 
mutual and self inductors can be compensated by various devices. For mutual inductors 
the usual system is a closed tertiary circuit coupled to both primary and secondary coils; 
the complete case of this is discussed mathematically and it is also shown that a similar 
arrangement (of closed secondary circuit) is effective for self inductors. A simpler system 
for these consists of a non-inductive shunt across the terminals, but the closed secondary 
is usually preferable. Several experimental examples are given. 


5 1. INTRODUCTION 

T he electrical constants of mutual and self inductors usually are to some 
extent dependent on the frequency of the a.-c. circuit in which they are used. 
With mutual inductors, mutual and self capacitances of the two circuits or 
eddy currents (due to the skin effect or the proximity of other closed circuits or both) 
cause impurity and variation of M with frequency; while similar causes give change 
of effective L and R 'in self inductors. The variations are often proportional to the 
square of the frequency. They can be much reduced or even entirely nullified by 
the addition of compensating devices such as those which I proceed to discuss. 
When the effects are relatively small they can be considered as merely superposed; 
thus to correct L (1 — xzo 2 ), the compensator must introduce a term +Loczo\ 


§2. MUTUAL INDUCTORS 

It is well known that a mutual inductor can be compensated by the addition of 

a tertiary closed circuit coupled to both the primary and the secondary circuits. 

The formulas have hitherto been deduced for the simple case of an open-circuit 

secondary (l) . The more complete case is shown in figure 1. 

Let the resistances and self inductances of the secondary and the tertiary 

circuits be r, Z and p, A respectively, while i l9 i 2 and i 3 are the instantaneous values 

of the currents as in the figure, and w = 2tttz, where n is the frequency. Also let 

M, m and p, be the three mutual inductances as shown. Without the tertiary coil 

we should have / , \ • 71 *• - 

(r+lja))t 2 =Mjcot> ..(1) 

but with the tertiary circuit closed we have 
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Thus r, l and M are altered to r', l', M', where 


r'=r+ 

r r+ p*+\W’ 

.( 3 ) 

V , jU 2 C0 2 A 

P *+ AV*’ 

.( 4 ) 


.( 5 ) 

wjhile impurity <r' is introduced, where 


, mfbo) 2 p 

“ p*+\w 

.(6) 



Figure i. 


It will be noticed that r is always increased and l always diminished; also since 
both m and p, can be either positive or negative, ( M r - M) and o*' can have either 
sign, but when one is positive the other must be negative, unless A can be made 
negative. 

It is best to choose p and A so that p>Aw, for then 



P Z 

.( 7 ) 

and 

, t mpjuP 

G == • 

P 

.(8) 


Thus if the inductor has impurity and variation with frequency, either but not 
both of these can be corrected by the tertiary circuit with properly chosen values 
of p, A, m and p» Two recent examples of its use may be mentioned. In the new 
standard M inductometer designed by Astbury and Ford (2) at.the National Physical 
Laboratory, elaborate screening is used, which much increases the impurity, but 
this is practically annulled by the addition of a tertiary closed circuit. They state 
dearly the necessary conditions and also mention that it is sometimes helpful'to 
reduce A by means of a condenser put in parallel with part of p, which makes the 
correction more nearly proportional to a; 2 . 
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In M inductometers which I have recently designed for use at radio frequencies^ 
I have successfully used the tertiary loop system to annul the errors due to variation 
of frequency. 

It should be remarked that in most of the ordinary measuring systems the 
altered values of r' and V do not cause any error. 

§3. SELF INDUCTORS 

The compensation of self inductors is not so important as that of mutual 
inductors. I have investigated two different systems, namely (A) simple shunt, 
and (B) secondary closed circuit. By either of these the variation of L due to 
frequency may be largely reduced and often practically eliminated. If the self 
capacitance of an inductive coil (R, L) is equivalent to capacitance c across its 


terminals, then, if the effect is relatively small, 

R'-=R(i+2Lca>% .(9) 

and L'=L(i + Lccu 2 ). .(10) 


§4. SYSTEM A. SIMPLE SHUNT 

The system (shown in figure 2) of an induction coil (i?, L) with self capacitance 
C shunted by a non-inductive resistance S was investigated by Mr T. L. Eckersley 
and myself many years ago (4) . We found that the effective L' of the coil was re¬ 
duced by the presence of the shunt, but we did not notice that the shunt could be 
used to correct the variation of L with frequency, shown in equation (10). 



Figure 2. 


The addition of a shunt may either raise or lower the effective resistance of the 
coil, but it always lowers the effective self inductance, and hence can be used to 


compensate the increase (L 2 Cco 2 ) due to frequency. 

If (i?, L) is shunted by 5 , where we have 

R'HR+(R*+LW)jS, ( 11 ) 

, r , r r 2i? i? 2 iLo>f] t x 

^ L=5L [ I "5 r "^"i5 r )J', (I2) 

When also capacitance C is across the coil, L' will not vary with w when 

S=L/C . (13) 


which is the condition for L compensation. The resulting L', however, becomes 
L (x —zRjS—Rt/S 2 ), and this is a weak point in the method. 
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§s. SYSTEM B. SELF INDUCTOR WITH CLOSED LOOP 
COMPENSATOR 


As shown in figure 3, let the self inductor (R, L) with self capacitance c have a 
closed secondary circuit (p, A) coupled to it by mutual inductance m. Then 


R' = R(i + 2Lca>*) + 


p a +A a w a ’ 


and L'=L(i+Z*, a )-i? a C -^^. 


When p>Aa), we have 

R' = R+(2RLc+~^)w* .(14) 

and L'=L-R?c+(L*c-”^) a> a . - .(15) 



m 



Figure 3. 


k 


From equation (14), since irPjp is always positive, it is clear that R f cannot thus 
be compensated; it is always increased by the presence of the loop circuit. 

Equation (15) shows that L 9 is approximately invariable with frequency where 



(16) 


and this gives a good system of compensation. It is often desirable to reduce A by 
a condenser ( k ) across a part of p, as shown in dotted lines in figure 3. 

When m 2 X/p 2 — L 2 c, 

R' ==2RLcaj 2 (1 + Lp/A). .(17) 

Since p /A is usually much greater than 1, the factor (i-fLp/A) may cause con¬ 
siderable increase in R 


§6. EXPERIMENTAL EXAMPLES 

The compensating systems (A) and (B) were applied successfully to various 
L coils. It will be sufficient to give the following three examples. 

System A. Coil C798 (R=y- 6 Q. and Z,= io-oomH.) had capacitance 0*4^., 
put across its terminals, which caused L' to increase by about 20 per cent at 
1000 c./sec. By trial it was found that a simple shunt (*S) of 185 Q,. made L' almost 
invariable, as table 1 shows. 
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Table 1 


n 

(c./sec.) 

s 

(ft.) 

R ' 

(ft.) 

V 

(mH.) 

500 

00 

8-o 

10-39 

700 

00 

9-o 

10*84 

1000 

00 

II-O 

12-06 

500 

T f5 

12-8 

9-29 

700 


18-9 

9-3S 

1000 

185 

35-4 

9*28 


System B. (i) The same coil (C 798), still with 0-4 /xF. in parallel, was coupled 
(by mutual inductance of approximately 5 mH.) to a secondary coil with A approxi¬ 
mately equal to nmH. By trial, closing this secondary through 65 O. with 1 /xF. in 
parallel gave compensation as shown in table 2. 

Table 2 


n 

R 

U 

(c./sec.) 

(ft.) 

(f*H.) 

. 500 

n*8 

10-10 

700 

16*4 

10*14 

1000 

27*2 

10-08 


The increase in R ' is considerable. 

System B. (ii) A small coil (C 743) having L approximately equal to 10-40 /xH. 
from n=o up to 800 kc./sec. was rendered incorrect by a capacitance of 100 pico¬ 
farads across its terminals, as is seen in the first three lines of table 3. A secondary 
of 1 turn with p equal to 3-5 £i. gave compensation as shown. 


Table 3 


n 

(kc./sec.) 

(<£.) 

L ' 

(/ J . H .) 

200 

00 

10-44 

400 

00 

10*48 

800 

00 

io -79 

200 

3*5 

10-40 

400 

3*5 

10-36 

800 

3*5 

10-39 


These examples show that quite extreme variations can be well compensated. 
In practice the variations due to self capacitance are usually much smaller, and it 
is clear that in nearly all such cases very exact compensation can be obtained. 
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APPENDIX 
Negative self inductance 

As has already been mentioned, the self inductance of the tertiary circuit can 
be reduced by putting a condenser in parallel with part of its resistance. Capacitance 


c across resistance r gives /=r/(i +r 2 c a w 2 ), .(18) 

and /'= - r 2 c/(i+rWco 2 ), .(19) 


and this forms a convenient device for introducing negative self inductance into 
any circuit. 

At very low frequencies, where rc&<4 1, 

r'=r and /';== — r 2 c, 

and the system usually works well; but the effect of the divisor (i-f r 2 c 2 oj 2 ) gradually 
limits the possible range of — V as co is increased, and brings it to zero in the extreme 
case. Two cases may be noticed. 

(i) When r and co are constant and c is varied, V is a maximum and equal to 
rjzco when c= i/rco. 

For example, at 800 kc./sec. with r equal to 100 £ 2 ., the maximum possible — 
is only about 10 /xH. * 

(ii) When c and co are constant and r is varied, V increases to a maximum of 
i/rco 2 as r increases to 00. 

In all cases the negative V is nearly independent of frequency only as long as 
r 2 r 2 co 2 is ^ 1. 
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DISCUSSION 

Mr N. F. Astbury. It may be of interest to note two applications of the 
principles outlined by the author which have occurred in recent work at the 
National Physical Laboratory. The capacitance-measuring bridge recently described 
in these Proceedings (l) provides an example of the complete case of a mutual 
inductometer with a tertiary winding, while in the work on the absolute measure¬ 
ment of resistance by Mr Campbell’s a.-c. method (a) use was made of a tertiary 
circuit coupled resistively to the secondary circuit. 

Author’s reply. I thank Mr Astbury for kindly giving references to two further 
examples of the use of a compensating tertiary circuit. In both cases very high 
accuracy was aimed at, and the compensating loop proved distinctly helpful towards 
the attainment of this. 
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SIMPLE DEMONSTRATION OF THE PELTIER 
EFFECT WITH APPROXIMATE MEASUREMENT 

By ALBERT CAMPBELL, M.A. 

Received 18 October 1938. Read 10 February 1939 

ABSTRACT . Three strips of two metals A and B are soldered together to give junctions 
P and Q. A current I sent through the combination cools P and heats Q; when I is 
reversed, P is heated and Q cooled, these effects being shown by means of a galvanometer 
connected to an iron-constantan thermopile whose opposite junctions are close up to 
P and Q respectively. To obtain an approximate measurement, a current J 2 is sent through 
a short wire of resistance R close to the cooled junction. When the effects are small and 
I 2 is adjusted so as to make the galvanometer deflection zero, the Peltier coefficient II is 
equal to 

Rlflzh 


M any years ago the author made direct measurements of the Peltier effect 
for various pairs of metals (l) , but the results were only relative, and no 
absolute values were obtained. By a small addition to the original apparatus 
it is easy to get absolute values which are approximately correct. 

Strips of the two metals A and B to be tested are hard-soldered or soft-soldered 
in the order ABA, giving two junctions P and Q. By bending the strip B the 
junctions are made to face one another with about 5 mm. between them as shown 
in the figure. 



The opposite ends of a small multiple-junction iron-constantan thermopile 
Th are placed against P and Q with thin insulation between. 

When a current / is sent in the proper direction, the junction P is cooled and the 
junction Q warmed, and the galvanometer is deflected. Where / is reversed, a 
deflection in the opposite direction occurs. This gives a qualitative demonstration 
of the Peltier effect. 

To obtain a measurement of the actual heating and cooling, a short length 
(say 1 cm.) of thin wire of resistance R O., with suitable leads, is arranged round 
the junction P cooled by current /. By sending an appropriate current J 2 through 
this heater wire the cooling at P and heating at Q can be exactly balanced, as is 
shown by the galvanometer deflection being reduced to zero. Thus the Peltier 

35-2 
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effect at the two junctions is equal to the Joule effect in the heater wire, 
are measured on separate ammeters and the changes of temperature 
small. 

Then, if II is the Peltier coefficient, 

2lU=Rh\ 

and hence II= RI^/zI v. 

In the apparatus shown A and B are iron and constantan. The resistance R is 
about 4O., and I is of the order of 0-2 amp. If T is the absolute temperature, 
II/T comes out about 50 /xv./° c., in fair agreement with the thermo-electric power 
determined in the ordinary way by voltage and temperature measurements. 


I and I t 
are kept 
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THE ORIGIN OF RADIO-WAVE REFLECTIONS IN THE 
TROPOSPHERE 

By J. H. PIDDINGTON, M.Sc., B.E., Ph.D., Walter and Eliza Hall Fellow 
of the University of Sydney, Cavendish Laboratory, Cambridge 

Paper and discussion published on pp. 129-37 of this volume 

AUTHOR’S REPLY TO THE DISCUSSION 
Dr Whipple has pointed out that because ordinary clouds are efficient reflectors of 
light waves, it is not very surprising that they should reflect wireless waves. It is, 
of course, true that a discontinuity in dielectric constant encountered by any electro¬ 
magnetic wave will result in energy being reflected. In the case of light waves 
reflected from water droplets, however, we are dealing with scattering from particles 
of dimensions considerably greater than the wave-length of the incident energy, 
while for wireless waves the dimensions of the particles are much smaller than the 
wave-length. It would be unsafe to draw any conclusion regarding the efficiency 
of reflection of wireless waves from clouds from a comparison with the reflection of 
light waves. 

Dr Smith-Rose infers from the paper that the suggested process of reflection of 
wireless waves takes place at a surface of discontinuity between air and a cloud 
containing water in the liquid or solid form. I have apparently failed to make 
myself sufficiently clear in describing the suggested process. It is shown that if the 
total mass of water per cm. 3 in the atmosphere remains unchanged, its contribution 
to the dielectric constant will increase by a factor of about 7 as the state changes 
from vapour to liquid, and will decrease by a factor of about 27 as the state changes 
from liquid to solid. It is, therefore, possible to have a surface of discontinuity of 
dielectric constant while having the same concentration of water on each side of 
the boundary. For example, on one side of the surface the air may contain water 
vapour only, while on the other side a certain proportion of this vapour, say one- 
half, may have condensed to form droplets, thereby increasing (K— 1) by a factor 4. 

The table on p. 134 indicates reflection coefficients of surfaces on one side of 
which the air is dry and on the other side of which all the water corresponding to 
saturation vapour pressure has condensed into the form of droplets. In the sentence 
above this table it is stated that no such complete discontinuity is suggested—it is 
much more probable that water vapour would be found on either side of the boundary 
with partial condensation on one side. Such conditions will result in the reflection 
coefficient'being lower than those given in the table but still of the right order. 

Dr Smith-Rose asks what justification I find for assuming that the relations 
giving the dielectric constant of gaseous mixtures may be applied to non-molecular 
mixtures of air and water in the solid or liquid form. If the particles are small 
compared to the wave-length of the vibration for which we are measuring the 
dielectric constant, and if they have no regular distribution and no permanent 
electric movement, it is to be expected that the laws governing gaseous mixtures 
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will apply to mixtures containing these particles, and that their contribution to the 
dielectric constant of the medium will be independent of their size or shape, within 
limits, and proportional to the concentration. 

Measurements of the refractive indices of colloidal suspensions* support this 
view, the contribution of the suspended matter to the dielectric constant obeying 
the same laws as those applying to molecular mixtures, provided that the dimensions 
of the suspended particles are small compared to the wave-length of the light for 
which the index of refraction is measured. 

If the equations (isT— i) = 8oj e.s.u. for water, and (K— i)s=3j e.s.u. for ice are 
to hold, there is a lower limit, as well as an upper limit, to the size of the particles. 
They must contain a large number of molecules so that mutual effect between the 
molecules, which is so effective in increasing the dielectric constant, may play its 
full part. 

As has been pointed out by Dr Smith-Rose, the value of {K— 1) given in line 7 
on p. 133 is not correct for saturated water vapour at o° c., and should have been 
described as (K— 1) for a distribution of water droplets with mean density equal to 
the saturation vapour density of water at o° c. The heading of column 4 of the table 
on p. 134 has been shortened from “ Contribution to the total dielectric constant”, 
and as has been pointed out by Dr Smith-Rose does not mean that these values give 
the total dielectric constant of the atmosphere. 

I do not think it likely that the frequency variations observed by Dr Rayner 
when making standard frequency comparisons are due to reflections or refractions 
in the troposphere. Multiple-path transmission within the troposphere of ultra- 
short waves has been observed,! but the observed path-difference was only 
240 metres and the effect should be observable during the day as well as at night. 
Lateral deviation effects in the ionosphere could perhaps account for the observed 
fluctuations, and phase instability in line and frequency multiplier might possibly 
have a diurnal variation, which would account for the observed phenomena. 

Mr Naismith has suggested that 5 -region echoes might be due to reflections at 
geographical discontinuities, and says that this would explain the semi-permanent 
nature of the reflecting strata. If observations did suggest that reflections came from 
semi-permanent strata, this explanation would appear more probable, but in fact 
they do not. The low echoes arrive at random, their intensity fluctuating contin¬ 
uously and its mean value decreasing steadily as their time delay increases, as 
indicated in §2. 

The possibility of reflections at ground irregularities has not been discarded, 
however, and it is hoped that further tests may show if this effect plays an important 
part, compared to the type of reflection described in the paper. If so, then it is 
probable that water in the atmosphere plays an important part in bending the waves, 
as has been suggested by numerous workers, and the irregular variation in the 
strength and delay times of 5 -region echoes is due to fluctuations in the efficiency 
of transmission of the different echoes, due to changes in the degree of refraction of 
the wave in the atmosphere. 

* W. Ostwald, Licht und Farbe in Kolloiden-Steinkopff (Dresden, 1924). 

f C. R. Englund, A. B. Crawford and W. W. Mumford, Nature , Lond 137 , 743 (1936). 
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ACOUSTIC SPECTRA OBTAINED BY THE DIFFRACTION OF 
LIGHT FROM SOUND FILMS 

By D. BROWN, Ph.D., Auckland University College, New Zealand 
Paper published on pp. 244-55 °f ^is volume 

DISCUSSION 

Dr A. G. Gaydon. For the variable-density type of sound film the diffraction 
pattern observed will presumably depend upon the type of photographic emulsion 
used and its conditions of development; an emulsion giving strong contrast will 
obviously produce spectra of the second and higher orders in addition to the strong 
first-order spectrum. For the purpose of detecting harmonics of the original sound- 
frequency it would be necessary to ensure that these spectra of higher order should 
be absent. I should be interested to know whether it is possible to eliminate them 
in practice by the choice of a suitable emulsion, and if so whether the necessary 
conditions are very stringent. 

Mr E. C. Atkinson. It would be interesting to consider the transients, which 
cannot be represented by a finite Fourier’s series. Does the author think that the 
spectra can throw light on the nature of speech transients? 

Author’s reply. In reply to Dr Gaydon: The conditions of exposure and 
development demanded by variable-density film are certainly somewhat critical. 
Commercial practice requires in effect that the film be developed to a gamma not 
sensibly different from unity, and only the straight portion of the characteristic 
curve may be used. The recording is commonly made on positive film rather than 
on negative film, speed being sacrificed for the advantage of the finer grain. Although 
careful control is necessary, I think the film industry has shown that sound-recording 
of high quality can be made a routine matter. In the case of films intended for the 
production of acoustic spectra, the same limits of density and development must 
be observed; if these limits are overstepped in any way that would produce ampli¬ 
tude-distortion in the commercial product, then false harmonics and combination 
frequencies will automatically appear to some extent in the diffraction spectra. 

In reply to Mr Atkinson: In the sense that a transient wave-form may be 
analysed by means of Fourier’s integral theorem, which may possibly give an infinite 
number of terms in any finite frequency range, the diffraction method seems well 
adapted to the problem. It performs this analysis automatically, and presents the 
frequency-distribution as a continuous spectrum in such a case. To the extent to 
which a knowledge of the frequency-distribution and intensity-distribution in a 
transient is of value, I think the method should prove a useful one. 
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DEMONSTRATIONS 

Demonstrated 10 March 1938 

A SIMPLE DEMONSTRATION OF THE VOLTA CONTACT E.M.F. By J. NlCOL, B.A., 

B.Sc. 

The apparatus consists of a single gold leaf suspended from an insulated brass 
rod so that its lower end hangs midway between the upturned ends of two L-shaped 
metal strips, one of copper and the other of zinc, fixed to the wooden base board. 
The height of the leaf is adjusted so that it just swings clear of the ends of the two 
strips, which are connected externally by a wire. 



When a charged rod is brought near the top of the insulated rod from which the 
leaf hangs, the leaf is observed to move towards the zinc strip if an ebonite rod 
rubbed with fur is used, and towards the copper strip if a glass rod rubbed with 
silk is used. The leaf must be midway between the upturned ends of the strips, 
otherwise it moves towards the nearer strip, whatever the nature of the charge 
used. The midway adjustment is secured by tilting the base board by means of a 
levelling-screw. In the apparatus shown, the distance between the copper and 
zinc strips is about 2 cm., die length of the gold leaf 4 cm., the length of the base 
20 cm., and the pitch of the levelling-screw 1 mm. For the experiment to succeed, 
this screw has to be adjusted to within a quarter-turn on either side of the best 
position. 






Demonstrations 


55* 

A heavy current hydrogen discharge-tube. Demonstration given before the 
Society 25 November 1938, by W. R. S. Garton, B.Sc., A.R.C.S., Imperial College 
of Science and Technology. 

The discharge tube shown in the accompanying diagram provides a convenient 
and reasonably intense source of the ultra-violet continuum of hydrogen. The 
design of the tube is based on a modification of a principle introduced by Pearse 
and Gaydon (l) into the technique of producing intense positive-column spectra, 
by the constriction of the appropriate portion of the discharge within a silica tube 
of small diameter supported by annular metal rings inside an outer envelope. 

The electrode assembly is contained in an envelope 1 of glazed translucent 
silica, 2 in. in internal diameter and 2 ft. in length, attached with sealing wax 
to a brass boring 2, to which is sealed the quartz window 18; a side tube 3 passes 
through the boring 2, providing a gas inlet. A silica tube 5, of 5 mm. internal 
diameter and about 4 in. long, serves to constrict the positive column of the dis¬ 
charge between the electrodes 6 and 8, which may be of aluminium or, preferably, 
of nickel. The electrode 6 forms part of the support for the tube 5, and other metal 
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rings 7 are spaced along the length of the latter; the connexion to the electrode 6 
is made by means of a piece of 6 B.A. steel io sheathed in a silica sleeve n, which 
passes through holes in the rings 7 and emerges at the rear end of the tube, as does 
the similarly shielded lead 12 from the other electrode 8. If only one ring such as 
7 is employed, the discharge will pass along the tube 5 provided the pressure is low 
enough; as the latter is raised a point is reached where the potential-drop along 
the length of the positive column within the tube 5 becomes of the order of the 
cathode fall, and the discharge strikes between the parts 6, 7 and 8. The pressure 
at which this occurs can be raised by using a number of the rings 7, and as the 
production of the hydrogen continuum is favoured by relatively high pressures, 
it is desirable to use several of the rings; if the length of the constricting tube is 
increased, then a larger number should be introduced. To keep the rings apart, 
short lengths 9 of close-fitting Pyrex tube are slipped over the tube 5. The rear 
end of the tube has been made demountable, so that the electrode arrangement 
may be easily altered, by means of the ground brass flanges 14 and 15, of which the 
former is waxed to 1; the joint between the flanges is sealed with Apiezon Q com¬ 
pound. Through holes in the brass end piece 15 the silica sleeves covering the 
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electrode leads are sealed with wax, and a glass T piece 16 provides a pump con¬ 
nexion and a second window 17. It is advisable to cover the sleeve 11 with a second 
sleeve 13, as it otherwise has a tendency to puncture where it passes within the 
electrode 8. The envelope 1 and the seal between it and the boring 2 are cooled 
by the circulation of water within the brass jacket 4, which screws on to the boring 2. 

In operation a current of about 1 amp. is passed through the tube, from a source 
of a few thousand volts, and hydrogen flows through continuously, being introduced 
through a needle valve at such a pressure that the discharge appears whitish; if 
the colour of the discharge is markedly red, either the pressure is too low or the gas 
is damp; in such cases the Balmer series is enhanced and the continuum is poorly 
developed. If an a.-c. source is used, both electrodes should have as large an area 
as possible; if a d.-c. source is used, then only the cathode need be large. Whether 
much gain results from the use of a longer tube to constrict the discharge, and the 
precise effect of varying the number of the rings 7, are matters still being examined. 

The tube is robust, thermally and mechanically, since the outer envelope is 
of silica under very little strain; it is of very simple construction, as the only glass 
working lies in the T joint 16. Where extreme safety is not essential, it is probable 
that the envelope 1 may without disadvantage be made of Pyrex instead of silica 
in order to reduce cost. 

When this tube was demonstrated in November 1938 one similar, but smaller, 
for use in the adjustment of a vacuum spectrograph, was also shown; the spectro¬ 
graph itself has since been described elsewhere (a) . In this connexion such a tube, 
being made entirely of cylindrical and turned parts, is especially convenient, since 
collimation is automatically attained when the tube is attached directly before the 
slit of the spectrograph. 

Further experiments are in progress with the object of improving the per¬ 
formance of the tube if possible, and it may be that the typical arrangement of the 
electrodes shown is not the best that can be devised. 

REFERENCES 

(1) Pearse, R. W. B. and Gaydon, A. G. Pmc. Phys. Soc. 50, 201 (1938). 

(2) Garton, W. R. S. J. Sci. Instrum. (1939). 
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OBITUARY NOTICES 

SIR ROBERT MOND, F.R.S. 

Sir Robert Mond, a Fellow of the Physical Society since 1891, died in Paris 
on 22 October 1938. He was the elder son of Dr Ludwig Mond and brother of 
Alfred Mond, the first Lord Melchett. 

Robert Ludwig Mond was born on 9 September 1867, at Famworth in Lanca¬ 
shire. He was educated at Cheltenham College and Peterhouse, Cambridge, and 
afterwards at Zurich and the Universities of Edinburgh and Glasgow. His early 
scientific activities were largely determined by those of his father—and indeed it 
may be said that, in his scientific interests, his artistic tastes and his enlightened 
and discriminating patronage of research he followed closely, all through his life, 
the example of his distinguished parent. In the year 1867, the year of Robert’s 
birth, Ludwig Mond settled finally in England, and a few years later he established 
at Winnington near Northwich, in co-operation with Sir John Brunner, the firm 
of Brunner, Mond and Co., for the purpose of working the Solvay ammonia-soda 
process in this country. 

In the experimental work carried on by Dr Ludwig Mond and his collaborators 
Robert took an active part. While acting as works manager of an experimental 
plant for obtaining chlorine and ammonia from ammonium chloride he noticed 
a black deposit on the nickel valves, caused by the presence of a small percentage 
of monoxide in the carbon dioxide used at one stage of the process. An examination 
of this substance resulted in the discovery of a new volatile compound, nickel 
carbonyl, and afterwards of the other metallic carbonyls. This was the origin of 
one of the most important of the Mond developments, for the nickel-carbonyl 
reaction was used as the basis of a new method of extraction of nickel from its 
ores; and a plant for the production of pure nickel, working in connexion with 
mines at Sudbury, Ontario, was set up in South Wales. 

On the business side Robert Mond also took his part. He was a director of 
Brunner, Mond and Co., and also of the Mond Nickel Company, of which he 
succeeded his father as managing director. He continued experimental work on 
the carbonyls, and an interesting history of their discovery and applications, from 
his pen, will be found in the Journal of the Society of Chemical Industry for the 
year 1930. 

Mond will be remembered among men of science for the generous encourage¬ 
ment he gave to the work of others. His interests were wide, and a number of 
different institutions became the channels of his activity. Thus for a long period 
of years he was Honorary Treasurer of the Faraday Society, until he became its 
President in 1930. That peculiarly valuable feature of the Society’s work, the general 
discussions on physico-chemical subjects, owed much to him during his years of 
office; for the hospitality which enabled many distinguished foreign guests to 
attend, and gave to the meetings their special character, was largely his. Another 
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example is his interest in the Norman Lockyer Observatory at Sidmouth. Of this 
he was Chairman of the Corporation for twenty-one years, and a generous bene¬ 
factor. 

With the Royal Institution he had special ties. In 1896 his father founded and 
presented to the Institution, with an endowment, the Davy Faraday Research 
Laboratory at 20 Albemarle Street. In the deed of trust Robert was appointed 
Honorary Secretary, and this office he held to the end of his life. In the early years 
he was principally responsible for the furnishing and equipping of the Laboratory. 
In the Institution itself he held office as Visitor and Manager for several periods. 
He gave generously to it, notably £5000 to the reconstruction fund in 1929; and 
in 1937, having heard that it might be necessary, owing to lack of funds, to restrict 
the researches in the Davy Faraday Laboratory, he sent a cheque for £2000, as 
a Coronation Year gift. 

A visit to Egypt to recuperate after an illness aroused his interest in Egyptology, 
and the study became an absorbing passion with him. After assisting Howard 
Carter and P. E. Newberry in excavations of the tombs at Thebes, he took over the 
latter’s concessions and early in 1903 began work himself. His own exertions, and 
the financial support he gave to other workers, resulted in the preservation of a large 
number of tombs and the publication of reports upon them. The production of 
the Topographical Catalogue of the Theban Tombs in 1913 was made possible by 
his liberality. 

The work in Egypt was interrupted by the War, and when in 1924 Mond 
returned to Thebes, it was in association with the Institute of Archaeology of the 
University of Liverpool, to clear and restore the famous tomb of Ramose. In 
1926 work was begun on a new site at Armant, identified as the burial place of the 
sacred bulls of Hermonthis. Later the concession was transferred to the Egypt 
Exploration Society, of which Mond became President in 1928. The excavations 
at Armant, financed entirely by him, he described jointly with O. H. Myers and 
other writers in The Bucheum (3 vols. 1934) and The Cemeteries of Armant (2 vols. 
1937). He was particularly happy in his association with the work of the Egypt 
Exploration Society and with its members. Prof. S. R. K. Glanville describes him 
as “a colleague who shared completely their enthusiasm for their science, and 
a leader who inspired confidence in his counsels and, above all, great affection for 
himself”. 

Mond’s first wife, the mother of his two daughters, died in Egypt in 1905. 
In 1922 he married Marie Louise le Manach, who survives him. In later years he 
lived much in France, and became as well known in Paris as in London, extending 
his interest and encouragement to French institutions with which he was in 
sympathy. In the founding of the Maison de la Chimie he took a leading part; 
his French colleagues elected him President of the Societe de Chimie Industrielle. 
He was Membre de l’lnstitut and Commandeur de la Legion d’Honneur. The 
University of Liverpool made him LL.D. in 1930; he was knighted in 1932; and 
in 1937 received the honour he valued highest, the Fellowship of the Royal Society. 

T. M. 
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GEORGE ELLERY HALE 

G. E. Hale died on 22 February 1938. His memory is to be cherished as that.of 
a most noteworthy leader in the recent advances of our knowledge of the phenomena 
presented by the surface of the sun. By his invention of the spectroheliograph in 
the early years of his youthful studies, he opened up a new method of recording 
photographically the contribution made by any selected monochromatic solar 
radiation (and hence of any chosen chemical element) to the pictures of the features 
of the sun’s surface as scrutinized in ordinary telescopic vision. 

After four years spent in the Massachusetts Institute of Technology, where he 
graduated in 1890, he brought his spectroheliograph to completion with thousands 
of solar observations at Kenwood Observatory with a 12-in. telescope mounted 
to his own design and provided by his father. In 1895 he undertook the initiation 
and direction of the Yerkes Observatory of the University of Chicago, and he 
carried the work forward for ten years with marked success. His genial tempera¬ 
ment, enthusiastic outlook, and infectious inspiration of confidence gained for him 
and his beloved science the splendid support not only of his contemporary associates 
and of devoted staffs, but also of the trustees of great endowments. Before he had 
reached the age of 27 years he had gained recognition as a leader, without a trace 
of self-assertion. Failure of health and the desire for better physical conditions 
for astronomical observations led him to California, whither he was attracted by 
the prospect of the foundation, by the Carnegie Institute of Washington, of a 
mountain observatory for intensive study of the sun. There on the summit of 
Mount Wilson he gradually established a solar observatory with a novel equipment 
of powerful instruments. With these he discovered definite indications of vortical 
motions in and about sunspots, and was led thereby to look for signs of the Zeeman 
effect in the broadened lines of the spectra of sunspots. His observations proved 
that a sunspot is the seat of magnetic fields, having intensities of many kilogauss, 
and that in a vast number of cases of obviously related pairs of sunspots, the polarities 
of the two components are of opposite signs. The success of his design of the 
60-ft. tower telescope, with a 30-ft. spectrograph sunk in a vertical shaft beneath 
the tower, led him to design the 150-ft. tower telescope with a spectrograph of 
75 ft. in a shaft 80 ft. deep. With this equipment specially designed for the purpose 
he proceeded to detect and measure the intensity of the general magnetic field of 
the sun, analogous to the earth’s magnetic field. It is not to be wondered at that 
his health gave way in 1909 and 1913 under the stress of this activity. He resigned 
the directorship of the Mount Wilson Observatory in 1921, but continued his own 
observational work in an observatory in Pasadena, in which he completed the design 
and construction of the spectrohelioscope intended for special studies of restricted 
regions of the sun’s surface by visual observations in cases of unusual local eruptive 
outbursts. Nor can we overlook his activity in the provision of increasingly large 
reflecting telescopes. The 60-in. disk of the Snow telescope had been given to 
Hale by his father before he went to the Yerkes Observatory, and it was completed 
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and set up at Mount Wilson with such success that a ioo-in. reflector was con¬ 
structed, thanks to the munificence of Mr J. D. Hooker. The remarkable success 
attained by the use of it in studies of the remoter nebulae encouraged Hale to take 
a prominent part in the colossal enterprise of the 200-in. reflector, which is being 
constructed and is to be erected at Palomar in the joint control of the California 
Institute of Technology and the Mount Wilson Observatory. To our deep regret it 
has not been given to Hale to see its completion. Hale became one of the Honorary 
Fellows of the Physical Society in 1910 and was awarded the Copley Medal of the 
Royal Society in 1932. 


DR J. E. R. CONSTABLE 

The early and sudden death of Dr J. E. R. Constable on 3 February 1939 was 
a severe blow to all who had known him. He was a Londoner, having been born 
in the capital on 31 March 1906. After a brilliant school career he went up to Cam¬ 
bridge in 1924 and was awarded an exhibition and later a senior scholarship at 
Trinity College. After taking a first class in both parts of the Natural Sciences 
Tripos and obtaining a first-class London B.Sc., he joined Rutherford’s band of 
investigators in nuclear physics, and in collaboration with Chadwick and Pollard 
published two experimental papers on the energy levels of light atomic nuclei; 
this work gained him a Cambridge Ph.D. 

In 1931 he joined the staff of the National Physical Laboratory, where he was 
assigned to the relatively new Acoustics Division, and speedily made himself 
popular by his cheerful, breezy manner and his ready willingness to undertake 
leisure-time activities. He soon selected for himself a branch of enquiry in building 
acoustics, viz. the transmission of sound through the component parts of buildings, 
a subject on which he rapidly became a leading authority, and in a series of papers 
he demonstrated the sound insulation given by double windows, and the contribu¬ 
tion of flanking walls and water pipes to the transmission of sound between 
neighbouring rooms in a building. Several of his papers on these and allied subjects 
were read before this Society, and few will quickly forget the witty, attractive and 
yet strictly logical and convincing manner in which he presented them. His 
personality had obviously made a mark with the Society, and when a Constable 
paper was to be read one could sense a feeling of keen and joyous expectation among 
his audience as he rose to speak. 

The various demonstration models which he designed to illustrate the methods 
employed for reducing noise in buildings were admirably adapted to their purpose 
and were much appreciated at the many exhibitions at which they were shown. 

Constable’s interests were by no means confined to his work. He took a leading 
part in many of the social activities of the Laboratory; he had a considerable know¬ 
ledge of music and had made a special study of organs. He was one of the gayest 
of companions and his vital personality will be sorely missed by his many friends. 
The sympathy of all must go out to his widow, herself a Cambridge physicist, who 
helped and encouraged him in his work, and to his four-year-old son. 



557 


REVIEWS OF BOOKS 

Raman Jubilee Volume of the Proceedings of the Indian Academy of Sciences , vol. 8, 
pp. 243-565, November 1938. 

This is a special volume of thirty-eight papers presented by authors in many countries 
in commemoration of the fiftieth birthday of Sir C. Venkata Raman, 7 November 1938. 
As the tenth anniversary of the discovery of the Raman effect also fell in that year, it is 
fitting that most of the papers should deal with that subject. Twenty-two of the papers 
are in English (a few by authors in this country and in the U.S.A., but most by Indian 
authors), thirteen are in German (seven of them from the Technische Hochschule, Graz— 
the 89th to the 95th from that institution on the Raman effect alone!), two are in French 
and one is in Italian. In ten years nearly 1700 papers have appeared on the Raman effect, 
and in one of the papers in this volume J. H. Hibben presents a statistical analysis of 
trends of research in the subject as a function of time and geographical distribution. 

w. j. 

The Principles of Statistical Mechanics , by Richard C. Tolman. Pp. xx + 662. 
(Oxford: Clarendon Press, 1938.) Price 40$. 

The methods of statistical mechanics for treating the behaviour of systems about 
whose condition less than the maximal possible knowledge is available are essential for 
linking together theoretically postulated atomic properties with experimentally observed 
molar properties. The importance of the part played in this way by statistical mechanics 
in physico-chemical investigations is widely appreciated, but the basic principles and the 
powerful general methods are not, perhaps, so widely understood. This is partly because 
statistical mechanics has developed almost as an esoteric cult in that expositions of the 
subject, if not addressed exclusively to the fully initiated, often seem expressly designed 
as ordeals for the aspiring neophyte. In this monumental work Tolman has performed 
a most valuable service, for he has succeeded no less in being comprehensible than in 
being comprehensive. 

In the first part of the book, roughly a quarter of the whole, classical statistical 
mechanics is developed. A brief treatment of classical mechanics, dealing in particular 
with the Hamiltonian formulation, is followed by a discussion of statistical ensembles. 
After an account of Liouville’s theorem, the principle of equal a priori probabilities for 
equal phase extensions can be introduced as a reasonable postulate on which to base the 
development. The classical statistical methods are then applied in the derivation of the 
Maxwell-Boltzmann distribution law, and a consideration of collisions, as a mechanism 
of change in time, leads up to a full discussion of Boltzmann’s H theorem. 

Part II (pp. 180-523), on quantum statistical mechanics, opens with a presentation of 
the elements of quantum mechanics. An appropriate postulatory basis is stated and 
developed, and a number of simple applications are made. These sections form, in effect, 
an admirable treatise (144 pages) on quantum mechanics, independently of the statistical 
applications to be made. Ensembles are then discussed, and after a derivation of the 
analogue of Liouville’s theorem, the hypothesis of equal a priori probabilities and random 
a priori phases for quantum-mechanical states is introduced as an appropriate basic 
postulate for the statistical treatment. After a derivation of the various quantum distribu¬ 
tion laws, as dependent on the particular symmetry conditions, changes in time are 
discussed, and the development of a quantum-mechanical H theorem leads to a full 
treatment of equilibrium conditions. 
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The statistical-mechanical explanation of the laws of thermodynamics is taken up in 
the third part, and a number of applications are considered as illustrative of the general 
methods of treatment in connexion with physical questions. The author, very wisely, 
does not attempt to deal in detail with actual physico-chemical systems, for, as he says, 
the needs for a full account of specific applications are already met by Fowler’s Statistical 
Mechanics . 

The outstanding contribution in this book is the thorough fundamental exposition of 
statistical mechanics on the basis of quantum mechanics. In respect of the more purely 
statistical technique, the accounts of the micro-canonical, canonical and grand-canonical 
ensembles, and the discussions of their physical relevance, also form an invaluable contri¬ 
bution to the general subject. As the book is so long, it is perhaps worth while to mention 
that particular later chapters can be read with understanding without any necessity for 
more than occasional reference back to earlier sections. The whole work is a masterpiece 
of clear exposition, consistently maintained, of a difficult subject of wide scientific 
importance. 

E. C. S. 


Molekulspektren und Molekulstruktur , L Zweiatomige Molekiile , by G. Herzberg. 
Pp. xvi+404. (Dresden and Leipzig: Theodor Steinkopff, 1939.) RM. 28, 
bound RM. 30. 

In recent years Prof. Herzberg has undertaken the writing of three volumes of a good- 
sized work on spectra which will eventually appear not only in the original German, but 
also in English translations by Dr J. W. T. Spinks, one of his colleagues in the University 
of Saskatchewan. The first of these volumes, Atomspektren und Atomstruktur , was pub¬ 
lished in 1936, and its English edition was reviewed in these Proceedings .* The second 
is now before us, and the third, which is to bear the subtitle IL Mehratomige Molekiile, 
has yet to appear. Since much headway has been made during the last two or three years 
in the practical investigation and the theoretical interpretation of outstanding problems 
in band spectra, the present volume appears at an opportune time. 

An attempt to survey the contents in the course of this brief notice would probably 
not serve any useful purpose, for it might apply almost as well to the diatomic sections 
of previous German works on the subject, such as WeizePs and Sponer’s, whereas 
Herzberg’s treatment of the subject departs very much from that of either of those authors. 
It blends the observational and the modern theoretical sides of the subject in an altogether 
admirable way. The text contains 169 figures, including energy-level diagrams, potential 
curves, Fortrat diagrams, vector-model diagrams, remarkably good and well-chosen 
spectrograms, etc. In the text are also 37 tables of observational data for typical vibrational 
and rotational analyses, theoretical material, and molecular constants. The table of con¬ 
stants derived from all the known diatomic spectra differs from the corresponding tables 
in the Physical Society’s Report (1932) and Sponer’s volume 1 (1935) in that it is limited 
to ground states. The tabulation of the numerical data for all the known excited states, 
which even in 1935 occupied about a half of Sponer’s volume, has now become a very 
formidable undertaking. The bibliography, author index, and subject index are all 
adequate, and the book is well produced. Although, perhaps, not the most detailed, it is 
certainly one of the best, if not the best, of the presentations of the subject that have yet 
appeared. 


# Proc. Phys. Soc . 49 , 712 (1937). 


W. J. 
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GrimsehVs Lehrbuch der Physik , revised by R. Tomaschek. Vol. 1, Mechanics, 
Heat and Sound. Pp. iv + 681. (Leipzig: B. G. Teubner.) RM. 19.80. 

The appearance of a tenth edition of vol. 1 of Grimsehl’s text-book concludes the 
1938 revision of the complete work. Compared with the ninth edition, the changes in this 
volume are mostly of a minor character. Some additions to the chapters on sound and 
ballistics, and a revised treatment of surface tension stressing the molecular aspect, may 
be mentioned. A feature of the whole work is the easy way in which the reader is led from 
a physical principle treated as part of experimental science to the application of the 
principle in technology. For example, in the present volume the discussion of fluid motion 
merges into a simple account of the dynamics of flight, with illuminating notes on such 
technicalities as the slotted wing and propellor efficiency. 

An exceptional standard of accuracy and clarity distinguishes this text-book which 
may be warmly recommended to the student whether his later interests will lie in applied 
or pure science. 

An authorized translation of the 7th German edition, by L. A*.- Woodward, has been 
published by Messrs Blackie and Sons. 

w. s. s. 

Tables of tarr 1 x and log (1+# 2 ), by L. J. Comrie. (Tracts for Computers, edited 
by E. S. Pearson, No. 33.) Pp. 18. (Cambridge: University Press.) Price 
3*. 9 d. 

The tables in this volume, as in other volumes of the series of Tracts for Computers , 
are designed primarily for the assistance of statisticians, in this case for the calculations 
of a curve of Pearson’s type IV. Nevertheless, some of them, such as those of log T (x) 
and of log x to 20 figures, are found useful by other mathematicians. The present table 
is of this class. It gives tan - " 1 x and log (1 +» 2 ) from o to 5 at intervals of o-oi and from 
5 to 15 at intervals of o-i, followed by tan - " 1 x up to 20 at intervals of 0*1 and up to 164 
at unit intervals, in every case to seven decimal places. 

The table of tan -1 x has been obtained by inverse interpolation, and that of log (1 +# 2 ) 
direct from log tables, whilst accurate interpolation is made convenient by the printing 
of second differences. 

J. H. A. 

The Nomogram, , by H. J. Alcock and J. R. Jones. Pp. viii+224. (London: 
Pitman and Co.) Second edition. 10 s. 6 d. 

The second edition of this well-known book follows very much the same lines as the 
first. It treats of the construction of nomograms to represent formulae of different types 
(has anything been written on the construction of nomograms to represent observations 
given in the form of tables or curves rather than of formulae?), giving full weight to 
practical points of the drawing work involved. The underlying theory is that of co-ordinate 
geometry, with the theorem that the intersection of two or more curves is the solution 
to the simultaneous equations representing them, so that the condition for concurrence 
is the condition for the equations to have a common solution. The curves concerned, of 
course, are those shown in the nomogram, together with the straight-edge used in reading 
off from it. 

One curious blemish survives, and that is the use of the symbol f(v) to mean merely 
“a function of v'\ irrespective of how many functions may be under consideration. Thus 
we are told that in practice a formula involving two variables only can be written in the 
form / (u) —f (v), and as an illustration, we are told that a formula f(u)f(v)=k can be 
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written / («) s= kjf {v)=*kf x (v) } and that this is of the form first mentioned, i.e./(w) =/ (v). 
This usage is continued throughout the book, so that when for example f(u) and f(v) 
both appear in the same determinant, the reader must remember that / ( ) may be 
a different function in the two cases. For this reason the book is less valuable as a work of 
reference than it would otherwise be, since the investigation must be traced through on 
each occasion to find whether /( ) is one or more than one function. 

Nevertheless, as a text-book it is excellent. Most of those troublesome points that 
readers are often left to puzzle over have obviously been sought out and mentioned, so 
that in every respect the matter shall always be clear. To those who have a nomogram 
to draw, or to those who merely wish to satisfy their curiosity on these diagrams, the book 
is one to be recommended. 

J. H. A. 

Background to Modem Science , edited by J. Needham and W. Pagel. Pp. xii + 243. 

(Cambridge: University Press.) 7 s. 6 d. 

Among the paths which scientists have followed when attempting to explain to the 
layman what it is that they are doing, and how and why they do it, the historical approach 
has been least common. The present work, the second volume in the Cambridge Library 
of Modem Science, represents a thoroughgoing attempt to follow the historical method. 
It consists of the substance of ten lectures by different specialists, organized by the History 
of Science Committee, and delivered at Cambridge during 1936. 

The first lecture, by the Laurence Professor of Ancient Philosophy, is the least 
satisfactory from the point of view of the scientist. The man in the street can be trusted 
to judge for himself whether it is logical or right to say that “ There is also the class war, 
to decide whether the money and the goods shall go to the rich or to the poor”, but he 
cannot guess that the philosophy of science put forward is one which many scientists 
would repudiate. The difference between our science and that of the Greeks is well 
brought out, but it is implied that this difference is so fundamental that no similarities 
could be found. Indeed, the author seems to deny that the aim of Greek science was 
“ a pure and dispassionate love of truth for its own sake ”, though probably he only meant 
to deny that it aimed at the control of Nature. 

The second lecture, by Sir William Dampier, forms a bridge between ancient and 
modern physics, the latter being represented by two lectures of Lord Rutherford (the 
last which he gave, and particularly recapturing his personality, since they were prepared 
for publication from shorthand notes and not from a manuscript written beforehand), 
one on crystal physics by the present Cavendish professor, and one by Dr Aston on atomic 
theory. The series on the physical sciences is brought to a close by an address from Sir 
Arthur Eddington on “Forty years of astronomy”. 

The last four articles deal with the biological sciences in the last forty years. Prof. 
Ryle writes on physiology, the late Prof. Nuttall on parasitology and tropical medicine 
(a delightfully written essay, often in a more personally reminiscent vein than most of 
the others), Dr Punnett on evolution theory and Prof. Haldane on genetics. The present 
reviewer has no knowledge by which to judge their merits, but can testify to their 
interesting nature, though he hopes that physics does not appear to the non-specialist 
to bristle with unfamiliar words to the same extent as do these sciences. 

Altogether, the book is highly to be recommended for reading in leisure hours. 

J. H. A. 
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ABSTRACT. The spreading of drops of paraffin oil containing stearic acid on alkaline 
solutions of calcium chloride, during the course of which the acid molecules escape from the 
oil lens, is described. 


5 1- INTRODUCTION 


A pure paraffin oil, which by reason of the saturated nature of its hydro¬ 
carbon constituents does not spread on water, can be made to do so by the 
l addition of small amounts of fatty acids, for instance stearic acid. The mole¬ 
cules of the acid, which diffuse into the oil-water interface, adhere there by means of 
their active ends, the carboxyl groups, and the long paraffin chains remaining in the 
oil serve in effect to anchor the oil lens to the water. The phenomena which result 
when small amounts of such oils are placed on water have been investigated by 
Langmuir and BlodgettThe velocity of spread and the maximum area of the 
oil lens are influenced greatly by the alkalinity of the underlying water and by the 
presence of small traces of certain ions, for instance calcium and barium. 

Langmuir and Blodgett have determined that on alkaline solutions of pure 
caustic soda, the strength of which is great enough to ensure that all the fatty acid is 
finally fixed in the form of a monomolecular layer at the oil-water interface, the law 


dA A 

W* A ' 


or log d oc £, 

where A is the area and d the diameter of the oil lens, is closely followed for the 
greater part of the spread. In the case of paraffin oil containing stearic acid we have 
confirmed this result, using a cine-camera for rapid spreads. The maximum area 
covered by the oil, when the alkalinity is sufficient, amounting to o-oin., is deter¬ 
mined by the number of molecules of fatty acid available, and spreading continues 
phys. soc. li, 4 36 
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until every molecule has reached the oil-water interface. From this maximum area 
and the known number of molecules present, the area occupied per molecule in the 
monolayer can be obtained. It has always been assumed in these calculations that 
none of the stearic acid has escaped from under the oil on to the surrounding water- 
surface. The experiments presently to be described show that this is not always 
true. At the interface between petrolatum and o*02N. sodium hydroxide, in the 
absence of other metallic ions, Langmuir and Blodgett (l,3) found that the area for 
the stearic acid molecule is 90 a. 2 , which may be compared with 20*4 A. 2 , the area per 
molecule found in the familiar condensed films of fatty acids on water. Langmuir 
regards the film between oil and water as gaseous. 

The same investigators also found that, when the underlying aqueous solution 
contained small traces of calcium ions, the area reached by the oil drop was reduced 
to approximately one quarter of that attained on solutions containing only sodium 
ions. The area occupied per molecule in the monomolecular film under these 
conditions then approximates to 20 A. 2 The film is condensed and apparently solid. 
An excessively small amount of calcium (sufficient to convert the stearic acid film 
into a calcium stearate film) brings about this change, and for this reason it is 
extraordinarily difficult to eliminate entirely the effect of this element when glass 
vessels are used. Attention (6,7) has been drawn to the same difficulty in the case of 
films of fatty acids on a free water surface. The logarithmic law is again followed on 
0*01 N. alkaline solutions of calcium salts. 

§2. FURTHER RESULTS OBTAINED IN THE 
PRESENCE OF CALCIUM IONS 

The thin lenses produced on alkaline water by solutions of stearic acid in para¬ 
ffin oil are unstable and tend to break up into smaller drops. A drop of such oil 
placed on water containing only sodium ions first expands up to its maximum area, 
then breaks up, and finally contracts to a few small drops at the centre, leaving its 
stearic acid behind on the water surface as a monomolecular film. I have observed 
more complicated phenomena on solutions containing calcium or barium. When 
these ions are present it can be shown that the drop begins to shed stearic acid from 
its periphery while the actual spreading is taking place. There is then beyond the 
edge of the expanding oil lens a film which spreads ahead of the oil and reaches a 
final area greater than that of the oil-drop itself. After reaching its maximum area 
the lens begins to contract as before, leaving the film of stearic acid behind on the 
water with unchanged area. This resembles the spreading of oleic acid, studied by 
McBain, Ford and Wilson (4) , who showed that the edge of a spreading drop of this 
substance was preceded by a monomolecular film which rapidly covered the dish 
and was thereafter compressed by the actual drop itself. 

The presence of the monolayer of stearic acid outside the oil drop was shown by 
photographs obtained in the following way. The oil used was a medium white pure 
paraffin oil, S1024 (supplied by Vacuum Oil Proprietary Ltd.), to which stearic 
acid was added in quantities giving concentrations varying from c— 0*0002 to 
£=0*0008, c being the concentration in grams of acid per gram of oil. Small drops 
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of this solution were placed on weak caustic soda solutions, o-oi to o-ooi N., which 
were also o-oox N. with respect to calcium ions from calcium chloride. Fine alu¬ 
minium powder was then blown over the surface, and the spreading was photo¬ 
graphed with a cinecamera. The photographs show the central oil drop and, sur¬ 
rounding it at a short distance, the edge of the aluminium powder as it is driven 
back by the expanding film. From the succession of photographs, spaced at definite 
time intervals, the spreading process can be followed in detail, and graphs can be 
plotted of area against time. 

As can be seen from figure 1, the process is not simple. A drop of oil in which 
c= 0-00084 when placed on a o-oox n. caustic soda solution, the concentration of 
calcium being o-ooi N., flattens under its own weight to a small lens which expands 
very slowly. At the end of a few seconds the surrounding aluminium powder 
suddenly moves away from the edge of the lens (indicating the emergence of the 
stearic acid film) and continues to expand rapidly. The edge of the oil lens follow's at 
a slower rate. The alkalinity used here (o-ooi N.) has been chosen for the reason that 
the slower spread on a solution of dilute alkali enables the details to be seen more 
clearly, but similar results are obtained on more strongly alkaline solutions; see 
figure 2. The law logdoct 

is found to hold both for the oil drop itself and for the edge of the monolayer in the 
case of more rapid spreads, as in figure 2. For a slow spread, figure 1, the points of 
both curves can be roughly fitted to the same law over the central part of the spread. 
If no acid escapes from the lens, then a rate of increase in area proportional to the 
area is to be expected; but when an appreciable amount of acid reaching the oil- 
water interface escapes on to the outside air-water surface, it is not clear why the 
law should still hold, even approximately. 

As the alkalinity is decreased from o-oi N. until the solution is definitely acid, the 
final area and the average velocity of spread are constantly decreased. This is due to 
a shortening of the life of a molecule in the oil-water interface, or in other words to a 
solubility of the adsorbed film in the oil under these circumstances. Drops of 
strong oil solutions, which on o-oi N. sodium hydroxide would rapidly spread to an 
area of many square centimetres, slowly cover a smaller area on solutions of con¬ 
centrations less than o-ooin., but steadily shed a large proportion of their acid 
content on to the water surface; see figures 1 and 2. The irregularities observed on 
very dilute solutions are probably due to the absorption of carbon dioxide from the 
air. 

On reaching its maximum area the drop breaks up in a maimer depending on the 
rapidity of the preceding expansion. Very slow spreads are followed by a slow con¬ 
traction, the circular shape being unimpaired; drops which spread in less than five 
seconds break up in a more complicated fashion. The thin lens breaks into a network 
of threads, which then collect into a pattern of small lenses. Wilson Taylor has 
described similar break-up phenomena in some detail (i) . The final product in all 
cases consists of one or several drops of oil resting centrally on a circular area of 
monomolecular film whose edges are defined by the alu m i n i um powder. If the 
alkalinity has been sufficiently strong, all the acid is removed from the oil; this is 

36-2 



564 E. H. Mercer 

shown by the fact that drops of this oil removed from the surface with a pipette no 
longer possess the property of spreading. 

Experiments have been made to determine the influence that concentration of 
stearic acid, alkalinity, and temperature have on the amount of acid shed from the 
expanding oil drop. Figure 2 at a and b shows the curves obtained by the use of 




Figure 2. The upper curve corresponds to the position of the edge of the outer film of stearic acid, 
the lower to die edge of the oil drop. Concentration c by weight of stearic acid in oil, 0*00025 \ 
concentration of sodium hydroxide, o*oin.; of calcium chloride, o*ooiN.; temperature, (a) 
z6° c., (b) 17° c. 

drops of equal size and concentration on 0*01 N. caustic soda, the concentration of 
Ca ++ being o-ooin. at temperatures 17 and 26° c. respectively. The rate of spread 
increases rapidly with temperature, but the amount of acid that has escaped is much 
the same in both cases. The effect of varying the alkalinity is still being investigated. 
As was stated above, the total area of spread is smaller on weakly alkaline solutions, 
on account of the solubility of the film in the oil at low alkalinities. The amount of 
acid lost (see figure 1) is relatively greater on such solutions. 
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b , c and d : successive stages in the spreading of the drop plotted at C in figure i. 
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e and /: enlargements to show details of technique. 
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g: break-up phenomena following a rapid spread. 
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Spreading on a surface already partially covered by a film of stearic acid deposited 
from drops of benzene solution is slower, and the surface film which is shed by the 
expanding oil lens is often visible as a whitish scum consisting apparently of minute 
drops of oil fastened to the monolayer. On surfaces almost covered by a previous 
film this is most marked. The oil drop itself does not expand, but from its under 
edge it feeds a film, covered with globules, into cracks in the solid surface film. 

§3. MECHANISM OF SPREADING 

The mechanism of the spreading process appears to be the following. The 
molecules of fatty acid diffusing through the oil reach the interface, where their 
carboxyl groups adhere to the water molecules; the water molecules are in constant 
heat motion, and diffuse along the surface carrying outwards the adhering fatty 
acid; the bulk of the oil follows by reason of its adhesion to the hydrocarbon chains 
of the molecules of fatty acid. This adhesion is very slight, and at the edge of the 
lens is insufficient to maintain a grip on the expanding surface layer of acid mole¬ 
cules. In the case of slower spreads a close examination of the edge shows that even 
when the drop as a whole is expanding, the edge itself is losing its hold on the 
foundation layer and is contracting backward in small puckers. There thus arises a 
distinct separation between the oil lens and the underlying monolayer. When the 
outward motion of the surface layer ceases, the oil slowly contracts into a small 
drop at the centre, often leaving behind small patches of minute oil drops to form a 
visible scum. 

It is possible that in all cases in which the spreading of a neutral oil is due to the 
addition of an active substance, such as fatty acid, the mechanism is of this nature, 
although the amount of acid to escape the oil lens during the course of the spreading 
may be very small. In the case of oils upon o-oin. sodium hydroxide containing 
only sodium or potassium ions, no measurable error is introduced by identifying the 
area of the oil drop with the area covered by the film of stearic acid; when calcium is 
present the error may be serious. In the case shown by the figure 1 at C, the area of 
the layer that has escaped the drop at the end of the expansion is nearly twice that of 
the oil itself. 
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ULTRA-HIGH-FREQUENCY RESONANCES IN THE 
POSITIVE-GRID TRIODE 

By R. A. CHIPMAN, Acadia University, Wolfville, Nova Scotia 
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ABSTRACT . A triode with a cylindrical electrode system had its grid maintained at a 
positive potential, and its plate at a small negative mean potential, with respect to the 
filament. If an oscillating potential was superposed on the mean plate potential it was found 
that plate current flowed, and the magnitude of this plate current was determined as a 
function of the grid potential. There were maxima of plate current for certain values of 
grid potential, and it was shown that these could be interpreted in terms of a fundamental 
or harmonic resonance between the period of the applied oscillating potential and the time 
of transit of the electrons between different pairs of electrodes in the triode. 


Si. INTRODUCTION 

I t is commonly observed that electron oscillations generated in a positive-grid 
triode are accompanied by a flow of plate current. This plate current pulsates at 
the frequency of the oscillations and is apparently due to the effect on the electron 
motion in the valve of the generated high-frequency potentials. Gill and Donald¬ 
son (l \ by applying between the cathode and plate of a positive-grid triode a high- 
frequency potential from an independent source, have found, correspondingly, a 
resonant rise in plate current on varying the steady grid potential of the valve. The 
maximum plate current occurred at a value of grid potential for which the return 
transit time of electrons between cathode and plate in the valve was approximately 
equal to the period of the applied high-frequency potential. 

This relationship corresponds to the case of fundamental electron oscillations in 
a valve. Many experimenters, howeverhave obtained dwarf waves of harmonic 
frequency from electron oscillators, and the author (3) has obtained, from a plane- 
electrode valve, electron oscillations of period equal to the return transit time of 
electrons across the grid-plate space alone, and across the cathode-grid space alone. 
These last two cases seem never to have been observed for a cylindrical triode. 

The results described in the present paper have been obtained by using the 
method of Gill and Donaldson on two types of cylindrical triodes, and show plate- 
current resonances with the period of the applied high-frequency potential related 
fundamentally and harmonically to both cathode-plate and grid-plate electron 
transit times. No clear case of relation to a cathode-grid transit time has been 
established, and there is now reason to believe from further experiments with the 
plane-electrode triode that these are not to be expected. 
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§2. EXPERIMENTAL PROCEDURE 

The circuit of figure x used in the resonance tests is identical with a circuit used 
by Potapenko (2) in his investigations of the electron-oscillation characteristics of 
various cylindrical-electrode triodes. With this circuit the high-frequency potential 
is taken from the oscillator and applied to the triode under test in a perfectly 
symmetrical arrangement. By varying the length of the grid and plate Lecher-wire 
systems, it is possible to vary the relative components of high-frequency potential 
between the different electrode pairs. The high frequency potential was applied to 
the grid and plate of the test triode because electron oscillators have been found 
more satisfactory with the external circuit on this pair of electrodes than between 
cathode and plate. 


Test triode 



Figure i. The experimental circuit used for resonance measurements. TC is a thermocouple. 

The oscillator valve used throughout was a triode of AT 40 type operated as an 
electron oscillator at wave-lengths of about 80 cm. The experimental procedure, as 
with Gill and Donaldson, was to keep the high-frequency potential applied to the 
test triode constant, vary the steady grid potential from zero to several hundred volts, 
and observe the variations of plate current. The plate of the test triode was kept 
always at zero or a low negative potential with respect to the negative end of the 
filament. The principal precautions necessary were concerted with keeping the high- 
frequency potential constant in magnitude and frequency, and keeping the filament 
temperature constant during any one experiment. These required running the 
oscillator for some time before each series of observations, and the use of steady 
sources for grid and filament potentials. A constant check was kept on oscillator 
frequency. The steadiness of the applied high-frequency potential was assumed to 
be related to the constancy of the current passing a thermocouple in the bridge of the 
plate Lecher-wire system, and to the constancy of the oscillator plate current. With 
no high-frequency potential applied to the electrodes, the plate current of the test 
triode was in all cases negligibly small over the whole range of grid potential. 

§3. EXPERIMENTAL RESONANCE CURVES 

Figures 2, 3 and 4 show some of the plate-current curves obtained. These are 
typical curves and illustrate most of the phenomena involved. 

For figure 2 the test triode was an R valve. With the grid current temperature- 
limited to a steady value of 2-8 ma., space-charge saturation existed only for gricj 
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potentials up to about 10 v. A negative plate potential of a*o v. relative to the 
negative end of the filament was used to stop the small plate current at zero high- 
frequency potential. 



Figure 2. Ultra-high-frequency resonances in a triode of English R type obtained with the circuit 
of figure 1. Wave-length of the driving potential, 76*5 cm.; steady plate voltage, — 2-0 v.; 
filament potential constant, giving a temperature-limited emission of 2*8 ma., and providing 
space-charge saturation for grid potentials up to 10 v. 



Grid volts 

Figure 3. Ultra-high-frequency resonances in a triode of AT 40 type. Wave-length of driving 
potential, 75*8 cm.; plate potential, zero; temperature-limited filament-emission, 0-2 ma. 

The test triode for figure 3 was of AT 40 type, of larger dimensions than the 
R valve. The temperature-limited grid current was 0*20 ma. providing space-charge 
saturation for grid potentials up to about 5 v. The plate potential was zero. Figure 4 
is for the same test triode as figure 3, showing the effect of three different filament- 
temperatures, the highest providing space-charge-limited grid current up to about 
50 v. grid potential. At higher filament-temperatures the test triode broke into 
oscillation. The plate potential was again zero. 
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It was found impossible to make any reasonable estimate of the relative values of 
the high-frequency potentials between the different pairs of electrodes. It was, 
however, certain that these could be varied by varying the two Lecher-wire systems, 
and this was done. Figures 2, 3 and 4 were taken for three arbitrarily different 
distributions of high-frequency potential. The maximum value of the high-frequency 
potential generated by the oscillator was measured with some accuracy by increasing 
the negative plate potential on the test triode until no plate current was observed for 
any adjustment of the Lecher-wire systems. This showed a peak value of about 
4 v. 



Figure 4. Ultra-high-frequency resonances in a triode of AT40 type, showing the effect of increasing 
space-charge density. Wave-length of the driving potential, 80*4 cm.; plate potential, zero. 
The dotted lines represent an attempt to trace the resonance peaks from one curve to the next. 


§4. BASIS OF ANALYSIS OF EXPERIMENTAL RESONANCE CURVES 


For the analysis of the curves of figures 2, 3 and 4 in terms of transit-time 
phenomena, the period of the applied high-frequency potentials is known accu¬ 
rately. The problem is thus one of determining the transit time corresponding to 
the grid voltage at each resonance peak and comparing this with the known period. 

Scheibe (4) has derived an equation for the wave-length of electron oscillations 
generated in a cylindrical triode in the absence of space charge as follows: 


a=_ m _ 

A V(2 ejm E g ) 
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where r 0 , r l9 r 2 are the radii of filament wire, grid cylinder, and plate cylinder 
respectively, E g> E a are the steady grid and plate potentials, c is the velocity of light, 
and e/m is the specific charge of the electron. The functions/and g are conveniently 
tabulated by Kapzov and Gwosdower (s) for the range of the variables likely to be 
encountered experimentally. This equation assumes that the period of the oscilla¬ 
tions is equal to the transit time of an electron from the filament to the plate and 
back. 

Equation (i) can be rewritten as 


*vm r 

2023 1 



Eg 

E a -E a 



■(*) 


The left-hand side is now the quantity which has been given the symbol S in a 
previous paper (3) ; thus 

8=A a/(E g)12023 . .(3) 

It is the spacing of the electrodes of a planar diode across which the return transit 
time of electrons under potential-difference E Q is equal to the period of the oscillation 
of wave-length A, a constant potential-gradient being assumed. (The potential E 0 
may be that of one of the electrodes relative to the other, or may be the potential 
relative to both planes of some parallel plane between the two electrodes, as in an 
idealized triode.) 

The right-hand side of equation (2) is the sum of two parts which are respectively 
the spacing of the planar diode equivalent to the cylindrical grid-filament structure 
(from the/function), and the spacing of the planar diode equivalent to the cylindrical 
grid-plate structure (from the g function). All the quantities on the right-hand side 
involve only the geometry of the triode if the plate potential is zero, while those on 
the left involve the electrical variables. For a given triode at zero plate potential 
there will be a unique value for each of the two parts of the right-hand side, with 
which may be compared the value of 8 calculated from equation (3) for any generated 
oscillation or for the peak of any observed plate-current resonance. If the plate 
potential is not zero a simple modification of the g function is required. 


§5. ANALYSIS OF EXPERIMENTAL CURVES 

Table 1 gives the dimensions of the two triodes used in the resonance experi¬ 
ments, and shows the values of the constants calculated from the Scheibe equation 
for these dimensions, zero plate potential being assumed. The letters A , B and C 
refer respectively to the grid-plate constant, the filament-plate constant, and the 
filament-grid constant. 


Table 1. Dimensions and Scheibe constants of valves (cm.) 



*0 

*1 

r 2 


r x g or A 

jB or ^4 + C 

R valve 

AT 40 

o-oo4o 

o*oo8 0 

0*225 

O*24o 

°'S°o 

0-640 

0-135 

0-149 

0-32o 

o- 47 8 

0-461 

0-621 
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The grids of both triodes were helices of very uniform diameter, and both grids 
were very closely coaxial with the plates. The plate cylinders were fairly uniform, 
but were closed only by an over-lap, so that the value of r a varied slightly from point 
to point. The probable error in A is not greater than about 3 per cent. The filaments 
in both cases were not appreciably eccentric as a whole but were not perfectly 
straight. In the AT 40 valve, particularly, the filament strayed by a considerable 
fraction of a millimetre at some places from the axis of the electrodes. This means a 
moderately large but indeterminate possible error in C, which will lead to a small 
error in B. C is probably accurate within 10 per cent for the R valve and 20 per cent 
for the AT 40 valve, both of the figures in table x being upper limits. • 

Table 2 represents the analysis of figure 2 by the method described in the pre¬ 
ceding section. For this table it has been necessary to make a separate calculation 
of A (and hence of B) for each peak because of the negative plate potential. 


Table 2. Analysis of figure 2 by the method discussed in § 4 


(X) 

Eg at peak 

(2) 

8 

(3) 

Suggested 

comparison 

( 4 ) 

Meaning of comparison 

(s) 

Deviation of 
(3) from (a) 
(per cent) 

IIS'S ±x-o 

0-40? 

B= o- 44 ! 

Fundamental resonance in 
plate-filament space 

8 

57 'S ± 0-5 

0 -z8 6 

A = o-z 9e 

Fundamental resonance in 
grid-plate space 

4 

30-5 ±o-s 

0*20 9 

B/z = 0 ' 21 1 

1 st harmonic resonance in 
plate-filament space 

1 

ix-7±o'3 

0*I2 7 

J3/3 = o-i2g 

and harmonic resonance in 
plate-filament space 

1 


The analysis shows that the first, second and fifth peaks from the right in 
figure 2 have values of S corresponding with excellent accuracy to B and its first two 
submultiples respectively, indicating fundamental and harmonic resonances between 
the period of the applied high-frequency potential and the filament-plate electron 
transit time. The third and fourth peaks from the right do not directly fit the 
resonance analysis at all well, but if they are regarded as being the two sides of a 
single split peak the result is satisfactory, and 8 for this peak corresponds closely to 
A. This effect was encountered in the resonance experiments on other occasions, 
and may be due to some instability that arises with too high a plate-current flow. 

Table 3 gives a corresponding analysis of the resonance peaks of figure 3. Its 
interpretation is similar to that for table 2 with two exceptions. As in table 2 there 
are harmonic resonances with the filament-plate transit time, being in this case the 
first, second, and third harmonic orders. But the fundamental of this series, which 
should appear at a grid potential of 220 v., is absent. (This value of grid potential 
does not appear on the curve, but all curves were carried up to 350 v.) A theory 
developed by Alfven (6) has suggested that under certain conditions harmonic 
oscillations might be generated across the filament-plate space of a triode and the 
fundamental of these be unobtainable. 
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Table 3. Analysis of figure 3 by the method discussed in § 4 


(1) 

Eg at peak 

(a) 

S 

(3) 

Suggested 

comparison 

(4) 

Meaning of comparison 

(s) 

Deviation of 
(3) from (a) 
(per cent) 

150 ± 10 

o- 4 S 

^[ = 0*46 

Fundamental resonance in 
grid-plate space 

2 

54 ±a 

0*28 

B /2 = 0*30 

1 st harmonic resonance in 
filament-plate space 

7 

25*0 ±0-5 

0*189 

5/3 = 0*203 

2nd harmonic resonance in 
filament-plate space 

7 

12*9 ±0*1 

0*135 

5/4 = 0*153 

3rd harmonic resonance in 
filament-plate space 

12 

2*4 ±0*1 

0*057 

? 

? 

— 


The fundamental resonance with the grid-plate transit time is again present, and 
the deviation for this resonance is small as before. There is no harmonic resonance 
with the grid-plate transit time unless the peak at 12*9 v. should be considered as 
belonging to this category rather than to the filament-plate series. The coincidence 
of two harmonics here might account for the very high value of plate current at the 
12-9 v. peak. 

The resonance peak at grid potential of 2-4 v. occurs in a region of complete 
space-charge saturation. Its significance remains entirely obscure. It does not seem 
satisfactory to regard it as a harmonic resonance of high order when the intermediate 
orders are not present. 

The correlation of columns (2) and (3) of table 3 is for the last four peaks as 
satisfactory as in table 2 only if the value of C is taken as about 20 per cent less than 
that calculated from the formula, which is explicable on the basis of the somewhat 
rambling filament of this particular triode. 

The upper curve of figure 4, taken at low filament temperature, is effectively 
free from space-charge effects, and can be analysed similarly to figures 2 and 3. This 
analysis is given in table 4. 


Table 4. Analysis of the upper curve of figure 4 by the method of § 4 


(1) 

Eg at peak 

(2) 

8 

(3) 

Suggested 

comparison 

(4) 

Meaning of comparison 

(5) 

Deviation of 
(3) from (2) 
(per cent) 

124 ±1 

o*44s 

A= o- 47 2 

Fundamental resonance in 
grid-plate space 

6 

35*0 + 0*5 

0*235 

A[z =0-23(j 

1st harmonic resonance in 
grid-plate space 

<1 

15*9 ±0*3 

0*15? 

A /3 = o-is, 

2nd harmonic resonance in 
grid-plate space 

<1 

8*7 + 0*2 

o*n 8 

A! 4=ccii 8 

3rd harmonic resonance in 
grid-plate space 

<1 
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The triode used here was the same as that used for figure 3, and a similar analysis 
might be expected. However, the lengths of the grid and plate Lecher-wire systems 
were different in the two cases, and this seems to have changed the location of the 
resonance mechanism. Table 4 shows no resonances with a filament-plate transit 
time, but a fundamental and three harmonic resonances with the grid-plate transit 
time. 

Considering the three parts of figure 4 together, it is obvious that the effect of 
space charge on transit time is not a simple one. For the peak at highest grid 
potential, the increasing space charge has tended to increase the transit time. For 
the peak around 35 v. the effect is a slight decrease of transit time. The effect on the 
other peaks is very confused. The results cannot be said to offer any confirmation of 
simple theory as presented, for example, by Cockburn (7) . The fact that the peaks 
tend to be smoothed out in the region of complete space-charge saturation may be 
consistent with a previous conclusion (3) that the mechanism of space-charge 
oscillations is essentially different from that of negative-resistance oscillations. 


§6. CONCLUSION 

It is to be noted that the transit-time calculations with which the oscillation 
periods have in effect been compared, through the equivalent planar diode analysis, 
take into consideration only the cylindrical shape of the electrodes, and ignore a 
number of other factors which might be expected to influence transit time. These 
include (a) space charge; (b) the fall of potential between grid wires; (c) deflection 
of electrons at the grid; ( d) potential drop along the filament; (e) initial electron 
velocity; (/) high-frequency potentials on the electrodes. 

Consideration suggests, however, that those electrons which reach the plate will 
be the ones least affected by factors (c) and (d\ while the effects of factors (<2), (b) 
and ( e ) may be expected to be very small under the conditions of the resonance 
experiments. Independent analysis has indicated the effect of (/) to be greatly 
reduced as the harmonic order of resonance increases. Where the harmonic order is 
low the steady grid potential is high, and a high-frequency potential not greater than 
10 per cent of this steady potential will not have an appreciable effect. The very 
close agreements in table 4 may therefore be taken as significant of close relationship 
between period of oscillation and transit time. 

If these plate-current resonances are a result of the same mechanism that 
underlies electron oscillations, they imply that the valves used in the tests might be 
capable of generating dwarf waves of several orders, and oscillations having periods 
related to a grid-plate electron transit time. The fact that numerous attempts failed 
to produce any evidence of these may be ascribed to low efficiency of the mechanism 
under such conditions and to the increase at higher frequencies of losses in the 
external circuit and of radiation losses. 

The apparent relative enhancement of the 87-v. peak in the upper curve of 
figure 4 and the 35-v. peak in the centre curve is relevant, because of the peaks 
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being near the upper knee of the grid-current saturation curves, to the experimental 
fact that cylindrical triodes invariably oscillate most efficiently when adjusted to this 
point on their grid-current characteristic. 
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IBSTRACT. A discussion of the discrepancies between Wilson’s theory of semi- 
onductivity and recent experiments on the subject is given; and on the basis of Wagner 
nd Schottky’s theory of Fehlordnung an extension of Wilson’s theory, which may remove 
he discrepancies in some cases, is proposed. 


5 1. INTRODUCTION 

a ccording to Gudden (l) and Wagner (2) we must assume that in most 
A semi-conductors the conductivity is caused entirely by deviations from 
L JL stoichiometric composition. In some substances, such as Cu 2 0, NiO, U 0 2 
md the cuprous-halides, there is an excess of oxygen (or halogen) in the crystal and 
he conductivity a increases with increasing pressure of the electronegative consti- 
:uent; in others, like ZnO, CdO, A 1 2 0 3 and Tag 0 5 , cr decreases, and it is probable 
hat in the crystal there is an excess of metal. 


<2 


Figure 1. Energy levels for a semi-conductor. 

Wilsonhas given a quantum-mechanical theory of semi-conductivity. He 
considers those substances that have a fully occupied energy band and an empty 
one separated by a gap, which will usually be too big to account for an appreciable 
current. Between the two bands impurity levels a, figure i, may be situated, which 
supply the upper band with free electrons by thermal activation. It is also possible 
that levels a! may receive electrons from the full band. The positive holes in the 
lower band will carry the current in the latter case. Here we should expect an 
anomalous (positive) sign of the Hall constant R, as has been observed, for instance, 
for CuaO^ and U 0 2 Cs) . 

The theoretical formula for the Hall coefficient R is 

R= ±3ireJ&nc, 
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where n is the number of free electrons (or holes) per unit volume. Thus the Hall 
coefficient gives a direct measure of the number of free electrons. 

Wilson obtains the following formula for the number of electrons in the 
conduction band 

n= {^f e ~ ABl2kT - .to 

Since the conductivity a of a semi-conductor may be written thus: 

a—nv, .(2) 

where v is the mobility of an electron, and since we should not expect any rapid 
variation of v with T, it follows that we may write 

o=Ae~ e l kT , : .(3) 

where A varies only slowly with T. In many cases the experimental values of a can 
be expressed by a formula of this type; we then, according to Wilson's theory, have 
to identify € with E. One purpose of this paper is to discuss this factor J, and to 
show that cases exist in which it is correct to identify A E with e. 

In connexion with their theory of Fehlordnung Wagner and Schottky (6) have 
developed the following picture of the nature of the impurity levels. Consider, for 
instance, an ‘ * oxidation semi-conductor ” such as Cu 2 0 whose conductivity increases 
with excess of oxygen. The crystal carries its excess of oxygen by having Cu lattice 
points whence the Cu + ion is missing, the 0 “ ion being too big to occupy an 
interlattice position. As the crystal must be electrically neutral, electrons must be 
removed too. The electron will be removed either from the Cu + ion or from the 
0 s * ion next to the hole. This will give rise to electron levels of the type a' above the 
full Cu + or 0 ~ band. These oxidation semi-conductors will therefore show a 
positive Hall constant, as has been confirmed experimentally for Cu 2 0 and U 0 2 . If 
there is an excess of metal, occurring either as missing oxygen ions or as metal ions 
on interstitial positions (ZnO), there must be an excess of electrons too, giving levels 
of the type a and a negative Hall constant. 

One purpose of this paper is to compare Wilson's theory with experiment, in 
view of this model for the impurity levels. We shall briefly discuss (in § 2) some 
experiments made on the subject by different authors in the last few years, and shall 
see that many of the results obtained cannot be understood in terms of Wilson’s 
theory without some modifications. Some of the anomalies may be explained by a 
consideration of the factor J in the activation energy as already mentioned. But, on 
the other hand, the very large variations with concentration of the activation 
constant € for TiO a , Fe 2 0 3 and ZnO recently found by Meyer and Neldel (7) , will 
probably need quite new conceptions for their explanation. 

§2. THE EXPERIMENTAL DATA 

Engelhard^ has made very elaborate experiments on the conductivity and Hall 
constant of Cu 2 0 for temperatures between —130 and 4-130° c. The conductivity 
is found to be due to the excess of oxygen in the crystal. The Hall constant is positive, 
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thus indicating conductivity due to holes. Engelhard plotted log R and the logarithm 
of the resistance as functions of ijT for several specimens (see his figures on pp. 520 
and 521). His graphs are straight lines with slopes depending only slightly on the 
previous treatment. They show, however, two kinks. The one at room-temperature 
(Ki) shows inertia, as had been described already by Vogt®. Engelhard and Vogt 
ascribe it to a phase transition, the more so as the temperature-dependence of the 
electron mobility (as given by Ra) also shows the kink. The other one (K 2 ) at 
— 6o° c. is attributed by Engelhard to a continuous range of binding energies, as 
given by the infra-red absorption, determined by Schonwald® for the same 
specimen (see also § 3). Engelhard’s results seem to indicate on comparison of 
the infra-red and conductivity measurements that the slopes of the curves for Cu 2 0 
are given by A E, instead of %AE, as Wilson’s theory demands. 



Figure 2. Conductivity of ZnO as a function of temperature: -, according to von Baumbach and 

Wagner;-, according to Jander and Stamm. 

Kroger (l7) has also made measurements of the temperature dependence of the 
conductivity of Cu 2 0 . For untempered specimens he finds the average value 
o*2i ev. for the constant e. For specimens which are tempered in oxygen at 
950° c. the average value of € is o*io 5 ev.; for those tempered in vacuum 0-26 ev. 
Waibel (l8) has found results qualitatively similar; the variations of e are bigger, 
however, amounting to 0-20, 0*06 and 0*23 ev. 

Jander and Stammand afterwards von Baumbach and Wagner (l2 * have 
measured the conductivity of ZnO as a function of temperature between 400 and 
iooo° c. The conductivity decreases with increasing oxygen pressure. The {log a, 
temperature} curve shows an anomaly at about 700° c., figure 2. The possibility of 
a phase transition has been eliminated by Ebert (l3) by means of x-ray measurements, 
Hartmann (s) has investigated the conductivity of A 1 2 0 3 and TagOg as functions 
of temperature between 20 and 400° c. Pure A 1 2 0 3 is an insulator. After several 
hours of heating in vacuum the conductivity becomes measurable. By again plotting 
log o as a function of i/T, Hartmann finds a straight line with e equal to 0*385 ev, 
phys. soc. li, 4 37 
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After further heating more oxygen atoms were removed, the number n 0 of excess 
metal atoms became bigger, and finally an equilibrium state was reached. He then 
found another straight line shifted towards higher conductivity, but with e equal to 
0-25 ev. By subsequent heating in oxygen he obtained straight lines with con¬ 
ductivities and slopes between the former two values. Reduction with hydrogen 
again had the effect of increasing the conductivity, figure 3. Qualitatively the same 
applied to TagOg. 



Figure 3. Conductivity of Al 2 O a as a function of temperature for different treated 
specimens, according to the experiments of Hartmann. 


Meyer and Neldel (7) measured the temperature-dependence of the conductivity 
for many specimens of Ti 0 2 treated in different ways. They found that or could be 
represented by the formula cr=ae~ € l kT in which € and a were constants for each 
specimen, e, however, showed for different specimens enormous variations (between 
1-73 and 0-004 ev.), all depending upon the quantity of excess metal. After the 
reduction of a given substance with hydrogen, € decreases. Moreover, for values 
of e which are not too small (i.e. > 0-06 ev.) they found € to be a linear function 
of log a . The same applied for ZnO and Fe^. 

Finally we only mention the results of Kapp and Treu (lo) who found for CuO 
values of c varying between 0*12 and 0-24 ev., without any obvious connexion 
with the conductivity. 

§3. THEORETICAL DEVELOPMENTS* 

In addition to the vacant lattice points due to a stoichiometric excess of either 
constituent in a polar lattice, 'there are, according to Wagner and Schottky (a) , a 
number of vacant lattice points of both constituents in any crystal in thermal 
equilibrium. Their number N will be given by 

N=N 0 e- w I™. .(4) 

. * After this paper had been finished, it came to our notice that considerations similar to those 
given here in § 3 had been given already (though not on the basis of the Fehlordnung theory) by 
de Boer and van Geel' 1 ”'. These authors, however, did not compare their results with experiments 
in any detail. 
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Here N is the number of ions of a given kind per cm? and is of the order io 22 ; 
md for simple crystals, e.g. for alkali halides, W=\ (W+ + W- — W L ), where W+ 
ind W- are respectively the energies requisite to remove a positive and a negative 
.on out of the crystal, and Wi is the lattice energy per ion pair. As the crystal is 
;ooled a certain number of these holes will be frozen in. These frozen-in holes are 
exactly the same as the impurity levels due to stoichiometric excess of metal; they 
ire not, however, normally occupied by electrons. 

We must thus take for our model of a semi-conductor a crystal with, per unit 
volume, n 0 excess atoms of one kind, and N frozen-in vacant lattice points. There 
ire thus n 0 electrons (or holes) available and n 0 +N possible impurity levels in which 
m electron may be held. We require for this case a formula for the number n of 
electrons in the conduction band at any temperature, corresponding to formula (1) 
for the case in which N—o. 

We have to write down the free energy F of the system, and determine n from 
the condition that OT , 

(E-°- .® 

The free energy consists of the following terms: 

(x) The energy required to excite n electrons, namely 

n A E. 

(2) The free energy of the electron gas, namely 

( 2 imkT\%. V I 

-p-j +log-+.j. 

where V is the volume. 

(3) The free energy of (n+N) holes distributed among (t^+N) possible levels; 

this gives ..., 

kTlos (iV+ ”° )! 

Applying formula (5) we obtain for n 

n ( N+n ) _ y (zmmkT) $ 


—nkT 


M- 


n 0 -n 


-MlkT' 


.(6) 


h? } 

This formula is exact. In the case in which N> the number of frozen-in holes, is 
small compared with the number of available electrons, there is a rather sharp 
change in the slope of the {log 7z, i/T} lines. From equation (6) one finds, per unit 
volume, 

n= N^crf e ~ AmT ’ T<T ° .*(7«) 


e~i^l kT , T>T C 

where T„ is given by n=N, and hence by 

JV= 'j* j 27 ^^ e-t* E l kX e. 


.( 7 *> 
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Provided that the critical temperature falls within the measured temperature-range, 
we expect a result as shown schematically in figure 4. 

The anomaly of ZnO discussed in § 2 may be well explained by this mechanism. 
In the experiments of von Baumbach and Wagner the oxide was formed at iooo 0 C- 
As only the electronic conductivity <r, equal to nv where v is the electron mobility, 
has been measured, we have no direct knowledge of n . Measurements of the Hall 
constant R are better suited for comparison with the theory. 

The Cu 2 0 examined by Engelhard was formed at iooo° c. The phenomenon of 
inertia rules out the possibility of ascribing the kink K ± to the presence of the 
frozen-in holes. Most probably it must be attributed to a transition, as Vogt and 
Engelhard assumed. Kroger’s and Waibel’s results suggest (see below) that Engel¬ 
hard worked in the region where e = A E, so that we expect the critical temperature 
of figure 4 to lie above the measured range. Now Wagner and his collaborators (l5) 
have measured the ionic conductivity of Cu 2 0 at iooo° c., the temperature of 



Figure 4. Hall constant as a function of temperature in the case of frozen-in holes. 


formation of Engelhard’s specimens. The number of missing Cu + ions, which is 
responsible for the current, is (N 0 e~ w ! kT + n 0 ). Let their mobility be V 0 e~ A l kT . 
Assuming very roughly that W= A (as is the case for the alkali halides (l4) ) and taking 
n 0 equal to io 20 , we find from the observed ionic conductivity that 


W= 17 ev.; JV=io 16 . 

This would yield a critical temperature T c approximately equal to 200° c., outside 
the range measured by Engelhard. So we have in the measured range (form 7 (a)) 


n 0 (27rmkT 

W== ]v{ h? 


' e -&E}kT' 


For a given temperature n is known from the measured Hall constant. By taking 
again n 0 equal to io 20 we find from this formula again N= io 16 , which thus confirms 
our model. Thus it seems very probable that the factor as given by Wilson’s 
theory, does not come in for Cu 2 0 in the range of temperatures measured by 
Engelhard. 

By tempering Cu 2 0 in oxygen, n 0 the number of excess oxygen ions is made 
bigger, N remaining constant. The critical temperature shifts towards lower tern- 
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peratures. If it comes below the low-temperature end of the measured range, we 
expect to find a straight line with slope \£sE, whereas if it lies higher than the high- 
temperature end (which it may do after the CujO has been heated in vacuo) we 
shall get a straight line with e equal to A E. If N'=n for a temperature within the 
measured range, say near to the high-temperature end, we shall get a set of experi¬ 
mental points not deviating within the experimental error from a straight line, but 
the latter will give a slope somewhat smaller than A E. 

This would be quite satisfactory as an explanation of Kroger’s results, § 2. Of 
course, we cannot expect e to change exactly by a factor 2, because the mobility also 
depends on temperature; the factors T% and T% will also have some influence. The 
experiments of Waibel, on the other hand, yield variations which may be too big 



Figure 5 (theoretical). The number of free electrons in A1 2 0 3 as a function of temperature 
for specimens with different amounts of excess metal. 

to allow the foregoing interpretation to be correct here. We are led to the same 
conclusion if we consider that the e-values for Cu 2 0 obtained by different authors 
spread so considerably. 

In Hartmann’s experiments on A 1 2 0 3 , the number n 0 of excess metal atoms is 
decreased by heating in oxygen and increased by heating in vacuo or in hydrogen. 
Apart from these facts, the previous observations apply again. In order to show 
that the mechanism of the frozen-in holes is able to fit his results for A 1 2 0 3 , we 
calculated n from formulae (7), by taking LE equal to 0*45 ev. and assuming 
reasonable values for iV, tzq, namely, N= io 16 , n 0 = io 16 , io 17 , io 19 , io 20 . In figure 5 
we have plotted log ft as a function of i/T, and we find a quite good agreement 
with Hartmann’s experimental results, figure 3. The fact that in the experimental 
diagram the lines lie closer together may be due to a decrease in the mobility with 
increasing number of impurities. 
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The experiments of Meyer and Neldel, § 2, make it difficult, however, to 
maintain this explanation. It is remarkable that the extremely small values of e 
have only been found for very big concentrations of impurity in substances in 
which the conductivity is due to an excess of metal, namely TiO a , ZnO and Fe 2 0 3 . 
This suggests that somehow a formation of colloidal metal in the oxide may be 
responsible for the observed small values of e. But even if we exclude these very 
small binding energies, there remain variations of € amounting to a factor of about 5 
and, moreover, the linear relation between € and the quantity log n 0 v, where v is 
the mobility, are facts which cannot be understood at all on the basis of our exten¬ 
sions of Wilson’s theory. It is difficult to see how an interaction of the impurities 
for moderate concentrations could account for this behaviour. 


A solution of the difficulty might, however, be found on the following lines 
(cf. Mott (l9) ). Suppose, for instance, that a negative ion is missing. There will be a 
field ejkr % round the vacant lattice point, where k is the dielectric constant. The 
excess electron will move in this field in an orbit or radius given by the Bohr 


formula 


nWk 


mZe 2 ’ 


Ti 0 2 is well known for its big dielectric constant, equal to about 80, so in this 
case the orbit will be very large. In this way a decrease of e with increasing number 
of impurities (due to the interaction of the extra electrons) becomes plausible. For 
ZnO and Fe 2 0 3 the dielectric constant does not appear to have been measured; if 
our explanation is the correct one, we expect them also to have large dielectric 
constants. 

We have seen that for the range of temperatures dealt with by Engelhard (4) most 
probably the following formula holds in Cu 2 0 : 

«=$(- 

In order to explain the kink k 2 at — 6 o° c. he assumes more than one binding energy. 
If we suppose that electrons per cm? have binding energies A E x , and 7% a binding 
energy A E 2 , we may write 

n=^ ^ e -(A n ir £Jsjl>'Tj ) 

and it is obvious that we shall have a kink at the temperature for which 

«02 

Engelhard is able to fit his experiments by assuming that 

%=io 20 , AjE^o^ ev., 7*02=5*io 15 , A 2 ? 2 =o-i 8 ev.* 

• *1 re . a ? ( ? n w ky k* s fourth specimen yields quite different values may be that it shows a transi¬ 
tion kink, which causes a deviating value of n at 333 0 c. (cf. p. 524 of his paper). 
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He believes, however, that the true representation of the facts must be sought in 
the continuous range of binding energies such as that given by the infra-red ab¬ 
sorption determined by Schonwald (9) . In our view there are serious objections to 
this view. First, it is difficult to see how it could give rise to a kink and not to a 
continuously increasing slope towards higher temperatures. Engelhard’s underlying 
calculations cannot be given too much weight, because they depend sensitively on 
the shape of the long-wave-length tail, in which e < 0-4 ev., of the absorption curve, 
and this cannot be determined very accurately. Moreover, as has been pointed out 
by de Boer and van Geel (l6) , the excitation energy for thermally and optically 
released electrons cannot be expected to be the same. After an electron has been 
removed, the surrounding ions will go into new positions in consequence of the field 
of the positive hole left by the electrons, so that polarization energy will be released. 
The latter should, however, not be taken into account for optically released electrons, 
because here, according to the Franck-Condon principle, the ions do not move until 
the absorption is over. 

More than one binding energy would, of course, also be able to give an explana¬ 
tion for Hartmann’s or Kroger’s results.* Let us assume, for instance, two binding 
energies of 0-50 and 077 ev. for A 1 2 0 3 . If there are only a relatively small number 
of electrons having the smaller one, we expect to find, if n 0 is big, a straight line with 
a slope of about 0-25 ev., and if is small a straight line with e equal to 0-385 ev. By 
measuring over a larger range of temperature, till a kink appears, this possibility 
could be distinguished from the one given in § 3. In the light of Meyer and Neldel’s 
results both possibilities remain unsatisfactory. 
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ABSTRACT . With assemblies of five and four counters used alternately, measurements 
of cosmic-ray shower-frequencies from various thicknesses of lead were carried out 
(a) at sea-level, under a thin roof and under a screen of bricks 1 m. thick, and (b) under¬ 
ground at a depth of 30 m. in a clay soil. Comparison of the results obtained with the 
two assemblies enables conclusions to be drawn regarding the size of the showers. The 
results at sea-level under a thin roof are in accordance with the predictions of the cascade 
theory of shower-production: underground the interpretation of the results is less unequi¬ 
vocal, but it is shown that when allowance is made for the spatial association of the rays 
incident on the counting assembly (due to the proximity of the roof of the tunnel in which 
the experiments were carried out) there is no reason to suppose that cascade processes 
of shower-production do not predominate there, as they do at sea-level. The results 
obtained at sea-level under a screen of bricks corroborate this conclusion. 


§1. INTRODUCTION 

I N detail the results obtained by the various workers who have studied the shape 
of the curve connecting shower-frequency with thickness of absorbing material 
differ considerably. From a study of these differences in relation to the 
shower-counting dispositions employed, it is possible to draw conclusions regarding 
the mechanism of shower-production. For example, a number of workers have 
made measurements comparing the shower-frequencies observed when counting- 
assemblies employing different numbers of counters are used (l,a,3) ; in these 
investigations deductions were made regarding the number of particles in the 
showers, and they all lead to the conclusion that a cascade process must predominate, 
or at least play an important part, in shower-production. 

In the work described below, comparisons similar to those made by HuChien- 
Shan and his collaborators^ have been made at a depth of 30 m. of clay (where it 
is possible that the processes of shower-production may be different from those 
at sea-level), and are contrasted with results obtained at ground-level. 

§2. APPARATUS 

Throughout the work use was made of an assembly of five counters whose axes 
were arranged at the corners of a regular pentagon. Under each condition of 
shower-production, measurements of the shower-frequency were made alternately 
with all five counters and with one of the bottom pair disconnected from the circuit. 
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The counters were sealed in glass, the cathodes being of oxidized copper and the 
anodes of tungsten. The length of each was 30 cm. and the internal diameter of 
the glass envelope i-6 cm. An orthodox coincidence-counting circuit was used, 
pentodes being employed in the first stage: a telephone counter, operated by 
a thyratron, recorded the coincidences. In most of the work, an arrangement was 
used whereby at regular intervals one of the pentodes was automatically cut out 
of the circuit: every twenty-four hour run was thus divided into alternate periods 
comprising respectively four hours of quintuple-coincidence counting and two hours 
of quadruple-coincidence counting; for each separate quintuple-counting period 
the counts were recorded on a separate telephone counter, thus affording a check 
on the steady running of the set. The alternation between quintuple and quadruple 
counting eliminates the effect of any small secular changes which might occur in 
the characteristics of the set (for example, as a result of fluctuations in the counter 
potentials, which were provided by batteries). 

§3. RESULTS 

Measurements of the quintuple-coincidence and quadruple-coincidence counting 
rates were carried out under four different sets of conditions, as detailed below. 

Figure 1 (a) shows the quintuple and quadruple counting rates at ground-level 
for thicknesses of lead up to 2-7 cm., the apparatus being set up in a small building 
with thin walls and roof. In figure 1 (b) is shown a scale diagram of the disposition 
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Figure 1. Results at sea-level, under a thin roof. 

of the counters and lead used. The counter marked A is the one which was left 
out when quadruple rates were being counted. The lead screen is made in the 
form of an incomplete hemi-cylinder. This ensures that the angular spread of all 
the showers detected shall be the same; for if the hemi-cylinder is supposed to be 
complete, and if showers starting in the lead between the lines BA and AC are 
considered, those detected by the quadruple assembly would have a rather smaller 
spread than those detected by the quintuple assembly; and since the size of a shower 
and its angular spread may be related, this might lead to a certain vitiation of the 
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results. Figure 1 ( b ) shows the ratio of the quintuple to the quadruple counts 
These ratios will be referred to henceforward as “5:4 ratios”, for brevity. 

Figure 2 (a) shows quintuple and quadruple counting rates extended to 10 anc 
15 cm. of lead. For these thicknesses the disposition of the lead was different fron 
that for the earlier readings, for the sake of economy in lead; and in order that th< 
geometric conditions should be comparable for all three thicknesses the lead was 
arranged in separated layers for the 15-cm. and 10-cm. readings, the separatiox 
of the upper and lower boundaries of the lead remaining constant at all thres 
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Figure a. Further results at sea-level under a thin roof. 
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Figure 3. Underground results. 

thicknesses; the dotted lines in the figure show how it was arranged for the reading 
at 15 cm. Figure 2 (6) shows the 5 :4 ratios. 

Figures 3 (a) and 3 (b) show the quintuple and quadruple rates and their ratios 
measured underground at a depth of 30 m., under a clay soil having a density of 
about 2, in Holbom Underground station; the position of the apparatus with 
respect to the walls of the tunnel is indicated by X in figure 5. The arrangement 
of the counters and lead was the same as in the first set of readings. 

Figures 4 (a) and 4 ( b) show the results obtained with counters and lead arranged 
under a screen of bricks about 1 m. thick. The disposition of the bricks with 
respect to the counting system is shown in two elevations in figures 6 (a) and (b). 
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Figure 4. Results at sea-level, under r m. of bricks. 



Figure 5. Disposition of apparatus with respect to walls of underground tunnel. 



Figure 6. Disposition of brick screen and counter-assembly. 


§4. DISCUSSION OF RESULTS 

General considerations . C. G. Montgomery and D. D. Montgomery* 4 * have 
derived formulae for the probability of detection of a shower of N particles by 
an w-fold coincidence-counting assembly, by making certain rather specialized 
simplifying assumptions. The application of these expressions to the counter¬ 
assemblies here used is not entirely straightforward, as the effective values of n 
in the two cases is not clear; but assuming it to be 4 and 3 respectively in the 
quintuple and quadruple assemblies, the curves of figure 7 are derived. Figure 8 
shows the ratios of these probabilities plotted against N . These curves can be 
expected to represent only very approximately the true probabilities; but they are 
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of assistance in affording a rough quantitative basis for the interpretation of the 
results. 

The following general considerations regarding the relations between the size 
of showers and the observed 5 :4 ratios are of importance. ( a ) If all the showers 
from some arrangement of absorber were of the same size, then the number in 
each case could be deduced from the observed 5 :4 ratio. It might be thought 
also that, even if the showers had a wide distribution in size, the 5 :4 ratios in these 
experiments would be a measure of the average size of the showers: this, however, 
is not true, as the form of the {size, frequency} distribution curve will affect the 
5 :4 ratio. (6) The calculated 5 :4 ratio increases rapidly at first with increasing N 



Figure 7. Probabilities of shower-detection by the two assemblies. 



Figure 8. Ratio of probabilities of shower detection by the two assemblies. 

and even when N=io is not much less than unity: consequently the observed 
value of the 5 :4 ratio is influenced only by variations in the proportions of the 
smaller showers, for which N is less than about 10; and it will be particularly 
sensitive to changes in the proportions of the smallest showers, for which N is 
less than about 6, over which range the 5 :4 ratio increases rapidly, (c) All experi¬ 
ment and theory at present indicate that under all conditions of shower-production 
there is a big proportion of showers containing a few particles only, so that we may 
expect to find that the observed 5 :4 ratio always remains well below unity. 

Ground-level remits under a thin roof. The steady rise of the observed 5 :4 ratio 
with increasing thickness of lead, figure 1, indicating the progressive decrease of 
the proportion of very small showers, is in accordance with what one would expect 
from the cascade theory. The value of the 5 :4 ratio for large thicknesses of lead 
indicates the presence of a large proportion of small showers (i.e. showers for which 
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N is less than about 6), which is in accordance with the supposition that the 
showers emerging from a large thickness of lead are due not to electrons, positrons 
and photons incident on the lead, but to secondary electrons and photons produced 
in the lead by the mesotrons constituting the penetrating component of the cosmic 
radiation. 

Underground results . At ground-level, where cascade processes of shower- 
production are known to predominate, the 5 : 4 ratio increases rapidly with increasing 
thickness of lead up to 1-5 cm., figure 1, while underground the ratio is much more 
nearly constant, figure 3. This might suggest that cascade processes do not pre¬ 
dominate underground but, if present at all, are masked by non-cascade processes 
such as those suggested by Heisenberg and others. There are, however, other more 
likely explanations. 

It is possible, for example, that the energy-distribution among the rays con¬ 
stituting the soft component underground may be different from that at sea-level: 
if the rays are, on the whole, more energetic, the showers emerging from o*6 cm. 
of lead will tend to contain more particles than at ground-level for the same thick¬ 
ness, thus causing a corresponding increase in the observed 5 :4 ratio; and in 
view of the rapid increase of the calculated 5 :4 ratio with N a comparatively small 
increase in the general size of the showers would make a considerable difference 
to the observed 5 :4 ratio. One would expect also an increase in the 5 :4 ratio 
for 1*5 cm. compared with that at sea-level; a small increase does indeed appear 
to exist, but without detailed calculation it is not possible to say whether this 
increase would be consistent with that at o*6 cm. 

Another factor which tends to modify the trend of the 5 :4 ratio underground 
arises from the fact that the apparatus is situated quite closely beneath a medium 
of much greater density than that of air. Crawshaw (s \ and also Jinossy (6) , have 
pointed out that under these conditions there must be a degree of association among 
the rays constituting the soft component: that is to say, two or more rays must 
frequently strike the shower-counting assembly simultaneously. Jiknossy has pointed 
out that this must lead to fewer but bigger showers, but that the number of showers 
recorded, in relation to the total number of soft rays, may actually be much the 
same as if there were no association, on account of the greater probability of their 
being detected. The observed increases in the value of the 5 :4 ratios relative to 
the values at ground-level are in accordance with this conclusion; and the much 
greater increase at o-6 cm. as compared with that at 1-5 cm. is to be explained by 
the rapid increase of the calculated 5 : 4 ratio with AT, when N is small. 

Ground-level results under a brick screen. The 5 :4 ratios obtained under a screen 
of bricks at ground-level, figure 4, show a similar trend to those obtained under¬ 
ground. The brick screen is probably thick enough to filter out all the soft radiation 
incident on it, so that all the soft radiation incident on the lead has probably 
originated in the bricks secondarily to the penetrating component of the incident 
radiation. Probably, therefore, conditions are roughly comparable to those under¬ 
ground, except that the counter system is much closer to the high-density material 
than it is underground: this leads to a higher degree of association of the rays 
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incident on the counter-assembly, as is indicated by the relatively large number of 
showers when there is no lead over the counters. The observed values for the 
5 :4 ratios are actually a little lower than those found underground, whereas the 
greater degree of association would lead one to expect higher values: the differences 
are barely significant, however. If the difference is real it may perhaps be explained 
in terms of the very small showers which, under conditions of non-association, are 
recorded either not at all or in very small proportions: with the very high degree of 
association that must exist under the brick screen, composite showers of these 
particles are probably large enough to be recorded in sufficient quantities to 
influence the observed 5 : 4 ratio, while remaining small enough to make the ratio 
smaller than it is underground. The difference may also be accounted for by a 
difference in the energy spectrum of the rays incident on the lead, as compared 
with the underground energy spectrum. 

§5. CONCLUSION 

The results of this investigation are not inconsistent with the assumption that 
the shower phenomena observed underground can be adequately explained in 
terms of cascade processes: there is apparently no need to assume the existence 
underground of any shower-producing mechanism different from those obtaining 
at sea-level. 
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THE STRUCTURE OF PROTEINS 
By IRVING LANGMUIR 

Address delivered 20 December 1938 
§1. INTRODUCTION 

T he proteins form one of the essential constituents of all living matter. 
A huge number of different varieties of protein exist in animals and plants. 
Apparently new kinds of proteins can be made at will by injecting into any 
animal a given protein foreign to that animal. The animal then develops an antibody 
that reacts with the foreign protein but is itself a protein. It looks as if we can force 
animals to make for us almost as many new kinds of proteins as the product of the 
number of animals and the number of proteins that already exist. Thus one of the 
wonderful characteristics of the proteins is their enormous number and therefore 
complexity. 

When we are dealing with a substance as closely related to life as a protein is, 
we may expect to find structures that we have not met with before in organic 
chemistry. 

To understand the structure of an animal, we must not only study its anatomy 
by microscopical and chemical examination of all parts of its body, but we must 
go into its physiology and biochemistry and particularly into the history of its 
evolutionary development, during the course of ages, through mutations and natural 
selection. 

Similarly to understand the structure of a protein we shall need to consider 
not only its chemical composition and its physical properties, which correspond 
to its anatomy, but its specific biological reactions and functions. We must recognize 
also that the proteins are substances that have come into existence through the 
processes of evolution. Stanley has found that the virus of the tobacco mosaic 
disease, which he has shown to be a protein, can reproduce itself in the appropriate 
environment in the tobacco plant very much as if it were a living organism, and 
that it is capable of undergoing mutations which breed true. Thus we see, at least 
for a complicated protein of this kind (its molecular weight is about 50,000,000), 
that natural selection can act to preserve the mutant protein. Simpler proteins 
have been found to be formed by autocatalytic reactions from precursors; so here 
too we have evidence that proteins reproduce themselves in the proper environment, 
namely in the presence of the precursor. 

Thus the proteins possess many of the attributes which have previously been 
thought to be typical of living beings. We should therefore not be surprised to 
find in the proteins features of structure which are quite new among organic 
molecules and which involve an organization and differentiation of parts that shows 
some approach to that of the simplest of living organisms. 
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§a. THE FUNDAMENTAL DATA 

Of course, at present, our knowledge of tf>e evolution of proteins is practically 
nil, so that we cannot yet trace the development of proteins from their still simplex 
beginnings. We have to be content with theories of protein structure based upon 
the known facts regarding these substances. From the enormous number of data 
that have been collected by chemists, physicists and biologists we must select those 
that seem particularly relevant to questions of structure. I have twelve chosen 
groups of data that seem to me to be of the most significance. 

(1) The amino-acid composition of proteins. About twenty-five varieties of amino- 
acid molecules, NH 2 —CHiR—COOH, represented by different side-chains or B 
groups, have been found among the degradation products of proteins. The chemisl 
has shown that proteins are built up of such molecules, joined together by the 
elimination of water, and has suggested that proteins consist of polypeptide chains 

NH 2 —CHI?—CO—(NH—CHi?—CO)„—NH—CHI?—COOH 
in which the amino-acid residue functions as a two-armed unit 

—(NH— CUR -CO)— . (A). 

(2) The amino-acids in proteins are of a type. The molecules thus have a commor 
backbone C—C a —N, and none of them have backbones such as C—C a ——N. 
C—C a —Cj3—Cy—N. 

(3) The laevo configuration of C a in the amino acids in proteins. The C a atoir 
in amino acids can be right-handed or left-handed. However, all the amino acids 
formed by the degradation of proteins are of laevo type. 

(4) The valency angles and distances apart of carbon and nitrogen atoms. Crystallo- 
graphical data have shown that carbon and nitrogen when single bonded in genera! 
have tetrahedral valency angles, and that the distance between single bonded 
carbon atoms and between single bonded carbon and nitrogen atoms is about 1-5 A. 

(5) There exist globular proteins which have definite molecular weights discretely 
arranged. It has been found by Svedberg and co-workers that many proteins have 
definite molecular weights and that the molecular weights fall into a number of 
discretely arranged molecular-weight classes. Each molecular-weight class has 
a considerable spread. Svedberg finds a class at about 18,000, another at about 
36,000, and a number of other molecular-weight classes, practically all of which 
are multiples of about 18,000. Evidence has also been found which indicates that 
these proteins are in some sense globular and that some of them, e.g. insulin, are 
approximately spherical. These researches seem to indicate that these proteins are 
definite compounds', and there is now a general consensus of opinion among protein 
chemists that each of these proteins is a definite chemical individual, all of whose 
molecules are alike. 

Now that is quite a different state of affairs from what would be expected from 
long-chain molecules. The chemist knows how to make many kinds of polymers which 
are long chains, but these are quite indefinite in length. According to the way in 
which they are made, the lengths have different average values. Such polymers 
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are not definite chemical individuals, and as such are to be contrasted with the 
proteins. 

(6) The numbers of individual amino-acid residues in proteins are in many cases 
powers of 2 and 3. In trying to find out as much as he can about the constitution of 
proteins, the organic chemist has met with a certain amount of success. For instance, 
some of the latest results obtained by Max Bergmann in New York may be cited. 
He has determined the numbers of various types of amino-acid residues in certain 
proteins and concludes that these numbers are always powers of 2 and 3. In the 
particular case of egg albumin, whose molecular weight is about 36,000, he con¬ 
cludes that each individual molecule contains 288 residues. If we consider the 
many thousand different ways in which a molecule of this order of molecular weight 
can be made up of different proportions of the available amino acids, these are 
remarkable results. Other proteins also have been considered in this way, and 
Bergmann has suggested that there are 2x288 residues in the molecules of ox 
haemoglobin and ox fibrin. Facts of this kind undoubtedly tell us something about 
the structure of a protein molecule. 

(7) The globular proteins have extremely specific properties. Perhaps the most 
striking of all facts about the globular proteins is their high degree of specificity. 
Thus haemoglobin in each different type of animal seems to differ in spectrum and 
in detail of its behaviour with oxygen. Immuno-chemistry in general draws the 
same picture of globular proteins as highly organized structures with extremely 
delicate specificities, as evidenced by antigen-antibody reactions. 

Not all of the specific reactions involve interactions between proteins; some 
proteins catalyse decompositions of very simple substances. For example, urease 
changes urea into ammonia, catalase liberates oxygen from hydrogen peroxide and 
other enzymes act on carbohydrates, and so on. 

(8) The denaturation of the globular proteins. The globular proteins have an 
extraordinary property, namely the capacity to become denatured. As far as I know, 
that term is not used to describe the properties of any substance except proteins. 
For example, pepsin in a concentration of one part in 50,000 or so causes milk 
to clot, and this property is in fact used as a measure of the activity of the pepsin. 
Now this specific property (and other specific properties in other cases) disappears 
quite abruptly under certain treatments. The activity of a solution of pepsin can 
be reduced and finally destroyed by shaking in a partly filled bottle. It can be 
destroyed by heating to 65° for a few minutes and in many other ways. Denaturation 
usually renders a soluble protein insoluble; but in the presence of sufficient acid 
or alkali it may remain soluble, and the molecular weight under such conditions 
has been found to be substantially the same as that of the native protein. 

There exist, particularly in animals, large numbers of substances which have the 
general chemical composition of proteins, and are therefore called proteins, but do 
not form true molecular solutions and are thus to be contrasted with the globular 
proteins. Examples are furnished by the extra-cellular proteins, such as the 
collagens, keratins (hair, wool, scales, feathers, etc.), and silk proteins, which have, 
or by stretching can be made to have, a fibrous structure. These are probably all 
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formed in the animal body by the denaturation of globular proteins. Denaturation 
appears to be a very remarkable property of the globular proteins. We find nothing 
like it with substances having molecules of ordinary size, or in the long-chain 
molecules of high molecular weight, nor would we expect to do so. 

(9) Many globular proteins , but no denatured proteins, have the power to crystallize . 
Many of the globular proteins form crystals in spite of the size of their molecules, 
but it appears that no denatured protein has ever been obtained in crystalline form. 
The crystals of the globular proteins are remarkable in that they are of high sym¬ 
metry, often cubic or hexagonal, whereas most organic substances, except those 
having very small molecules, give crystals of low symmetry such as monoclinic or 
triclinic (2-4) . 

The ready formation of highly symmetrical crystals from pure globular proteins 
and the absence of crystals from denatured proteins indicates that the molecules 
of the globular proteins are themselves structures possessing a high degree of 
symmetry, and that this structure is destroyed by denaturation. 

(10) Many of the globular proteins are very soluble in water or salt solutions. 
The solubility or insolubility depends largely upon the presence of and availability 
of hydrophilic and hydrophobic groups. Only those groups that form the surface 
of the molecule determine the solubility. Evidently, then, the solubility and its 
modification by various agents should give information regarding the distribution 
and arrangement of these groups in the molecules. 

(11) Many proteins when in solution spontaneously form monolayers which are 
extremely insoluble. This insolubility indicates the presence of hydrophobic groups 
which are made available by the spreading process. A study of the formation and 
properties of monolayers given by globular and by denatured proteins thus throws 
light on the structure of the globular proteins and the modifications produced by 
denaturation^ 5 *" 75 . 

(12) A number of globular proteins give x-ray photographs, x-ray photographs 
have been obtained in recent years from crystals of pepsin, insulin, haemoglobin, 
chymotrypsin, lactoglobulin, tobacco-seed globulin and other proteins. Wet crystals, 
which often contain over 50 per cent of water, give far better photographs 
than dry crystals. In some cases the data permit the measurement of many 
hundreds of reflection intensities. The x-ray data indicate that the crystals are not 
mere lattice-like arrangements of ill-defined molecules, but that the molecules 
themselves possess high symmetry and a fine-grained internal structure implying 
an organization or architecture quite unique for molecules of such size, x-ray 
methods, in the future, should provide data by which all details of protein structure 
may ultimately be found. At present the difficulties of interpretation of such data 
are extremely great, so that the x-ray data now serve only as a test of theories of 
structure derived from other sources. 

The twelve points summarized briefly above give an outline of the available 
facts relating to the proteins, and any theory of protein structure, or any views 
regarding protein structure, should be consistent with as many of these phenomena 
as possible. 

38-3 
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§3. THE GLOBULAR PROTEINS 

Although the globular proteins differ from one another very greatly in many 
properties, they possess in common some remarkable features which suggest that 
all the globular proteins have a highly organized type of structure that distinguishes 
them from all other substances. How are we to find this characteristic structure 
of the molecules of the globular proteins? 

In general, the structure of organic molecules has been investigated by organic 
chemists, and in this they have been very successful. Many years ago, while I was 
discussing with Nils Bohr the extraordinary scientific achievements of the nineteenth 
century, he expressed his admiration of the great accomplishments of the organic 
chemists in deriving the structures of aromatic compounds and stereo-isomers. 
I think physicists realize only imperfectly the magnificent feat which the chemists 
performed in finding so many structures, without any of the tools which the 
physicist of to-day has come to think essential. 

These chemical methods, often thought of as involving chemical intuition, are 
particularly applicable to cases which are so complicated that the modern direct 
methods of the physicist are not available. Thus we should expect that the cumu¬ 
lative evidence obtained from a study of the general physical and chemical properties 
of proteins might serve as a foundation for a theory of the characteristic structural 
features of the proteins, even if it is as yet premature to attempt to derive the 
complete structure of any single protein. 

During the gradual development of organic chemistry, many specific reactions 
or tests for the presence of certain groups of atoms or types of binding between 
atoms have been found, but none of these have been shown to be characteristic 
of the globular proteins. This failure appears to be associated with the extreme ease 
with which the native proteins are denatured. It is evident that the really charac¬ 
teristic features of the globular proteins are destroyed by most of the treatments 
to which the chemist subjects the proteins during his study of them. For example, 
in deriving the amino-acid constitution of the proteins the usual initial procedure 
is to boil the protein for a long time with acid. Since some proteins in solution are 
denatured by heating for a few minutes at 65°, this treatment is hardly likely to 
yield much detailed information about the way in which the amino-acid residues 
were joined in the original protein. It is as though, to learn about the architecture 
of Ypres, you were first to let an army bombard it, and then to examine the ruins. 

The situation is somewhat analogous to that met with in quantum physics, 
where the experimental conditions required for observing the position of an electron 
modify the velocity and so prevent an accurate measurement of the original velocity. 

Although the detailed techniques of orthodox organic chemistry may thus 
throw little light upon the characteristic structure of the native proteins, the general 
inductive methods of reasoning which were responsible for the early development 
of organic chemistry are admirably adapted for an attack on the problem on the 
basis of the known general physical and chemical properties as outlined in the 
twelve points that have been listed. 
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When the chemist found substances consisting of polypeptide chains among the 
degradation products of proteins, he made the natural inference that proteins in 
general have polypeptide structures. According to this picture the protein-building 
unit is the two-armed amino-acid residue which can form unbranched chains of 
any length. The proteins should thus differ from one another only in the kinds of 
amino-acid residues present and in their linear sequence. The number of possible 
different ways in which twenty kinds of residues could be arranged in single chains 
containing two or three hundred such residues is of course enormous and could 
perhaps account for the large number of proteins that can be formed. 

Such a structure may account satisfactorily for the properties of the fibrous 
proteins and many of the products formed by the denaturation or degradation of 
the globular proteins. A simple polypeptide chain theory, however, does not appear 
to be compatible with the properties of the globular proteins as given in items 5, 6, 
7, 8, 9, and xo of our list. 

Let us consider for a moment some of the properties that chemists have found 
to be characteristic of organic molecules consisting of chains of atoms such as 
carbon and nitrogen. When the molecules are free, as for example when they are 
in solution, the parts of the molecule are nearly free to rotate about every axis 
corresponding to the bonds connecting adjacent atoms that form the chain. Such 
molecules should therefore not have characteristic shapes. The simple crystalline 
form (item 9 § 2) given by globular proteins shows, however, that their molecules 
have definite and symmetrical shapes. 

The chemist knows also that the reactivities and other properties associated 
with a group attached to one of the links of a chain are modified by the presence 
of certain groups attached to neighbouring links. Thus chemical effects can be 
transmitted along the chain. For example, consider derivatives of propionic acid 
CHjji?—CH 2 —COOH. For propionic acid itself, where R represents a hydrogen 
atom, the dissociation constant, which measures the ease with which a hydrogen 
ion escapes from the—COOH group, has the value 1-4 x io~ 5 . With /?-chlorpropionic 
acid, in which R represents a chlorine atom, the dissociation constant has increased 
to 8-6 x io -s . Some effect has thus been transmitted along the chain from the 
j8 carbon atom to the carboxyl group. An examination of similar data for a series 
of chlorine-substituted fatty acids (8) , in which the chlorine is attached to different 
carbon atoms of the chain, has shown that the effect transmitted along the chain 
decreases exponentially as the length of the transmission path increases, each 
intervening carbon atom decreasing the effect in the ratio 2-7:1. The effects 
directly transmissible along the backbone of a polypeptide chain should thus extend 
only to distances of one or two residue-lengths. 

The specific properties of the globular proteins, however, prove that effects 
are transmitted throughout practically the whole molecule. In the case of inter¬ 
actions between proteins, such as antigen-antibody reactions, one might assume 
that the specificity depends upon the lengthwise association or fitting together of 
two linear polypeptides much as two chromosomes, one from the male and the 
other from the female germ cell, join along their lengths. Thus the linear sequence 
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of the amino acids in a polypeptide might have a significance similar to that of the 
genes in the chromosomes. But this hypothesis cannot explain the specific reactions 
of urease, catalase or haemoglobin where single protein molecules react with simple 
substances such as urea, hydrogen peroxide or oxygen. The fact that the absorption 
spectrum and oxygen affinity of the haematin in the haemoglobin molecule depends 
upon the specific properties of the globin to which it is bound proves the long- 
range transmission of chemical effects within the framework of single globin 
molecules. 

The properties of crystals of straight chain hydrocarbons and their derivatives, 
such as the normal fatty acids and alcohols, are frequently considerably modified 
by the addition of one —CH 2 -link to the length of the chain. This, however, does 
not indicate an effect transmitted directly through the chain from one end to the 
other, for it results from the fact that the crystallizability depends upon the symmetry 
of the molecule as a whole. Thus the melting points and other properties of the 
crystals frequently show alternating positive and negative increments upon the 
addition of successive —CH 2 groups, while the properties of the liquids show no 
such irregularities. Evidently then the crystal forms given by compounds con¬ 
sisting of simple polypeptide chains (if these are short enough to give crystals at 
all) might be very sensitive to the particular amino acids present and to their 
sequence, but such sensitivity would not appear in the properties of solutions of 
these substances. 

Chemists have long known that two substituents in the benzene molecule have 
a particularly large effect on one another. It is now known that this is an example 
of electronic resonance that occurs when adjacent double and single bonds can 
give a kind of tautomerism between two possible configurations. Resonance tends 
to give an increased stability to a structure and greatly increases its power to transmit 
chemical effects between groups connected by the resonating atoms. Hydrogen 
atoms which act as bridges between two oxygen atoms (hydrogen bonds) also 
give resonance, for the single bond of the hydrogen atom in the classical valence 
theory may be thought of as alternating in position between the hydrogen atom and 
each of the two oxygen atoms. 

The extraordinarily great transmission of chemical effects throughout the 
molecules of the globular proteins thus seems to demand a structure whose parts 
are bound by resonating atoms. The simple polypeptide chain with its singly 
bonded carbon and nitrogen atoms should show no resonance and therefore cannot 
account for the properties of the globular proteins. 

The discrete molecular weights of the globular proteins (item 5) and the 
occurrence of only powers of z and 3 in the number of particular residues (item 6) 
seem to be incomprehensible on the basis of a structure consisting of a simple 
polypeptide chain. Bergmann and Niemann have suggested (lb) that each kind of 
residue occurs at regular intervals along the length of the chain as determined by 
a kind of resonance of the chain as a whole, nodes and loops being formed at regular 
intervals. In view of the absence of resonating atoms in the simple polypeptide 
chain, and of the fact that the differing composition of the residues in the successive 
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intervals between the residues of any one kind would make the intervals unequal, 
we must reject this as a purely ad hoc hypothesis. 

The phenomena of denaturation (item 8) also seem incompatible with a simple 
polypeptide structure for the globular proteins. The treatments required for the 
milder forms of denaturation are incapable of breaking apart the polypeptide chain 
or causing an alteration of the sequence of the residues in such a chain. How 
therefore could they have such a profound effect on the specific properties which 
are assumed to depend on this sequence? 

The high solubility in water of many globular proteins (item xo) proves that the 
surfaces of these molecules are almost wholly hydrophilic, yet the extreme insolu¬ 
bility of the monolayers formed from these proteins (item 11) proves the presence 
of a large proportion of hydrophobic groups in the molecules (6 \ Such a change in 
the availability of the hydrophobic groups indicates that there is a radical difference 
in structure between the molecule of the globular protein and the monolayer 
formed from it. If both were to consist of simple polypeptide chains, with free 
rotation about the bonds between the links, no such difference in properties is 
conceivable. 

Many protein chemists, while maintaining that a single polypeptide chain forms 
the backbone of the protein molecule, now recognize that there are many reasons 
for believing that the chains of separate molecules in protein fibres and different 
parts of the same chain within single molecules are interconnected by cross linkages. 
These are usually assumed to involve the side chains, particularly those containing 
polar groups, or to consist of disulphide bridges formed from two cysteine residues. 
Such cross linkages, although they may often exist and account for some properties 
of proteins, would give no resonance and could not explain the transmission of 
chemical effects that must be responsible for the specificities of the globular proteins 
(item 7). The number of such linkages within any one molecule should be relatively 
small and very greatly dependent upon the presence of particular residues, and 
thus would not give the highly organized characteristic structure of the globular 
proteins needed to account for the properties listed in items 5 to 12. 

§4. MANY-ARMED UNITS 

A few years ago Dr Wrinch attempted to study the structure of chromosomes fe) . 
Realizing that this problem was insoluble without a knowledge of the structure of 
the substances of which they are composed, she proceeded to analyse the available 
data relating to the structure of proteins. Starting with the datum that the proteins 
are condensations of amino-acid molecules (item x), using the tetrahedral valency 
angles for carbon and nitrogen atoms (item 4), taking a definite mean value a 
(say x *5 A.) for interatomic carbon-carbon and carbon-nitrogen distances, and 
specifically using the datum that all the amino acids are of a type (item 2), she 
attempted to work out possible structures for protein molecules, correlating these 
sets of facts into a single scheme (lo \ 

In a simple polypeptide chain theory no particular significance is to be attached 
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to the fact that the constituents of proteins have the common backbone unit 
—C—C a —N— and never for example a unit —C—C a — Cp —N—, yet so striking 
a fact must be fundamental for the structure of proteins. The two-armed building 
unit (A), 

—(NH— CHR —CO)— . (A) 

however, seems to require a simple linear arrangement of the units giving a straight- 
chain polypeptide. A building unit having greater combining capacity, such as 
one with four arms, would permit of the formation of structures covering surfaces 
or filling volumes which would be capable of having a much higher degree of 
organization than a mere linear array of units. 

The need for such a many-armed unit is also strongly indicated, I believe, by 
the facts of genetics. The chromosomes in a fertilized germ cell must contain the 
complete specifications of the adult animal that develops from it. When one con¬ 
siders, for example, the enormous complexity of the arrangement of cells in the 
human brain, and the inherited instincts and capabilities that they carry, one cannot 
but marvel that the specifications for so many details can be packed into a volume 
as small as that occupied by the chromosomes. Certainly to solve such a problem 
Nature has needed to utilize all available structural resources in the geometrical 
arrangements of the atoms within the proteins that form the chromosomes. A 
restriction to a mere linear arrangement in an unbranched chain would enormously 
limit the structural possibilities. It seems highly probable that Nature has taken 
full advantage of the extra degree of freedom provided by the 2-dimensional or 
3-dimensional arrangement of units permitted by a many-armed unit. 

Adopting a suggestion of F. C. Frank (ll) , Dr Wrinch has postulated the 
four-armed building unit (B): 


^(N—CHR—COH) / 
/ \ 


(B) 


obtained from the two-armed unit (A) by the transfer of a hydrogen atom or proton 
from the nitrogen of one residue to the adjacent —CO group in the next residue. 
To realize the vastly increased number of possible structures permitted by the 
four-armed unit as compared with those given by a two-armed unit, one only needs 
to contrast the chemistry of the tetravalent element carbon with that of divalent 
elements like oxygen. 

Dr Wrinch then proceeded to investigate mathematically the possible arrange¬ 
ments of these four-armed units and to determine whether any of the resulting 
structures possess features that correspond to the known properties of proteins. 
The cyclol theory is concerned with the implications and consequences of this 
postulate of the four-armed unit. Since this unit has the composition of an a-amino 
acid residue and the asymmetric carbon atom in it may be assumed to have the laevo 
configuration, structures given by the cyclol theory automatically conform to items 
i, 2, and 3 of our list. Dr Wrinch has confined herself to structures in which the 
tetrahedral valency angles characteristic of the carbon and nitrogen atoms are 
preserved. Thus the structures also conform to item 4. 





The structure of proteins 


601 


§ 5. THE CYCLOL FABRIC 

Just as the two-armed units (A) can give an endless chain, so the four-armed 
units (B) can give a 2-dimensional array or plane fabric that can extend indefinitely. 
The lace-like pattern of this cyclol fabric is shown in figure 1. It is seen that the 
carbon and nitrogen atoms that form the skeleton of the fabric form six-membered 
rings that are of two kinds. There are diazine rings which contain two nitrogen atoms, 
two CH 2 ? groups and two COH groups. There are also triazine rings which contain 
three nitrogens and three COH groups. Each diazine ring links together two 
triazines, while each triazine is joined to three diazines. The fabric as a whole has 
trigonal symmetry about any triazine ring. The three —OH groups attached to 
the three carbon atoms of any triazine ring lie on the same side of the plane of the 



Figure 1. A fragment of the cyclol fabric. The median plane of the lamina is the plane of the paper. 
The lamina has its “front” surface above and its “back” surface below the paper. • =N. 
0=C(OH), hydroxyl upwards. ®=C(OH), hydroxyl downwards. O—=CHK, direction 
of side chain initially outwards. 0-=CHR, direction of side chain initially upwards. 

fabric, but in three neighbouring triazines (beyond the adjacent diazines) the oxygens 
lie on the opposite side of the plane. 

A characteristic feature of the cyclol fabric shown in figure 1 is the presence 
of lacunae or openings around which there are six triazine rings at the comers of 
a hexagon and six diazine rings that form the sides of the hexagon. The side chains 
that are attached to the carbon atoms on the near side of each diazine ring are 
arranged around the lacuna with trigonal symmetry. Three of these side chains 
are bound to the carbon atoms of the fabric by bonds that rise vertically upward 
from the median plane of the fabric, while the other three are attached by bonds 
that form an angle of 71 0 with the normal to the plane. Thus the bonds that hold 
the side chains all lie on one side of the median plane. The fabric is thus dorsi- 
ventral, i.e. its two sides are different. This characteristic results from the fact 
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that all the amino acids have the same configuration (item 3). This puzzling uni¬ 
formity thus receives a simple interpretation on the cyclol theory. 

The fact that only a-amino acids are present in proteins (item z) also becomes 
understandable on the basis of the cyclol theory, for only by having building units 
of equal length, and in fact only with three atoms in the chain, can a symmetrical 
plane fabric structure such as the cyclol fabric be constructed. 

Other types of fabric. It should be noted that the cyclol fabric, figure 1, contains 
only B units; Dr Wrinch has shown that by using both A and B units it is possible 
to construct a large number of other fabrics which, however, all have larger lacunae 
and therefore a less compact 4 structureAlthough she has made many attempts 
she has not yet succeeded in constructing any plane fabric, other than that shown 
in figure 1, using only B units. It seems therefore improbable that any other 
fabrics of this type exist. The cyclol fabric thus seems to be derivable automatically, 
as a definite mathematical consequence, from the postulate of the four-armed B unit 
and the tetrahedral valency angles of the nitrogen and carbon atoms. 

Cyclol bonds and peptide links. The B unit was derived from the A unit by the 
transfer of a proton from a nitrogen atom to the neighbouring CO group. The 
pair of new bonds produced in this way may be called cyclol bonds. Conversely, 
the passage of a proton from any COH group in a cyclol fabric to either one of the 
two adjacent nitrogen atoms causes the breaking of a cyclol bond but leaves the 
resulting CO group bound to the other nitrogen. The breaking of cyclol bonds 
therefore does not allow the residues to fall apart but leaves them bound by peptide 
linkages as in the normal polypeptide chain formed of A units. The breaking of 
all the cyclol bonds in a cyclol fabric leaves closed polypeptide chains consisting 
only of A units. 

This breakdown can conceivably occur in many ways, for in the breaking of 
one cyclol bond a proton can pass to either of two nitrogen atoms (l2) . It might 
seem, therefore, that an enormous number of different polypeptide chains would 
result from the degradation of a single protein. It is more probable, however, that 
the strength of any cyclol bond depends on the nature of the neighbouring side chains, 
and thus the breakdown of the fabric may be expected to follow a preferred path 
giving a very limited and definite set of closed chain polypeptides. 

Chemists have raised several objections to the cyclol bond, upon which the 
cyclol theory is based. Some chemists assert that a bond of this type has never 
been found in chemical compounds and therefore must be too unstable to exist. 
One must remember, however, that the substances whose structures the chemists 
determine are not often broken down by such mild treatments as those that cause 
denaturation of proteins. In fact, the cyclol bond, if it is to explain the structure 
of the globular proteins, must be so unstable that the chemist should not have 
found it by the methods he uses. There have been some attempts to calculate the 
energy of formation of cyclol bonds and so to prove that they are too unstable to 
be formed. The theoretical basis of such calculations and the data upon which 
they rest are as yet too uncertain to be of much value, especially as they fail to take 
into account several stabilizing factors that we shall discuss presently. 
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Another objection often raised is that covalent bonds between carbon and 
nitrogen, such as those that act both between the A units in the polypeptide chains 
and between the B units in the cyclol fabric, involve too much energy to permit 
the ready formation and breakdown of the cyclol fabric. The formation of the 
cyclol bond, however, involves not merely new bonds between carbon and nitrogen 
but also causes an NH group to lose its hydrogen and changes a CO group into 
a COH, changes whose energies may compensate for that of the carbon-nitrogen 
bond. A definite answer to this type of objection is given by the observed reversible 
formation of aldehyde-ammonia, by the reaction: 

CH 3 CH s 

Ao+NH 3 =hAoH 
if nh 2 

Here the nitrogen atom from the ammonia attaches itself directly to the carbon 
of the CO group and gives a COH just as in the formation of the cyclol bond. The 
reaction gives an equilibrium at ordinary temperatures so that it must be easily 
reversible. 

Folding of the cyclol fabric into polyhedra . The cyclol fabric possesses many 
features which suggest that it can account for many of the properties of the globular 
proteins. Whereas the polypeptide chain, with its free rotation about the bonds 
connecting its links, has no definite shape and thus has no predisposition to give 
crystals, the cyclol fabric has a skeleton with a highly organized and symmetrical 
structure which might confer on molecules built from it a strong tendency to 
crystallize (item 9). The trigonal symmetry of the fabric might be the basis for the 
occurrence of the factor, 3 in Bergmann’s numbers (item 6). The unique position 
of the globular proteins among all products that are obtained by their denaturation 
and degradation could thus be interpreted as an indication that they alone are built 
exclusively of B units; on this view denaturation results from the breaking of 
cyclol bonds, with the production of less symmetrical and less closely integrated 
structures. 


§6. CAGE STRUCTURES 

The plane cyclol fabric, however, can extend indefinitely in two dimensions 
and so does not give discrete molecular weights or definite, chemically individual, 
substances. In this respect it has the same inadequacy as the polypeptide chain. 
Dr Wrinch was thus led to study the possibility of folding the plane cyclol fabric 
into space-enclosing structures. 

In the skeleton of the cyclol fabric all the carbon atoms are surrounded by four 
other atoms in positions corresponding to the four tetrahedral valency angles. In 
the case of the nitrogen atoms, however, only three of these positions are occupied. 
It thus happens that the cyclol fabric can be folded along certain trigonally arranged 
lines, but only at the tetrahedral angle of 109°, by the shifting of bonds on certain 
nitrogen atoms to the previously unoccupied positions. The cyclol theory thus leads 
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to the consideration of those polyhedral cage structures which can be formed by 
folding the fabric through angles of 109°. The necessity of preserving the valency 
angles presents certain difficulties at the corners where two folds meet. This further 
restricts the possible lines along which folding can occur. 

The polyhedra that can be formed from the cyclol fabric in this way have 
definite sizes and shapes. Even after much study only one series of polyhedral 
cage structures has been discovered. These are all truncated tetrahedra, whose 
eight faces are all parallel to corresponding faces of a regular octahedron. Their 
sizes are such that they can comprise only 72, 288, or in general 72w 2 residues, 
where n is any integer. For convenience these structures are represented by the 
symbols Q, C 2 , and C n . Figure 2 shows a photograph of a model of the C 2 
structure. 



Figure 2. 

These C n structures have no centre or plane of symmetry. If we consider only 
the skeleton (disregarding the positions of the side chains) they have four triad 
axes and three dyad axes, which are direct consequences of the triadic and dyadic 
symmetries of the triazine and diazine rings. With different selections and arrange¬ 
ments of R groups the symmetry may be decreased. Evidently, appropriate arrange¬ 
ments of R groups can give trigonal molecules. 

These polyhedral cage structures are a mathematical consequence of the original 
assumptions of the cyclol theory. They show that the existence of globular proteins, 
having definite molecular weights, can be deduced from this theory and that no 
continuous variation of molecular weights of proteins is to be expected. They indicate 
a deep-seated symmetry in the architecture of protein molecules, which is a direct 
consequence of the rhythm of C—C a —N in the chemical composition of proteins. 
Numbers such as 5 or 7 do not put in an appearance in such a picture, and numbers 
involving 2 and 3 occur naturally, without any ad hoc assumption. 

These structures explain the definite molecular weights found by Svedberg, 
since cages comprise definite numbers of residues. The molecular-weight classes 
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thus indicate structures having certain special numbers of residues. Different 
selections of amino acids cause the spread of the molecular-weight classes. The 
geometrical relations between the various cage structures explain the relations 
between the molecular-weight classes. The molecular-weight class at about 36,000, 
in particular, is interpreted as indicating the C 2 structure which contains 288 
residues. This is in agreement with Bergmann’s claim that the egg-albumin molecule 
contains 288 residues. The symmetries of the cyclol molecules explain the numbers 
2 W .3 W which Bergmann has found for the numbers of individual amino acids in 
several proteins (item 6). 

Stability of cyclol cages . Although cyclol bonds in isolation may well be unstable, 
yet in the cyclol fabric they may be stabilized by several different factors. The 
formation of a triazine ring, for example, presumably has such an effect. 

In a triazine ring the three carbon and the three nitrogen atoms occupy alternate 
positions. The three carbons carry oxygens, and according to the original cyclol 
hypothesis each oxygen carried a hydrogen. The chemist, however, has found no 
evidence of hydroxyl groups of this kind in proteins and is thus sceptical of their 
existence. But there have already been many cases in which the chemist has not 

(a) boH-om (b) foJ» (c)«id«s 

Figure 3. 

been able to find hydroxyls which he had reason to suppose were present in 
a structure. In salicylaldehyde and nitrophenol, for example, spectroscopic investi¬ 
gations showed that the hydroxyl band is absent. The deduction was then drawn 
that the hydrogen acts as an intramolecular bond between oxygens (l4) . This explana¬ 
tion fitted well with the abnormal closeness of approach (about 2-5 a.) of the 
oxygen atoms in these structures which in many cases had already been interpreted 
to indicate hydrogen bonding of atoms. 

Let us then treat in exactly the same way the triazine rings in the cyclol fabric, 
in which the oxygens also lie abnormally close together (about 2*45 A. apart). If we 
postulate that each hydrogen atom takes a position between two oxygens and forms 
a bond between them, we have a cage-like structure comprising five six-membered 
rings as illustrated in figure 3. 

Figure 3 (a) shows the projection on to the plane of the fabric of the positions 
of the three carbon and three nitrogen atoms that form the skeleton of the triazine 
ring. If we consider one of the triazines in which the oxygens lie above the carbons, 
then the top of the cage, which is shown in figure 3 (b) as a projection on to the 
plane of the fabric, consists of a six-membered ring having three oxygens connected 
by three hydrogen bridges. The three sides of the cage are shown diagrammatically 
in figure 3 (c) as a developed surface formed by opening the triazine ring and 
spreading its sides out into a single plane perpendicular to that of the fabric. 
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The presence of hydrogen bonds between the oxygens of the triazine rings 
would not only account for the short distance between the oxygen atoms and the 
chemist’s failure to detect OH groups in proteins, but would give a type of resonance 
that could increase the stability of the cyclol fabric and, by permitting the trans¬ 
mission of chemical effects throughout the fabric, explain the extraordinary specificity 
of the globular proteins. 

In the cyclol fabric, because of the multiple paths by which any two atoms of the 
skeleton are bound together, the breaking of a single cyclol bond does not lead to 
a disintegration of the fabric. The broken bond may thus be re-established at 
a later time. It is reasonable to assume that throughout the cyclol fabric there may 
be a tautomeric equilibrium between A and B units by which cyclol bonds are 
continually breaking and reforming, although at any time only a negligible fraction 
of J 5 units are present. This would give to the proteins a high reactivity. Denatura- 
tion which depends upon a breakdown of the fabric would thus require the 
simultaneous breaking of a large number of cyclol bonds and would involve a very 
high activation energy in accordance with the extremely high observed value of 
the temperature coefficient of the rate of denaturation by heat. The multiple paths 
of linkage which thus give this high activation energy must therefore also contribute 
a stabilizing factor to the cyclol fabric. 

The closing of the cyclol structure into a complete polyhedron, which eliminates 
edges from the fabric and greatly increases the symmetry, furnishes a third stabilizing 
effect, which would help to overcome any inherent instability in isolated cyclol bonds. 
The chemical objections that have been made to the cyclol bond on the score of 
stability are therefore not applicable to the cyclol structure of the globular proteins. 

Resonance within cyclol cages . With the hydrogen bonding between the oxygen 
atoms, each triazine ring becomes a resonant system which links together six 
neighbouring side chains. May we not perhaps regard each diazine ring in the 
cyclol fabric as the analogue of an electrical circuit, whose natural frequency is 
determined by the character of the side chains in this ring? If we have n resonant 
circuits coupled together through the triazine rings they should be characterized by 
n a frequencies, no one of which would be the same as the natural frequencies of the 
separate circuits. An electrical network having coupled resonant circuits with the 
geometrical arrangement of the diazine rings of the cyclol polyhedra should possess 
interesting properties that might help to explain the specificity of the globular pro¬ 
teins. The situation would presumably be somewhat analogous to that in the Debye 
theory of the specific heats of crystals, in which a crystal is considered as having a 
large number of modes of vibration. Thus the cyclol polyhedra may be characterized 
by a whole spectrum of frequencies definitely correlated with the symmetry of the 
structure as a whole. A single factor which disturbs the symmetry might have a 
profound effect upon some of the characteristic frequencies. If we imagine that 
these frequencies are important in the interactions between proteins or in funneling 
the energy to a prosthetic group (as to the haematin in haemoglobin), we have a 
possible reason for the important effects produced by apparently minor changes in 
the structure of the protein molecule. 



The structure of proteins 607 

Protein monolayers . The spreading of proteins to form monolayers which are 
extremely insoluble, even when compressed between barriers, proves the presence 
within each molecule of protein of hydrophobic groups having an effect equivalent 
to at least 340 CH 2 groups (6) . On the other hand, the high solubility of many 
globular proteins in water shows that these hydrophobic groups cannot be present 
in the surfaces of the molecules but must be hidden away in the interior. The 
solubilities of the globular proteins and the insolubilities of their monolayers is 
definite evidence for a cage structure of the molecules of the globular proteins. The 
breakdown of the cage structure by the formation of the monolayers or by other 
forms of denaturation makes available the hydrophobic groups and so tends to 
render the protein insoluble. 

The situation in regard to the solubilities of the proteins is closely related to the 
solubilities of soaps and many other substances whose molecules have long hydro¬ 
carbon chains which carry ionic groups at one end (7) . The hydrophobic parts of the 
molecules of these substances tend to coalesce and thus form droplets or micelles 
having a hydrophilic surface and a hydrophobic interior. G. S. Hartley has shown 
that cetyl trimethyl ammonium salts form spherical micelles of nearly uniform size 
having a radius equal to the length of the hydrocarbon chain (rs) . The decrease in free 
energy involved in the formation of these micelles results from the coalescence of 
hydrophobic groups. 

The coalescence of the hydrophobic groups in the interior of a cyclol cage 
molecule, such as that postulated for insulin, would similarly result in a large 
decrease in energy and so furnishes us with a fourth stabilizing factor for the cyclol 
polyhedra. A rough calculation indicates that at least 600 kcal. is involved in 
bringing together the hydrophobic groups of an insulin molecule within the cyclol 
cage structure. 

Denaturation of globular proteins . The polyhedral cage structure corresponding 
to C 2 contains 288 residues. The number of ways in which 20 kinds of side chains 
could be arranged in these 288 available positions is of course prodigious, but is 
insignificant in comparison with the number of products that could be formed by 
the progressive breakdown of the structures by the successive breaking of cyclol 
bonds. Thus the globular protein, which corresponds to the cyclol cage, occupies a 
unique position as the only structure consisting wholly of B units. No such unique 
position of the globular protein is suggested by the polypeptide theory or, as far as 
I know, by any other theory of protein structure. It fits the observed remarkable 
properties of the globular proteins so well as to give strong support to the cyclol theory. 

It is probable that very special conditions, characteristic as yet only of living 
organisms, are required to bring amino acids into the highly organized structure of 
the cyclol polyhedron. Denaturation corresponds to any breakdown of the structure 
produced by the opening of cyclol bonds. We can see why denaturation is usually 
an irreversible process, although in some cases of very mild denaturation, where few 
bonds are opened, the bonds may reform because the multiple paths of binding hold 
the parts in suitable position. Sufficiently severe denaturation or degradation treat¬ 
ments yield finally the polypeptide chains which the chemist finds. 
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§7. GENERAL EVIDENCE FOR THE CYCLOL THEORY 

We have now compared the properties that are to be expected from the cyclol 
theoiy of the structure of the globular proteins with the first eleven of the items of 
our list of properties of these substances. In my opinion, the agreement has been 
so good as to justify the cyclol theory and to give a strong reason for believing that 
the theory gives the true structure of these proteins. 

The question naturally arises whether other possible structures might not fit 
the facts equally well. The very large number of independent properties which are 
correlated by this theory, and the extreme simplicity and small number of postulates 
from which it is derived by purely logical processes, lead me to believe that for the 
simplest globular proteins it is improbable that any essential modification of the 
present cyclol cage structure can be made which will fit the facts as well. For 
example, it has been suggested that the cyclol bond, instead of being a covalent 
bond between carbon and nitrogen, might involve a hydrogen bond. Any such 
modification, however, would reduce the symmetry of the structure and would 
increase the distance between the atoms so that the C 2 cage polyhedron would have 
a volume far larger than the known volumes of the protein molecules. 

It must be recognized that the cyclol theory in its present form cannot assign 
definite positions to particular amino-acid residues. It is a merit of the theory that 
it leads to a characteristic pattern for the skeleton of the simplest globular proteins 
without requiring knowledge of the side-chain arrangement. Its indication that 
these proteins have many features in common, as given in our list of 12 items, 
independently of the selection of side chains, is well supported by the facts. 

x-ray evidence regarding the structure of globular proteins. The physical and 
chemical evidence in support of the cyclol cage structure for the molecules of 
globular proteins which we have discussed is of the same general character and 
sufficiency as that which has been found so useful by chemists in establishing the 
correct structures of organic molecules. The modern methods of x-ray analysis of 
crystals and molecular structures, when sufficiently detailed and accurate data are 
available, have frequently given a precise and certain determination of structure. 
In most cases these structures have confirmed the findings of the chemist, but 
sometimes they have led to modifications which have thrown new light on the 
nature of chemical combinations, as for example in structures involving hydrogen 
bonds and other resonant systems. It is probable that the final decision regarding 
the correct and complete structures of globular proteins will be based upon x-ray 
data. 

§8. THE STRUCTURE OF INSULIN 
Among the six proteins which have given good x-ray pictures only one, insulin (l6) , 
shows that the unit crystallographic cell contains a single molecule. Since the 
interpretation of the data is greatly facilitated by the knowledge that the cell 
contains only one molecule, the case of insulin assumes particular importance as a 
test of the cyclol theory. Let us examine therefore the conclusion that can be drawn 
from the x-ray studies of insulin. 
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The crystal is found to have trigonal symmetry, and therefore since there is only 
one molecule per cell the molecule itself must have trigonal symmetry. Such high 
symmetry is very unusual in large organic molecules even though these are much 
smaller than the insulin molecule. We have seen that the skeleton of the cyclol cage 
polyhedron has trigonal symmetry, so that with suitable choice of side-chain 
locations the molecule itself could be trigonal. The cyclol structure, in thus explaining 
a type of symmetry unusual for large molecules, receives confirmation from the 
x-ray data. 

Sedimentation data obtained with the ultracentrifuge have shown that insulin 
molecules are approximately spherical and belong to the 36,000-molecular-weight 
class to which the C 2 structure with 288 residues should apply. If a mean distance 
i'S a. is taken between carbon-carbon and carbon-nitrogen atoms, the absolute size 
of the C 2 cage can be calculated; it is found to fit the cell given by the x-ray measure¬ 
ments, which it would not have been likely to do if any other than the cyclol bond 
had been postulated (l7) . 

Subsequently Crowfoot measured the relative intensities of reflection from 
various planes, giving a total of 59 intensity-measurements (l8) . From these data she 
was not able to determine the structure, but summarized her data in five vector 
diagrams which gives the relative distribution of the vectors connecting all pairs of 
electrons in the crystal. The complete 3-dimensional vector map, of which the 
sections and projections given by Crowfoot furnish a rather imperfect picture, 
should contain all the data available from the x-ray measurements. To obtain the 
structure from the vector map requires some assumptions as to the nature of the 
centres that give the x-ray scattering. Dr Wrinch and I have assumed the smallest 
possible number of discretely arranged high-density or low-density regions, which 
we propose to call discrons, that seem capable of accounting for the main features 
of the Crowfoot diagrams <I9) . Our studies of the data show that the most important 
maxima of the Crowfoot diagrams can be interpreted as being due to six high- 
density discrons per molecule located at the six comers of a regular octahedron of 
side 29-4 a. Now the six slits or comers of the C 2 polyhedron, as shown in figure 2, 
also lie at the six comers of a regular octahedron of side 29-4 A. Therefore if we 
assume at these slits discrons of sufficiently high density, we find that the x-ray 
data give direct confirmation of the size and shape of the cyclol polyhedron as given 
by the location of its comers. 

Further examination of the Crowfoot diagrams shows features that correspond 
to (1) a low-density discron at the centre, i.e. a hollow cage; (2) low-density discrons 
at the positions corresponding to the lacunae of the cyclol fabric; and (3) high- 
density discrons near the middles of lines connecting molecular centres (except along 
the z axis) where the zinc atoms, with associated polar side chains that bind the 
molecules together, are probably located.. 

The x-ray data, in my opinion, are thus not incompatible with the cyclol 
structure for insulin, but on the contrary give strong confirmatory evidence of its 
correctness. 

Unfortunately, Crowfoot’s data give only relative intensities, so that one cannot 
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determine how many atoms of, say, sulphur in each of the discrons at the slits would 
be sufficient to account for the features of the x-ray pictures, nor at present can one 
analyse in detail the nature of the low-density discron at the centre. Since the 
average density of the electrons in the proteins is not greatly different from that of 
water, which must fill all intermolecular spaces, the x-ray reflections are produced 
by slight variations in electron-density associated with certain atoms and groups of 
atoms in the skeleton and side chains. The C—C a —N skeleton of the cyclol fabric 
represents only 28 per cent by weight of the insulin crystal. Since the most uniform 
distribution of electron-density is in the skeleton, the latter probably contributes less 
than the side chains to the rather definite maxima and minima shown in the vector 
diagrams. It seems probable that the observed discrons at the slits are due mainly 
to sulphur atoms in side chains located in these positions. The low-intensity region 
at the centre is due to the fact that the distance between parallel faces of C 2 is 24 a., 
so that with any arrangement of side chains there is necessarily a region at the centre 
which they do not fill. This region may be filled with water or it may even be a void. 

The system of given discrons located at the comers and centre of an octahedron 
of side 29*4 A., suggested by the C 2 structure, was also deduced from the published 
(0001) vector projection (ao) . A second (0001) vector projection, corrected for 
temperature effects (so far unpublished), was produced by Bernal at the Royal 
Society discussion on proteins on 17 November 1938. This projection permits, 
although it does not require, the displacement of the A, B , C maxima to degenerate 
positions which lie on a single equitriangular mesh system, with a side of about 10 A. 
common to the whole crystal. Adopting this placing of the peaks, Bernal has 
suggested (2l) , as the structure of insulin, a set of 18 discrons whose projections on 
the (0001) plane lie on this equitriangular mesh system. These discrons are con¬ 
sistent with this particular reading of the (0001) vector diagram, but they must also 
be considered in relation to the three-dimensional vector map. Of these 18 discrons, 
six of course are located at the corners of the C 2 octahedron as before, the six which 
lie outside the C 2 structures are not confirmed by the # = 0 vector section and so 
must be discarded, and the remaining six (whose existence in view of the z = o vector 
section is by no means certain) can without difficulty be interpreted in terms of the 
C 2 structures. There is therefore no inconsistency between the C 2 structure and the 
new (0001) vector diagram, whether or not the A , B, C peaks lie in the special 
positions assumed by Bernal to be the correct one (2l) . 

In view of the fundamental importance of the structure of insulin more extensive 
data are urgently required. It must be recognized that 59 relative intensities are not 
enough io establish the structure of insulin. Thus it is not possible from relative 
intensities to make a quantitative determination of the intensities of the postulated 
discron system necessary to account for the vector diagrams. To discover, for 
instance, how many sulphur atoms must be placed in each of the octahedrally 
arranged discrons, it is necessary to have absolute intensities. Further, these data 
relate to a dry crystal. In view, of the remarkably detailed x-ray photographs of wet 
haemoglobin (4) , it is probable that a wet insulin crystal would yield a very much 
more extensive set of data. Again, the diagrams relate to a zinc-insulin crystal only. 
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But insulin is known to crystallize also with cadmium and with cobalt atoms in 
stoichrometric proportions. A study of wet and dry insulin crystals, in which 
cadmium or cobalt or even, if possible, mercury took the place of zinc, would be oi 
great value. 

§9. CONCLUSION 

We may sum up the present position with regard to the structure of proteins as 
follows. A vast amount of data relating to protein structure have been collected by 
workers in a dozen different fields. No reasonable doubt remains as to the chemical 
composition of proteins. The original idea of native proteins as long chain polymers 
of amino-acid residues, while consistent with the facts relating to the chemical 
composition of proteins in general, was not a necessary deduction from these facts. 
Moreover it is incompatible with the facts of protein crystallography, both classical 
and modern, with the phenomena of denaturation, with Svedberg’s results which 
show that the native proteins have definite molecular weights, and with the high 
specificity of proteins discovered in studies in immunochemistry and enzyme 
chemistry. All these facts seem to demand a highly organized structure for the 
native proteins, and the assumption that the residues function as two-armed units 
leading to long-chain structures must be discarded. The cyclol hypothesis introduced 
the simple assumption that the residues function as four-armed units, and its 
development during the last few years has shown that this single postulate leads by 
straight mathematical deductions to the idea of a characteristic protein fabric which 
in itself explains the striking uniformities of skeleton and configuration of all the 
amino-acid molecules obtained by the degradation of proteins. The geometry of 
the cyclol fabric is such that it can fold round polyhedrally to form closed cage-like 
structures. These cage molecules explain in one simple scheme the existence of 
megamolecules of definite molecular weights capable of highly specific reactions, 
of crystallizing, and of forming monolayers of very great insolubility. The agreement 
between the properties of the globular proteins and the cyclol structures proposed 
for them is indeed so striking that it gives an adequate justification for the cyclol 
theory, especially in view of the fact that this great variety of independent facts are 
on this theory seen to be logical consequences of one simple postulate. 
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DISCUSSION 

Dr D. Wrinch : I do not want to-night to go into any details regarding the 
theoretical aspects of protein structure, but rather to thank Dr Langmuir for the 
new light which he has thrown on the subject. I would also point out how critical 
it is for the future progress of our knowledge of protein structure—upon which of 
course the future of medicine also depends—that additional data should be obtained. 
It is perhaps hardly realized by workers in physics that we do not yet know the 
complete composition of any single globular protein. Data regarding the chemical 
composition of insulin are still very incomplete and make it impossible at present to 
locate the side chains. Such chemical data are urgently needed and can be obtained 
by the application of the established methods of chemical analysis. Dr Langmuir 
has stressed the great importance of applying to the proteins all the techniques of 
physics which are appropriate. Great progress in the isolation and crystallization of 
proteins now provides for physical investigations an almost unlimited wealth of 
material. 
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ABSTRACT . The modified (0001) vector projection for an insulin crystal is examined 
in relation to the C 2 structure proposed for the insulin molecule. .It is found that this 
projection confirms the C 2 structure represented by the discron system 35+3/ — 0 
provided it is adequately loaded at its slits. Bernars suggestion of an 18-discron set 
structure for the insulin molecule is shown to be untenable, since it is inconsistent with 
the #=0 vector section. 


I N order to interpret the vector diagrams obtained from a zinc-insulin crystal (l) , 
and to test whether they offer confirmation or refutation of C 2 , the 288-residue 
cyclol cage structure earlier proposed for the insulin molecule (2) , the vector map 
of this C 2 molecule was considered^. The C 2 structure has a skeleton framework 
lying on the surface of a truncated tetrahedron. It was convenient to replace this 
by an equivalent octahedron (the C 2 octahedron) whose side of length 1=8 ^ 6 .a 
was so chosen that the distance between opposite faces is the same as the corre¬ 
sponding distance 160 between opposite faces in the C 2 polyhedron. The vector 
map of the C 2 octahedron lies on and within a similarly oriented octahedron of 
side 2/, and the vector map of its six corners comprises points at the corners and 
midpoints of the sides of this 2/-octahedron. Projected on the (0001) plane, this 
octahedron becomes a hexagon whose side 2A = 2 Z/v / 3 = i6 *s/2.a> and the points 
project into six points at its corners, six at the midpoints of its sides, and six at 
the midpoints of lines joining alternate comers. 

Now a , the only metrical parameter of the cyclol system, is a mean between 
the C—C and C—N bond lengths and it has been convenient to assign to it the 
arbitrary value 1-5 a. With this value, the C 2 octahedron is of side 29*4 A., the C 2 
hexagon, into which the C 2 octahedron projects on the (0001) plane, is of side A, 
equal to 16*9 a., and the C 2 vector octahedron and vector hexagon are correspondingly 
of twice these dimensions. 

Now the (0001) vector projection calculated from x-ray data has three hexadic 
sets of maxima A , B, C (shown in figure 1). When it was compared with the C 2 
vector hexagon, it was found that, when the C 2 molecules are set skew in the 
lattice at a certain angle a of about 6°, the A , J 5 , C points are the vector map of 
3^+3^ — °y namely a triad of high-density regions of intensity s at the three upper 
corners of the C 2 octahedron, a second triad of intensity s' at the three lower corners, 
and a low-density region — 0 at its centre, the negative region at the centre accounting 
for the low intensity of the C points (4) . We conclude that this vector projection is 
consistent with the proposed C 2 structure (which necessarily has a low-density 
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region at its centre) provided that there are adequate concentrations of atoms, 
belonging presumably to special side chains at its six corners. 

The vector map of a crystal is a three-dimensional inventory of all the informa¬ 
tion obtained by means of x-ray observations. This was emphasized in another 
investigation* 5 * in which the location in three-dimensional vector space of inter¬ 
actions of these, and certain other regions of high and low electron-density suggested 
by the structure of C 2 , were checked from the various available sections of the 
vector map. 

This interpretation of the experimental diagrams, put forward at an early stage 
of the work as a demonstration of the application of the method of discrete point 



Figure i. 

set to megamolecular crystals, and to initiate discussion of the insulin diagrams 
which had previously been left uninterpreted* 1 *, embodies several features. 

(1) The megamolecular lattice is regarded as a uniform distribution of electrons 
upon which are superposed certain discretely arranged electron-density deviations 
or discrons . A discron is an isolated region in which the electron-density is high 
(in which case the discron is positive and can represent a single electron, an atom, 
or a group of atoms) or low (in which case the discron is negative and can represent 
a region sparsely populated with electrons or even a hole or void). 

(2) The vector diagrams were shown to confirm the suggestion* 2 * that the insulin 
molecule has a structure of highly symmetric type. 
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(3) The skewness of the A, B, C points in the (ooox) plane was interpreted 
to mean that the symmetric molecules are set skew in the crystal at a small angle a 
of about 6°. 

The preliminary successes in checking the predicted structure by the experi¬ 
mental diagrams led to a development on geometrical lines of the general point 
of view of crystal megalattices and their vector maps as sets of discrons in atomic 
space and vector space respectively^. The crucial question is then, evidently, 
the interrelation of the two types of discron sets (7 \ 

Assuming that the A, B, C points of the (0001) projection shown in figure 1 
are due to interactions of discrons, we deduce from it two and only two point sets 



in atomic space (8) . One of these is necessarily discarded, since the relations between 
the intensities in the vector projection (B>A>C) do not allow any discrons at 
these points to tally satisfactorily with the given intensities in vector space. It was 
therefore deduced that the A, B, C points of the (0001) vector projection implies 
the discron set (35+3/ — 0) corresponding to the projection of the centre and 
octahedral points of the C 2 molecule (figure 2). By considering the various sections, 
it was seen that these points actually lie at heights appropriate for the C 2 octahedron. 

Subsequently attention was directed^ to the strong intensity of the reflection 
from the' (8, 7, T, o) plane which cuts the (0001) plane at the angle tan -1 (1/5 ■s/f) 
or 6° 36' to the axes of the crystal. But this datum (in common with all the other 
data obtained) is already taken account of in the vector diagrams. It, in particular, 
is manifested in the (6001) projection in the approximate alignment of the A, B, C 
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points at a small angle a to cell boundaries and thus gives no additional information. 
Further, a new (0001) projection, corrected for temperature effects, was produced* 9 
and the three sets of points A, B, C were placed at points on a single equitriangular 
mesh system common to the whole crystal, set in the lattice at the angle equal to 
tan -1 (1/5 V3)> an d having its side d equal to b sin oto/sin 7 t/ 3 or 6/VS 7 > where b, 
the side of the hexagonal cell, is 74-8 A. and d is consequently 9-92 A. This mesh 
may be denoted by (d, «o). From the original report it was not possible to define 
a more closely than as “about 6°”, since the numbers obtained by calculation from 
the x-ray observations were not given and only sketches of contour lines were 
shown. While it may be the case that, as has been assumed* 95 , the numbers allow 
the A, B, C points to be placed in these positions (figure 3), the degree of accuracy can 
hardly be s ufficient to define their positions within one angstrom or the angle a within 



Figure 3 . 

one degree. It is clearly undesirable at present to restrict discussion to any one value 
of a. It is particularly undesirable to consider only the value oc 0 , since this is 
a degenerate case, indicating special relations between intramolecular and inter- 
molecular distances between discrons in the insulin crystal, and such relations, in the 
absence of independent chemical evidence requiring them, do not commend them¬ 
selves as plausible in a lattice of megamolecules bound together by zinc ions. The 
case ao can however profitably be discussed, both as a basis for deductions as to the 
structure of the zinc-insulin crystal and as a check on the hypothesis that C 2 is 
the structure of the insulin molecule. We notice first that when the points A, B , C 
are placed on the points of the mesh system (d, a*,), the (0001) projection permits 
the postulation of discrons at all points of this same mesh system in atomic space. 
Since the zinc-insulin crystal is trigonal, all discrons except those on the trigonal 
axis z fall into triads, the discrons of one triad having the same intensity and the 
same z co-ordinate. Thus the discrons under consideration comprise, in addition 
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to discrons at o, discron triads at certain heights at 1, at i', at 2, at 2', at 3, and at 3', 
as shown in figure 4. 

In presenting the new projection, Bernal adopted the features (1), (2) and (3) 
mentioned above and drew attention to the eighteen points 1,12,2', 3,3', suggesting 
that discrons at these points are permitted by the x-ray evidence. But while the 
new placing of A, B, C in the (0001) projection permits discrons to be postulated 
at all these points, it does not require this and consequently the existence of each 
discron must be confirmed in turn by reference to the three-dimensional vector map. 

Comparing this system of discrons with the system originally postulated in 
accordance with the hypothesis that the insulin molecule has the structure C 2 
adequately loaded at its six slits, we see that the discrons at 2 and 2' correspond 
to the discrons s and s\ a being taken as 1 *515 A. or (if for some reason it is desirable 



to maintain its value at 1-5 a.) the s , s' discrons being moved 0*5 a. inwards from the 
comers of the C 2 octahedron. The additional discrons at 1 and at i' lie within the C 2 
structure and allow of interpretation in terms of this structure. The remaining 
discrons at 3 and at 3' on the other haiid lie outside the C 2 structures and there 
appears to be no reason to expect them. 

To discover which of the discrons are confirmed by the three-dimensional vector 
map, we notice that any discron triad of intensity i with the same z co-ordinate 
necessarily gives an interaction of positive intensity i 2 at a hexad of points on the 
z =0 plane in vector space. Figure 5 shows the z—o vector diagram. On it are 
marked the points i 2 , 2 2 , 3 2 at which the domestic interactions of triads at 1 and 
at 1', at 2 and at 2', at 3 and at 3', respectively should occur. The points 2 2 lie in 
high-intensity regions, in accordance with the postulate of s , s' discrons at the 
corners of the C 2 octahedron. The points 3 2 on the other hand lie in low-intensity 
regions, and it is therefore necessary to reject the hypothesis that there are discrons 
at the points 3 and 3'. The points 1 2 lie in regions of moderate intensity, leaving it 
for the moment an open question whether discrons at x and i' exist or not. , 
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This preliminary investigation of the degenerate case Oq thus yields the con¬ 
clusion that the only discron sets for the insulin crystal permitted by the points 
A 9 By C consists of the discron system 35+3^—o, with the possible addition of 



Figure 5 . 


discron triads of lower intensity r and r' at points 1 and i\ Thus the C 2 structure 
represented by the discron system 3^+3/ — 0, i.e. adequately loaded at its slits {with 
the possible addition of discron triads r and r' at points within the C 2 structure), is 
confirmed. 
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DISCUSSION 

Prof. J. D. Bernal. I very much regret that I am unable to accept the major 
conclusions to which Dr Langmuir’s address leads. Dr Langmuir maintains that 
apart from the x-ray evidence all the physicochemical evidence points to the cyclol 
model and in fact provides practical proof of it. In my opinion, on the contrary, 
of the eleven points which he cites as proof of the cyclol hypothesis, only one lends 
some doubtful support to the hypothesis, five have been assumed in framing the 
hypothesis and cannot be claimed as confirmation of it, one is irrelevant, and the 



A note on the structure of insulin 619 

remainder, although they can be explained by the cyclol hypothesis, can equally 
well be explained in a number of other ways. 

The cyclol hypothesis assumes the peptide residue (1), the existence of amino- 
acids (a), and the tetrahedral configuration of the carbon atoms (4). Dr Langmuir's 
third point, the laevo configuration of the acids, though interesting, does not lead 
to any results which are used in the cyclol hypothesis, as the actual position of the 
side chains is left indeterminate. The idea of a spherical molecule (6) of definite 
size (5) and packing of crystalline aggregates (9) were all points which have been 
known before the setting up of the cyclol cage structure and in fact led to it. Only 
the fact that one of the cyclols contains 288 residues, which may be but by no means 
necessarily must be the number of residues in such a protein crystal as insulin, can 
be cited as any indication that the cyclol hypothesis predicts observed properties of 
protein molecules. The crystallinity and specificity of proteins (9 and xo) are mere 
consequences of the existence of discrete and identical molecules, while the fact of 
denaturation and the formation of monolayers simply indicates that the protein 
molecule has some form of regular structure, and cannot be used to justify any 
particular regular form. The argument of monolayers resembles in fact that con¬ 
demned by Dr Langmuir in discussing chemical analysis, because the original 
structure of the protein molecule, whatever it was, is destroyed when once it is in 
a monolayer. Point 10, the solubility in water, can only be explained by an addi¬ 
tional assumption, that all hydrophobic groups are inside and all hydrophilic groups 
outside, and as the cyclol hypothesis offers no reason for this assumption it cannot 
be claimed as a proof for its correctness. 

Taken in all, therefore, we can say that apart from the assumptions of the cyclol 
ring involving a structure of high energy, the physical evidence, though compatible 
with the cyclol hypothesis, in no way points to it. I have been connected with the 
hypothesis since its inception, and as long as no other arguments were put forward 
I was content to consider it as a possible solution which had neither been proved 
or disproved; and as chemical evidence for its plausibility seems to be lacking the 
balance seems definitely to turn against it. 

With the x-ray evidence, however, the position is much clearer. As Dr Langmuir 
said, the reality of the structure must stand or fall by the x-ray evidence alone, and 
in my opinion the evidence already presented is sufficient to require its definite 
rejection. The only convincing evidence comes from the structure of insulin. Now 
the formation of the cyclol cage is particularly rigid, and has a higher symmetry 
than is required for the structure of insulin. It is in fact much too nearly spherical 
to fitthe definitely compressed structure of the insulin cell. The two cyclol cages along 
the axis would only be 7-5 a. between their faces, and this is definitely a low value 
to allow for any reasonable length of side chain. On the other hand, the lateral distance 
between the side faces is too long. The shape of the cyclols cannot be claimed to 
provide a particularly good fit in the case of insulin. But even more critical is the 
evidence of the internal structure. There must needs be considerable ambiguity in 
the deduction of a structure from the x-ray data, but if a hypothetical structure is 
put forward it is a straightforward but laborious process to calculate the x-ray 
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patterns it should give and compare them with those observed. If they do not fit, 
as I maintain they do not in this case, the structure must be rejected. In the first 
place, as Mr Riley has shown, the vector projection of the cyclol cage when every 
carbon and nitrogen atom is taken into account is totally different from that observed. 
It contains no marked maxima, and the general positions of high and low intensity 
are almost completely reversed from those necessary to give agreement with the 
picture. The high-density S points assumed by Dr Langmuir and Dr Wrinch 
actually correspond to low-density areas in the projection. Anyone accepting the 
cyclol theory must therefore come to the paradoxical conclusion that its charac¬ 
teristic skeleton not only does not appear in the x-ray pattern, but has to be com¬ 
pensated by an arbitrary and improbable arrangement of scattering matter in the 
side chains. Whatever this arrangement may be it is demonstrably not that chosen 
by Dr Langmuir and Dr Wrinch. They have selected certain vectors between their 
assumed scattering centres, but ignored a large number of others of equal or greater 
intensity. The result of making a projection on the basal plane of all the vectors 
derived from the strongest scattering centres, positive and negative, which they 
postulate is a pattern which bears no recognizable resemblance to that observed. 
If any success is to be obtained along these lines it would mean such adjustment of 
scattering centres or discons as hardly requires and certainly cannot confirm the 
cyclol hypothesis. 

Dr Langmuir mentioned the group of arrangements which I postulated in my 
communication to the discussion at the Royal Society. The sum of these he points 
out give results incompatible with the Patterson sections. This I fully admit, but 
I think in connection with them there is a point to be borne in mind, that all these 
photographs are of dry crystals and in these cases the molecules must be considered 
to be slightly and irregularly tilted in relation to each other, and therefore all 
reflections due to scattering of points distant from each other in the molecule will 
tend to be blurred, while those from points close together will not be so affected. 
For this reason I should consider that the attribution of strong peaks in the Patterson 
diagram to the interference of waves from distant points in the molecule is very 
doubtful. I think at this stage it is premature to attempt any analysis of the molecule. 
We must wait for further experimental work, and I am in hearty agreement with 
Dr Langmuir and Dr Wrinch as to the need for this. 

Dr F. C. Frank. As Prof. Neville says,* this work has done a real service in 
making more widely known the use and significance of Patterson-Harker vectorial 
distribution plots. It is true that the P.-H. distribution does not allow of a unique 
solution giving the distribution in physical space. The same is identically true of 
the original x-ray data themselves, which contain neither more nor less information. 
In simple cases we obtain a unique solution by using our additional knowledge that 
matter is composed of atoms. The observed P.-H. distribution can sometimes be 
reasonably approximated to as a point set. I am informed that when this is the case 
it is possible to determine systematically what point-set structure or structures, if 
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any, in physical space can correspond to it. If a unique solution is found containing 
as many points as atoms, these points are undoubtedly atomic sites. A point is 
obviously a good approximate representation of an atom: on the other hand, it is 
not self-evidently a good representation of the region of greatest density among a 
thousand atoms, so that, contrary to the conclusion of Neville’s letter, for protein 
crystal analysis we are nearly back where we started. But not quite; if the point-set 
approximation to the P.-H. distribution was good enough we have derived a unique 
point-set structure, which may represent directly the distribution of electron density 
in physical space; but so may an infinite number of structures derived from it 
according to certain strict rules, namely by arbitrary changes of phase of its Fourier 
components, regard being paid to symmetry restrictions'. 

It is instructive to consider the nature of the structures which may be equivalent 
to the unique point set. This is illustrated in a simple two-dimensional case (which 
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Figures i and 2. Simple example of two electron-density distributions which have the same 
Patterson diagram. Figure 2 has been represented half in contour, half in line shading which shows 
separate Fourier components. A uniform positive background should be added to both figures. 

may be a projection from three dimensions) in the accompanying sketches. If the 
unique solution is found to be a hexagonal array of points (supposed to stand on 
a background of uniform positive density) as in figure 1, figure 2 is an example of 
structures which have identical P.-H. maps. It has been derived from (1) by a change 
of phase (V in this case) of 3 x 1 Fourier components of the infinite series representing 
the density distribution (1). The points stand with unaltered weights on a back¬ 
ground which now contains periodic structure. Any periodic structure may be 
present, in addition to the points of (1), which can be built up out of its Fourier 
components changed in phase by arbitrary angles <f> t and multiplied in amplitude 
by -2 cos <f>i* That is to say, a periodic structure may be present, and remain 
invisible, provided it stands in a certain harmonic relationship to the point structure. 
The Fourier equivalents of a point set are in general networks containing lacunae, 
some of which are filled in by the points. Since there are possibilities of such 
periodic structure in the Wrinch model, or any other likely model of proteins, these 
considerations may be directly relevant. 

• Because cos (0 — a) — cos 0 = —2 cos (sr + a) cos {0 — J (tt + a)}. 
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Prof. Bernal counts the peculiar packing in the insulin crystal among his several 
serious objections to the Wrinch-Langmuir structure. This one, however, is not 
inconsistent with the premises of Dr Wrinch. The packing in the proposed structure 
may be described as follows: vertical columns of close-packed similarly oriented 
molecules are disposed in parallel hexagonal packing in such a way that projecting 
octahedron corners come close together. These comers are actually slits, and the 
slits meet crossed, with ends adjacent because of the 6° twist. Dr Wrinch has 
already proposed slit-to-slit binding to account for Svedberg’s reversible poly¬ 
merization. If we consider slit-to-slit binding alone, each molecule is connected to 
six others on levels alternately above and below it, and the crystal consists of two 
independent interpenetrating rhombohedral lattices. Each of these taken separately 
represents grouping similar in principle to those suggested by Wrinch* for Svedberg’s 
2, 4, 8, ... polymers. 

Dr D. Jordan Lloyd. Speaking as a chemist particularly concerned with the 
physical chemistry of the proteins, I should like to say how helpful the cyclol theory 
has been in pulling recorded facts together and suggesting new lines of work. The 
physical chemist needs a model to explain the peculiar properties of the proteins 
with regard to their effect on osmotic pressure, viscosity, dielectric constant, 
electrophoretic migration, zwitterionic character, differential solubility in water 
and alcohol, also their combination with acids, bases and metallic ions. Before 
the advent of the cyclol theory, ideas with regard to protein molecules were in a 
state of chaos; now at least there is a clear model which can be used as a working 
tool. The conception of a hollow shell-like macromolecule is an important contribu¬ 
tion to protein theory and explains many observed facts with regard to density. 
As far as I know, the conception of a molecule formed like a hollow shell has not 
been advanced in any other theory. We know that the protein molecule cannot 
exist as an immensely long polypeptide chain wriggling and twisting about in the 
solution and having innumerable forms all simultaneously, since work with the 
ultracentrifuge has shown that in most cases all the molecules of the particular 
protein under investigation have the same form at the same time. This form must 
be rigid enough to be stable in solution but frail enough to be tom open by contact 
with a water-air interface. 

Protein chemists have not in general the necessary mathematical equipment to 
take sides in any battle of mathematicians over the interpretation of vector maps 
and like problems. Possibly the three dimensions of the cyclol molecule may be 
modified in time as new knowledge accumulates. For the moment the cyclol theory 
is available as a working tool for protein chemists. The opponents of the cyclol 
theory have not up to the moment offered us any alternative. The probabilities 
suggest that if and when they do, it will certainly be a close relation though it may 
not be identical. 

Prof. E. H. Neville. As a mathematician I am always surprised at the light¬ 
heartedness with which my scientific friends perform extravagant extrapolations and 

* Phil . Mag . vii 26 , 313 (1938). 
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similar illogical feats. The nature of the vector map derived from a small number 
of point centres is not very obscure and the reconstruction of the point configura¬ 
tion from such a map is very easy. But it is dangerous to assume in dealing with 
a megamolecule that the problem is not altered qualitatively as well as quantitatively 
when we have to consider not a complete map, but one which presents only the 
dominant features of a map that is undiscoverably complicated in detail. The 
assumption has been made, tacitly rather than expressly, that the dominant features 
of the insulin map are due to heavy concentrations in the molecule. It is true that 
heavy concentrations in a molecule will provide dominant features in a rough map, 
but the converse, as I can illustrate in a moment, is not true. Imagine a structure 
composed of two parallel rows of uniformly spaced points, with six points in each 
row, facing each other at a little distance apart. The vector map consists of three 
parallel rows of uniformly spaced points, with eleven points in each row; the 
intensities in the middle row are 2, 4, 6, 8, 10, 12, 10, 8, 6, 4, 2, and the intensities 
in each of the outer rows are the halves of these; the greatest intensities, 12 in one 
row and 6 in the other rows, do not stand out from their neighbours. Now make 
a slight change in the structure, displacing the second and fifth points in each row 
towards the end points, all through the same distance. The vector map again consists 
of three parallel rows, but there are nineteen points in each row; the intensities of 
the middle points of these rows are again 12 and 6, but the other intensities have 
fallen, to 4 and 2 in the middle row and to 2 and 1 in the other rows. It follows that 
if we had before us only rough approximations to our two maps, we should detect 
definite high spots in the second map and not in the first, but if we inferred atomic 
concentrations in the second structure we should be quite mistaken. Two congruent 
sets face each other across a gap; if the sets are sufficiently irregular, most of the 
cross vectors fade into the background, and then, because one set is an exact 
reproduction of the other, one cross vector stands out clearly. Here then is one way 
in which a vector map may show a dominant feature which is not to be assigned to 
concentrations in the point structure. I am not prepared to say that there are not 
other ways. The warning on which I insist is that all assertions or claims as to what 
x-ray diagrams do or do not prove about megamolecules must remain unjustified 
or unestablished until we have approached the problem with an open mind from 
the other end, intent on discovering all the causes from which dominant features 
can arise in an elaborate map instead of assuming that they must have arisen in 
some perfectly obvious fashion. 

Dr J. M. Robertson. I have not previously been associated with the cyclol 
theory of protein structure in any way, and I have no views for or against the theory 
other than those which I have formed to-night. Any such theory may be regarded 
as a useful starting point in an attempt to unravel the structure of insulin, something 
to be tested and accepted or rejected as the experimental facts allow. I feel sure, 
however, that the x-ray intensity data, on which the insulin vector maps are based, 
are so meagre and unavoidably incomplete that no reliable conclusion can yet be 
reached as to the details of this excessively complicated structure. The structures 
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of many organic molecules, containing 20 or more atoms, have been completely 
worked out by the x-ray method. The 60 odd parameters defining these structures 
have been determined from, say, 200 independent relations between them, repre¬ 
senting measured intensities. But if we have, instead, 200 unknown quantities and 
perhaps only 10 equations connecting them, then very little can be said. No unique 
solution is possible. The insulin situation is much worse than this. There are many 
thousands of atoms in the molecule and only 59 relative intensity measurements to 
work on. As far as these measurements go the structure is effectively a continuous 
distribution of scattering matter, for which we know that there is no unique solution. 
Attempts to represent the molecule by a small number of discrete scattering points 
do not seem to me to afford even reasonable approximations, because we cannot 
expect any very large gaps devoid of scattering matter between the atoms. 

These destructive remarks may not be helpful, and I would like to suggest that 
a better interpretation of the insulin vector maps might be possible if the intensity 
measurements were made absolute instead of relative, for this would fix the vertical 
scale. Further use might also be made of the few heavy atoms in the structure, 
especially if these could be replaced by still heavier ones like mercury atoms. They 
should have the effect of swamping the x-ray reflections, and, roughly speaking, 
would convert unknown phase differences into differences of amplitude, which 
could be measured. An actual density distribution might then be mapped out 
directly in real space. 

Dr I. Langmuir (in reply). I think the differences of opinion shown in the 
discussion are very helpful. They emphasize, as I emphasized, the need for better 
data and for more extensive data. I would specially stress the importance of 
inserting in protein crystals various heavy ions, as has been specifically proposed 
already for insulin. 

I would also wish, in reply to Dr Bernal's suggestion that the spherical molecules 
C 2 were assumed in the cyclol theory, to point out that the polyhedral cage structures 
of the cyclol theory are a straight mathematical deduction from the cyclol postulate, 
the particular symmetries of the C n cyclol cages being derived from the valency 
angles of carbon and nitrogen and the laevo character of the amino acids in proteins. 
These features of the theory are not introduced ad hoc .. I would also explain to 
Dr Bemal that the work on protein monolayers indicates that the protein in solution 
has some radically different structure, in which very considerable numbers of 
hydrophobic groups can be hidden, and this provides independent confirmation of 
the cage structure, deduced in the cyclol theory from the geometry of polypeptide 
chains. After listening to this discussion my impression is still that this contest will 
last a relatively short time. As soon as b'etter data are available, we shall know 
exactly where we stand. 
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ABSTRACT- An electron-diffraction study of the structure of silver films condensed 
in vacuo on rocksalt cleavage faces at about 200° c., and of the changes produced by heating 
these films in vacuo, has shown that the reflection and transmission patterns are in general 
agreement with Menzer’s view of the twinned structure of such films. The films examined 
yielded patterns of a type indicating strong {111} extensions of the reciprocal-lattice 
intensity regions, but without , marked development of [001] extensions. No conclusive 
evidence has been found of development of octahedral boundary faces of the films in 
addition to the twinning which occurs on these planes. 

The positions of the diffraction spots and lines in patterns from films which had be¬ 
come distorted during the dissolution of the substrate and the mounting of the film showed 
that parts of the film had become considerably curved about axes parallel to the cube 
axes and cube-face diagonal directions in the film plane. These types of curvature are in 
agreement with the form of the substrate surface and the twinned structure of the films. 
General equations are derived for use in considering the geometrical features of rotation 
patterns yielded by cubic crystals. 

Heating in vacuo at about 500° c. quickly converts the silver films into normal re¬ 
latively perfect single crystals in the same orientation as that part of the initial film whose 
lattice was parallel to that of the rocksalt substrate. Such an extensive atomic rearrange¬ 
ment testifies to a high mobility of the silver atoms at temperatures much below the melt¬ 
ing point; this has been inferred by previous investigators, but in this case is shown to 
occur within the lattice and not merely on its surface. 


§1. INTRODUCTION 

T he experiments of Lassen (l) , Lassen and Briick (2) , Kirchner and Lassen 
and Briick (4) appeared to indicate that silver films prepared by condensation 
in vacuo on heated rocksalt cleavage faces at temperatures above about 150° c. 
have practically a single-crystal structure, whose crystallographic axes are parallel 
to those of the rocksalt substrate. The electron-diffraction patterns from the thinner 
films (less than about 500 a. thick) contain certain abnormal streaks and spots, 
corresponding to diffractions with non-integral or irrational indices, which Kirchner 
and Lassen first attributed to a cross-grating type of diffraction by the octahedral 
or {111} planes of the small crystals, due to their being the planes with the greatest 
atom-density in the lattice. Thicker films (about 1000 a. thick) yielded only normal 
diffraction spots and Kikuchi lines. The abnormal spots correspond to intersections 
of the sphere of reflection with the diagonals of the body-centred identity cells of the 
phys. soc. li, 4 4° 
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reciprocal lattice, and Briick pointed out that they were strengthened wherever the 
intersections coincided with points dividing the cell diagonals into six equal parts 
as shown in figure 6. 

Laue (s) has shown theoretically that even without postulating any cross-grating 
nature of the diffraction, such abnormal diffractions are to be expected in patterns 
from any kind of crystal if this be bounded by definite crystallographic planes; and 
that these irrational diffraction spots should appear at positions corresponding to 
the intersection of the sphere of reflection with spurs ( Stacheln ) extending from the 
reciprocal lattice points in directions normal to the boundary planes of the crystal. 
In the present case, as Kirchner and Lassen showed, the anomalous spots corre¬ 
spond to intersections of the sphere of reflection with the diagonals of the body- 
centred cubic cells of the silver reciprocal lattice, which are normal to the octahedral 
planes; hence Laue concluded that the surface of the silver film was not flat but 
consisted of projections bounded by octahedral faces. Laue and Riewe (6) have 
calculated the form of the diffraction pattern to be expected from an octahedral 
crystal, and on the basis of the Stachel theory Laue (7) has interpreted the spot 
positions in transmission patterns obtained by Briick (4) from silver, nickel and 
cobalt condensed on heated rocksalt cleavage faces, and also in Cochrane’s (8) 
reflection patterns from cobalt and nickel layers of up to several thousand angstroms 
in thickness electrodeposited on an etched (no) face of a copper single crystal. 
According to this interpretation, the films condensed from the vapour, and the 
electrodeposited cobalt, showed development of all four types of octahedral faces, 
while in the electrodeposited nickel layers two of these faces preponderated, evi¬ 
dently yielding a sort of corrugated form of surface. A further feature of Cochrane’s 
results was the evidence of a small pseudomorphic increase of lattice constant of 
thin nickel films electrodeposited on to a copper single-crystal face. 

Later Kirchner and Riidiger (9) observed that a silver film about 150 a, in 
thickness condensed on a heated rocksalt cleavage face yielded reflection patterns 
which contained abnormal spots, while a thicker film (about 900 A.) yielded patterns 
in which only normal spots were present, but these were elongated and displaced 
as a result of refraction at the film surface, the direction of displacement corre¬ 
sponding to a cube-face boundary parallel to the substrate surface. Refraction 
effects attributable to octahedral boundary planes were absent, even when the beam 
was parallel to such planes. This observation, together with the previous experi¬ 
mental data (3) on change of pattern with film-thickness, suggests that the films tend 
to revert to normal structure with cube-face boundary as the thickness of the deposit 
increases. As Laue (lo) pointed out, this does not affect the fact that his theory of the 
dependence of the diffraction patterns on crystal form did explain many of the 
patterns then published, and this interpretation appeared to be more satisfactory 
than the postulate of a cross-grating action of the planes most densely filled with 
atoms, although the theoretical positions of the spot diffractions would be the same 
in the two cases and in agreement with the observed patterns. 

It seems probable that no marked octahedral-plane refraction effect would be 
expected in the spot pattern, even in the most favourable case, i.e. with the electron 
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beam nearly parallel to octahedral planes, until these are well developed both in 
perfection and extent as a result of growth; and before this has occurred the cube- 
face boundary parallel to the substrate appears to predominate, as Kirchner’s 
photographs indicate. A possible picture of the conditions from this point of view 
would thus be that initial nuclei of the deposit grow in size as deposition proceeds, 
perhaps developing octahedral faces which soon meet those of neighbouring nuclei, 
whereupon the subsequent deposition will add to the film-thickness without resulting 
in any further increase in size of the octahedral projections; and, since in the present 
case the alignment is practically perfect with respect to the rocksalt substrate 
lattice, the separate octahedral projections might well be supposed to grow together 
and tend to develop eventually a single external boundary face parallel to the 
substrate as deposition of further atoms proceeds. 

The abnormal diffraction spots and lines which appear at certain definite 
positions simply related to those of the normal spot pattern in some of Cochrane’s 
patterns from electrodeposited nickel films were interpreted by him® as due to 
repeated twinning of the structures on the octahedral planes, the spots resulting 
from the twinned layers of considerable thickness parallel to these planes and the 
lines from a displacement of the junction planes between, and parallel to, the twin- 
layers. Menzer (l1 ' I2) has discussed in detail the reciprocal lattice and diffraction 
pattern of twinned spherical-close-packing structures and of regular hybrid varia¬ 
tions of the cubic and hexagonal densest packings of spheres built up by super¬ 
position of plane hexagonal networks of atoms in definite sequence. He concluded (l3) 
that Briick’s silver and nickel films grown on rocksalt were not uniform single 
crystals with axes parallel to those of the rocksalt, but consisted of (in) layers of 
atoms interpenetrating in the same orientation as the lattices twinned on the {111} 
planes of a hypothetical metal lattice parallel to that of the rocksalt, and he found 
that the mode of orientation of such silver and nickel lattices on rocksalt and of 
rocksalt deposited on the silver films was then in accordance with the well-established 
fact that when one lattice grows on another in a definite relative orientation the 
boundary planes of the two lattices at the junction contain parallel atom rows of 
closely similar spacing. Since the observed strong satellite diffraction spots corre¬ 
spond to all the points which divide into six equal parts the diagonals of the body- 
centred cubic identity cells in the reciprocal lattice of the above hypothetical silver 
lattice, he inferred that the interpenetration of the layers occurs to such an extent 
that the small disturbed regions which occur at the junctions between such non¬ 
parallel twin layers form a considerable part of the film. Thus, while the above four 
twins on {111} would account for only some of these points, the buffer lattice 
between two twin layers which are parallel to two octahedral faces touching only at 
an octahedral edge lying in a cube face forms a lattice identical with the initial 
hypothetical lattice parallel to that of the rocksalt, together with a junction region, 
between this and the twin lattices, in which there is an incomplete filling up of the 
{111} planes. The latter have therefore a true periodicity of three times the normal 
spacing (every third plane continues undisturbed through the twin lattice and the 
buffer lattice), and the reciprocal lattice of this region has an identity cell which is the- 

40-2 
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same as that of the hypothetical initial lattice, with the addition of the whole set of 
points on the diagonals mentioned above. 

It has already been mentioned that besides the strong satellite spots described 
above as due to geometrical twin crystals and their interpenetration regions, there 
occur spots which correspond to the literally irrational points of intersection of the 
sphere of reflection with the identity-cell diagonals of the initial lattice parallel to 
that of the substrate. These were interpreted by Menzer in terms of Laue’s spur 
theory as. due to the formation of external faces. He showed that this theory is in 
good agreement with the spot-positions in Briick’s transmission photographs from 
silver and nickel, the [ooi] spurs being most strongly developed; i.e. the films are 
bounded principally by an almost plane surface parallel to the substrate surface—a 
(ooi) face—in agreement with Kirchner and Rudiger’s contention, and to a lesser 
extent by octahedral faces. Menzer cited the appearance of only two instead of four 
satellite spots in one of Cochrane’s photographs from a nickel film as indirect 
confirmation of the correctness of the interpretation of the patterns in terms of the 
Stachel theory, showing marked development of only two octahedral faces; and he 
cited the same evidence against Kirchner and Lassen’s (3) explanation in terms of 
a pseudo-cross-grating diffraction from the {i 11} planes arising through their being 
the planes with the densest packing of the face-centred-cubic structure. 

The continuous diffraction lines which occur besides the twin spots in one of 
Cochrane’s nickel pattemsf and which correspond to the nearly tangential inter¬ 
sections of two reciprocal-lattice cell diagonals with the sphere of reflection, were 
apparently considered by Menzer as falling outside the theory of Stacheln in view of 
boundary faces. He rejected Cochrane’s postulate of a sideways shift of the {in} 
planes of atoms between two superposed twin layers causing a cross-grating type of 
diffraction from these planes, and pointed out that such an effect might result from 
an aperiodic lattice disturbance arising from the slight difference between the 
distance apart of the superposed hexagonal atomic networks when they occur in the 
cubic and hexagonal close-packing arrangements respectively, a difference which is 
indicated by the known lattice constants of the cubic and hexagonal close-packing 
forms of nickel. This interpretation seems to be equally applicable to the other 
cases in which the cell diagonals intersect the sphere of reflection at a larger angle, 
and which were interpreted as showing development of boundary faces. 

Kirchner and Cramerhave recently expressed agreement with the conception 
of a {hi} twinned structure of the metal films, and have obtained a pattern similar 
to those from silver on rocksalt from the etched surface of a natural copper crystal 
which was thus presumably actually twinned submicroscopically on {i 11} analogous 
to the macroscopic twinning on {111} of copper and gold already observed by 
mineralogists. They obtained patterns from films of silver of various thicknesses, 
condensed on rocksalt, and showed that in the patterns from the films of only about 
8 a. (or two unit cells) thickness the twin spots were hardly observable, while the 
normal spots were broadened and displaced due to refraction at the boundary face 
parallel to the substrate surface and were connected by broad lines similar to those 
obtained by Cochrane. It may be noted that there are no signs of spots due to the 

t Reference (8), figure 6. 
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rocksalt substrate in the pattern reproduced, though such spots would certainly be 
expected for a film-thickness as small as that stated, or even considerably greater 
than it, at the angle of grazing incidence used. Films about 20 A. thick showed 
sharper diffraction spots and noticeable formation of satellite spots, and the latter 
were strongly developed in patterns from films about 200 a. thick, while with still 
thicker films the satellite spots became relatively weaker and were not obtained from 
films about 1000 A. thickness. 

It may further be mentioned that the bands and extra rings observed (is,l6) in 
patterns from polycrystalline films of silver, nickel, cobalt and some other face- 
centred cubic metals deposited from the vapour or electrolytically on inert or 
polycrystalline substrates were interpreted by Quarrell (l6) as evidence of a transition 
from an initial close-packed hexagonal structure such as cobalt and nickel are known 
to form under certain conditions, to the normal face-centred cubic close-packing 
structure. Here, evidently, as Quarrell suggested, the metal atoms first deposited 
on a neutral plane surface such as cellulose pack themselves together in a plane 
hexagonal network; and successive layers may be built up either in the cubic or 
hexagonal close-packing arrangement, resulting in a hybrid close-packed lattice of 
the type discussed by Menzer. The close similarity between such abnormal diffrac¬ 
tions and those obtained from silver condensed on rocksalt was, indeed, pointed out 
by Finch and Wilman (l7) , who showed that the bands in transmission patterns from 
silver electrodeposited on to a polycrystalline metallic substrate could be resolved 
into crossed lines which became enhanced into spots on the hi, 200, etc., rings, 
closely analogous to the crossed streaks and satellites of the patterns from Kirchner’s 
and Bruck’s silver films. 

An account will now be given of a further study of the electron-diffraction 
patterns yielded by silver films and of the effect of heat on these films. 

§2. EXPERIMENTAL PROCEDURE 

Silver films were prepared by condensation from the vapour in vacuo on to fresh 
cleavage surfaces of good rocksalt crystals maintained at a temperature of about 
200° C. 

Films of suitable thickness were obtained by vaporization of the silver, during 
about fifteen minutes, from the wire heated electrically to bright red heat at a 
distance of approximately 1-5 cm. from the rocksalt face. These films were still 
partly transparent and dark blue in transmitted light, though they had good metallic 
reflecting power. Electron-diffraction patterns from the films were photographed 
before and after removal of the rocksalt by solution. The Finch (l7) type of diffraction 
camera was used, the camera-length and voltage being respectively about 47 cm. 
and 60 kv. in almost all cases. 

§3. THE REFLECTION PATTERNS FROM THE 
SILVER FILMS ON ROCKSALT 

Owing to the fact that the removal of the films from their substrates inevitably 
introduces at least slight distortion of the film, and possibly some structural 
change, it seemed desirable first of all to compare the reflection patterns with those 
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to be expected from Menzer’s view of the structure of the films, since Menzer has 
considered only one of Briick’s transmission patterns. The silver films, prepared as 
described above, yielded electron-diffraction reflection patterns similar to those 
already published.! These patterns may be interpreted in the usual way by the 
Laue-zone method, by which the actual pattern can be mapped out as a plane index- 
field in which each point is associated with the three Laue indices; these, of course, 
are not in general integers. The indices A, k , Z, referred to the axes of a normal 
cubic silver lattice parallel to the rocksalt lattice, can be ascribed to the diffraction 
spots most conveniently by drawing the nearly straight and equidistant Laue-zones 
which correspond to the two main lattice rows nearest normal to the beam, and the 
circular zones due to the row parallel to the beam or nearly so. Owing to the limited 
penetration of the electron beam and the relatively small size of the crystal projections 
in the surface layer from which the coherent diffraction arises, the latter zones are 
considerably broadened and each extends over many cross-grating spots which lie 
at the intersections of the first two sets of Laue zones, the intensity of the spots 
decreasing to zero on each side of the Laue-zone median as the corresponding Laue 
index diverges from the integral value. It is usually convenient to characterize the 
diffractions by the integral order or order-number of the Laue zone on which they 
lie, instead of by the actual Laue index (not in general an integer) with respect to the 
related lattice row, which is associated with any particular direction of diffraction. 

In the alternative reciprocal-lattice representation of the directions of diffraction, 
which, owing to its three-dimensional nature, is usually better suited to numerical 
and geometrical considerations than to direct comparison with the pattern, the 
lattice points, as Laue has shown, must be supposed extended in the directions 
normal to the boundary faces of the crystal. The diffraction spots lying on the Laue 
zone of A'th order due to the atom row [uvw\ correspond to intersections of the 
sphere of reflection with the intensity regions of a coplanar set of lattice points of 
the reciprocal lattice. These lattice points lie on the A'th plane from the origin which 
can be drawn through the lattice points of the reciprocal lattice normal to [uvw]^ 
the indices J of the plane being therefore {uvw)* since for all diffractions hkl which 
lie on that Laue zone we have h' = ich+vk+wl, and this is the condition that the 
point [[AAZ]] # shall lie on the A'th (uvzo)* plane from the origin. 

In the case of a crystal oriented with a main atom row parallel to the beam, the 
diffraction-spot positions are thus, for the small angles of diffraction considered, 
very nearly the same as those obtained by imagining the reciprocal lattice set up in 
the‘corresponding orientation with its origin at the central spot and enlarged to 
XL times its dimensions, and then the successive planes of lattice points normal to 
the beam-direction projected on to the corresponding circular Laue-zone regions, 
drawn on the pattern in the usual way, for the atom row which is parallel to the 
beam.§ Figure 1, derived from Menzer’s diagram, || shows the identity units in some 
of the successive reciprocal lattice planes normal to the beam for the four {111} 

t Reference (17), figures 60 and 61. 

j Asterisked symbols refer throughout to the reciprocal lattice. 

§ This is, in effect, the method which Menzer adopted^. 

|| Reference (12), p. 395. 
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Figure x. Identity units of the combined reciprocal lattice of the four silver lattices which are in 
{111} twin positions in relation to a lattice parallel to the rocksalt lattice, in successive planes 
(A==o, }, etc.) normal to the a axis of the latter. The co-ordinates of the points in the lattice 

reciprocal to the initial lattice are h, k, l. The reciprocal lattice points associated with the various 
twins are distinguished by the following symbols: #, twin on [111]; x, twin on [III]; O, twin 
on [III]; □, twin on [ill]. Points of the reciprocal lattice due to the silver lattice parallel to 
that of the rocksalt occur at all points in the diagrams which have integral hkl co-ordinates. 



Figure 2. Identity units of the combined reciprocal lattice of the four twins on {111}, in successive 
planes (h\ 1 ^ ( y}=h—k=o i §, etc.) normal to the [ilo] axis of the initial lattice. Twin-point 
symbols and hkl co-ordinates as in Figure i. 
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twin lattices of the silver film when the primary beam is parallel to the a axis of the 
hypothetical lattice which is parallel to the rocksalt lattice; while figure 2 shows the 
identity units in successive planes normal to the beam when the latter is parallel to 
the cube-face diagonal [Tio]. In the silver reflection patterns at these azimuths the 
diffraction spots which correspond to a normal silver lattice parallel to that of the 
rocksalt are strongest, and they lie on the intersections of the three sets of Laue 
zones with order-numbers such that A, A, l are all even or all odd integers, while the 
remaining spots occur at intersections of three Laue zones whose order-numbers are 
such that A, A, l all have values included in the series ± J, f, f, f, ... etc. Com¬ 
parison of the patterns with figures 1 and 2 shows that in the latter group of spots 
those which correspond to the four {111} twin lattices are relatively much stronger 
than the rest. The patterns thus lead to the same view of the structure of the films 
as that derived by Menzer (l3) from one of Bruck’s transmission patterns, i.e. that the 
films consist largely of silver crystals in the same positions as the twins on {111} 
with respect to a lattice parallel to the rocksalt, and that these have grown together 
in the way suggested by Menzer, thereby actually forming, in the junction regions, 
normal lattices parallel to that of the rocksalt, together with smaller disturbed 
regions which cause the appearance of the other diffractions corresponding to points 
on the reciprocal-lattice identity-cell diagonals dividing them into six equal parts. 

We have never observed in the patterns any signs of spots which might indicate an 
actual twinning of each of the above four lattices on all their octahedral planes, as 
KIrchner and Cramer supposed to occur. Thus the formation of the silver films 
seems to follow the course suggested by Menzer, namely growth of crystal nuclei 
orientated with the {221} plane parallel to the rocksalt cleavage face in the four 
symmetrical equivalent positions for which there is close similarity of spacing in 
parallel atom rows of the two junction faces; and that these crystals meet and grow 
together to form an interpenetrating lattice tending finally to the normal lattice 
parallel to that of the rocksalt. We have, like Kirchner and Rudiger, observed an 
extension of the spots towards the shadow-edge in patterns from fairly thick silver 
films, due to refraction at the boundary surface which, in these cases, is evidently the 
cube face parallel to the rocksalt cleavage face; but no marked development of 
[001]* reciprocal-lattice point extensions is observable in the reflection patterns such 
as those of reference (17), where, also, no strong (001) refraction effect is present. 

§4. TRANSMISSION PATTERNS FROM RELATIVELY 
UNDISTORTED FILMS 

By deposition of the silver on cleavage surfaces of a particularly good rocksalt 
crystal and by careful minimization of surface tension and other stresses while the 
thin film was supported on a metal gauze after the rocksalt had been dissolved away, 
transmission specimens could be obtained which yielded electron-diffraction patterns 
of a type showing that the film had remained relatively undistorted. Figure 3 for 
examplef, taken with the film somewhat inclined from the setting normal to the 

t This and aU the other photographs have been reduced to rather less than half the linear 
dimensions of the originals. 
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electron beam, shows such a pattern in which the absence of strong distortion can 
be seen at once from the fact that those satellite spots which occur in groups near a 
vertical line through the central spot in the pattern show a characteristically in¬ 
creasing divergence from each other with increasing distance from the central spot. 
As with the reflection patterns, the indexing is conveniently referred to the axes of 
the silver lattice which is parallel to the rocksalt lattice. The Laue zones due to the 
lattice rows parallel to those cubic axes are readily distinguishable and the pro¬ 
jections a, B, c of the corresponding axial directions are indicated in the lower right- 
hand corner of figure 3; thus the indices h, k, l of the diffractions can be inferred 
directly in this case. The narrow and practically straight Laue zones due to the two 



Figure 3. A relatively undistorted silver film. 

axes a and b which are nearly normal to the beam are marked in figure 3, together 
with their integral indices h , k. The twin spots lie on intermediate zones with h and k 
equal to ± J, f, f, f, f, etc., but these have not been drawn so as not to overcrowd 
the diagram, since their positions are clear from those of the zones with integral h 
and k . The curved zones due to the c axis, which is only slighdy inclined to the beam, 
are broad, and each extends over many of the tf-zone and 6-zone intersections, the 
diffractions with integral order-numbers occurring in accordance with the structure 
factor of the silver face-centred cubic lattice; thus on the c zones with even order l 
the diffractions appear for which h and k also are even, and on the c zones with odd 
order / lie spots whose h and k indices also are odd. The a and b zones are clearly in 
this case relatively very narrow, hence the h and k indices of the diffractions lying 
on them will actually nearly always closely approach to integral values; but the 
actual l index and intensity of a spot will depend upon the relative distance of the 
spot from the medians, or loci of maxima, of the two neighbouring c zones. In the 
present case, owing to the twin spots, c zones must also be drawn for /= ± o, J, f, 1, 

1,1,.... 

The curves along which the l index is ± o, J, f, 1, etc. have been drawn on the 
pattern itself for clarity in discussion of the pattern. These curves were derived as 
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follows. First the orientation of the lattice with respect to the primary beam was 
calculated from the indices of three of the most intense spots, which were assumed 
to be close to the maximum of the Laue zones on which they lie. It can be shownf 
that the condition for a diffraction with indices hkl to occur, i.e for the point 
[[AAZ]] # in the reciprocal lattice to lie on the sphere of reflection, is, for the case of a 
cubic lattice whose reciprocal lattice constants are a*, b*, c*, 

Uh+Vk + Wl=%(h* + k*+l% .(1) 

where £ 7 , F, W are the a*, 6 # , c* coordinates of the centre of the sphere of reflection 
in the reciprocal lattice. Allowing for the radial decrease in intensity due to the 
atom-form factor, three suitable well-defined spots are those with indices 171, 5I1, 
531. Three equations are obtained by substitution of these indices in equation (1), 
yielding [[£/, V, W]]* — [&-, -^ L , The angles 9 a , 0 6 , 6 C made by the beam 

with the a , b, and c axes respectively are given by 

cos 9 a = C 7 /VSC/ 2 , cos 0 6 = F/a/SC/ 2 , cos 0 c =^/y 2 £/ 2 ; .(2) 

thus in the present case 0 a = 79 ° 22', 9 b = 180 0 — 85° 34', 6 c =ii° 36'. The projections 
a, J, of the a and b axes on the screen, which is normal to the beam, are obtained by 
drawing perpendiculars from the central spot to the related Laue zones, but the c 
direction must be calculated from the equation 

cos j$ = — cot 9 a cot 9 b , .(3) 

whence & the angle between the a and c projections, is i8o°~23° 50'. Similarly 
the angle between a and 5 is y = i8o°-8g° 10'. Since the camera length L was 
47*0 cm., the c axis produced backwards must meet the screen at a distance R 0 equal 
to 47-0 tan 23 0 50' or 9*65 cm. from the central spot along the — c direction; and since 
9 C is small, the c zones are practically circles over the range of scattering angles 
considered, with this point as centre and radii calculated from the Laue equation. 
The semi-apical angle 9 i of the /th-order Laue cone about the c axis is given by 

cos 9 X = cos 9 C - l\ja. .(4) 

In the present case 0 C = 11° 36'; and the a zone spacing, which is obtained from the 
distance apart of two strong and well-defined spots on the same b zone but different 
c zones in order to avoid possible spot-displacement effects, is found to be 0*557 cm.; 
hence we have 

XJa = (0-557 sin 9 a sin y)/L = 0-01165. 

Thus, from equation (4), cos 9 l = 0-9795 - 0-01165 U 

and the radius R 0 of the corresponding Laue zone, taken as circular with centre at 
the point of intersection of the c axis with the screen, is given by 

Ri=Rq+L tan ( 9 l — 9 c ) 1 .(5) 

where R 0 =L tan ^=9*65 cm. The radii of the zones with l equal to 2, f, f, 1, 

°> -f and -1 are thus calculated to be 14-11, 13-47, 1278, 12-05, 11-35, 
10-51, 9-65, 8*71, 7-63 and 6-43 cm. respectively. 

t Reference (18), equation (14). 
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Since the beam is inclined at a relatively small angle to the c axis, figure 1 can be 
used also in the present case to distinguish the twin spots from those ascribed to 
their junction regions, if we replace k, l and h in figure 1 bjh,k and l respectively, 
and if we omit the distinction between the spots from the different twins. Thus, in 
considering spots lying on the /th-order zone in figure 3, it is only necessary to 
compare their positions relative to the even-order h and k zones, with the twin- 
spot positions in figure 1 relative to the corresponding lines along which h and k 
are o, 2, 4, 6, etc., in the diagram of the reciprocal-lattice plane having the l value 
considered. It will be seen that the strongest twin spots lie very close to the circles 
for which l is exactly ± f, f, f, etc., for example the diffractions whose Laue-zone 
order-numbers are f J | 1 and J $ J; while twin spots are visible even if they 

occur at a considerable distance from the maxima, such as f § §, ^ § §, f f J and 

$ J. The spots ascribed to the junction regions are relatively few and weak, only 
occurring with moderate intensity close to the c zone maxima, for example the spots 
J. V 1 $ and ^ § f are among the strongest of these to be found in the pattern. The 
pattern thus shows general agreement with the reflection patterns and with the 
transmission pattern analysed by Menzer. A large breadth of the c Laue zones is 
compatible with the thinness of the film from which the pattern was obtained, but 
the fact that the overlapping of the c zones of spots is so considerable as to be hardly 
ascribable entirely to dynamic interaction seems to indicate a slight distortion of the 
film, as also does the appearance of the faint spots which have apparently the Laue- 
zone order numbers ^ £ I, 11 the pair diametrically opposite, which are 
probably actually due to the twin spots which have these h and k indices but /= ±| 
instead of f, which may occur as a result of combined film thinness along [001] and 
slight distortion. This is also similar to Menzer’s findings in his analysis of Briick’s 
silver transmission pattern, and indeed some distortion would always be expected 
owing to the inherent difficulty of mounting for transmission such thin films. 

§5. TRANSMISSION PATTERNS FROM DISTORTED FILMS 

Considerable distortion of the silver films sometimes occurred during the dis¬ 
solution of the rocksalt substrate and the mounting of the film on metal gauze, 
especially with the thinner films and if the substrate rocksalt cleavage face was not 
very perfect. A slight sagging and curvature of the film in the meshes of the sup¬ 
porting gauze is normally detectable in all transmission specimens, but the patterns 
from some films indicated a rather high degree of distortion. Figure 4 shows such a 
pattern, obtained at practically normal incidence of the beam to the mean film plane. 
An outstanding feature is that the many diffractions which are present lie on 
definite loci, some of which themselves are visible as continuous lines in the 
pattern; hence it is at once clear that the film-distortion has not been a random one 
but has taken the form of either local or general curvature of the film about definite 
axes. The pattern is thus the same as that which would be yielded by an undistorted 
film which had been rotated about each of these axes in turn during exposure of the 
plate, and the formation of the diffraction lines which join up the spot diffractions 
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must be attributed to the crystal-shape and twin-plane cross-grating effects to 
which correspond the lattice-point extensions or spurs in the reciprocal lattice. The 
positions of the continuous diffraction lines and of the superposed spots provides a 
wealth of detail from which can be determined the axes of curvature, the extent of 
curvature and the relative development of the reciprocal lattice-point extensions. 

The hko spots in figure 4 are strongest, which is consistent with the orientation 
having been such that the mean film plane was practically normal to the beam. The 
intensities of the other diffractions indicate the presence of a distortional deviation 


s # ' 


Figure 4. A much distorted silver film, nearly normal to the beam. 

In the case of figures 4, 8, 10, 11 and 13, however, measurement of the radial distances of the 
spots showed that these spots were definitely in the silver no positions and were not due to 
sodium chloride. 



Figure 5. 


from this orientation in parts of the film, whose relative extent of occurrence in the 
film decreased the larger the amount of the deviation. It is most convenient to refer 
the positions of diffractions in the pattern to those of the hko spots which would be 
yielded by an undistorted film in this main setting normal to the beam, and to 
consider the effect of rotation of an undistorted film about a given axis from this 
initial setting. 

General form of the rotation pattern. The form of the electron-diffraction pattern 
produced by rotation of a crystal about any given axis has already been discussed (l9 \ 
It has been shown that if the rotation axis is inclined at (90 0 —8) to the beam 
direction, figure 5, and if three orthogonal axes OXYZ are chosen so that OZ lies 
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along the beam direction and the plane OZY contains the rotation axis, then a 
reciprocal lattice row which is inclined at £ to the rotation axis and whose normal 
from the origin is of length r and is inclined at ij to the rotation axis, intersects the 
XY plane in the locus 

x i cos® £+y 2 (sin® 8—sin® £)+zyr cos 77 cos 8—r® (cos® £ +cos® 17) =o.(6) 

Since the XY plane is normal to the beam it approximates closely to the part of the 
sphere of reflection with which we are concerned, and this locus has the same 
geometrical form as the corresponding locus in the diffraction pattern itself which 
is XL times as large. If the reciprocal lattice contains rows which have a very 
marked high concentration of lattice points, or if, as in the present case, there are 
strongly developed lattice-point extensions in certain directions, the corresponding 
loci of point groups or continuous lines respectively will be prominent in the 
pattern. The centre of the conic represented by equation (6) always lies on O Y, i.e. 
on the projection of the rotation axis on the XY plane which is normal to the beam, 


at the point 0 lf i.e. (4^, y x ), where 

x 1 =o, y x = — r cos 17 cos 8/(sin®8—sin®£) .(7) 

and its equation with respect to parallel axes X c , Y e through its centre as origin is 
x e 2 +y c 2 (sin® 8—sin® £)/cos 2 £=r 2 { 1 + cos® r)j{ sin® 8 — sin® £)}.(8) 

The axes of the conic are parallel to the X and Y axes, and if r =o the locus can only 
reduce to the pair of lines 

y = ± * cos £/( sin® £ —sin® 8)1, .(9) 

but if r^o the locus is a hyperbola, a parabola or an ellipse according to whether 
| £ | is >, = or < | 8 |. The asymptotes of the hyperbolas are the lines 

y e = ± x c cos £/(sin 2 £— sin® 8)1, .(10) 

through the centre. For the special case when [ £ | = | 8 | the equation of the 
parabola with respect to the original axes X, Y is, from (6), 

jc®= —2 yr cos 17/cos 8+r® (1+ COS® ij/cos® 8), .(11) 

thus the axis of the parabola is OY and its vertex is at the point 

(o, {cos 8/cos t] + i}.r/z). 


In the present case of a cubic lattice we may first consider, quite generally, the 
locus obtained when the crystal is set up initially with the lattice direction [uz>u>] 
parallel to the reversed beam direction, then rotated about (the indices of 

these directions are the same in the reciprocal lattice for the cubic crystal) so that the 
locus is traced out in the XY plane normal to the beam by the reciprocal-lattice line 
whose direction is [u 2 v 2 w 2 ]* and which passes through the point in the 

reciprocal lattice. Since (90 0 —8) is the angle between \uwd\* and and £ 


is the angle between and [u 2 w 2 w 2 ] # , we have 

sin 8= (uUi+vv x +zow^j^/Lu 2 .t/ZU] 2 , .(12) 

cos £ = (% u 2 +v x v 2 +.yZuf. .(13) 
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If r hM represents the radius vector from the origin to the point [[AAZ]] # and r is the 
radius vector normal to the line \u^v 2 w^[ m through [[hkl]]*, then 


r = r A&z“"{( r Mz-T 2 )/r 2 } T 2 /T 2j 

where r hJc i =ha* 4- 4- Zc*, and T 2 =u 2 &* + v 2 b* +w 2 c # ; thus 

r= r h1cl - {{hu 2 •+• kv 2 + lw 2 )/I l u 2 2 } T 2 

=(h—Mu 2 ) a*4-(A-Mz; 2 ) b* + (Z-Msc; 2 ) c* .(14) 

where M—(hu 2 +kv 2 +lw z )l'Lu 2 2 . .(15) 

The angle 77 between r and is therefore given by 

cos 77=E {i*! (A— Mw 2 )}/VSmi 2 V{^ (h—Mu 2 ) 2 } 


={(A% 4- 4- Z«? x )—ikf (% w 2 4 -©1^2+WiOJ 2 )}/V 2 mi 2 V{SA 2 —M 2 Sm 2 2 }. 

.(16) 

The length r can either be obtained from the above expression for r, since r = V( r • r), 
or directly from the relation 

r=r^sin{[A£Z]*, [u 2 v 2 w^% 

thus r=a*.V(2A 2 —M 2 Sm 2 2 ), .(17) 

where <2* is the length of the reciprocal axes of the cubic lattice. In the equations 
relating to the positions of the locus we need r and r cos rj but not cos rj alone, thus 
it is convenient to use the expression 

r cos 7y = ^*.{SA^—MS^wJ/y'Ewi 2 . .(18) 

Comparison of figure 4 with the pattern due to bending about a cube axis in the film 
plane . The hko spots in figure 4 may be indexed with reference to the same a and 5 
axes as were chosen in figure 3, and will then have approximately the same disposi¬ 
tion as in the latter. These spots correspond to the reciprocal lattice points in the 
a*b* plane, which is nearly normal to the beam in the main orientation, as is re¬ 
presented in figure 6. Parts of hyperbolic curves, intensified where they cross 
normal Hull-Debye-Scherrer ring positions, can be seen in figure 4 (and more 
clearly in the original plate), having axes parallel to a and 5 ; for example the curve 
which passes through the 220 spot towards the central spot but curves upward and 
passes through the 020 spot, and that which curves the opposite way and passes 
through the 200 spot. The related axes of bending of the film must therefore lie in 
the ac and be planes respectively, and the most probable directions will be those 
parallel to the film plane, i.e. the a and b axes. These hyperbolae could not corre¬ 
spond to loci traced out in the plane normal to the beam by [001]* lattice-point 
extensions during rotation of the reciprocal lattice about one of these axes, since 
those loci would clearly be straight lines normal to the projection of the rotation 
axis on this plane. No clear diffraction lines of this type are to be observed in the 
pattern; thus it appears that in this case, as with the reflection patterns such as those 
of reference (17), the [001]* lattice-point extensions were not appreciably developed. 
On the other hand, the above hyperbolas do agree well in position with those corre- 








The structure of silver films 639 

sponding to the cell-diagonals in figure 6, for rotation axes along a* or b*. Thus, 
consider the loci due to the lattice lines [111]*, the rotation axis being along a*. In 
this case we have 

[wtrco]* = [ooi] # ; [«!»!«(>!]* = [ioo] # ; [if a ii a a>J* = [iiT]*; .(19) 

and let [[AAZ]]* be still unspecified. Then from (12), (13), (17) and (18) we have 
sin 8=0; cos f=i/V3> sin£=Vt; 

r=a*Vf■{A 2 +A 2 +/ 2 -§ (hk—kl—lk)}; - .(20) 

r cos t] = a*. (zh—k+ Z)/3. 



Figure 6. Perspective view of part of the reciprocal lattice of the silver films. 

Since | g | is > | S | the locus is a hyperbola, and with the X and Y axes as defined 
previously the centre of the conic is, by equations (7), at 

#1=0; y 1 =a % .(2h-k+l)/2, .(21) 

and the equation of the hyperbola with respect to parallel axes through this point is, 
by equation (8), 

x c 2 -2y c 2 =a m .(k+l) 2 /2. .(22) 

It will be seen from equation (22) that similar hyperbolas are associated with points 
which have the same (k+l) values and any h value and that the hyperbolas all have 
the same equation for their asymptotes, referred to the X C Y 0 axes. Since all the 
[hi]* lines pass through [[Mo]]* points, it is sufficient to calculate the details of the 
hyperbolas for [[Mo]]* points, in order to derive those of the whole set. The data 
relating to typical hyperbolas are given in table 1, and figure 7 shows the positions of 
the hyperbolas near the origin. The perpendicular straight full lines in figure 7 
represent the lines through the [[Mo]]* points parallel to the initial a* and £* 
directions before rotation, and the broken straight lines represent the asymptotes of 
the [iii]*— [[020]]* hyperbola taken as an example of those for the whole set 
In order to make still more clear the comparison of figure 7 with the pattern 
(figure 4) circles have been drawn in figure 7 to represent the inner of the Hull- 
Debye-Scherrer rings seen faintly in the pattern. The normal spots appearing as the 
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result of crystal rotation about the a axis must, of course, lie on these; and all spots 
having the same h index must lie on the same layer line. The layer lines are practi¬ 
cally straight and normal to the axis of rotation a *, along which in figure 7, accord¬ 
ingly, has been placed the scale of h indices of the spots. 

Table 1. Details of the positions of the hyperbolas for initial setting \uvw\* =[001]*, 
rotation axis [w 1 o 1 w 1 ] # = [iio]*, and lattice lines [« 2 © a «>J # =[iiT] # passing 
through the points [[Mo]]* 


hko 

Coordinates (x 1 y 1 ) 
of the centre 

Equation of the 
hyperbola referred 
to the axes X C Y 0 
through its centre 

X c Y c coordinates 
of the vertex 

hoo 

0, ha* 

x c 2 -zy c 2 = o 

0, 0 

hzo 

0, ( h — 1 ) a* 

x e 2 -zy c 2 =2a * 2 

±<z*V 2 > 0 

J140 

0, (Ji - 2 ) a* 

x e 2 — 2 y c 2 = 8a* 2 

±a*.zYz , 0 

hbo 

0, [h- 3) a* 

x e 2 —zy e 2 =i8a* 2 

±a*. 3 Yz, 0 



Figure 7. Positions of hyperbolas for [uvw]* = [001]* and [% v x wj* = [ioo] # . The normal hko spots 
are represented by large black circles, other normal hkl spots and twin spots by smaller blade 
circles, and junction spots by the small rings. 


If the rotation were as much as 45 0 from the main crystal setting, lines parallel to 
the asymptotes of the hyperbolas would appear, passing through the koo spots 
(h even) along the Y axis, but these are not observed in the pattern. From the 
extent of the innermost of those hyperbolas actually occurring noticeably and clearly 
visible in the pattern the amount of bending of the film about the a axis from the 
main orientation was estimated to extend to about 25 0 . Thus the [nT] # hyperbola 
passing through the 020 point (cf. figure 7) is represented in the pattern (figure 4) 
only by that part of it which extends from the 020 point to near the point f f § whose 
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y coordinate is — § a * 9 together with a section on the other side of the 020 spot of 
rather indefinite length. The in spot, which would appear at the vertex of the 
hyperbola on the 111 ring, is just detectable; while the diffraction $ f which is a 
twin spot, is strong and occurs where the hyperbola crosses the 111 ring, in accord¬ 
ance with the fact that the distance of [[J f $]] # from the origin is 

*V(H¥+i) = a*V 35 

and the diffraction § f §, which is not a twin spot, is not represented by a marked 
spot in the pattern. On the other side of the 020 spot the diffraction J (a junction 
spot, not a twin spot) occurs with moderate intensity and then § f J which, since it 
is a twin spot, is also quite strong in spite of its much lower intensity factor resulting 
from the following considerations. If all the orientations assumed by the crystal 
during its rotation about an axis normal to the beam were equally represented in 
the film, this would correspond to rotation of the reciprocal lattice at uniform speed 
about a parallel axis through the origin; and in this case a point on a given lattice 
line wou ld cross the plane through the origin normal to the beam with a 

linear velocity normal to that plane, proportional to the perpendicular distance of 
the point from the rotation axis. The intensity normally associated with a point in 
the reciprocal lattice should then be multiplied by a factor which is inversely pro¬ 
portional to this distance, i.e. inversely proportional to the distance of the corre¬ 
sponding spots in the pattern, from the line through the central spot parallel to the 
projection of the rotation axis. In the present case the orientation is expected to be 
mainly close to that shown in figure 6, with a certain range of orientations repre¬ 
sented in the film to a less and less extent the more the deviation from the main 
orientation. This would correspond to rotating the reciprocal lattice with a velocity 
varying with its orientation relative to the beam direction, i.e. inversely proportional 
to the relative extent of occurrence of that orientation in the film; and the intensity 
associated with points in the reciprocal lattice would then be further modified by 
this factor also. From the above considerations, and taking into account the radially 
decreasing atom-form factor, we should expect in the present case to observe only 
the parts of the hyperbolas (and spots lying on them) comparatively near the hko 
spots through which they pass, the intensity of the part extending from each hko 
point towards the vertex of the corresponding hyperbola being higher and less 
rapidly decreasing along the curve than that of the part on the opposite side of the 
hko spot; and also the diffraction lines and spots forming part of the hyperbolas 
more distant from the central spot should be proportionally weaker in the pattern. 
In effect, under these conditions, the loci would be limited to slightly curved lines 
through the hko spots, approximating closely to the diagonals of the squares in 
figure 7, except for the innermost more curved and stronger hyperbolic segments. 
The observed pattern is, in fact, of this type, as may be seen by comparison of 
figures 4 and 7. 

Similar considerations hold for the hyperbolas traced out by the other cell- 
diagonal lines. The [111] # lines, by symmetry, will yield the same hyperbolic curves 
as those of the [11T]* lines, but the parts which occur with appreciable strength will 
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be mirror-symmetrical to those due to [11T]* with respect to the X axis in figure 7. 
The line [in]* through [[hk o]]* and the [111]* line through the same point are 
symmetrical with respect to the a*b* plane and therefore give rise to the same 
hyperbolas (and superposed spot distribution) traversed in opposite directions for a 
given sense of rotation of the crystal; and similarly the [in]* and [1T1]* lines 
through a given [[Mo]]* point lead to the same hyperbolic and superposed spot 
positions. The case of rotation about the b axis leads, of course, to exactly similar 
hyperbolas in the positions derived from those described above by a 90° rotation 
of figure 7 about the normal to its plane through the origin. 

Many specimens were examined, and yielded patterns intermediate in type 
between figures 3 and 4. The extent of the distortion appreciably represented in the 
pattern (i.e. angular variation of orientation combined with relative degree of 
occurrence) appeared to vary greatly, but effectively never reached the equivalent 
of a 45 0 rotation from the main orientation about a cube axis in the film plane. In 
figure 8 for example, the hk o spots and nearest twin spots are strong while the 


* # 

* w * 


Figure 8. Slightly distorted silver film, not quite normal to the beam. Note faint but continuous 
hyperbolas with spots at their apices on the 111 ring position. 

hyperbolic diffraction lines are relatively weaker than in figure 4. The innermost 
hyperbolas passing through the ± 200 and ± 020 diffractions are sharp and clear in 
the negative, however, and though the curves are difficult to distinguish in the 
reproduction, the spots lying on them can be seen clearly, and afford some addi¬ 
tional confirmation of the above interpretation of the main features of the pattern. 
Thus the intensity distribution among the normal (i.e. integral order-number) spots 
shows that the mean film plane must have been somewhat inclined from the setting 
normal to the beam (roughly about an axis near a cube-face diagonal in the film 
plane) and this has resulted, as expected from the above interpretation of the 
patterns, in the formation of hyperbolas (due to the reciprocal-lattice identity-cell 
diagonals as before) completed right up to their vertices, near which am type of 
diffraction spot appears, lying on the 111 ring. 

Comparison of figure 4 with the pattern due to bending about face-diagonals in the 
film plane. There are several features of figure 4 which are not explained by the above 
type of bending of the film. One of the most prominent is the set of straight streaks, 
which are strengthened slightly where they cross the 111 and 200 rings, in the 
positions such as are shown by the broken thicker lines in figure 9 relative to those 
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of the hko spots. Diffraction lines such as these would appear if some parts of the 
film had undergone bending through 90° from the main setting, about axes parallel 
to the cube-face diagonals [no] and [no] in the film plane; and such a bending, 
though to a much smaller extent (about 35 0 ), would suffice to explain the appearance 
of strong spots on the in and 200 rings where these cross the diameters at 45 0 to 
the horizontal direction in figure 9. 



Figure 9. Positions of the hyperbolas and lines for [ww] # = [ooi] # and = 

Spot symbols as in Figure 7. 

The effect on the pattern caused by a bending of the silver films about the above 
axes may be illustrated by considering the case of the [no] axis of curvature. The 
loci traced out on the plane normal to the beam by the [x xT] # lattice line are obtained 


by putting in equations (12), (13), (17) and (18) the values 

[uvw]* =[001]*, [i/ I ® 1 «o 1 ] # =[iio]*, [M2Z> 2 aj 2 ]*=[nT]*.(23) 

whence sin 8=0; cos|=-\/|; sin £=V?; 

r=a*.-\/%.{(h—k) 2 +l 2 +hk+kl+lKft‘, ■ (24) 

r cos 7j= a*. (h + k + 2Q/3 s/z. 

The centre of a hyperbola of this set is thus at 

*1=0, y 1 =a*.(h+k + 2l)l\/2, (25) 

and its equation with respect to the axes X c , Y c through the centre is 

2x c 2 —y 2 = a * 2 . (h—k) 2 . (26) 


Since all the [11 x] # lines in the lattice pass through [[Mo]]* points, all the hyperbolas 
are obtained by putting l=o in equations (25) and (26). Table 2 gives the data for 
the [ill]* —[[Mo]]* hyperbolas nearest to the centre, for the main (h—k) values 
concerned, and figure 9 shows their positions relative to those of the Mo points. The 
[in]* lines will, through symmetry, trace out the same hyperbolas (with the same 
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Table 2, Details of the positions of the hyperbolas for initial settings [uvzo]* = [001]*, 
rotation axis [no]*, and lattice lines [u 2 v 2 w^\* = [iii]* passing 

through the points [[AAo]] # 


(h-k) 

Coordinates (x^) 
of the centre 

Equation of the 
hyperbola referred 
to the axes X 0 , Y c 
through its centre 

X e , Y e coordinates 
of the vertex 

0 

o, a* (h+k)/V: 2 

2# 0 2 —3\> a =o 

0, 0 

±2 

it 

* 

11 

£ 

1 

"s’ 

±2 0 

±4 

ft 

2# c 2 — y c *=n6a* 

± 40* IV 2, O 

±6 

jt 

zXc—yc-?>bd* 

±6a*/\/2, 0 

* ±8 

*» 

2X c z ~y c 2 = 64a* 

± 8a*/V2» 0 


possible positions oft he superposed spots) as the [111]* lines, though in the opposite 
direction for a given sense of rotation of the lattice. Since both sets of lines are 
initially, in the main setting, inclined at the low angle of 35 0 16' to the plane normal 
to the beam and this angle is decreased by rotation of the lattice in either direction, 
a moderate angle of rotation results in the tracing out of appreciable portions of the 
hyperbolas from the starting points at their vertices, the hko points. Comparison 
of figure 9 with figure 7 shows that the parts of the hyperbolas which are expected 
to appear strongly in the pattern, i.e. the parts near the hko spots, have closely 
similar positions near the diagonals of the squares at whose comers lie the hko 
spots, except in the case of the innermost hyperbolas which pass through the spots 
± 200 and ± 020. The spots superposed on the diffraction lines also have closely 
similar positions in the two cases, as is illustrated in figure 9, where some of those 
due to the [iii] # line through [[020]]* have been indexed for comparison with the 
same diffractions in figure 7. The spots lie on layer lines normal to the rotation axis 
[no]*, along which, in figure 9, has therefore been inserted a scale of (h + k) for use 
in consideration of the spot indices. Owing to the twin lattices spots can appear on 
layer lines for which (h 4- k) = ± o, f, f-, 2, f, ... etc. It may be noted that the occur¬ 
rence of the cube-axis bending as well as that about the [no] and [no] axes, is 
shown most clearly by the appearance of the hyperbolic curves such as those 
already described which pass through the 220 spot towards the central spot and 
curve away from this direction to pass through the 200 and 020 spots respectively. 

For a 90° rotation of the lattice about the axis [no]* the [in]* and [in]* lines 
intersect the plane normal to the beam in the positions shown by the broken lines 
in figure 9, of which those passing through the (± 2, ± 2, o) spots appear to be 
represented in the pattern (figure 4), as has already been pointed out. The enhanced 
regions which occur on these lines near their intersections with the 200 and in 
rings are in the positions corresponding to twin spots, some of which on one of the 
lines through the 220 spot are indexed in figure 9 as an example. No marked lines 
occur in figure 4 corresponding to those of the above set which pass through the 
origin in figure 9, and this is in agreement with the fact that no twin spots occur on 
the cubic identity-cell diagonals of their collective reciprocal lattices, whose sides 
are of length 6 a* and are parallel to those of the normal lattice. 
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The lattice lines [ixi] # and [Tii]* are normal to the axis of rotation, [no]*, and 
therefore trace out straight lines perpendicular to this axis in the plane normal to the 
beam. These are also shown in figure 9, but the positions of the spots lying on them 
have been omitted except for the twin-spot positions on the line through the origin, 
some of which have been marked as an illustration and for comparison with their 
relative prominence in the pattern, together with their indices in the case of those 
on the lower half of the line. Table 3 shows the indices of the twin points which lie 
in the (1T0)* plane through the origin (cf. figure 2 a), and are relatively near to both 


Table 3 


Indices hkl 

r/a* 

111 

V'3 = i , 732 

m 

V4 = 2-000 

220 

V8 = 2*828 

SB 

Vn = 3-317 

222 

Viz = 3464 

m 

Vi6 = 4 - ooo 

331 

Vi9 = 4-359 


V 24 =4-899 


V27 = S-I96 

440 

V32 = 5-657 


the origin and the a*b* plane; together with their distances (r) from the origin, 
which are the same as those of the corresponding intersections shown in figure 9. 
As would be expected, the corresponding spots appear prominently in figure 4. 
The many junction spots which also lie on these lines will contribute to the con¬ 
siderable intensity and continuity of the latter in the pattern. 

Unidentified diffractions. Practically all the details of the pattern, figure 4, have 
now been interpreted, but no satisfactory explanation has yet been found for 
several faint diffraction lines and spots. Thus, faint lines can be seen passing through 
the 200 and 020 spots along the lines joining them, on which, besides the 1x0 spot, 
lie two faint spots symmetrically disposed with respect to the no spot at a distance 
of 0-114 times the 200-020 separation on each side of it. A faint spot also occurs at a 
comer of the square whose other comers are the above two spots and that on the in 
ring where it crosses the radius through the 220 spot. Similar groups of spots and 
lines occur in the other three quadrants of the pattern. These spots and lines are not 
visible in all the transmission patterns recorded, and may perhaps be associated with 
particularly large curvature of parts of the film or, less probably, with slight tarnish¬ 
ing of the film during its mounting for transmission purposes. Figure xo, obtained 
at practically normal transmission, shows more clearly a somewhat similar but 
differently oriented group of faint spots and streaks associated with the no type 
of diffraction spot, although the rest of the pattern indicates a smaller degree of 
curvature of most of the film. Forbidden diffractions in the no positions have 
already been met with by Briick in patterns from thin silver filmsf, and also can be 

f Reference (4), figure 10. 
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seen in figure 11 where there are not the above square groups of spots surrounding 
them. Briick considered these to be due to sodium chloride from the solution 
remaining in contact with the film after incomplete washing of the latter, crystallized 
on the silver with a cube-face parallel to that of the silver film surface and a cube- 
edge parallel to the silver cube-face diagonal in the film plane. The intensity 
distribution among the normal spots in figure 11 indicates that the film must have 
been somewhat inclined from the setting normal to the beam, and the appearance of 
strong twin spots and lines shows the presence of considerable curvature of the 
types already discussed. Here, more clearly than in figure 4, can be seen faint 
diffraction spots at a third of the distance from the central spot towards the ± 020 
spots, whose origin has also not yet been, elucidated. 



Figure 10. 


Figure xi. 


Figure 10. Slightly distorted silver film normal to beam; note no type of diffraction and related 

group. 

Figure 11. Slightly distorted silver film not quite normal to beam; note spots of no type and faint 
abnormal spots on the radii to the ± 020 spots. 


§6. THE EFFECT OF HEATING THE SILVER FILMS IN VACUO 

Silver films which yielded patterns such as figures 3, 8, 10 or 11 were placed, 
together with their nickel gauze supports, in a glass tube, which was then evacuated 
by a rotary oil pump (Hyvac) and heated externally to between 500 and 6oo° c. for 
a period of about 2 min. and then allowed to cool in vacuo. The films then yielded 
transmission patterns of a type more closely similar to that of the reflection patterns 
yielded by the films before their removal from the rocksalt, indicating that the 
crystal structure of the films had become much more perfectly oriented. Thus the 
Laue zones of strong spots became well-defined and narrower, and diffuse Kikuchi 
lines and bands were visible in some cases such as that shown in figure 12, in which 
the innermost circular zone of strong spots is the zero-order zone due to the cube 
axis normal to the film plane, this axis being inclined at about 2 0 to the beam. The 
median regions of the Kikuchi bands visible in figure 12, due to planes of type (100) 
and (no), are strong absorption bands (in the negative) instead of the usual bands 
of enhanced intensity, somewhat analogous to the reversed bands observed by 
Boersch from heated mica films. Such bands may perhaps be characteristic of 
a definite range of crystal thickness near that where the Kikuchi bands first become 
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noticeable. The twin spots and junction spots in figure 12, lying on the zones whose 
order numbers are ±|, f, f, f, etc., are very sharp, and both types appear to be 
about equally intense. 

With slightly longer periods of heating of silver films the twin spots and junction 
spots become very weak relatively to the normal spot pattern as shown in figure 13, 
which was obtained from the film initially yielding figure 10, after 3 min, heating 
in vacuo. The faint x xo spots and a related neighbouring group can also still be seen 



Figure 12. Figure 13. 

Figure 12. Silver film similar to that shown in figure 3 after 2 minutes* heating in vacuo. 
(Camera length about half that for the other photographs.) 

Figure 13. Silver film of figure 10 after 3 minutes* heating in vacuo. 



Figure 14. Silver film similar to that shown in figure 3 after 4 minutes* heating in vacuo. 

faintly in the pattern, and faint diffuse bands can be seen passing through the 
normal spots parallel to the cube face diagonals of the film plane. About 4 min. 
heating of fresh silver films sufficed to cause complete disappearance of the satellite 
spots, leaving a pattern of normal type such as figure 14, consisting only of those 
diffractions characteristic of a normal silver lattice having the same orientation as 
that part of the film which was originally parallel to the rocksalt substrate lattice. 

The effect of heating the silver films in vacuo is thus to eliminate the dis¬ 
continuities at the twin-layer boundaries.and form a homogeneous single-crystal 
lattice parallel to that which was initially parallel to the rocksalt substrate lattice. No 
irrational diffractions then occur; hence even if the films were initially bounded by 
octahedral planes, such projections are rounded off as a result of heating, as might 
be expected, since a flat boundary face would provide the lowest potential energy 
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of the crystal in view of the surface contraction (analogous to the surface tension of 
liquids) which Lennard-Jones ^ has shown should occur at the surface of ionic 
crystals. The final boundary faces of the silver lattice are thus evidently (001) 
planes, which are parallel to the film plane. 

§7. OTHER SILVER SPECIMENS 

In the course of some rough preliminary experiments, during which the 
temperature of the rocksalt was not regulated to the standard value used for the 
other silver films, a deposit was obtained which yielded the pattern, figure 15, when 
the beam was parallel to the cube-edge of the rocksalt substrate. In addition to the 
spots arranged at the comers of squares, which correspond to the usually obtained 
silver lattice parallel to that of the rocksalt, spots occurred in other positions. Thus, 
besides the 002, 004, etc. spots, the orders of the 111 diffraction of the silver 
occurred in the plane of incidence, hence the additional spots were due to silver 
crystals oriented with a {111} face parallel to the substrate rocksalt cleavage face; 
and since all the remaining normal diffraction spots of this group lay on faint 
continuous hyperbolic diffraction lines on which also lay intermediate spots 



Figure 15. Abnormal pattern from silver film condensed on a heated rocksalt cleavage-face in vacuo; 
normal (001) orientation and also (m) orientation. 

corresponding to twin points on the reciprocal lattice cell diagonals, this part of the 
pattern was evidently due to silver crystals having practically no other restriction on 
their mutual orientation. If the reciprocal lattice is rotated about the [111]* axis, 
the asymptotes of all the hyperbolas which are traced out in a plane normal to the 
beam by the [11T],* [1T1]* and [Tn] # lattice lines enclose an angle of 38° 56', 
since for these lines, by equations (12) and (13), sin S = o and cos f= ± and the 
asymptote equations are, by (10), y c = ±x c cot £= ± # c . ^2/4. The measured angles 
enclosed by the asymptotes of the observed hyperbolas in figure 15 are in close 
agreement with this value. The atoms in a (m) plane of the face-centred cubic 
silver lattice are arranged in a two-dimensional hexagonal network, their spacing 
being 2-883 a. Since this spacing is very close to half the length of the side of the 
rocksalt cubic cell, 5-628 A., it might have been expected that the {111} planes of the 
silver would have been formed in the four possible orientations such that one of their 
hexagon sides was parallel to one of the cube edges in the substrate rocksalt cleavage 
plane. The silver atoms in rows normal to these hexagon sides have a spacing of 
V3 x 2*883 “4*994 A -» the same order of magnitude as, though not very close to, 
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the rocksalt lattice-point spacing of 5-628 A. in this direction, which is the other 
cube axis direction in the rocksalt cleavage plane. No preponderance of these 
orientations is indicated by the diffraction pattern, however, and it appears that the 
above {111} orientation of the silver crystals is 6f the type often observed in face- 
centred cubic crystals deposited on flat inert substances, although the satellite spots 
in the pattern show that the crystals have developed strongly {m}-twinned struc¬ 
tures of the type discussed above. We have not yet studied more closely the conditions 
under which such films are formed. 


§8. CONCLUSION 


This investigation has shown that the electron-diffraction patterns yielded by 
the silver films are in good agreement with Menzer’s view of their twinned structure. 
The characteristic mode of distortion of the films, i.e. curvature about axes parallel 
to the cube axes and cube-face diagonal directions in the film surface, appears also to 
be compatible with the nature of the film structure and the form of the substrate 
surface. Thus, in common with most cleavage surfaces, that of rocksalt can often 
be seen to be stepped, instead of forming a perfectly continuous plane; and the 
electron-diffraction patterns yielded by these surfaces generally indicate a certain 
amount of submicroscopic roughness of the surface, presumably due to such 
cleavage steps. The silver deposit is therefore not to be considered as a perfectly 
flat film of uniform thickness, but rather of the form indicated in section by figure 
16 a. If the substrate is dissolved away and the film supported across the meshes of 


Silver layer 


I Direction of deposition 
Y of the silver atoms ▼ 




Figure 16. Diagrammatic sections of a silver film to show the probable shape of the film (a) as 
deposited on the stepped rocksalt cleavage-face, (b) after removal of the rocksalt. 

a metal gauze, one might expect that the resulting tension in the film would cause the 
angles to become more obtuse and that the parts of the film enclosing them would 
become curved about axes parallel to the cleavage edges, as in figure 16 b. On this 
basis the curvature about axes parallel to the cube axes in the film plane, inferred 
from the diffraction patterns, becomes readily understandable. Whether or not such 
a film shape could also cause some curvature about the cube-face diagonals in the 
film plane in the regions near the corners of the cleavage steps is less clear. The 
definiteness of orientation of the axes of curvature parallel to the cube-face diagonals 
shown by the patterns points, rather, to their being associated with the lines of 
weakness along the junction regions of the {nr} twin layers in the film, which also 
lie along octahedral edges. The question of whether the film surface is bounded by 
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octahedral faces, or whether the irrational diffractions are entirely due to the 
twinning within the octahedral-plane layers on planes parallel to the layers, seems 
still to be undecided; but if projections bounded by octahedral planes actually occur 
at the film surface, there would be lines of mechanical weakness along the direction 
of the troughs between them, i.e. also parallel to cube-face-diagonal directions in 
the film plane. 

The change in crystalline structure of these silver films, observed after heating 
the latter in vacuo to temperatures far below the melting point, is closely connected 
with the experimental demonstrations of crystal growth and aggregation in metals 
at such temperatures, which have established the fact that the atoms at the surface 
of the crystals have a considerable freedom of movement over the surface of the 
lattice. Crystal growth in metals has been much studied by means of x-ray diffrac¬ 
tion, and the phenomenon has recently been studied in thin metal films by the 
electron diffraction method (l5 ’ 22 ’ 23 ’ 24 ’ 2S ’ 265 27,28,33) , by microscopic examination (29,30) 
and observation of optical properties (3l) , and also, less directly, by experiments on 
the temperature variation of electrical resistance of thin metal films (32,33) . A re¬ 
arrangement of the silver-film structure to the extent observed in the present case at 
about 500° c. provides striking evidence of the high mobility of the silver atoms 
within the film and not merely on its surface. 
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SHEAR-STRESS SYSTEMS AND COMBINED STRESS 

By J. J. GUEST 

Communicated by Dr W. Jevons 19 November 1938. Read in title 10 March 1939 

ABSTRACT This paper discusses an objection which has been raised to the law of elastic 
failure under combined stress which was given in a paper read before the Society in 1900— 
namely that, instead of the volumetric stress then used, the average volumetric stress should 
be employed and that only shear stresses should be associated with it. A resolution of a 
stress system into uniform tension and shearing stress, of a type which is advocated to-day 
and appears to offer advantages, is first discussed and is shown to be inapplicable as not 
being a complete representation. It is then pointed out that there are usually an indefinite 
number of shear-stress systems and only in certain cases are the shears unique. For the 
precise expression of a law of failure the indefiniteness must be removed, and the simple 
limitations available for the purpose are discussed and shown to be inapplicable. 

Finally it is shown that the adoption of the suggested scheme could only be applicable 
to such materials as have a failure limit in simple compression less than three times that in 
simple tension. Thus it is incompatible with a law of failure which is to be of general 
application. 


T he results of a research described in a paper on “The strength of ductile 
materials under combined stress ” (l) were there expressed as a criterion of 
failure as follows: “§56. Any state of stress can be represented by the co¬ 
existence of a shearing stress, a volumetric uniform stress, and a stress perpendicular 
to the plane of the shear; and the yield point occurs when the shearing stress, to¬ 
gether with a small fraction of the volumetric stress reaches a certain amount, the 
volumetric stress being reckoned positive when tensile.” The volumetric stress 
employed is J (/>i-fp 2 )> where p l9 and^> 2 are the principal stresses in descending 

order of magnitude, and the equation of the criterion is given as 

Pi-p2 + h(pi+p2) = C, .( 1 ) 

where A varies from zero to unity with the ductility of the material. 

Various criticisms have been made concerning the form of the above statement, 
a frequent one being that the volumetric stress to be used should be the average 
stress i (Pi+Pz+Pz), and that shear stresses alone should be associated with it. 

As the fundamental strains are those of volume and shape this criticism is 
logical, but the expression of the law experimentally reached in such terms and in 
terms of the corresponding stresses was considered and found to present d iffi culties. 
Those relating to the shear stresses are considered initially. 

It will be convenient firstly to consider recent suggestions that a certain modern 
view of stress-resolution should be adopted. This view will be given adequately by 
a citation from the latest technical treatise, Elasticity , by R. V. Southwell, F.R.S., 
Professor of Engineering Science in the University of Oxford, who expresses it 


< ‘.V 
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thus: “Resolution of any stress-system into uniform tension and shearing stress.* 
We have shown that by a suitable change of axes any state of stress can be represented 
by their principal stresses p ly p 2 > pz- If now we write 

Pi = £ (Pi +A +P 3) + i (Pi ~ A)+ * (Pi ~PzY 

A=MA+A+A) + £ (A~A) + i (P2-P1) . 00 

A=* (A +A +A)+i (A -Pi)+i (A -A). 

we see that the state of stress may be regarded as a superposition of four distinct 
stress systems. In the first we have three equal principal stresses of magnitude 

l(Pi+p2+Pz)=P (say), 

where p is the mean tension at the point considered. The other component stress- 
systems are alike in type. In the first (for example) the principal stresses are ' 

±MA~A)>° .( 3 ) 

so that the mean tension is zero. From § 283 we see that the maximum intensity of 
shearing stress is ^ (p 1 —p^) and occurs on planes which lie midway between the 
planes of non-zero principal stress. It is easy to show that the normal component 
of stress is zero on such planes; accordingly the system represented by (3) maybe 
looked on as a pure shear of intensity A) and the other two component 

systems, similarly, as pure shears of intensities i (A —pz) and £ (A~Al)-” 

It is evident that as (A““A) is one of the terms of equation (1), the difference 
between the omission of a possible small effect from the “stress perpendicular to 
the plane of the shear” or of the smaller shear stresses corresponding to equation (3) 
might be insignificant. Nevertheless, the suggestion cannot be accepted because the 
separation of a state of stress into volumetric stress and shear stress requires that the 
shear stresses should be those of a system; i.e. if an elementary cube be imagined 
at the point of stress, such shears act along its faces parallel to its edges. 

Consider the simple case of a material subjected to a tension A and a simultaneous 
hydrostatic pressure \p in all perpendicular directions as indicated in figure 1. 
(This is a simple tensile stress, f p, from which the average volumetric stress has 
been removed for purposes of simplicity in treatment.) According to the above 
method of resolution, the stress system is equivalent to three shear stresses \(p -f \p) \ 
I (P+iP)'* °> that is \p and \p on planes inclined at 45 0 to the axis of p and zero 
on planes passing through that axis, as indicated in figure 1. It is clear that these 
shear stresses are not on the faces of one elementary cube and so do not form a 
system. 

For the same set of principal stresses there will be on a plane ABDC , figure 2, 
inclined at an angle a equal to cos” 1 (i/a/ 3) t0 A normal stress t and a shear stress 
q of values given by 

t—p sin 2 a — \p cos 2 a=o, 
q—(p + ip) sin a cos a =p/ a/2. 


* § 284, p. 274. 
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If on ABDC a square EFGH with its sides at 45 0 to AB be taken, the shear 
stress pIV 2 ' is equivalent to a pair of shear stresses p/z acting parallel to the sides of 
the square as indicated. The edges of three squares thus inclined, oriented equally 
about the line of action of p, coincide, forming a set of three mutually orthogonal 
edges containing an elementary cube of which EFGH is a face, shown at a in the 
figure. On the faces of this cube there is no normal stress, but only shear stresses, 
each equal to p/z, parallel to its edges as indicated in figure za. This illustrates a 
shear-stress system. For the principal stresses given, and for any combination of a 
volumetric stress with them (e.g. for a simple tension), this is the only possible 
shear-stress system. 



This equivalent stress system is quite different from that of the type of resolution 
under consideration. While the stresses of equation (3) are equivalent to shear 
without normal stress on an element rotated through 45 0 about this rotation is 
inconsistent with similar rotational operations to deal with the other pairs of stresses. 
A further difficulty also presents itself in this €t resolution of any stress system” in 
that in the state of stress specified by p 1 , p 2 , p z the maximum shear stress is § (p x —^ 2 )» 
while according to this resolution it is J (p x — p 2 ): and no form of resolution can 
alter the maximum shear actually existing. The invariants in this resolution also 
present a difficulty. For these reasons this type of resolution, despite its apparent 
helpfulness, must be rejected in the statement of a criterion of failure. 
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To proceed to the consideration of true shear-stress systems (as exemplified in 
figure 2 a), the discussion will be perfectly general if the volumetric stress be. taken 
as zero, so that p x +pz +p 3 =o, when the principal stresses may be written, p, —kp. 



and — (1— k)p, where k will be a fraction less than \ (since values of k above J 
correspond to former values of i—k) and may be taken as positive without loss of 
generality. Conveniently, and still without loss of generality, the stresses may be 
taken as 1, —k and —(1 —k). If the equivalent shear-stress system be/, g, h, the 
equating of the invariants of the stress quadrics gives 

/*+*•+*■- i-k+k\ 





( 4 ) 
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and 2 fgh=k(i-k), 

so that f+g^ii-k+tf-JP+kti-k)/h} ...,| 

and f-g=^{i-k+k 2 -h 2 -k(i-k)jh} ....j 

As the shear component h can be arbitrarily selected—subject to f and g being 
real—there ■will be an infinite number of equivalent stress systems for any set of 
principal stresses. In order that the shear-stress system can be employed in a 
criterion of elastic failure it is necessary that this indefiniteness be removed in some 
manner. 



Figure 3. 


The simplest restriction would be that one of the shear stresses should be zero. 
As fgh — k{ 1 — A), this renders it necessary that k should be zero or unity. There is 
therefore only one type of principal stress system—the two-dimensional case of 
two equal and unlike principal stresses—which has a shear-stress system having a 
zero component and this restriction is therefore inapplicable. 

For / and g to be real, two restrictions as to the value of h are necessary: f, equal 
to 1 —k+tf—h? must be positive and also it must be greater than rj, equal to 
k (i—k)/h, which, by symmetry, need only be regarded as positive. 

Let curves corresponding to these equations be drawn, the values of h being 
taken as abscissae and the ordinates £ and 77 perpendicular to the h axis. In figure 3, 
ABCDEF and GCHEJKL are a pair of such curves and for real shear-stress 
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systems h must be selected so that the curve £ is there above the axis Oh and also 
above the curve rj . Thus the limits are given by the points C and E in which the 
curves intersect. Equating | and 77 gives k and 1 — k as the abscissae of C and E , and 
the value — 1 for the third point of intersection, A . Thus the value of h is limited to 
the range between the two lesser principal stresses. 

These curves are drawn for the value of £ = o*i. As k increases, the £ curve 
moves downwards and the tj curve outwards as indicated by the pair MNP , MQP 
for which £=0*265. When k reaches the value 0*5 the curves, shown as i? 5 T, USW 
touch at S . If k be supposed to increase further the curves repeat, the former 
positions being unchanged by the interchange of k and 1 — £. 

Thus generally any value of h between the lesser principal stresses may be 
selected, and the values of/and g are then real and also lie between these principal 
stresses, and for each selected value of h the axes iorfgh will be specifically orien¬ 
tated. It is also to be noted that no shear stress of a system can be as great as the 
maximum shear stress of the stress combination, 1 — A/2, except for the pure shear 
case discussed above. When k becomes equal to 0*5 the infinite number of shear- 
stress systems becomes a single system, |, \ and but the axes will have an infinite 
number of orientations as is clear from figure 2 a where the elementary cube may 
have any angular position about the axis of the major stress. 

Let this indefiniteness next be restricted by supposing that the sum of the 
shears be zero, i.e. f+g+h—o. Substituting —A iorf+g in equation (4) gives 

£ = 2 A*-(i -£+£ 2 ) A-A (x-A) = o .(5) 

as the cubic for determining the values. Tracing the curves corresponding to £ on 
the diagram renders the matter clear. The curve corresponding to A— o*i is re¬ 
presented by abcdef ,giving real roots 0*718, —o*ioi and — 0*618, and a true shear- 
stress system of this type exists. As k increases the cubic curve changes, passing 
through the particular shape agilm which touches Oh at m to anpq, for £ = 0*5, 
which gives only one real root, Ow = 0*745, f° r the equation. In the limiting case 
agjlm , the cubic having equal roots Om will be of the form (h+x ) 2 (h — zx)~o. 
Comparing the coefficients of this with those of equation (5) gives 6ac 2 =i— A 4* A 2 
and 4# 3 =£ — £ 2 , resulting in a cubic 4a? 3 + 6# 2 —1 = 0 for the determination of x. 
This has the root 0*3661 for which the corresponding value of £ is 0*265. For values 
of £ exceeding this, there are no shear-stress systems in which the sum of the shear 
stresses is zero. The curve agjlm is drawn for the value £=0*265, as also the corre¬ 
sponding pair of curves MNP and MQP , the abscissae of g and P being the same. 

As the combinations of principal stresses for shear-stress systems in which 
/+£+£=o are thus limited, this condition cannot form part of a criterion of elastic 
failure. 

A restriction which would be applicable in all cases is the selection of the largest 
(or smallest) shear stress available, 1 — k or £, as one of the system. In the former, the 
values of 1 — A+A 2 —A 2 and £ (1 — £)/A being each equal to £, the other stresses of 
the system are each V(A/z). The shear stresses associated with £ would similarly be 
each V{(i — £)/2}. 

The change of aspect of the state of stress is easily visualized in such cases. If 
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OA, OB and OC be the axes of the principal stresses 1, — k and — (1 — k) and 
OF, OG, OH those of the shear stresses \Z(kjz), ^{kjz) and (1 — k), the direction 
cosines of the former relative to the latter are obtained by substituting in sequence 
1, — A and — (1 — k) for p in the equations 

lp = (i—k)m4 -\/(^/ 2 ) n > 
mp — (i — k) l+'s/ikjz) n, 

np—VW?) (l+m)> 

giving the resulting scheme of relationship shown in the table. 



F 

G 

H 

A 

l/V {2 {l+k)} 

i/v{ 2 (i+m 


B 

V{k/z(i+k)} 

V{k/z(i+k)} 

i/V(i+k) 

C 

1A/2 

- 1/V2 

0 


The first system gives an elementary cube with edges along OA, OB, OC, 
having normal stresses 1, — k, — (1 — k) only on its faces. If this cube be supposed 
to turn round OC, figure 4, through an angle AOH equal to cos~ x '\Z{kj{i+k)} so 

! c 





Figure 4. 


that its edge lies along OH, the position will be that shown by the (broken line) 
cube LMN, and it will have on the face LM shear stress only of amount \/k and 
upon face MN a normal stress also of amount 1 — k, while that on face LM remains 
— (1 — A). This cube now may be imagined to rotate round OH through 45 0 into its 
final position shown by L'M'N', its edges coinciding with OF, OG and OH, when 
the two normal stresses ± (i—k) give a shear stress of the same amount and the 
shear stress V k gives two equal shears vW 2 ) parallel with the edges of the cube, 
upon the faces of which there is no normal stress. The equivalence of the views or 
resolutions of the state of stress is thus easily visualized. 

The case in which the stress — k, the point C in figure 3,‘is selected instead of 
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1 — k corresponds, the equal shears being now \/{(i—k) 1 2}. Thus the shear stresses 
of the system under the restriction are the two lesser principal stresses and a 
fraction (1/V 2 ) of the geometric mean between each of them and the greatest 
principal stress—all being taken to be after the removal of the average volumetric 
stress. 

According to the suggested amendment the criterion would become q+fvo=A, 
where v is the average volumetric stress, q a stress of the shear system, and A a 
constant. Comparison with the experimental results given in my paper shows that 
under the above restriction only the selection of the stress V{(i —k)jz) can be made 
to give any agreement, and that stress would necessitate a mini mu m value of p, 
which, although only about 0-04, would be unexpected. General practical results 
show, however, that such a criterion cannot be generally true. 

The four cases of single and double tension, and single and double compression 
(i.e. p, o, o: p,p, 0:0,0, —p : and o, —p, —p) have shear-stress systems of the unique 
type, so that no ambiguity can occur in their comparison. The shear stress of the 
system is \p in each case, the differences being in the volumetric stress. If the 
respective yield stresses are f 0 , f m , p 0 and p M , the equation gives 

. /o= 3 ^/( I +M). 

Po — 3 A/(l — /*) = ~~~/o> 

1 fjL 

Poo= 3 M 1 ~^) = ~^P<>- 

AsP qq cannot be infinite, the maximum value of \x is £. This gives the correspond¬ 
ing maximum value of the ratio p 0 /f 0 to be three. Tests give the value of this ratio 
for cast iron to vary from four to six. Thus the equation cannot be applicable to 
metals of the cast iron type. 

Thus the primary objection to the suggestion that the average volumetric stress 
and some constituent of the residual shear-stress system should replace the selected 
terms in the expression of the criterion is that the shear-stress system is indefinite 
and that any restriction, such as those considered, made to reduce this indefiniteness 
would be an artificiality which would require some special justification. 

There are then the further objections that no restriction appears satisfactory 
and finally that a criterion so expressed would be of limited application, all metals 
having a ratio of compressive to tensile yield stresses greater than three being ex¬ 
cluded from it. 

For those, and other reasons, the average volumetric stress with the allied shear 
stresses only, and the corresponding strain representation, were discarded in 
determining the expression for the results of this research. 

As the criterion stands, it avoids objections such as those discussed above and 
is applicable to all isotropic materials, and all subsequent research appears to 
substantiate its truth. 
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ABSTRACT . The rapid summation of Fourier series is becoming a more and more 
urgent problem in x-ray crystallography. A machine is proposed hr which the funda¬ 
mental sine curve of any amplitude may be represented by a number of sets of impulses. 
A switch can arrange* these sets of impulses to correspond to a wave of any wave-number, 
and the sets of impulses then go into counters. Successive operations of the generator and 
arranging-switch result in the addition of Fourier terms, the terms being added for all 
values of the variable at the same time. 


Si. INTRODUCTION 

T he addition of a Fourier series of cosine or sine waves of different wave- 
numbers and amplitudes has always been of interest in applied mathematics. 
Also in modern x-ray work on the structure of crystals a frequent process is 
a Fourier summation of the F-values (which are related to the intensities of re¬ 
flection) over an area, and the new series invented by Patterson (l) has still further 
extended the scope for such summations. Also with Weissenberg methods of 
photography in crystal structure it is not very tedious to obtain rough values of all 
the general ( hkl ) intensities of reflection. Thus three-dimensional Fourier sum¬ 
mations are being increasingly employed in order to utilize all the observations 
made. Now two-dimensional and three-dimensional summations are most con¬ 
veniently made by splitting them into one-dimensional summations, but a very 
large number of these are involved. It is therefore of importance to develop the 
fastest possible method of making the one-dimensional summation, and to render 
this method available to all crystal-structure laboratories. 

The most speedy method which is generally available at the moment is to use 
the set of printed strips prepared by Mr Lipson and the author^, provided that 
the scope of the strips (range of wave-number and amplitude, and division of 
interval) is sufficient for the problem on hand. This is usually the case in crystal- 
structure problems. The strips carry numbers representing all the sine or cosine 
waves required, and the process consists merely in the selection of the appropriate 
strips, and the addition of the columns of numbers thus obtained. 

Now the selection and addition of strips of numbers is precisely the process 
which is accomplished in systems such as the Hollerith series of calculating machines. 
Here the numbers are represented by holes punched in cards, and the required 
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cards can. be selected and run through the adding machine at a rate of about one 
per second. The machine generates sets of electrical impulses from data provided 
by the cards and prints totals. The writer had an opportunity (provided by 
Dr L. J. Comrie, of Scientific Computing Service Ltd.) of a thorough investigation 
of the application of the Hollerith system to Fourier summations. Unfortunately 
the cost of the adding machine provides a serious obstacle. A central bureau, to 
which the data would be sent for computation, would be required. Such a system, 
however, would not be as convenient, as computation by the present system (the 
Fourier strips) except for very long pieces of work. The simplest synthesis would 
require several days for the results to come to hand, and it is a great disadvantage 
for the computation to be outside the direct control of the investigator. 

It seems however that it would not be very expensive to produce a small 
machine using the same principle as the Hollerith which would do the required 
summation with great speed, if full advantage were taken of the relations between 
the various strips of numbers. Such a machine would generate directly the impulses 
corresponding to the numbers on any one of the Fourier strips, and pass these 
into counters. Then it would generate impulses corresponding to the next required 
strip, and pass these into the same counters, and so on until all the terms have 
been added. The machine would work without the intermediary of punched 
cards. 


§a. THE GENERATION OF THE FOURIER STRIPS AS SETS OF 
ELECTRICAL IMPULSES 

Consider, first, all the strips having the same amplitude, say the amplitude 45. 
The 45 sin x strip gives the value of 45 sin 9 for values of 6 in steps of 6° from o° 
to 90°. The number following the word “sine” in the description of the strip is 
, the wave-number, and a strip with wave number 2 and amplitude 45 would give 
the values of 45 sin 2 6 in 6° steps of 6 . It follows that all the strips of amplitude 45 
contain only numbers which are on the strip of wave-number 1, but the numbers 
are re-arranged, and may be negative. Some of the strips of amplitude 45 are 
shown in table 1. If therefore the 45 sin 1 strip is generated as a set of electrical 
impulses which can be fed into 16 counters (for the different values of ff), any one 
of the strips of amplitude 45 could be added in if a switch were provided to connect 
the counters to the impulses in the right order. In the set of strips published by 
Mr Lipson and the author there are 41 strips of any one amplitude (21 wave- 
numbers of cosine, and 20 of sine). In order to permit the registration of the 
negative numbers we may have counters with negative drive magnets as well as 
positive ones, and connect to the negative sides as required. The connexions may 
be made by a 41-way switch. Each way or setting of the switch corresponds to 
one wave-number of cosine or sine, and there are 32 poles, each connected to the 
positive or negative side of a counter. 

We have now to generate only the sin 1 strips of all amplitudes. The beginning 
and ending of the complete set of sin 1 strips are shown in table 2, each strip being 
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Table i 

46 5 1 0 6 9 14 18 22 26 30 33 36 39 41 43 44 45 45 

45 S 2 0 9 18 26 33 39 43 45 45 43 39 33 26 18 9 _0 

45 S 3 0 14 26 36 43 45 43 36 26 14 0 14 26 36 43 45 


45 iS 20 0 39 39 0 39 39 0 39 39 0 39 39 0 39 39 0 

45 C 0 454545 45 45 45454545454545 45 454545 

45 C 1 45 45 44 43 41 39 36 33 30 26 22 18 14 9 5 0 

45 C 2 45 44 41 36 30 22 14 5 5I4 22 30 36 4T 44 45 

45 C 3 45 43 36 26 14 0 14 26 36 43 45 43 36 26 14 0 


45 C20 | 45 22 22 45 22 22 45 22 22 45 22 22 45 22 22 45 

one row of the table. There are 15 columns of numbers in each strip, and each 
column as we proceed step by step downwards either increases by unity at each 
step or remains unchanged. The number in each column may therefore be generated 
by one pole of a switch which moves down 99 contacts. Wherever there is an 
increase in the number in table 2 the corresponding contact must be live, and 
wherever there is no increase the contact must be dead. Live contacts are shown 
by crosses in table 2. With this arrangement, when the switch moves down to a 
row determined by the amplitude required, the 15 poles generate the required 
strip as a set of impulses. These impulses then pass along to the wave-number 
switch, and are there arranged to form a wave of the required wave-number. 

Table 2. sin 1 strips 

xxxxxxxxxx 

1 SI 0000001111111111 

xxx xxxxxxx 

2 SI 000 1 1 1 1 1 12222222 

X xxx xxxxxx 

3 51 0011112222333333 

XX xxx xxxxx 

4 51 001 1222333344444 


X X xxxxxxx 

96 S1 0 10 20 30 39 48 56 64 71 78 83 88 91 94 95 96 

xxx xxxxxx 

97 S1 0 10 20 30 39 48 57 65 72 78 84 89 92 95 96 97 

xxxxxxxxxxxx 

98 51 0 10 20 30 40 49 58 66 73 79 85 90 93 96 97 98 

XX XXX X X X X 

99 S 1 0 10 21 31 40 49 58 66 74 80 86 90 94 97 98 99 

In order to be able to insert into the counters a wave with a negative amplitude 
(these waves are printed on the backs of the Fourier strips) the wires from the 
wave-number switch to the counters must pass to the counters by way of a com¬ 
mutator, which will interchange negative for positive and vice versa. This requires 
a switch which is the equivalent of sixteen Pohl commutators. 
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§3. THE DESIGN OF SUITABLE COUNTERS 

The 16 counters must be capable of reliable operation at speeds of 50 to 100 
counts per second. This is faster than the usual type of electromagnetic counting 
mechanism, but no faster than the uniselector switches used in automatic tele¬ 
phony. The counters must also have a zeroing device, and must be capable of 
being operated in both directions. It is quite probable that suitable counters 
could be made up from uniselector switches, but it would perhaps be more satis¬ 
factory in the long run to build special instruments. Since the electromagnetic 
mechanism has only to turn a counting wheel, these counters could be made faster 



Counters 

than uniselector switches, in which a number of switch arms have to be turned. 
A two-wheel counter with one rotation of the input wheel per ioo impulses would 
be satisfactory, so that this wheel would give tens and digits. The second wheel, 
moving on one place for every revolution of the first, would give the thousands and 
hundreds. Such a counter would be a simple modification of the Hope-Jones 
electrical-impulse dial movement, which has already been shown to work well 
at 100 impulses per second^. 

The figure gives a diagram of the whole machine, and it is considered possible 
to make such a machine which will add a ten-strip summation within a time of 
10 sec., leaving the operator only to copy down the answer. At a greater cost the 
machine could be made to print the totals, and its range could be extended in any 
way. 
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DISCUSSION 

Dr L. J. Comrie. I have always advocated, as a policy, that the capabilities of 
existing commercial machines should be fully exploited before the laborious and 
costly task of designing and making special apparatus is embarked upon. In this 
case the nature of the problem points to the use of punched-card machines, which 
have been successfully applied to Fourier synthesis in the summation of the har¬ 
monic terms in the moon’s motion. I am not convinced by the curt dismissal of 
these machines. First, the cost of using them is not likely to exceed the cost of 
designing and constructing the machine described, if due allowance be made for 
the time of the designer, and all overhead costs. Secondly, the centralizing of the 
computations is not necessarily an ultimate disadvantage. It means that one 
machine only is required, and that can be maintained and run with a higher 
efficiency factor than could be secured with scattered installations working part 
time only. The investigator’s job is to plan and execute his observations, and to 
interpret the results; he should not be called on to do an amount of arithmetic 
comparable with his observations, because manipulative skill and numerical skill 
are not necessarily associated. 

The fundamental difference between the punched-card system and the pro¬ 
posed machine is that the former contains the required ordinates of waves of all 
amplitudes and frequencies represented permanently by holes in cards, which can 
be used to generate the required adding impulses, whereas the latter generates its 
own impulses ad hoc. The punched-card machines, of course, print their results. 

The principal weakness of the machine described is, in my view, that it yields 
two-figure accuracy only in each individual contribution. This would not be serious 
in a one-dimensional summation, but it would be fatal in two-dimensional and 
three-dimensional summations. It is true that the amplitudes of the waves which 
we are compounding are known to two significant figures only. But in two- 
dimensional summations we may easily generate ten or more new amplitudes 
from the given data by adding ten rounded-off numbers; each of these then 
becomes the argument for a further set of waves, so that the final summation may 
easily contain an effect equivalent to summing a hundred rounded-off numbers. 
In other words, even the first figure ceases to be reliable. With three-dimensional 
summations the derived figures would be almost meaningless. It is necessary, 
therefore, to annex ciphers to the original amplitudes, carry a third figure through¬ 
out, and round off the last figure at the end; this indeed is done by certain in¬ 
vestigators. To work with three figures in the proposed machine it would be 
necessary to generate numbers by one pole of a switch that moved down 999 con¬ 
tacts, and the wheels of the counters would need 1000 teeth each. 

From the final summations, contours of equal values are interpolated. It 
seems unsound, therefore, to include frequencies as high as 20 when the interval 
is 6°, because that implies that we can interpolate a sine wave from points 120° 
apart. The theoretical limit is one radian, but in practice, to secure a reasonable 
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convergence in the differences, the limit is between 20° and 30°. Thus we require 
several times as many counters as have been proposed. 

If the machine generates only a quarter-wave, there will be many occasions 
when the sums and differences of written totals have to be formed and written by 
hand. As the function of the machine is to reduce human labour, it would seem 
better to carry the waves to 180 0 if possible, as is done in the punched-card system. 

In conclusion, I am. surprised that crystallographers do not prefer an existing 
machine now to waiting several years for a machine that is still in the early stages 
of design. 

Dr C. E. Wynn-Williams. The author has shown by means of a model that 
the proposed scheme is practicable. An objection which might be raised, however, 
is that the counting might be inaccurate owing to occasional faulty operation of the 
generating switches or the counters. The trouble might possibly be avoided by 
adopting some form of guard circuit, such as for example the type of circuit used in 
certain telecontrol apparatus, although this would render the apparatus more 
complicated. In the telecontrol apparatus in question a receiving switch remote 
from, and operated by, a transmitter switch signals back to the latter that it has 
responded correctly to the transmitted impulses. 

A point of interest to me is the way in which the number of contacts required 
on the generating uniselectors can be reduced by adopting the circuit arrangements 
which the author has described. If I understand the proposed scheme properly, 
six 25-contact banks on four uniselectors, that is, only 600 contacts, are sufficient 
to enable one to reproduce, electrically, the whole of table 2, which contains, as 
will be seen, 99 x 16, or 1584 separate pieces of information. 

Dr I. Fankuchen. It appears to me that Beevers and Lipson’s contributions to 
the computation of Fourier series have not been properly appreciated. In the 
period prior to their work, the computation of a double Fourier series was a nerve- 
racking month-long job, whereas the use of the strips, in the hands of an experienced 
user, shortened the period to about one day. Dr Comrie’s two leading objections 
to the strip method are certainly not valid. The author has refuted one by showing 
that the errors introduced by rounding off the numbers to the nearest unit are really 
negligible and not, as Dr Comrie has suggested, of any great importance. Dr Comrie’s 
other criticism, to the effect that taking the unit of subdivision every 6° is not 
sufficient for the components of higher frequency, is based on a misconception of 
what is wanted of the strips. It is obviously true that a high-frequency component 
cannot be adequately represented by a 6° interval, but the strips are not intended 
to be used to draw out the components. They are merely intended to represent the 
value of the component at a certain number of prefixed points. The necessary 
number of points is determined, as Beevers and Lipson have shown in their papers, 
by the size of the unit cell to be studied, and for all reasonable unit cells 60 divisions 
per side of cell is certainly adequate. Thus, for a cell 20 a. by 20 A. there would be 
3600 points, and an average atom 3 A. in diameter would be represented by about 
60 points. Of course for the larger unit cells found in protein crystals, a greater 
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number of divisions would be desirable. It must be emphasized that the frequency 
of the components cannot, as Dr Comrie has suggested, influence the choice of the 
number of divisions. 

The increasing use of Fourier methods as a means of testing trial structures and 
as a method of successive approximations makes it desirable that any devices used 
for the rapid summation of such series should be of a nature which will make 
possible their use in individual laboratories. A central computing bureau for work 
of high accuracy, for large unit cells or other special cases, may be desirable, but 
the real need is for a small comparatively cheap unit for the individual laboratory. 

Dr E. G. Cox. In connexion with the x-ray analysis of crystalline organic 
compounds I have now under construction a machine designed primarily for the 
calculation of structure factors, i.e., for the evaluation of expressions of the type 

F m = 2 S/.coe»r(*?+£). .(i) 

A full description will be published shortly; briefly, the quantity/is represented by 
a capacity, and the cosine term by an e.m.f. which is caused to vary harmonically 
by means of a suitable potentiometer. By the application of this e.m.f. a charge 
proportional to the product off and the appropriate cosine term is communicated 
to each condenser, and the summation is simply effected by measuring the total 
charge on all the condensers. 

From the form of equation (i) it can be seen that the machine is equally applicable 
to the summation of Fourier series; its accuracy is not likely to be sufficient for the 
final analysis of a crystal structure, but will be adequate for the numerous pre¬ 
liminary syntheses which are necessary. Its advantages are that: 

(a) A summation of the type (i) can be made in a few seconds, whatever the 
number of terms. 

(b) The summations can be calculated for any increments in the variables, 
however small. A machine such as the author’s, employing fixed intervals in the 
argument, cannot be used for structure-factor calculations. 

(c) If necessary, syntheses can be carried out for a small region only of the 
unit cell, e.g. in a region in which one or more atoms is expected. 

Author s reply. Dr Comne has stated that the proposed machine would be 
inaccurate for two-dimensional summations, and even says that in three-dimen¬ 
sional summations the results would be almost meaningless. This is not the case. 
It is of course true that the absolute errors increase with the number of strips used, 
but the summation totals also increase over regions where there are atoms, and these 
are the important regions. In fact the percentage accuracy increases with the 
number of dimensions. Since-the data to be inserted into the synthesis are known 
only to two figures (and even this refers only to the most careful spectrometric 
observations), there can be no question of any rounding-off error at all, for there 
has been no rounding-off. We have repeated Robertson’s synthesis on benzoquinone 
using two figures, and compared it with Robertson’s results, for which three figures 
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were used. There was no significant difference whatever. Any Fourier synthesis 
made with the Fourier two-figure strips is accurate enough to show false peaks 
which are due to errors in the data and not in the computation. While this is the 
case there is no point in a three-figure accuracy. 

The incorporation of frequencies as high as 20 in the proposed design of 
machine is also criticized. It is true that interpolation on a sine curve defined by 
points 120 0 apart is very inaccurate, but the interpolation is in fact carried out on 
the sum of the series, and this sum represents a curve which may be varying com¬ 
paratively slowly although it possesses high-frequency components. The only 
necessity is that the curve should be evaluated at sufficient points to define the atoms. 
This has already been considered in the literature, and the proposed machine would 
be inadequate for a final synthesis when the cell edge is greater than about 15 A. 
As is mentioned in the paper, however, its range can be extended, and it is thought 
that such an extension of range could be carried out very cheaply. 

Dr E. G. Cox’s machine is an interesting one, and will no doubt be very useful 
for structure-factor evaluations, but it seems unlikely that it can be made very fast 
for Fourier synthesis. To adjust this machine for each (jxz) value, operate it, and 
take the total charge on all condensers would probably occupy at least 20 sec., and 
to do this 1800 times, for each (xz) value over a half unit cell, would mean a total 
time of 10 hr. This is comparable with the time taken now with the Fourier strips. 
The principle could perhaps be applied to a one-dimensional machine to give faster 
Fourier synthesis, but a better electrical system would probably be to produce 
Fourier waves by devices similar to those used in electric organs and to add them on 
an oscillograph screen. 

Note added later. I now feel that there is work for machines of two types: 
(1) a small machine in each crystallographic laboratory capable of working through 
a quarter-wave, with unit angle 6°, frequencies up to 20 and amplitudes up to 99; 
and (2) a more elaborate central machine, such as the Hollerith, capable of working 
through a half-wave, with unit angles of 3 0 or less, frequencies as high as are 
required by complex structures, and amplitudes up to 999. 
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ABSTRACT The reflection of the radiation emitted from an x-ray tube by a crystal in an 
x-ray goniometer gives origin to a pattern of lines standing on a general background. This 
background is constituted by white radiation emitted by the tube and regularly reflected 
from the crystal, and by radiation of different origins which has not been subjected to 
spectroscopic separation. The paper describes a method by which these two constituents 
of the background can be assessed separately, so that an accurate measurement of the in- 
tensity-distribution of the reflected white radiation becomes possible. This method is 
applied to examine the discontinuities of the background which one of us in collaboration 
with A. Baxter has indicated as a source of error in the evaluation of the intensities of 
reflection lines. Microphotometer records illustrating the conditions discussed in a pre¬ 
vious paper are reproduced. The method is further discussed in its application to the 
determination of the dispersive change of the atomic scattering factor in the vicinity of an 
absorption edge; by its use / values for wave-lengths very close to the edge can be ob¬ 
tained. The results of experiments on the long-wave side of the zinc K absorption edge are 
compared with the wave-mechanical dispersion curve. 


§1. INTRODUCTION 

I N a previous paper by one of us in collaboration with A. Baxter* 1 *, attention has 
been drawn to the discontinuities in the white x radiation reflected from a crystal 
and to the effect of such discontinuities on the evaluation of the intensities of 
x-ray reflections. It was then shown that considerable errors occur when these 
discontinuities are not taken into consideration. Such errors arise when reflection 
lines fall near to discontinuities of the white radiation which is recorded as back¬ 
ground either on a photographic film or with an ionization chamber. While in many 
instances this source of error can be eliminated by avoiding reflections so affected, 
or by compensating the discontinuities by means of appropriate filters, in other 
instances the best course is to measure the background steps and to allow for them 
in the evaluation of the reflection lines. 

The present paper deals with a method for observing and measuring these dis¬ 
continuities under definite conditions and for obtaining data as to their magnitude. 
This method gains additional interest in that it may be used in the determination of 



Intensity-distribution of white x radiation 669 

the dispersion of the atomic scattering power, i.e., of the change of atomic scattering 
power with wave-length in the neighbourhood of an absorption edge of the scatter¬ 
ing atoms. Determinations of this kind are usually carried out by comparing the 
intensities of reflections obtained for some characteristic wave-lengths which happen 
to fall sufficiently near to the absorption edge. By making use of white radiation a 
continuous exploration of the range up to a close proximity to the absorption edge 
becomes possible. 

§2. THE WHITE X RADIATION AS RECORDED BY AN 
X-RAY CRYSTAL GONIOMETER 

The discontinuities of the white radiation which we have in view are actually not 
inherent in it from its origin, but are introduced by selective absorption in the 
materials through which it passes and by sudden changes in the sensitivity of the 
recording medium. These changes correspond to the absorption edges of silver and 
bromine in the case of the photographic emulsion, and to similar edges peculiar to 
the atoms of the gas contained in an ionization chamber. In a previous paper the 
origin of these various discontinuities has been discussed in detail (l) . 

We can obtain the spectral distribution of part of this white radiation by re¬ 
flecting it from the face of a single crystal rotated in the centre of an x-ray gonio¬ 
meter, when the white radiation incident on the crystal will be deflected according 
to its wave-length A through an angle 28 determined by the relation 

sin 0 =raA/ai, .(1) 

where d is the spacing of the lattice planes represented by the reflecting surface and 
n is an integer which determines the order of the reflection. The operation of such 
an arrangement differs, however, from that of a spectrograph used in the visible 
range, in that the reflecting crystal is apt to add to the number of discontinuities 
observed by introducing discontinuities of its own, which may actually form the 
object of a special investigation, and further because only part of the radiation is 
regularly scattered or reflected by the crystal through definite angles in conformity 
with equation (x), while another part is scattered without being subjected to spectro¬ 
scopic separation. In the latter part are comprised the radiation which leaves the 
crystal with changed wave-length as Compton scattering; the fluorescent radiation 
emitted by the constituents of the crystal when the incident radiation is of a wave¬ 
length sufficiently short to excite any characteristic radiations in the atoms of which 
the crystal is built; the general scattering associated with the heat motion of the 
crystal; and any other radiation scattered under such conditions that the crystal 
does not act as a regular grating. 

This radiation of various origins, which for the purpose of simplifying the 
present discussion we may designate by the name of “irregularly scattered radia¬ 
tion”, is not subjected to a spectroscopic separation by the crystal, and any wave¬ 
length appearing in it is distributed as a smooth function of angle over an extended 
range. Such irregularly scattered radiation is superposed on the regularly scattered 
or reflected radiation and thus affects any measurements of the distribution of 
intensity with wave-length of the latter. 
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§3. THE SEPARATION OF THE REGULARLY REFLECTED AND OF 
THE IRREGULARLY SCATTERED RADIATION 

We can separate the regularly reflected from the irregularly scattered radiation 
by recording the latter outside of the definite locus within which the regularly 
reflected radiation is confined. This is done by placing a cylindrical rotating screen 
D in a photographic x-ray goniometer in front of the recording film F, as indicated 
diagrammatically in figure 1. The screen D is provided with a narrow slit cut at a 
slanting angle € to the axis of rotation, and it is rotated at an angular speed twice the 
speed of the single crystal which is placed in the centre of the goniometer and re¬ 
flects the radiation. The screen then prevents the scattered x rays from reaching the 




Figure 1. 


photographic film except for the narrow strip uncovered by the slit. With a 
parallel x-ray beam entering the goniometer in a direction normal to its axis, regular 
reflection occurs in a plane normal to the axis of the instrument and in a direction 
satisfying the relation (1). If the screen is so set that for a given orientation of the 
crystal a point A of the slit is aligned with the regularly reflected beam, then this 
beam will be recorded on the photographic film; and as the rotation of the screen is 
coupled to that of the crystal so as to Conform with the rate of angular displacement 
of the reflected beam, the regularly reflected radiation will be recorded on the 
photographic film as a narrow band corresponding to the displacement of A. For 
convenience of the discussion we call this band 4 ‘the band of regular reflection”. 
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Points on the photographic film above and below, say B or C on a line drawn through 
A parallel to the axis and at a distance h from the band, are covered by the screen 
when the slit is in front of A. This setting of the slit, as we have assumed, corre¬ 
sponds to a setting of the crystal for which the points B, A and C are situated in the 
direction of the regularly reflected beam. If now the slit is displaced so as to un¬ 
cover B or C, then, owing to the coupling between the rotation of the screen and that 
of the crystal, the crystal will be turned out of the position of regular reflection 
through an angle which in angular measure is expressed by h tan e/zs when s is the 
radial distance of the screen from the axis of the instrument. In consequence Bor C 
will not receive the regularly reflected radiation but only the irregularly scattered 
radiation corresponding to the new position of the crystal. For any given orientation 
of the crystal this irregularly scattered radiation is distributed as a smooth function 
of the angle of scattering; further, for any given angle of scattering the irregularly 
scattered radiation also is a smooth function of the orientation of the crystal, except 
for crystal-settings for which the crystal screens off or nearly screens off the 
scattered radiation from reaching the film, settings which need not be considered 
here. It can thus be seen that by measuring the intensity of the irregularly scattered 
radiation as recorded on corresponding points above and below the band of regular 
reflection, we can interpolate the intensity of irregular scattering for the band itself. 
In this way we can subtract the irregularly scattered radiation from the intensity 
observed for the band of regular reflection and so arrive at the intensity-distribution 
of the regularly scattered radiation. 

The actual goniometer used has been described by one of us (z) . The single 
crystal took the place of the powder layer, and the rotating screen with the slanting 
slit was mounted on the rotating platform provided. It is essential that the rotating 
screen should move with great steadiness and at the correct rate of angular motion. 
This was secured by mounting the platform on ball bearings and by using the 
driving mechanism described in the paper (2) . It was also essential that the width of 
the slit and its inclination to the axis of rotation should be uniform throughout its 
length. The slit was milled as a true helix on the correctly centred screen. 

§4. THE RECORDS TAKEN WITH THE SLANTING 
SLIT AND THEIR INTERPRETATION 

Figure 2 is an example of a record of the radiation from an x-ray tube with 
copper anticathode reflected from the (0002) face of a zinc crystal. The width of the 
slanting slit used in this exposure was 4 mm. and the angle e was 45 °. The dark 
band on the figure corresponds to the band of regular reflection. The strong lines 
are the copper K lines, while the fainter lines are due to contamination of the anti¬ 
cathode and belong to the tungsten L group. A sudden change of density takes place 
for the wave-length corresponding to the zinc absorption edge; this is due to the 
increased absorption in the zinc crystal on the short-wave side. A similar but less 
pronounced change takes place at the copper K edge. In interpreting such records 
we must consider that the incident beam is not actually parallel but diverges from 
the entrance slit of the goniometer, and that we have thus the conditions of the 
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Bragg reflection from an extended single-crystal surface rotated about an axis lying 
in its surface. This implies that as the crystal is rotated the reflection takes place 
from various points of the surface in succession. The screen which rotates with the 
crystal is thus displaced through a finite angle while any particular wave-length is 
being reflected; this increases the width of the band of regular reflection. A further 
less definite extension of this band is produced by irregularities of the mosaic 
crystals forming the crystal surface, irregularities which may consist either in a 
faulty angular orientation of the crystallites or in a wrong location of the reflecting 
elements in front of or behind the plane containing the axis of rotation. By limiting 
the angular aperture of the beam and by choosing suitable crystals this expansion of 
the band outside the actual height determined by the width of the slit can be 
reduced. In practice it is found, however, that this extension of regular reflection 
and its superposition on the irregular scattering outside the band of regular reflection 
proper is of little inconvenience, and that it can easily be allowed for. 



Figure 2 . Record of x radiation from a copper anticathode reflected from a zinc crystal, 
showing two types of density steps in the background of white radiation. 


The means for making this correction is found in the reflection lines of character¬ 
istic radiation, some of which can be seen in figure 2 to extend beyond the regular 
reflection band. These lines are due to regular reflection only, so that, by measuring 
the relative intensities of the reflection lines inside the band and at a certain distance 
from it, the fraction of the intensity of the regularly reflected radiation which is 
received at any particular distance outside the band of regular reflection can be 
found and allowance can be made for it before the intensity of the irregularly 
scattered radiation is arrived at. This in turn can be subtracted from the intensity of 
the band in order to arrive at the true distribution of the regularly reflected white 
radiation. 

It will thus be seen that the separation of the irregularly scattered from the 
regularly reflected radiation can be done by a process which in principle involves 
successive approximations. Owing to the fact that both the irregularly scattered 
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radiation and the regularly reflected radiation falling outside the band of regular 
reflection are in general small compared with the intensity within the band, the 
correction can be carried out with adequate accuracy by a simple operation. The 
amount of irregularly scattered radiation superposed on the regularly reflected 
radiation in the central band varies with the width of the slit, and can be reduced by 
making the slit narrow. The reduction of general incoherently scattered back¬ 
ground as compared with exposures taken without a screen is most striking, in 
particular when conditions are such that excitation of the characteristic radiation of 
some constituent of the crystal takes place. In such cases the screen can be used as 
an efficient means for reducing to a minimum the background of reflection patterns 
obtained with a single crystal. 

§5. THE DISCONTINUITIES OF THE BACKGROUND OF 
X-RAY CRYSTAL REFLECTION PATTERNS 

With a sufficiently narrow slanting slit the intensity of the various components 
of the regularly scattered radiation is reduced to such an extent that it need not be 
allowed for when only a qualitative survey of the discontinuities in the distribution 
of the regularly reflected white radiation is desired. Figures 3 and 4 are examples of 



Figure 3. Density steps in radiation reflected from a zinc crystal. 

microphotometer records taken at constant height along the band of regular re¬ 
flection. Figure 3 represents part of a general survey and covers the range of wave¬ 
lengths from o*88A. to i*540A., reflected from a zinc crystal. The x-ray tube had 
a copper anti-cathode contaminated with tungsten; wide collimator slits were used. 
Two types of density steps can be seen. The step on the extreme left of figure 3 
corresponds to the absorption edge of bromine; it is due to the greater absorption 
in the film with enhanced photographic sensitivity for wave-lengths shorter than 
the edge. Such steps are characterized by greater density on the short-wave side. 
phys. soc. LI, 4 43 
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On the right of the figure can be seen the absorption step of zinc, due to selective 
absorption in the reflecting crystals, and a further step near the copper Kp 2 line due 
to selective absorption in the anti-cathode. Such steps show a reduced density on 
the side of shorter wave-lengths. The significance of these steps and of their study 
for the evaluation of the intensities of crystal reflection patterns has already been 
discussed in another paper* 1 *. 

As an illustration of what was said there, figure 4 reproduces comparative 
records of white radiation taken (a) with a sodium-chloride crystal and (b) with a 
zinc crystal. Conditions of better definition were here satisfied and two photometer 
tracings were taken at different heights of the band of regular reflection, so as to 
provide a check on any accidental irregularities. It will be seen that the copper K 


Cu 200^ 
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Figure 4. Intensity of radiation reflected from ( a ) sodium-chloride crystal and (6) zinc crystal. 

absorption edge seriously interferes with the measurement of the copper Kp x and 
Kp 2 lines. This is a typical instance of comparatively weak lines falling near to an 
important absorption step; in such a case, which corresponds closely to the con¬ 
ditions often found in crystal powder photographs, serious errors arise if the dis¬ 
continuity remains unnoticed. More striking is the superposition of the tungsten 
L lines and the zinc K absorption edge. The record taken with sodium chloride 
shows the lines in their relative intensities, while on the record taken with a zinc 
crystal the zinc absorption step seriously interferes with their evaluation; this is 
particularly so in regard to the tungsten Lp x line, corresponding to a wave-length 
of 1-279 a. which falls near to the absorption step of zinc. On the sodium-chloride 
record this line is shown as the strongest of the four tungsten L lines placed together 
in a close group, whereas on the zinc record the line is scarcely visible, owing to 
the proximity of the zinc K absorption edge at 1*2806 A. and to the decrease of the 
atomic scattering factor in the vicinity of the edge. The technique of eliminating 
the irregularly scattered radiation by means of the slanting slit opens the way to a 
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closer examination of such conditions. Typical cases are reflections for which wrong 
values of the intensity are observed owing to the vicinity of absorption steps. By 
means of comparative records cases of this kind can be brought to a definite analysis 
and a separate evaluation can be carried out of the reflection line and of the absorp¬ 
tion step. To avoid repetition, reference may be made to the previous paper (l) where 
these conditions are discussed in detail. When quantitative measurements are desired 
the microphotometer records taken by absorption photometry must be translated by 
means of a blackening curve into x-ray intensities, and the evaluation must be 
carried out from the tracings so established. For the qualitative estimation of the 
conditions represented by the records reproduced in figures 3 and 4 it should be 
pointed out that when very unequal densities are recorded by microphotographic 
methods the ordinates are not proportionate to the intensities, but a distorted 
intensity scale is used which makes it possible to obtain sufficiently exact measure¬ 
ments in that range of densities which is of particular interest. This distortion is 
automatically provided by absorption photometry and can be obtained for scatter 
photometry by a special manipulation. Such conditions of distortion existed here 
and the heights of the strongest lines are therefore not proportionate to the heights 
of the background steps of the white radiation, although these latter together with 
the weaker tungsten lines are represented to a good approximation on a linear scale. 

§6. THE DETERMINATION OF ATOMIC SCATTERING FACTORS 

We can compare the intensity-distribution of the regularly reflected white 
radiation with that of the white radiation incident on the crystal. Between these 
two quantities a relation can be established into which enter the structure or atomic 
scattering factor and various other parameters which determine the intensity of 
reflection. This relation or intensity expression can be used to evaluate the structure 
factor in terms of other quantities. 

The intensity expression which applies to the reflection of monochromatic 
radiation from the face of a crystal of mosaic type has been discussed by Bragg, 
Darwin, Ewald and others; we may refer in particular to the discussion given in a 
paper by Bragg, Darwin and James (3) on the various aspects of the problem. The 
intensity of the reflection is there expressed by the integrated reflection obtained 
when the crystal surface is rotated with uniform angular velocity through a suffi¬ 
ciently wide angle to comprise all angular settings for which reflection takes place. 
The reader is referred to the original paper for a more detailed discussion, and in 
particular for an account of the conditions under which the intensity of the mono¬ 
chromatic radiation is observed. It will be seen that the results of that discussion 
can be applied to our case of white radiation. Our conditions differ, however, in 
that instead of observing the integrated reflection received in an ionization chamber 
with an entrance slit of unit height and a width sufficient to receive the whole of the 
monochromatic reflection, we have primarily a source of white radiation and we 
observe its intensity-distribution after reflection as a photographic density which, 
when interpreted by means of the blackening curve, represents the quantity of 
radiation received on a strip of unit height. The reflected radiation is thus measured 

43-2 
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by a term Pdl or pdy, where P and p are respectively the quantities of radiation 
received in unit time per unit length l of the strip and per unit of the deflection 
angle y, while the incident radiation is measured by a term I dX to which corresponds 
an amount idX received as scattered radiation on the strip. A link has to be estab¬ 
lished between p and u From equation (1) we have 

dd—n dXjzd cos 6 

72 

and thus dy = 2dd — 3 dX. 

1 d cos v 

Introducing the value of d from equation (1), we obtain 

dy= 2ton0 dX .( 2 ) 

We have thus an intensity expression 

p v d Y =^- d R 1 R i (h)dX .(3) 

in which p y dy replaces i\dX. R x corresponds closely to the term p used in the paper 
by Bragg, Darwin and James for the integrated reflection, and is thus a function of 
N, f y A, 6, /A, and general constants; this term further takes account of heat motion 
and of the particular experimental conditions. The quantities entering into R ± are 
those which have to be considered in any measurements of the intensity of reflection 
from a single crystal; for a crystal of mosaic type constituted of sufficiently small 
crystallites the structure factor or atomic scattering factor enters into this expression 
as / 2 . i? 2 (I\) takes account of the intensity-distribution of the white radiation 
emitted by the x-ray source; it takes the place of a term measuring the intensity of a 
monochromatic beam in measurements where not white radiation but characteristic 
radiations of the anticathode are used. 

In its most general aspects the problem of introducing values of i? 2 (A) and the 
application of expression (3) to the determination of atomic scattering factors 
corresponds to the analogous case in which monochromatic radiations are used, and 
the difficulties encountered are of the same kind. A considerable simplification, 
however, occurs when we are primarily concerned not with the determination of the 
actual scattering factor but with its change with wave-length. It then becomes 
possible to make use of a crystal constituted of such atoms that the scattering in the 
region explored is known and regular, for the purpose of establishing an intensity- 
distribution curve with which the intensity-distribution curve of the radiation 
reflected from the crystal giving rise to dispersive scattering can be compared; an 
explicit determination becomes thus unnecessary. One particular point which 
simplifies evaluations by the method we have described is that for the whole range 
of wave-lengths the same reflection is observed; thus the factor (sin 0)/A, and in 
consequence those terms which are functions of it, in particular the heat factor, are 
constant for the whole range explored. 
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§7, THE DISPERSION OF THE F VALUE FOR ZINC ON THE 
LONG-WAVE SIDE OF THE K ABSORPTION EDGE 

In order to explore the possibility of using the method to measure the dispersive 
change of the atomic scattering factor in the neighbourhood of an absorption edge, 
we have carried out some measurements on the white radiation reflected from a 
single zinc crystal.* 

Previous determinations of the change of the atomic scattering factor with wave¬ 
length were derived from the reflected intensities of characteristic radiations having 
wave-lengths near to that of the absorption edge. Absorption terms were generally 
eliminated by using the method of mixed powders and the uncertainty which arises 
when the results of measurements are referred to explicit F values could be 
avoided by comparing intensities of reflections for different wave-lengths by means 
of a comparison substance for which the absorption edges are situated far outside 
the range of wave-lengths concerned. This method has been evolved by one of us 
in collaboration with Baxter (4) and applied to measurements in the L range. It 
has been adopted by Allison and Jesse (s) and by Jesse < 6) in their more recent 
measurements in the K range. 

The present position with regard to the results of experimental determinations is 
that they qualitatively agree with the change of atomic scattering factor in the neigh¬ 
bourhood of an absorption edge indicated by wave mechanics. Experiments con¬ 
firm the decrease of scattering factor in the immediate neighbourhood of the edge, 
with a rise on either side to values which for wave-lengths remote from the edge 
differ by the effective electron number of the particular shell; this is in accord¬ 
ance with wave mechanics (7 > 8) ; it has already been accounted for in the classical 
treatment of Kallmann and Mark (9) . But further, a reasonably good agreement 
exists between the wave-mechanical dispersive scattering curve and measurements 
for different wave-lengths near the edge, so far as such measurements are available. 
Thus little doubt exists that the experimental results and the wave-mechanical 
treatment of x-ray dispersion agree in the more general features. The finer points of 
the theory, in particular the effect of the higher terms in HonFs expressions or, to 
use Williams’s formulation, the differentiation between the various assumptions as 
to the distribution law of the virtual resonators related to photoelectric absorption, 
require further measurements for a sufficient number of wave-lengths extending 
from both sides near to the edge. Such a close range is difficult to obtain with 
characteristic radiations.f If use can be made, however, of white radiation, a much 

* After this paper had been prepared W. A. Bruce^ published an investigation on the dispersive 
scattering effect near the zinc K absorption edge. This investigation was based on measurements 
taken for three wave-lengths 0*44 a., 0-71 a. and 1 *54 a., and is thus rather concerned with the verifica¬ 
tion of the wave-mechanical curve for the dispersive effect in its more general aspects than with the 
detailed shape of the curve which we consider in our discussion. Bruce finds agreement between 
the three experimental values and H8nPs curve. This can be taken as an additional indication of the 
correctness of the wave-mechanical curve in its general features, which is the basis of our treatment. 

t It should be noted that, in a general way, for each K absorption edge can be found a character¬ 
istic radiation situated on the long-wave side very near to it, namely the Kfo radiation of the same ele¬ 
ment. This is, however, so near to the edge that in measuring it the difficulties are encountered which 
were discussed in detail by Baxter and by one of us and were referred to also in the earlier part of 
this paper. The evaluation of the intensity-distribution of a smooth background can in fact be ex¬ 
tended to wave-lengths nearer to the edge than the measurement of characteristic lines. 



678 J. C. M. BrentanOy Joan Honeyburne and J. K. Berry 

closer approach to the edge becomes possible, and further, what is actually more 
important, a continuous sequence of values can be obtained so that experimental 
data for any part of the dispersive scattering curve are made available. 

When we apply the method here discussed to examine the dispersion of atomic 
scattering factors, we must give consideration to the part played by primary and 
secondary extinction and by the absorption coefficient for the particular wave¬ 
lengths used, which quantities all enter in the interpretation of the measured in¬ 
tensities of reflection from an extended crystal. It is difficult to assess these quanti¬ 
ties correctly, and it was in fact this particular difficulty which induced one of us (lo) 
to develop the method of mixed powders, whereby the evaluation of the measure¬ 
ments becomes independent of extinction and of absorption effects provided the 
powders are sufficiently fine. Correct data for extinction and absorption are, 
however, essential in the first place only then when we require absolute values of 
scattering factors, or when we make comparative measurements of scattering factors 
from different substances or of different reflections of unequal strength from one 
and the same substance. The explicit knowledge of these data is required to a much 
lesser degree when we are concerned with the comparison of intensities of reflections 
obtained from the same surface under such conditions that the intensities vary by 
small amounts only, which is the case here when we are determining the dispersive 
change of the scattering factor. The interpretation depends then essentially on 
knowing the amount of primary extinction, and this can be determined; while 
secondary extinction can be considered as a second-order effect so long as the re¬ 
flection takes place from the same face of the crystal and the intensity of reflection 
remains approximately constant. The same holds good of the true absorption 
coefficient so long as only a narrow range of wave-lengths, for which the coefficient 
of absorption changes little, is explored. Its change becomes very important in the 
transition from one to the other side of the edge, and must then be determined with 
great care. 

Zinc presents certain anomalies because it belongs to the group of anisotropic 
crystals* for which both the / value and the temperature term in the intensity 
expression are a function of the orientation of the reflecting lattice planes with re¬ 
gard to the principal crystallographic axis, so that particular difficulties arise in 
measurements in which the intensities of various reflections are compared, since the 
interpretation then depends on the knowledge of the various parameters. This point 
does not interfere with measurements in which the same reflection is used through¬ 
out, and the actual knowledge of the numerical value of / is only required for 
normalizing purposes. Zinc was chosen in the first place because its K absorption 
edge at 1 *2806 a. is conveniently situated and because large single zinc crystals were 
available. We are indebted to Dr W. Berg for supplying us with a number of 
specimens. We examined the (0002) reflection; the white radiation was emitted from 
an x-ray tube with a copper anticathode and a coated filament, run at a constant 
voltage of 29,000 V. The use of such a filament is of practical importance, because 

* An account of recent measurements of the anisotropic behaviour of zinc can be found in 
G. E. M. Jauncy and W. A. Bruce^ 13 '. See also G. W. Brindley^4). 
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with a tungsten filament a deposit of tungsten on the anticathode gives rise to faint 
tungsten lines in the neighbourhood of the zinc absorption edge to which we have 
referred earlier. The copper lines were useful for the process of separating the 
irregularly scattered from the regularly reflected radiation and for fixing the scale of 
wave-lengths. 

The method of the slanting slit was used. After interpreting the photographic 
records by means of a blackening curve and making the allowances discussed in the 
earlier part of this paper, we obtained an intensity-distribution curve for white radia¬ 
tion scattered from the zinc crystal. This could be compared with the intensity 
curve covering the same range of wave-lengths and taken with a rock-salt crystal, 



Figure 5. Values of / on the assumptions that the crystal is perfect (A) an d that it is imperfect ( x). 

which in this particular range presents no anomalies since both constituents, sodium 
and chlorine, have their absorption edges far removed from the absorption edge of 
zinc. Alternate exposures with rock-salt and with zinc were interposed, so that any 
irregularities in the running of the x-ray tube could be eliminated. The intensity- 
distribution for zinc could thus be expressed in terms of the intensity-distribution 
observed for sodium chloride; any deviation of the zinc curve in the neighbourhood 
of the zinc absorption edge could then be attributed to the change in the scattering 
factor of zinc and to the change of absorption for wave-lengths near to the edge. 

A detailed account of these evaluations, which involve new measurements of the 
absorption coefficient of zinc for wave-lengths near to the K absorption edge, will be 
given in a discussion of Berry’s measurements. We limit ourselves here to indicating 
the main results on the long-wave side* Different interpretations arise according to 
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whether the crystal can be considered as perfect or imperfect in the accepted sense of 
these terms. If it is perfect, the observed variation of intensity of reflection should be 
accounted for by a change in / proportional to this variation; if it is imperfect, the 
scattered intensity should be taken as proportional to / 2 , and the change in / 
should be derived on this assumption. In figure 5 we have entered relative values of 
/, for a number of wave-lengths, derived from our measurements on each of these 
two assumptions. For convenience of comparison the values are normalized so that 
in each case/= 20-0 when A/Ao= 1*05, A being the reflected wave-length and Aq the 
wave-length of the absorption edge, equal to 1’2806 A. This value of / is that for the 
particular reflection used, for which sin 6= 0*203, and is derived from tabulations 
prepared by James and Brindley in which values off are calculated according to 
Hartree’s method for a number of values (sin 8 )/ A. In these tabulations no account 
is taken of anomalous dispersion, and in arriving at the value 20-0 corresponding to 
A/Ao= 1*05 on the long-wave side of the K absorption edge, we have made allowance 
for dispersion by use of the expression established by Honl, Since all our measure¬ 
ments refer to the same reflection for which (sin 0 )/A is constant, the temperature 
factor is the same for all. It can thus be eliminated from the explicit calculation by 
normalizing in terms of/, the atomic scattering factor for T=o. This is convenient 
since this/is directly comparable with values derived from theoretical expressions. 
No high degree of accuracy is claimed for the numerical value 20*0; any error in¬ 
volves, however, only a proportionate change of the scale of ordinates and is there¬ 
fore of little significance in determining the shape of the dispersion curve within a 
small range of wave-lengths. 

We may discuss our experimental / values in the light of the assumption that 
the new method is called in the first place to supply a sequence of values in close 
proximity of the edge, where it is difficult to obtain an adequate number of values 
with characteristic radiations and where a close range of measurements is most 
needed. For wave-lengths further removed from the edge, the wave-mechanical 
dispersion curve can be checked and has actually been confirmed from a sufficient 
number of measurements of / for characteristic radiations. We can thus use this 
part of the theoretical curve as a standard to decide from it whether the zinc 
crystal approximates to the perfect or to the imperfect type. In figure 5 the wave- 
mechanical dispersion curve for zinc is indicated by the line. We have calculated it 
according to Honl’s method;* again we have normalized it so as to make/equal to 
20 when A/Aq= 1*05. Our calculation takes account of only the principal term in 
Honl’s expression and not of any dispersion effect of the zinc L shell, the effect of 
which is only small for wave-lengths in the neighbourhood of the K edge. The curve 
as traced by us is established in a similar way to the dispersion curve for iron 
calculated by Honl and given in his paper. If now we compare the experimental 
values obtained when A/Aq > 1*04 with this curve, we find that the experimental 
values derived on the assumption of an imperfect crystal agree much better with the 
calculated curve and that the face of the zinc crystal used in our experiments, which 
was obtained by cleaving a single crystal at the temperature of liquid air and 

* It is the term £° in expression (15) of Honl’s paper (7) in the Annalen der Physik , p. 650. 
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polishing it, was essentially constituted by a mosaic of crystallites of the imperfect 
type. The points marked x which are obtained on this assumption thus give a 
substantially correct interpretation of the observations. If we consider now the 
range nearest to the edge, it will be seen that the points approximate to HonFs 
curve. The experimental points indicate a somewhat steeper rise of/ than would be 
indicated by the curve. The differences which do not exceed 0*2 electron are, 
however, on the borderline of the experimental error. Only the point nearest to the 
edge fits Honl’s curve less well. For the immediate neighbourhood of the edge 
some departure from the behaviour indicated by HonFs expression must be expected; 
on the other hand, the point is so near to the edge that its location is less certain; we 
have inserted this point mainly to show that for wave-lengths in the immediate 
neighbourhood of the edge / still decreases and that any large departure from the 
Honi curve which may occur near to the edge is confined to a region very close to it. 

The interest of these results is twofold. On one hand, the checking of the wave- 
mechanical dispersion curve as such has more significance in a range very near to the 
absorption edge than for wave-lengths farther away from it, since it is in the neigh¬ 
bourhood of the edge that the differentiation between expressions based on different 
assumptions is greatest. On the other hand, the fact that in the neighbourhood of 
the edge, for values of up to 1-003, no se rious interference is superposed on the 
smooth dispersive curve shows that any such effect which on theoretical grounds is 
actually expected in the immediate neighbourhood of the edge is confined to a very 
narrow region and justifies the expectation of a similar undisturbed approach to the 
edge on the short-wave side, where a finer differentiation between theoretical assump¬ 
tions is possible. In regard to the present measurements it should be pointed out that 
on one hand the assumption of an imperfect crystal is only an approximation; if some 
correction for primary extinction should be made, the experimental sequence of 
points would rise more rapidly towards larger values of A/V On the other hand, 
the Honl curve which we calculated is drawn in accordance with the principal term 
of his expression, so that the effect of the higher terms is not taken account of. It is 
not to be expected that the higher terms will be of great significance on the long-wave 
side and for this reason we have ignored them in our calculation. It would thus 
appear that comparatively little advantage would be gained by aiming at a higher 
accuracy on the long-wave side of the edge. It is on the short-wave side that the 
higher terms, in so far as they modify the distribution law of the virtual oscillators, 
have the greatest effect on the shape of the dispersive scattering curve. In Williams’s 
treatment this is illustrated by reference to the three curves drawn by him for 
different assumptions on the distribution law of the virtual oscillators; on the short¬ 
wave side these curves show distinct differences in behaviour, whereas they almost 
coincide on the long-wave side. The same result is brought out from a closer dis¬ 
cussion of HonFs expression. This particular point regarding the distribution law of 
the virtual oscillators can thus be investigated much better by means of measure¬ 
ments taken on the short-wave side of the edge. There, however, as we have 
indicated above, both the evaluation of the measurements and the theoretical 
interpretation depend on possessing very exact values for the absorption coefficient. 
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It does not seem justifiable to adopt the simplified procedure, used in the present 
discussion, for the purpose of a quantitative comparison of experimental and theo¬ 
retical values covering a more extended range of wave-lengths, since in such a case 
more exact determinations of absorption and extinction are required. The extension 
of our measurements on the long-wave side up to the value 1*3 of A/Aq indicates, 
however, a smooth rise of the scattering factor and does not show the sudden in¬ 
flection observed by Jesse in his measurements on nickel. 
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ABSTRACT . Experiments have been carried out to determine the sensitivity of photo¬ 
graphic films to X radiation when exposures are made with the films maintained at 
temperatures obtainable with liquid nitrogen, hydrogen, and helium. The sensitivity at 
any temperature T is defined as the ratio of the exposure times required to produce 
images of equal density (0-25) by exposures made at room temperature and at the 
temperature T, the intensity of the radiation being the same for each exposure. 

It is found that the sensitivity appears to decrease uniformly down to about ioo°k., 
but below that temperature the decrease becomes less rapid, until, at temperatures below 
20 0 K., the sensitivity remains practically constant at a value considerably higher than 
that found for visible light by Berg and Mendelssohn. The results obtained for x rays 
are compared with those found by Berg and Mendelssohn for visible light, and it is 
suggested that the relatively high value found for the limiting sensitivity in the case of 
x rays indicates that a considerable number of free electrons must be formed by the 
absorption of the x radiation while the film is at low temperature. 


§x. INTRODUCTION 

I N the majority of investigations in which use is made of a photographic film as 
a recorder of x radiation it is generally possible to maintain the film at room- 
temperature. When experimental conditions are such that this is not the case, a 
knowledge of the temperature-dependence of the sensitivity of the film becomes of 
importance. The work of Eggert and Luft (l) , which covered a temperature range 
from — 6o° c. to +75° C., showed that for most types of photographic film the 
sensitivity to x rays was approximately a linear function of the temperature, being 
nearly proportional to the absolute temperature over that range. Jauncey and 
Richardson (a) however did not find this linear relation, but suggested that the 
sensitivity might become nearly constant at lower temperatures. The present paper 
gives the results of an investigation of the relative sensitivity of photographic films 
to x radiation when the films are cooled to temperatures obtainable with liquid 
nitrogen, hydrogen, and helium. 

§2. EXPERIMENTS AND RESULTS 

Ilford Ilfex double-coated x-ray films have been exposed, in a suitable camera, 
to the direct radiation from a Philips x-ray tube with a copper anode, the radiation 
being passed through a nickel filter. The tube was operated on a.c. at a peak voltage 
of 35 kv. and passed a current of 15 ma. This secondary current was maintained 
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constant during exposures, by hand regulation of a suitable rheostat in the filament 
circuit, the operating voltage on the tube being controlled by maintaining the input 
voltage to the high-tension transformer at a constant value. Fluctuations in 
secondary current and voltage did not exceed about 2 per cent. Exposures were 
made either in vacuo with the film at room-temperature, or with the film in contact 
with liquid nitrogen, hydrogen, or helium. The temperature of the film was taken 
to be the same as that of the liquefied gas, the vapour pressure of which was measured 
and its temperature consequently known. 

In the method adopted to determine the sensitivity it was necessary to know 
the shape of the curve showing the photographic density of the image as a function 



Figure 1. 

of the exposure time to a radiation of constant intensity while the film was main¬ 
tained at room-temperature. This was obtained by allowing the radiation to fall 
successively, for different periods of time, on small areas of the film about o-6 mm. 
square, while the remainder was shielded from scattered radiation by a lead sheet, 
the film being shifted slightly between exposures. In this way small blackened 
portions of the film separated by clear strips were obtained on development, and 
from the resulting microphotometer trace the photographic densities could be 
calculated. Processing of the films was carried out by developing in a normal 
commercial (Kodak) developer for i| min. at 15 0 c. The films were then washed for 
1 min. and fixed in the usual way. Blackening due to chemical fog was in all cases 
practically negligible. Since the different exposures covered altogether only a 
relatively small area of film (about 6 mm. by o*6 mm.), they necessarily received 
almost identical treatment during processing, and the calculated densities could 
therefore be compared directly. 
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The result is shown in figure x for a film-temperature of 293° k., each point of 
the curve being the average of measurements made on several films. Density 
above fog, D, is defined by the equation D = log 10 z 0 /i, where ^ and i are the inten¬ 
sities of the light transmitted through the clear and through the exposed portions 
of the film respectively. It is evident that the relation between density and exposure 
time is, for these films and x radiation, not even approximately linear. A linear 
relation is usually assumed to hold, and has in fact been obtained in the experi¬ 
ments of Brindley and Spiers (3) and of Jauncey and Richardson (a) , for densities 
less than x, although in both cases the curve became concave to the exposure¬ 
time axis for greater densities. The present results are in general agreement with 
those given by Bouwers (4) , and can be represented by the equation suggested by 
him, viz., Z)=C log (<zf+1), C and a being constants and t the exposure time. 
Also, in agreement with other observers, there is no inertial period evident in the 
case of x rays. Jauncey and Richardson found that the shape of the curve relating 
density and exposure time varied with the temperature of the film; this point has 
not been investigated here since it is not relevant to the determination of the 
sensitivity by the method adopted. 

To obtain the sensitivity the experimental procedure has been to expose the 
film, at room-temperature, to radiation of constant intensity for two different 
periods of time, so as to obtain two points on the curve of figure 1. A single exposure 
to the same radiation was then made with the film maintained at the lower tem¬ 
perature, the time of this exposure being adjusted so as to give a photographic 
density as nearly as possible equal to that of the more dense image obtained by the 
exposures at room-temperature. Small differences in the densities of these two 
images could be taken into account by comparison with the curve of figure 1, which 
the two exposures made at room-temperature defined with sufficient accuracy for 
this purpose. The sensitivity, S, of the film at the temperature T is then defined 
by the ratio of the two exposure times required to produce equal densities (of 
approximately 0-25), the sensitivity at room-temperature being, of course, unity. 
Corrections have been applied for the absorption of the radiation in passing 
through the vapour above the film; these corrections are small, amounting only to a 
few per cent of the observed density, except in the case of the observations at 
8o° k., for which somewhat larger corrections are necessary. All measurements 
have been made on films taken from the same batch. 

Figure 2 shows the sensitivity as a function of temperature. No observations 
were made between room-temperature and 8o° k., but it is evident that the results 
are consistent with an approximately linear variation of sensitivity, proportional 
to the absolute temperature, over part of this range, as is suggested by the results 
of other workers w . Below 8o° K. the sensitivity decreases less rapidly, and appears 
to become practically constant at very low temperatures. The complete curve 
given in figure 2 refers to the results obtained with the Ilford film. Some obser¬ 
vations made with Agfa Sino x-ray film indicate a similar temperature dependence 
of the sensitivity, but, as shown in figure 2, the relative values of S are somewhat 
lower than those obtained for the Ilford film. For instance, at a temperature of 
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4*2° k. the sensitivity of the Ilford film is 0-22, while the value observed for the 
Agfa film is approximately 0*16. Again, at 8o° k. the Agfa film has a sensitivity of 
about 0*24 compared with 0*32 obtained for the Ilford film. The observed sensitivity 
appears to be a function only of the temperature of the film at the time of exposure, 
and is not affected by cooling the film either before or after the exposure is made. 

The curve showing density of the image as a function of exposure time in the 
case of the Agfa film is also essentially similar to that which is given in figure 1 for 
the Ilford film. In particular, no linear portion is evident, even for small densities. 



Figure 2. Values observed for: O, Ilford film; O, Agfa film. 

Although the films are brought into contact with the liquid hydrogen and helium 
and assume correspondingly low temperatures, their mechanical properties on 
again being warmed to room-temperature appear to be unaffected. It is to be 
expected, of course, that considerable physical changes, possibly including structural 
change, would occur in the gelatine at the temperatures used in these experiments. 
The amount by which any such change may alter the low-temperature sensitivity 
relatively to that at room temperature is not known, but it is probable that the 
observations made over the lower temperature range would all be affected to nearly 
the same extent, and that the values found for the sensitivities at these lower tem¬ 
peratures would not be changed appreciably relatively to each other. In this case 
the sensitivity would still approach a temperature-independent value at the lowest 
temperatures. 


§3. DISCUSSION OF RESULTS 

The recent experiments of Berg and Mendelssohn (s) have shown that photo¬ 
graphic films still possess an appreciable sensitivity to visible light at temperatures 
down to 20 0 k. There are no published measurements on the sensitivity to visible 
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light at still lower temperatures but, according to the calculations of Mott (6) on 
the production of free electrons by the absorption of light quanta in AgBr crystals, 
we should expect a marked drop in the sensitivity to visible light when the tem¬ 
perature of the film is lowered to that of liquid helium. It is evident from the 
present results that no such drop occurs in the case of x radiation, at least down to 
a temperature of 3-7° K. 

In figure 3 Berg and Mendelssohn’s results for visible light are compared with 
those obtained for x radiation. (It should be noted that the definition of sensitivity 
used by these authors differs slightly from that adopted in the present paper, but 
this difference will not appreciably affect the curves of figure 3.) Over the tem¬ 
perature range common to both sets of observations the sensitivity falls off in a 



Figure 3. O, sensitivity to x radiation; O, Berg and Mendelssohn’s results for visible light. 

similar manner in each case as the temperature is lowered. The significant difference 
between the curves is the considerably higher limiting sensitivity found in the case 
of x radiation at the lowest temperatures. It would seem that this relatively high 
sensitivity must be attributed to the formation of an appreciable number of free 
electrons, liberated by the absorption of the x radiation while the film is still at the 
low temperature. In the case of visible light, Berg and Mendelssohn’s results would 
indicate that the number of electrons raised directly into the conduction band by 
the absorption of light quanta is much smaller. 

According to the model proposed by Gurney and Mott (7) for the formation 
of the latent image by visible light, the absorption of a quantum of radiation raises 
an electron of a bromine ion into an excited state. At normal temperatures the 
thermal energy of the crystal lattice is then sufficient to lift the electron into the 
conduction band, whence it can travel to one of the sensitivity specks of Ag 2 S and 
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so commence the formation of the latent image. For the case of visible light Berg 
and Mendelssohn (s) have shown that at low temperatures the above process prob¬ 
ably occurs in two stages, the electron freezing in at some point of the lattice 
while the film is at low temperature and the ionic movement taking place after the 
emulsion has been warmed up. 

In the case of x radiation each absorbed quantum probably distributes its 
energy among several electrons, either by the formation of Auger electrons or by 
direct ionization. Some of these electrons will be raised directly into the conduction 
levels (whence they are free to form negatively charged sensitivity specks) and 
others into various excited states in the bromine ion. The former electrons would 
give rise to a sensitivity independent of temperature, while the latter would freeze 
in while the film was at low temperature and then undergo the same process as in 
the case of visible light when the emulsion was warmed up. We should thus obtain 
a sensitivity to x radiation which decreased less rapidly than the sensitivity to 
visible light and approached a constant value at the lowest temperatures. Over 
the temperature range investigated this is borne out by the present experiments. 


§4. ACKNOWLEDGEMENTS 

I am greatly indebted to the Carnegie Trust for the award of a Research 
Fellowship during the tenure of which this work was carried out. I also wish to 
express my gratitude to Dr J. D. Cockcroft for his interest and advice, and to 
Dr J. F. Allen for his assistance and helpful suggestions during the experiments. 
To Philips Industrial x-Ray Service, through the kindness of Mr R. A. Stephen, 
I am indebted for the loan of the Metalix x-ray tube and transformer, with which 
the work was carried out. 


* REFERENCES 

(1) Eggert, J. and Luft, F. Veroff. ZentLab. Anilin. photogr. Abt. 2 , 9 (1931). 

(2) Jauncey, G. E. M. and Richardson, H. W. J. Opt. Soc. Amer. 24 , 125 (1934). 

(3) Brindley, G. W. and Spiers, F. W. Phil Mag. 16 , 686 (1933). 

(4) Bouwers, A. Z. Phys. 14 , 374 (1923). 

(5) Berg, W. F. and Mendelssohn, K. Proc. Roy. Soc . A, 168 , 168 (1938). 

(6) Mott, N. F. Proc. Roy. Soc. A, 167 , 384 (1938); Proc. Phys. Soc . 50 , 196 (1938). 

(7) Gurney, R. W. and Mott, N. F. Proc. Roy. Soc. A, 164 , 151 (1938). 



689 


A NEW METHOD OF DETERMINING THE 
PROPERTIES OF DIELECTRICS AT CENTI¬ 
METRE WAVE-LENGTHS 

By M. VELASCO, D.Sc., University of Zaragoza, Spain 

AND 

G. L. HUTCHINSON, Ph.D., King’s College, London, 

Keddey Fletcher Warr Student of the University of London 

Communicated by Dr H. T. Flint io February 1939. Read 26 May 1939 

ABSTRACT. A new method of determining the electrical properties of dielectrics at 
centimetre wave-lengths is described. Although this is a free-wave method it requires 
only relatively small amounts of the substance and is particularly applicable to measure¬ 
ments on solid materials. The method has been employed at a wave-length of 12-0 cm. to 
measure the refractive indices and the absorption coefficients of some common laboratory 
substances. The results obtained are given and briefly discussed. 


§1. INTRODUCTION 


I N recent years improved methods of generating continuous electromagnetic 
waves of wave-lengths less than 1 metre have been devised, and great interest 
has been taken in the properties of dielectrics at these frequencies. The region is 
of special interest to physicists since the effects of polar molecules considerably 
influence the electrical properties of many materials at such frequencies. 

The quantities which are usually measured in a study of the electrical properties 
of a dielectric are the refractive index n (or alternatively the dielectric constant e) 
and the absorption coefficient k. The amplitude of a plane wave travelling in such 
a medium in the direction x is then proportional to: 


exp 


kxl f\ A » V 

—2 exp ]2irp[t--x\ , 


p being the frequency of the wave, and A the wave-length inside the medium. 

There are two methods by which n and k can be measured at centimetre wave¬ 
lengths, the wire-wave method and the free-wave method. The former generally 
employs a Lecher wire system of which part is immersed in the substance under 
investigation. The standing-wave system produced is then observed both in the 
medium and in the air, and from the amplitudes and positions of the voltage 
antinodes along the wires it is possible to derive values of n and k. The application 
of the theory can only be approximate, however, whilst inaccuracies on the 
practical side may be large. The design of the apparatus needs careful considera- 
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tion, since any irregularities along the wires, the influence of supports, or the 
proximity of neighbouring bodies is liable to cause spurious effects. The coupling 
to the oscillator and the effect of the detector are further factors which introduce 
inaccuracies and fix the lower limit of working with this method at wave-lengths 
not less than 6*o cm. 

The free-wave method, however, which is really an optical method, is probably 
of greater use at shorter wave-lengths, but up to the present the various ways in 
which this method has been employed have suffered from a number of incon¬ 
veniences. Probably the greatest disadvantage is that only one of the quantities 
required has been determined—either n or k , but not both. Thus Cleeton and 
Williamsmeasured the absorption coefficient of ammonia gas by determining 
the change in the amplitude of waves passing through a large bag containing 
ammonia gas. Goldsmith (a) has measured n only for water by observing the varia¬ 
tions of amplitude of a wave reflected from a large tank of water on changing the 
thickness of the liquid. The theory he employs is only very approximate, as has 
been shown by Knerr (3) . The latter measured n and k for water with a wire-wave 
method down to a wave-length of 6-5 cm., and at lower wave-lengths he used a 
free-wave method which gave the product nk only. 

These free-wave methods have all suffered from the further inconvenience that 
large quantities of the substance were required, so that their application to a 
certain extent is limited. The present method, also a free-wave method, suffers 
from none of these inconveniences. Furthermore, it is most easily applied to solid 
dielectrics whose behaviour has not hitherto been investigated in the region in 
question. The method has been developed at a wave-length of 12-0 cm., and values 
of both n and k have been determined for a number of common substances by the 
use of pieces only 5 x 10 cm. in surface area and thicknesses from o-i to 3-0 cm. 


§2. THEORY OF THE PRESENT METHOD 

The method is effectively a measurement of the real and the imaginary parts of 
the dielectric constant, denoted by e' and e n respectively. The real part gives rise 
to the induction current in the medium, whilst the imaginary part is related to the 
conduction current and hence the absorption. These quantities are connected with 


the generalized refractive index by the relation 

.(1) 

so that zn a = {(e') 2 -1- (e") 2 }^ + c' (2) 

.( 3 ) 


It is thus seen that determinations of e' and e" are sufficient to enable values of n and 
k to be obtained. 

In this method the material is placed in the path of a parallel beam of radiation 
having an amplitude E 0 , say, incident on the surface of the material. This gives rise 
in the substance to a certain induced polarization, not necessarily in phase with E 0 , 
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of I 0 per unit volume. If we introduce the angle 9 by which 7 0 lags behind E 0 , it is 
easily seen that: 


€' = 1+477-— cos 9 , 
■&0 

6 "= 4 7r^sin 6 . 

"0 


( 4 ) 

( 5 ) 


Now this induced polarization, being vibratory in character, gives rise to a 
secondary wave. That part of the wave which would normally be termed the 
reflected wave, if the size of the material were large in comparison with the wave¬ 
length, can be observed by virtue of its interference with the incident beam along 
the incident direction. The amplitude E r produced at a distance r away from a slab 
of the material of area S and thickness t will be given by 


„ __ 47 T 2 S .t j. 

* r ~’v r 0y 


■( 6 ) 


where it is assumed for the moment that t is sufficiently small for the change in 
amplitude and phase of the incident wave passing through the material to be 
neglected: and that the distance r is sufficiently great for the phase differences 
which exist between waves arriving from different parts of the surface of the 
material to be neglected. Thus on measuring E r for a particular incident wave of 
amplitude E 0 we can derive I 0 /E 0 . Furthermore, the value of 9 can be measured, as 
will be shown later, from the positions of the interference maxima and minima 
produced by the incident and secondary waves. Hence by the use of equations (4) 
and (5), e and <■" can be evaluated. 


§3. EXPERIMENTAL ARRANGEMENT AND PROCEDURE 

The first figure shows the experimental arrangement of the apparatus. M indi¬ 
cates the material under investigation and XO denotes the direction of the incident 
radiation. The transmitter consists of a split-anode magnetron valve working at a 
wave-length of 12-0 cm., with the aerial—a vertical dipole—set at the focus of a 
large parabolic mirror. A roughly parallel beam of radiation, polarized in the 
vertical direction, is thus obtained. The detector D consists of a small tuned aerial 
system connected to the heater of a vacuojunction, the thermojunction of which is 
in circuit with a sensitive galvanometer. The deflection of this galvanometer is 
calibrated in terms of the current in the heater circuit. 

In free-wave measurements a certain amount of re-radiation from the receiver 
occurs, and allowance must be made for this. Subsidiary experiments were per¬ 
formed to determine the re-radiated amplitude at different distances from the 
receiver in terms of the incident amplitude at the latter. The effect was found to 
vary inversely as the distance from the receiver, and at 20 cm. the measured ratio of 
the re-radiated to the incident amplitude was 5 per cent. 

This determination is based on the argument that if there were no phase-change 
the maxima would lie at distances equal to multiples of half the wave-length from 
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the substance. The effect of a phase-change is simply to displace these maxima a 


distance given by 


A0/47T. 


In general we can say that if a maximum is located at a distance r M from the 


substance, then 
where N is an integer. 


r.-N^e, 


11 


ft" 


V 

JL 
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Figure 1 a. 



Figure lb. 


When the detector is moved along OX the standing wave system observed is 
as shown in figure 1 b . It is interesting to note that with the limitations mentioned 
in connexion with equation (6) this curve suffices to give all the information 
required for a determination of n and k. The positions of the maxima with respect 
to the material enable one to determine the phase angle 6 . Furthermore, the ampli¬ 
tude of the heater current at a maximum i M is such that: 


% ~~~ V _ E r 
h Eo' 


( 7 ) 


where i Q and z 0 ' are the heater currents produced by the incident beam alone, i 0 at 
the surface of the material and i 0 ' at the position where the maximum is obtained. 
They are measured of course without the material in position. Actually i 0 and 
0 are veiy nearly equal, and would indeed be the same if the beam of radiation were 
ibsolutely parallel. 
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In practice the theoretical limitations already mentioned are overcome by 
making observations of rE r /SE 0 and 6 for various thicknesses and then extrapolating 



Figure 2 a. 



for an infinitely thin piece of the material. Figure 2 a illustrates the type of curve 
obtained, showing the values of rE r /SE 0 for various values of t. The particular 
curve shown was obtained for glass. The bending over of the curve with increasing 
values of t is due partly to absorption and partly to the change in phase of the wave 
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as it passes through the material. The initial gradient of this curve gives the value 
of rE r /StE 0 , and hence I 0 /E 0 is calculated from equation (6). 

Figure zb shows how the position of an observed interference maximum alters 
with increasing thickness for a specimen of sulphur. From the shape of the curve 
it is possible to estimate the position of the maximum for an infinitely thin piece of 
the material and hence 9 is obtained. By the use of these determined values of 9 
and IolE 0 , e' and e" can be calculated from equations (4) and (5) and thus values of 
n and k are obtained. 

§4. EXPERIMENTAL RESULTS AND DISCUSSION 

In investigating the possibilities of this method, we have used, for reasons of 
convenience, commonly occurring substances such as glass, ebonite, paraffin wax, 
sulphur and distilled water. In the case of the latter the liquid was held inside thin- 
walled ebonite cachettes, the effects of which were observed experimentally. The 
results, all of which were obtained at a wave-length of 12*0 cm. and at a temperature 
of 20 0 c., are shown in the table. The values of the square root of the static dielectric 
constant € s are given for comparison with n. 


Substance 

Value of n 

Value of k 


Water 

8-6 

0-3 

90 

Sulphur 

i‘3 

0-9 

2*0 

Paraffin wax 

1*2 

o*3 

x-x8 

Ebonite 

i*5 

0*2 

1*52 

Glass 

2-s 

o-3 

2*50 


The dependability of the values of n are at present only about 15 per cent, 
whilst the values of k shown are liable to be much more inaccurate. Our value 
of n for water compares favourably with those given by Knerr (3) (8*85) and by 
Goldsmith (2) (8-95) at this frequency. The value of n for the solids are seen to 
be approximately the same as for static fields; this is expected in the case of 
crystalline or semicrystalline solids. 

Improvements which we are now making indicate that the accuracy can be 
greatly increased; the present paper has been written now because one of us (M. V.) 
is no longer working in this country. 
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ABSTRACT . The investigation deals with the reproducibility of the standard platinum 
couple at the three points, viz. the freezing point of gold, silver and antimony, at which it 
is calibrated for the realization of the international temperature scale from 66o° to 
1063° c. The factors limiting reproducibility are considered under three heads, namely, 
electrical measurement, temperature conditions in the furnaces containing the ingots, and 
homogeneity of the thermocouple wires. The electrical measuring unit is found to be 
adequate for an accuracy of the order of ±o-oi° c., whilst in connexion with the other 
two factors improvements have been made which render such an increased accuracy just 
attainable as an upper limit. In conclusion it is considered that the quality of the thermo¬ 
couple wires, particularly in relation to their state of strain, constitutes the main obstacle 
to an increase in reproducibility beyond the normal limit of ±o*i° c. 


Sr. INTRODUCTION 

O N the international temperature scale*, temperatures in the range from 
66o° c. to the gold point (1063° c.) are deduced from the electromotive 
force of a standard thermocouple—comprising platinum with platinum 
containing 10 per cent of rhodium—which is calibrated at three fixed points, 
namely the freezing points of antimony, silver and gold. The accuracy to which 
this part of the scale can be realized, therefore, depends on two factors: (a) the 
freezing points of the actual specimens of metals employed, and (6) the precision 
with which the calibration of the thermocouple can be reproduced. Very pure 
specimens of the metals can readily be obtained, so that in practice the second 
factor is more important. 

As bearing on the reproducibility of the standard couple, attention should be 
drawn to the recommendations on the method of calibration, which are contained 
in the specification of the international temperature scale. The more important of 
these recommendations are to the following effect: (1) The specimen of metal 
should be brought to a uniform temperature a few degrees above its melting point 
and allowed to cool slowly with the couple immersed in it through a hole in the 
centre of the crucible cover: (2) the couple should be mounted in a porcelain tube 
with porcelain insulators separating the two wires: (3) the depth of immersion of 

* Adopted by general agreement in 1927 
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the couple should be such that during the period of freezing the couple can be 
lowered or raised at least 1 cm. from its normal position without altering the 
indicated e.m.f. by as much as 1 /uv. (o*i° c.): (4) during freezing the e.m.f. should 
remain constant to 1 [XV. (o*i° c.) for a period of at least 5 min.: (5) as alternative 
to (3) both freezing and melting points may be observed and if these do not differ 
by more than 2 fXV . (0*2° c.) the observed freezing point may be considered satis¬ 
factory. Incidentally it may be remarked that conditions (3) to (5) appear to con¬ 
template a reproducibility of the order of ±o-i° c. 

A recent inter-comparison ^ of temperature scales between the national stan¬ 
dardizing laboratories of Germany, Great Britain, and the United States of America, 
was carried out by circulating a group of six standard thermocouples to be calibrated 
at the points named. In the result an agreement was found, to o-i° c. at each point, 
between the mean calibrations of the group as given by the several institutions, with 
considerably wider divergences between the values for individual couples. 

The purpose of the present investigation has been to study the limits of repro¬ 
ducibility of platinum thermocouples under conditions not differing greatly from 
those recommended for the international temperature scale, and if possible to 
improve on the limit previously attained in determinations at the Laboratory, 
which was considered to be ±o-i° c. 


§2. SOURCES OF ERROR AND METHODS OF MEETING THEM 

The principal sources of error which limit the reproducibility of platinum 
thermocouples at the three fundamental points fall under the following heads. 

(A) Electrical measurement. Error may arise in any part of the measuring system, 
such as the potentiometer, galvanometer, standard cell, reversing switches, etc. or 
it may result from electrical leakage in the furnace, cold junctions, and the leads 
from the thermocouple to the instruments, or from parasitic thermal e.m.fs. at 
any junction of dissimilar metals in the circuit. (B) Temperature distribution. Error 
may arise by departure from the theoretically correct distribution in the surround¬ 
ings of the hot or cold junctions of the couple. (C) Homogeneity of thermocouple 
wires. A lack of homogeneity may result in an e.m.f. which is not a constant function 
of the difference in temperature between the hot and cold media. These sources 
of error and the methods of meeting them are discussed in detail below. 

(A) Electrical measurement. The precision aimed at in the electrical measure¬ 
ments was ±o*9S jxv.f or about 1 part in 100,000 of the e.m.f. of a standard couple 
at the gold point, a figure more than sufficient to cover a possible tenfold increase 
in the overall accuracy of the calibrations previously obtained at the Laboratory. 
In addition to the selection of a suitable instrument, this involves the elimination of 
all electrical leaks and parasitic e.m.fs. which might reach this order, and the pro¬ 
vision of a standard cell for checking the potentiometer current which can be 
relied on to at least ± 5 /zv. 

Measuring instruments. The measuring instrument selected was a potentiometer 
of the Diesselhorst type, supplied by Messrs Otto Wolff of Berlin and used in con- 
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junction with a Moll galvanometer. This potentiometer is so designed as to be nearly 
free from parasitic thermal e.m.f., and is supplied with an oil-immersed double- 
reversing key, which simultaneously reverses the potentiometer current and the 
potential circuit. The current through the potentiometer is regulated by balancing 
a standard Weston cell across a special resistance, supplied in a separate box, so 
that to obtain the value of any e.m.f. in terms of the Weston cell, the ratio of the 
resistance of this box to that of the principal coils in the potentiometer is of funda¬ 
mental importance. 

As a result of several calibrations, this arrangement was found to be satisfactory, 
with the following qualifications. (1) The temperature coefficients of the resistances 
of the potentiometer and current regulating box were found to have different 
values, namely 0-000018 and 0-000012 per i-o° c. respectively; thus even a simul¬ 
taneous change in the temperatures of the two instruments would involve a change 
in the fundamental ratio of 6 parts in 1,000,000 per 0 c., while a difference in tem¬ 
perature between the two would cause a change of more than x in x 00,000 per 0 c. 
The two instruments being air-immersed and mounted in separate boxes, they 
could only be used to the accuracy required if the temperature of the room re¬ 
mained steady to at least ±0-25° c. The room in which they were used was con¬ 
trolled thermostatically, but it was found impossible to stir the air sufficiently to 
maintain these conditions. Accordingly the two instruments were remounted as 
one unit, and immersed in a bath of stirred oil; in this way their temperatures 
could be kept equal and steady to the necessary degree. (2) The galvanometer key 
fitted on the instrument was found to develop sufficient heat in constant use to 
give rise to a thermal e.m.f. exceeding the required limit of accuracy of o-i /xv. To 
get rid of this uncertainty another key, consisting of a tilting glass tube with internal 
mercury contacts, immersed in the stirred oil bath, was introduced into the circuit, 
and this was found to be satisfactory. (3) The double reversing key supplied with 
the potentiometer was found to have a variable resistance on reversal. This defect 
was corrected by reinforcing the contacts, which were formed by copper leaves 
bearing on copper blocks, with additional leaves of phosphor bronze, without 
introducing them into the circuit, and by substituting clock oil for paraffin oil in 
the key. 

With the above-mentioned alterations the apparatus was satisfactory to well 
within the limits required, being limited only by the sensitivity of the galvanometer, 
which at 3 m. from the scale gave a deflection of 2 mm./^v. 

Leads. The leads from the thermocouple to the measuring unit are of great 
importance, since there is no means of eliminating any parasitic e.m.f. which 
arises in any part of the circuit between the thermocouple junction and the reversing 
key. In the original design they were therefore in unbroken copper from the key 
to the cold junctions. Test experiments on cold junction immersion in ice showed, 
however, that the wire employed, 14 s.w.g., conducted sufficient heat to affect the 
temperature of the cold junctions; the cold junction connexions were therefore 
made with a light copper wire, immersed in ice in the usual way, which was in turn 
coixnected to the heavy copper leads; to prevent the occurrence of thermal e.m.f. 
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from differences in the copper, the copper-copper junctions were also ice immersed, 
or enclosed in special lagged junction boxes, to ensure that they were at the same 
temperature. The insulation of these leads was found on test to be ample, but there 
remained a serious source of error in the form of direct electrical leaks from the 
current supplying the furnaces. Refractories have very poor insulating qualities 
at high temperatures so that considerable leakage is possible from the mains to 
any earth available in the thermocouple circuit. To reduce this risk to a minimum, 
alternating current was used exclusively for heating the furnaces. Otherwise, the 
only cure was complete isolation from earth of the entire remainder of the circuit. 
Except in very damp weather, when observations were suspended, the resistance 
to earth was not distinguishable from infinity. 

Standard cell . Of the electrical unit, there remains the standard cell, on whose 
accuracy the whole measurement of e.m.f. depends. The cells, of the standard 
Weston type, were supplied by the Electricity Department of the Laboratory, and 
from the work of that department they are known to be constant to a few parts in 
10,000,000. They have, however, a temperature coefficient of e.m.f., which at 
normal room-temperatures (15° c. to 20° c.) amounts to —0-00003 or —0-00004 v - 
per i° c., the e.m.f. reaching a maximum at 3 0 c. To maintain an e.m.f. to the 
required constancy of ±5 /uv., at room-temperature, the cell must be kept 
steady to at least o-i°c.; at o° c., however, the temperature coefficient is only 
o-ooooi v. per 0 c., so that a temperature constant to 0-3° c. would suffice. In view 
of this, and of the ease of maintaining a constant temperature of o° c., it was 
decided to maintain the cells at this temperature. Accordingly two cells were 
immersed in oil, kept dry by a desiccating agent and sealed in a glass envelope 
surrounded by ice. An electrically-operated selector-key served to give connexion 
to either cell. 

(B) Temperature distribution. The temperature of fusion of a solid is probably 
realized best by forming an intimate mixture of the solid and liquid phases, such as 
is ordinarily used for observing the ice point. This method is impracticable in the 
case of metals at high temperatures, and the normal procedure, as summarized for 
example in the introduction to this paper, is to cool slowly from slightly above the 
melting point, or heat slowly from slightly below the melting point, a cylindrical 
ingot of metal, on the axis of which is situated the thermocouple or other thermo¬ 
meter. To obtain a satisfactory calibration with this arrangement, it is obviously 
desirable that the outward or inward conduction of heat by the thermocouple 
should be negligible and that the only gradient of temperature in the ingot should 
be radial. 

When an ingot is melted under these conditions, the course of events, taking 
into account only the phenomena of the specific and latent heat of the metal and its 
conductivity, might be expected to be as follows. The thermocouple should show 
a steady rise in e.m.f. until the melting of the outermost shell of the ingot checks 
the inward flow of heat. The e.m.f. should then continue to rise very slowly up to 
the instant of melting of the last shell of metal in contact with the thermocouple 
sheath, after which it should rise abruptly. A similar course should be followed on 
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freezing. In each case only the last reading before the abrupt break in e.m.f. would 
correspond strictly with the change of state, though many readings before this 
would no doubt approximate closely to this final value. 

The course of events imagined above is complicated, during both melting and 
freezing, by the incalculable effects of convection in the liquid metal, and of under¬ 
cooling during freezing. These two factors, quite apart from the experimental 
difficulty of obtaining the desired temperature distribution, would render uncertain 
the production of melting or freezing curves of stereotyped forms, such as are 
indicated above. In the circumstances it is hardly possible to do more than apply 
certain general tests to the observations in order to decide whether they can be 
regarded as giving a satisfactory calibration. Thus it may be laid down that (1) the 
reading should remain sensibly constant for a specified time, at least 5 min., or for 
some considerable fraction of the total time during which melting or freezing is 
taking place, the time of steady reading not necessarily occurring at any particular 
stage in either process; (2) the raising or lowering of the junction of the couple by 
an appreciable amount should produce no effect on the reading, thus proving the 
absence of an axial gradient due to either a faulty distribution in the ingot or con¬ 
duction along the thermocouple, and the absence of parasitic e.m.f.*; (3) a good 
agreement should be found between calibrations carried out under different con¬ 
ditions, for example between those obtained during melting and freezing or between 
those obtained during either melting or freezing with different rates of heating 
or cooling as the case may be. 

In the present investigation use has been made of all three criteria and more 
particularly of (1) and (2), and the aim has been to secure that none of the tests 
should reveal an uncertainty exceeding the highest accuracy desired, namely 
+ 0-1 jUV. 

Realization of the desired distribution. We now proceed to consider the possibility 
of realizing in practice the two desiderata already indicated for the obtaining of 
satisfactory melts and freezes. The first of these—the reduction to a minimum of 
conduction along the thermocouple—offers little scope for variation, but the other— 
the suppression of all gradients other than radial gradients in the ingot—opens a 
big field in furnace design. It is true that the effects are somewhat interlinked, but 
it is convenient to consider them separately. 

Effect of conduction along thermocouple. Some conduction along the thermo¬ 
couple is inevitable, but it may be reduced by the use of wires, for the couple and 
leads, as fine as is consistent with adequate strength, and by thin and close-fitting 
insulators and sheaths. Further, the effect of conduction may be minimized by 
increasing the length of couple immersed. In the case of the cold junction the 
difficulties presented are slight. Thus the temperature-difference between the 
medium and the atmosphere being of the order of 15° c., finely divided ice can be 
maintained without difficulty in equilibrium with water, and the depth of immersion 
is limited only by the size of the ice bath and the length of the thermocouple wires. 
Temperature gradients along the thermocouple wires can thus be kept very small, 

* Discussed below under the heading (C) (homogeneity of thermocouple wires). 
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and the temperature of the junctions readily maintained within o*ooi° c. of the 
freezing point. At the hot junctions, on the other hand, the difficulties are con¬ 
siderable, since the temperatures of the media, i.e. freezing antimony, silver or 
gold, differ from room-temperatures by 6oo° c. to iooo° c. Large temperature- 
gradients must therefore occur between the ingots and the outside air, while the 
quantity of metal available severely limits the depth of immersion. There is thus a 
distinct possibility of the conduction along the thermocouple distorting the radial 
gradient in the ingot. Apart from the factors already mentioned, the materials of 
which the sheath and insulators are made also affect the conduction of heat. Here 
the choice is very limited. In the specification of the international temperature 
scale porcelain is recommended as the material both for sheaths and insulators. In 
the experiments to be described below silver was melted in a vacuum and antimony 
in a controlled atmosphere. The use of silica for the sheath was found to be parti¬ 
cularly convenient in those cases, and it was adopted also for gold with no apparent 
disadvantage. 

Temperature-control in furnace . A considerable number of experiments were 
made before a final design of the furnace and auxiliary gear was reached. Trials 
were first made with furnaces of conventional type consisting of cylindrical tubes 
heated by resistor elements, and provided with supplementary heaters for the 
adjustment of temperature distribution. By careful manipulation of these heaters 
it was found possible to reduce end loss to a considerable extent, and to improve 
the reproducibility of calibration to ± 0-5 /xv. But even for this accuracy, which 
does not represent a very large advance on that previously attained, the manipulation 
of these furnaces proved to be troublesome, and the required degree of temperature 
uniformity could not be reproduced with certainty. In the final design of furnace 
an improved smoothing effect was sought by interposing a heavy metallic envelope 
between the heating element and the ingot. 

The first experiments on these lines were made by immersing a small ingot of 
gold in a bath of liquid silver. This bath is contained in a cylindrical fire-clay 
crucible, 10 in. long and 3 J in. in diameter and covered by a mabor lid. The gold 
ingot, 3 in. long and 1 in. in diameter, is contained in a closed-end pythagoras tube 
15 in. long, which reaches from the outside of the furnace to within 2 cm. of the 
bottom of the silver bath, so that the surface of the gold ingot is 5 in. below that of 
the silver bath. The assembly is substantially the same as that shown in figure 1 
for use at the melting point of silver. In order that the silver bath should be main¬ 
tained at a few degrees above or below 1063° c. as required, its temperature was 
controlled by a thermostat working in conjunction with a platinum resistance 
thermometer immersed in the bath. Facilities for stirring the bath were also 
provided, but preliminary experiments showed that if the silver was stirred so as 
to be at a uniform temperature, a downward temperature-gradient occurred along 
the axis of the gold ingot, owing to the surplus loss of heat upwards; by discon¬ 
tinuing the stirring, and lowering the crucible assembly in the furnace so as to 
maintain an upward gradient in the silver, the downward gradient along the axis 
could be counteracted and it was found possible to reduce the gradient along the 
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axis to O’1 ft.v./cm. or less. When this had been done, it was found that the other 
two conditions for a reliable calibration, namely that during the change of state 
the e.m.f. should remain constant, and that different cooling curves with the same 
couple should yield the same result, were satisfactorily fulfilled with the new furnace; 
but this improvement was realized only after parallel improvements on the thermo¬ 
couple mounting, as detailed below, had also been effected. 



Figure i. Furnace assembly of silver and antimony points. In the original gold furnace a bath of 
liquid silver of the same dimensions is used in place of the nickel block, and the crucible con¬ 
taining the ingot is an open ended pythagoras tube, of the same dimensions as the silica crucible 
shown. Otherwise the furnaces are identical. 

Since the stirring of the bath was found to be undesirable, there was no reason 
why the bath should not be replaced by a block of solid metal and this was ac¬ 
cordingly done for the experiments on the melting points of silver and antimony. 
The metal selected for this purpose was nickel, which, though of a comparatively 
low conductivity, has the advantage that it only slowly deteriorates by oxidation, a 
hard crust of oxide being formed which protects the remainder of the metal. The 
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use of a metal which remained solid made it possible to turn off and insulate a 
shoulder, which accommodated an annular end-heater. This heater, which con¬ 
sisted of platinum wire 0-75 mm. in diameter wound on a steatite ring, was 
used in place of external windings to compensate for loss of heat up the crucible 
opening. 

The other details of the apparatus used for the silver and antimony points are 
shown in figure 1. It will be seen that a silica crucible was used for containing the 
metal, and that the thermocouple sheath was sealed to the top of this crucible. 
This arrangement greatly facilitated the plan of determining the freezing point 
of silver in a vacuum and that of antimony in an atmosphere of nitrogen. 

(C) Homogeneity of thermocouple wires. Lack of homogeneity in a thermocouple 
wire, whatever its cause, will, if associated with a temperature-gradient, give rise 
to a parasitic e.m.f. This effect is of importance only in the region of steep gradient 
leading to the hot junction. In a mounted couple under working conditions it 
would be feasible to detect the presence of parasitic e.m.f. if, with the hot junction 
remaining in a region known to be of uniform temperature, small movements of 
the couple in the direction of a gradient gave variations of the reading. Un¬ 
fortunately, however, such variations might also occur with a homogeneous couple 
if the region covered by the movement of the hot junction was not itself uniform in 
temperature. The two effects could perhaps be disentangled by observing the 
difference in behaviour of two couples rigidly mounted together, and this was 
attempted by the author by mounting two standard platinum thermocouples in a 
specially made four-bore pythagoras insulator of the same external diameter as 
those used hitherto. With this arrangement it was possible to observe differences 
between the variations in e.m.f. of the two couples when they were moved together 
in the furnace, proving at least part of the variation to be due to inhomogeneity; 
but unfortunately all the couples prepared in this way showed large variations with 
movement, so that it was not possible to disprove the existence also of actual tem¬ 
perature-gradients along the axis of the ingot. The probable cause of the failure of 
these thermocouples is suggested below on page 709. The plan adopted was there¬ 
fore to aim at producing couples and furnace conditions showing an absence of 
both effects as proved by the criteria set out in the preceding section of this 
paper. 

The first method adopted for mounting couples was as follows. The couples, 
1-3 m. in length, were annealed electrically for 30 min. at a temperature of 1500° c., 
and the hot-junction ends were then threaded through twin-bore porcelain or 
pythagoras insulators, 18 in. long, 4 mm. in diameter, and with 07-mm. bores. 
The remainder of the wire to the cold junction was insulated with systoflex, the 
two arms being bound together to prevent the formation of an inductive loop. 
This method of mounting involved the threading of long lengths of wire through 
narrow holes in the insulators after the annealing had taken place, a process quite 
capable of giving rise to small strains in the wires. Such strains would be sus¬ 
ceptible to reannealing on prolonged immersion in the furnaces, and might thus 
give rise to gradual modification of the calibration. To overcome this objection the 
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couples were subjected to a second period of annealing after they had been inserted 
in their insulators, so that they were relieved from strain as far as possible in their 
finally assembled state. 

§3. RESULTS OF CALIBRATIONS AT THE THREE BASIC POINTS 

Specimen curves obtained with thermocouples, reannealed as described above 
and used in conjunction with the final design of furnace, are shown in figure 2. 
The following comments may be added. In no case was an experiment passed if 
during melting or freezing the test of moving the junction along the axis showed a 
change in e.m.f. exceeding ot /xv./cm. of movement. 



Figure 2. Specimen cooling curves, obtained with couple no. P. 29. 


The observations with gold showed halts of from 10 to 40 min. during which the 
reading remained constant to ±o-i /xv. The agreement between melts and freezes 
also fell within this limit. 

With silver, the cooling curves do not in general show such good flats, as can be 
seen from the specimen curves, and in particular the melts are not reliable, showing 
in most cases a steady rise of about o* 1 /txv. per minute. But provided the temperature 
gradient was not greater than 0*1 juv./cm., and the air pressures over the ingot not 
greater than o*ooi mm. of mercury, calibrations for the best couples were constant 
to ±o-i juv., which is the same accuracy as obtained for the gold point. 

In the case of antimony it was not found possible to obtain a melting curve 
with a halt slower than about 0*4 /xv./min., and the calibrations were in consequence 
confined to freezing points. Further, owing to the very large undercool exhibited 
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by this metal, which might be as great as 30° c., the flat portion of the cooling 
curves after the undercool were in general very short. The results show a repro¬ 
ducibility rather less than that obtained for gold and silver, namely ±0*2 to 
0*3 fcv. 

The calibration figures for the four couples selected as being the best of all 
those tested are set out in table 1 below. Each set of figures gives the mean value 
of the e.m.f. in /xv.: the extreme range of departure from the mean: and, in 
brackets, the number of melts and freezes taken into account. 

Table 1. Calibration in microvolts of four best couples at 
the three basic points 


Couple 

Gold 

Silver 

Antimony 

(1063° c.) 

(960-5° c.) 

(630-5° c.) 

P. 27 

10326*7 ±o*i (2M2F) 

9140*0 ±0*1 (4F) 

5540-8 + 0-2 (4F) 
5546-8 ±0-3 (4F) 

P. 29 

10338*8 ± o*o 5 (3 M 2 F) 

9149*2 + 0*1 (4F) 

P. 30 

10338*2 ±o*o 5 (zM 2F) 

9148*5 ± 0*1 (4F) 

5543-2 ±o-i (4F) 

H. 3 

10327*7 + 0*1 (1M3F) 

9140*6 ±0*1 (4F) 

5542-6 ±o-i (4F) 


These results show a reproducibility some tenfold better than that formerly 
obtainable at the Laboratory. But it must be pointed out that the couples represent 
the best selected from a very large number calibrated; other couples, also made of 
the purest obtainable wire, and in some cases even cut from the same wire as these 
couples, showed a constancy of a much lower order. The following are examples of 
the inferior couples. One couple, P. 25, gave 7 successive values at the gold point 
ranging over ± i*8 /av. : another couple, P. 33, showed a continuous fall of 4*8 fXV. 
in the course of 12 successive calibrations at the silver point: yet another couple, 
E. 2, showed a rise of 4-6 /xv. in 5 successive calibrations at the gold point. Further, 
a couple which has first shown a high constancy may later on develop variations. 
Thus one couple, P. 31, first gave 4 freezes at the gold point coming within 
+ o*i 5 /ixv., and 2 freezes at the silver point agreeing to + 0*1 ^v. It then gave 4 
freezes at the silver point agreeing to ± 0*2 /x,v. among themselves but with a mean 
value as much as 2-0 juv. below the former value. As all these results were obtained 
with the same furnaces, the varying degree of reproducibility shown by the different 
couples is to be attributed to inhomogeneity in the element wires. 

To investigate this inhomogeneity and its modification on annealing, experi¬ 
ments were carried out on the following: (1) couples such as those referred to above 
which had shown exceptionally bad agreement; (2) couples which on previous 
calibrations had given good agreement; and (3) wires artificially strained for the 
purpose. 

(1) Reannealing of couples of poor reproducibility . The couple P. 25 referred 
to above was reannealed and recalibrated. A summary of the results obtained 
at the gold point, before and after this process, is given below in terms of the 
notation of table 1. 

Before reannealing 10327*5 ±1*8 (7F) 

After reannealing 10335 ± 0*9 (7 F) 
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Similarly treated, the couple P. 33, which had previously shown a progressive 
decline of 5 j^V. in 12 experiments at the silver point, now gave an increase of 10 /xv. 
over the lowest value with a range of only + 0-2 [XV. in 3 determinations. 

In other experiments, reannealing also raised the mean e.m.f. and improved the 
reproducibility. But a contrary case can also be quoted. P. 31, already referred 
to, had given the following results at the silver point, in terms of the notation of 
table 1, the gradient of e.m.f. complying in both cases with the conditions stated 
above. 

9117-5 ±o-i (2F) 

9115-5 ±0-2 (4F) 

After reannealing it showed a steady rise in 4 successive readings represented by 

9 II 5 , 5 ± 2 '3 ( 4 F) 

with a marked deterioration in e.m.f. gradient effect so that the second anneal had 
greatly reduced the reproducibility of the couple, in addition to increasing the 
inhomogeneity of the wire. 

(2) Reannealing of couples of good reproducibility . P. 30 gave the following 
result: 

Before reannealing I0 335‘3 ±o-i (3F iM) 

After first reannealing 10338-5 ±o-i (2F 2M) 

After second reannealing 10338-25 ±0-05 (2F 2M) 

The high reproducibility was retained throughout, but a rise of 3 ju,v. occurred 
after the first reannealing. 

The couple H. 3 yielded the following result: 

Before reannealing 10323-7 + 0-3 (3F iM) 

After reannealing 10327-7 ± 0-1 (2F 2M) 

The reproducibility, already good, was raised to the highest standard and the e.m.f. 
increased by 4 /xv. 

The experiments summarized under (1) and (2) may be understood by assuming 
that the wires in question were in a condition of strain, uniformly or otherwise, 
and that this strain was modified on reannealing. A wire exhibiting a uniform 
strain should have a good reproducibility in addition to showing no variation of 
e.m.f. when moved along the axis of the ingot, since the additional e.m.f. due to the 
strained condition of the wire would be dependent only on the temperatures of the 
hot and cold junctions, and so would form a constant addition to the total e.m.f. of 
the couple. Reannealing, whether it partially modified the strain or entirely re¬ 
moved it, would thus affect the total e.m.f., but would not alter the reproducibility 
unless it introduced inhomogeneities into the wire; these could be detected by 
moving the junction, along the axis. This effect is exhibited by P. 30. On the other 
hand, a wire exhibiting a non-uniform strain will have a poor reproducibility, 
since the parasitic e.m.fs. arising in the non-uniform parts of the wire will depend 
on the temperature conditions in their own neighbourhood, which will vary 
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throughout the experiment, as well as between different experiments made under 
different conditions, and of course if the inhomogeneous parts are moved to 
different parts of the furnace. On reannealing, the total parasitic e.m.f. will be 
affected as before, by a general modification of the state of strain over the whole 
wire, but in addition to this the magnitude of the parasitic e.m.fs. due to the in¬ 
homogeneities will be reduced, and reproducibility will be improved. This is 
the effect observed in couples P. 25, P. 33 and H. 3. 

(3a) Artificial straining of couples . The foregoing observations are based on the 
assumption that wires of similar material, but in a different condition of strain, will 
in fact exhibit a thermal e.m.f. in relation to each other. To verify this assumption, 
and to investigate both the magnitude of the effect and its modification on annealing 
at various temperatures, the following experiments on the straining of wires were 
carried out. For these experiments new annealed wires of both pure platinum and 
platinum-rhodium alloy were divided into equal lengths and rejoined by twisting 
to form couples which having similar arms should give zero e.m.f. at all tem¬ 
peratures if the two arms were actually in an identical condition. One arm of each 
couple was artificially strained by bending the wire through 180° round a glass 
tube of 8 mm. in diameter, a tension of about 500 g. being required to pull the wire 
round the tube. The open-circuit e.m.f. of the resulting couples was then observed 
with the hot junction maintained at iooo° c., both before straining and after a 
number of successive strains, with the following results (the polarity of the strained 
wire being indicated): 

(1) Pure platinum wires 



1 

New 

wire 

Old wire, 
reannealed 
at 1600° c. 

2 

New 

wire 

3 

New 

wire 

E.m.f. before straining 

E.m.f. after straining once 
E.m.f. after straining twice 
E.m.f. after straining 3 times 
E.m.f. after straining 4 times 
E.m.f. after straining 5 times 

+ o°' S 

+ 85-0 

+ 19*0 

+ 21*0 
+ 3*5 
+ 18*0 

+ 9 # o 

+ 3*5 

+ iio-o 
+ 8*5 
+ 9*0 

+ 7*0 

+ 2*0 

+ 11-5 
+15*0 


(2) Alloy wires 



i 

New 

wire 

Old wire, 
reanneal¬ 
ed at 
1600° c. 

Old wire, 
reanneal¬ 
ed at 
1600° c. 

2 

New 

wire 

Old wire, 
reanneal¬ 
ed at 
1600° c. 

E.m.f. before straining 

E.m.f. after straining once 
E.m.f. after straining twice 
E.m.f. after straining 3 times 
E.m.f. after straining 4 times 
E.m.f. after straining 5 times 

+ 1*0 

~ 9 ** 

— 10*2 

- 2*5 

— 10*2 
-13-6 

+ 11*0 
+ 5*5 
+ i'S 
— 1*0 
~ 6-5 

+ 4* 0 

+ 2-0 
+ IO-S 

+ I'S 
- 17-5 

-lo-s . 

-i6-s 
— 21*0 


The e.m.f. observations were repeated after 5 min., and again after 24 hr., 
with similar results in each case, of which the following are examples: 
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E.m.f. immediately after straining 

10-3 

I3‘S 

85-0 

E.m.f, after 5 min. 

9-0 

127 

83-0 

E.m.f. after 24 hr. 

9*0 

127 

83-0 

E.m.f. after 72 hr. 

9*o 

127 

8 3 -o 


Thus the effect of strain on a wire is to introduce a thermal e.m.f. with respect 
to an unstrained wire. In the case of pure platinum, the strained wire appears to 
be positive; although subsequent strains may reduce the e.m.f., they do not render 
it negative with respect to the unstrained wire. The magnitude of the e.m.f. when 
the hot junction is at xooo 0 c. can in some cases be as high as 100 pv., though it is 
more usually of the order of 10 or ao pv. In the case of the alloy wire the strained 
wire can be either positive or negative with respect to unstrained wire and sub¬ 
sequent strains on the same wire can alter the sign of the e.m.f. The magnitude of 
the e.m.f. for a hot junction temperature of iooo 0 c. does not appear to exceed 
20 [XV. These effects are not temporary, but persist for a number of days at least, 
although a slight reduction of the e.m.f. usually occurs within a few minutes of 
straining. 

(3 b) Annealing of artificially strained couples. The couples were then annealed at 
a number of temperatures between 800 and 1600° c., the e.m.f. being observed after 
each anneal. The usual effect of annealing is to reduce the e.m.f. as shown below: 



Platinum 

Platinum 

Alloy 

Alloy 

Alloy 

Alloy 

E.m.f. unstrained 

o-o 

2*0 

+ I'O 

- 27 

~io*5 

+ 1*5 

E.m.f. strained 

83-0 

15-0 

-io*s 

-12*5 

— 21 *0 

-17*5 

Annealed 5 min. at 8oo° c. 

71*0 

9*5 

— 5*s 

- iro 

— 


Annealed 60 min. at 8oo° 

71-0 

9*5 

“ 2*5 

- 6-s 

—19-0 

— 

Further annealed 

60 min. at iooo° 

65*0 



- 3*7 

-16*3 

«io*5 

60 min. at 1200° 

65-0 

— 

— 

- 2*5 

“15*5 

-io*s 

60 min. at 1400° 

30-0 

— 

— 

— 

-10-5 

-10*5 

60 min. at 1600° 

i6*o 

7*5 

— 

— 

-io-5 

-io*5 


The effect of each anneal is permanent, subject to a slight regression shortly 
after the annealing has been completed, particularly if the annealing was not 
sufficiently prolonged for the full effect to take place. The length of time necessary 
for this is usually upwards of 1 hr. though, in platinum annealed at low temperatures, 
as little as 5 min. may suffice. Examples of this are given below: 


Pure platinum wire 

8oo° c. 

xooo° c. 

1400° c. 

1600° c. 

Unannealed 

83 

7i 

65 

35 

Annealed 5 min. 

7i 

65 

49 

30 

Annealed 60 min. 

7i 

65 

35 

16 

Annealed 120 min. 

7i 

65 

32 

15 


Alloy wire 

8oo° c. 

IOOO 0 c. 

1400° c. 

Unannealed 

12*6 

17*6 

3-8 

Annealed 5 min. 

11*2 

12*0 

3*8 

Annealed 60 min. 

7*2 

8*5 

2*9 

Annealed 120 min. 

5*5 

8*0 

2'9 


45-a 
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In a few exceptional cases the effect of annealing was the opposite to that shown 
above, namely to increase the parasitic e.m.f. If these exceptional cases (which 
may be due to the annealing of residual strain in the so-called unstrained arm) are 
ignored, the normal effect of annealing is to reduce the e.m.f. due to strain. The 
extent to which this reduction of e.m.f. takes place varies with each case, but it 
will be observed that even for an annealing temperature of 8oo° c. the effect is 
considerable, and may exceed 50 per cent. Annealing at progressively higher 
temperatures above 8oo° c. reduces the e.m.f. still further until it reaches a residual 
value which does not appear to be affected by further treatment; for different cases 
this state may be reached at any temperature from 8oo° c. to the maximum possible 
annealing temperature; and the residual e.m.f. may have any value from that 
exhibited by the unstrained wire to as much as 50 per cent of the maximum. 

These effects will affect the practical use of platinum thermocouples in various 
ways. In the first place, a thermocouple wire if sufficiently severely strained ex¬ 
hibits a thermal e.m.f. with respect to an unstrained wire even after prolonged 
annealing, so that it is reasonable to assume that, in many cases, one or both of the 
arms of actual thermocouples will still exhibit a certain amount of residual strain. 
The largest parasitic e.m.f. is exhibited by the platinum arm, and this is always 
positive with respect to the unstrained wire. Since platinum is negative with 
respect to the alloy wire, the result of a strained platinum arm in a platinum- 
rhodium thermocouple will be to reduce the total e.m.f.; and since the effect of 
annealing is to reduce the parasitic e.m.f., the annealing of a couple in which the 
platinum wire is strained will in general raise the total e.m.f. The effect of strain on 
the alloy wire can be of either sign, but appears more commonly to be negative with 
respect to unstrained wire. Where it is negative the effect of annealing will, of 
course, be to increase the e.m.f. of the couple. 

These strains will not affect the reproducibility of the couple if they are uniform 
over the whole length of the wire, but superimposed on them there may be strains 
of a non-homogeneous nature, which, as has been shown above, can account for 
the variations in the e.m.f. calibration. The magnitude of the parasitic e.m.f. due 
to an inhomogeneity in the wire will be of a smaller order than the additional 
e.m.f. due to a continuously strained wire, since the two ends of the inhomogeneity, 
being close together, will not be at widely different temperatures. Consequently 
the effect of annealing may be to modify the total e.m.f. by an amount considerably 
in excess of the variations. 

It is also possible for inhomogeneities to be set up in the wire after it has been 
put into service, and for these to be modified without reannealing. In the ordinary 
course of use the element wires of a couple will be subject to slight movement 
relative to the insulators in which they are contained, owing both to actual handling 
of the free wires outside the insulators, and to the differential expansion of the wires 
and fireclay insulators when they are placed in the furnace. Since the space 
available is somewhat restricted, this movement will give rise on one hand to 
friction between the thermocouple wires and the walls of the insulator, and on the 
other hand, if the wires become jammed at any point, to tension or bending ac- 
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cording to the direction of the relative movement. Support is lent to this view by 
the author's experience, referred to previously, with the mounting of two couples 
in the same insulator. In order to get four bores into one insulator of the standard 
size, it was necessary to reduce the diameter of the bores to o*6 mm., and if the 
foregoing observations are correct this would be expected greatly to increase the 
difficulty of maintaining the wires in a strain-free condition. It was in fact observed 
that none of the couples so mounted was comparable in uniformity with the best 
of those mounted in two-bore insulators, the variation with movement being of the 
order of 0-5 to i-o /xv./cm., and that this variation as well as the actual calibration 
of the couples altered considerably after the couples had been put into service. 

From the experiments on annealing it appears that considerable modification 
of freshly strained wire can result from annealing at temperatures as low as 8oo° c. 
A couple in use will be exposed for long periods to temperatures of this order, 
precisely in that part of their length in which inhomogeneity will give rise to a 
parasitic e.m.f., so that if inhomogeneity does arise, it will be liable to continual 
modification, and hence small variations in the calibration of the thermocouple 
will occur. 


§4. CONCLUSIONS 

It is shown in the experiments summarized above that with proper precautions 
the standard platinum-rhodium thermocouple is capable of a reproducibility of 
the order of ±o*i /xv., equivalent to o-oi° c., i.e. there is a tenfold increase in the 
accuracy previously obtainable at the Laboratory. With the introduction of certain 
modifications the electrical measuring apparatus and the temperature conditions 
in the furnace can be relied upon to this accuracy; the principal difficulty in attaining 
it lies in the selection of sufficiently homogeneous wire for the thermocouples, only 
a fraction of the total number of thermocouples prepared by the author having 
reached this standard. The presence of strain, original or acquired, is seen to be the 
main cause of uncertainty. This uncertainty might be reduced with a greater 
knowledge of the effect of annealing, or by the design of special mountings to keep 
the wires in a strain-free condition, though such mountings might prove so cumbrous 
as to nullify the peculiar advantages of thermocouple measurement. 
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SOME RECENT DEVELOPMENTS IN BRITISH 
SURVEYING INSTRUMENTS 

By MAJOR-GENERAL M. N. MACLEOD, D.S.O., M.C. 

Ordnance Survey, Southampton 
The Thomas Young Oration , delivered 24 March 1939 


§ 1. INTRODUCTION 

T he subject I have chosen for The Thomas Young Oration is a meeting 
ground of the sciences of optics and of surveying. As it is not possible in the 
time available to cover the whole ground, I must confine my descriptions to 
developments which seem to me to be of special interest, by reason either of their 
novelty, or of their importance to the surveyor; and I must further limit my descrip¬ 
tions to optical as opposed to mechanical features. 

Much of what I have to say is concerned with aerial surveying, for this is an 
important recent development which has led to the construction of surveying 
instruments of an entirely new kind, some of them veritable robot surveyors and 
really wonderful products of optical ingenuity and mechanical workmanship. 
Before embarking on the subject of air-photographic surveying instruments, how¬ 
ever, I would like to refer to some recent developments of the ground surveyor’s 
principal instrument, the theodolite, which has not been, and is never likely to be, 
superseded by the aerial camera. 

§2. THEODOLITES 

Thirty years ago it seemed that finality in the design of theodolites had been 
reached, and that further improvements would be in matters of minor detail only. 
However, in 1921* or thereabouts, Herr Heinrich Wild (now of Heerbrugg, 
Switzerland, but then a member of the Zeiss firm) introduced a new instrument in 
which the graduated arc was engraved upon glass instead of upon metal, and in 
which the reading of the arc was effected in a novel manner, so effective and yet so 
beautifully simple that one wonders why no one had ever employed it before. In 
previous theodolites, in order to eliminate eccentricity, it had been the universal 
practice to read the arc separately at two points 180° apart, and to adopt the mean 
as the final observation. Wild conceived the idea of bringing the two reading 
points together into a single microscope by means of an optical system. The 
interpolation between the divisions of the graduated arc was then made with a single 
micrometer, which could be read without leaving the observing position, and which 
automatically gave the exact mean of the two readings. 

* The first patent is dated 1908. 
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An answer from the country of Ramsden and Sisson to this challenge was 
eminently desirable; and the gauntlet thus thrown down by Herr Wild was taken 
up by Brigadier Winterbotham (then Chief of the Geographical Section of the 
General Staff) who arranged (in 1926) for a meeting to be held at Tavistock at 
which the principal manufacturers of British surveying instruments, and a number 
of other persons interested in surveying, were invited to examine and discuss these 
new instruments, and the question of theodolite design generally. The result of the 
Tavistock meeting has been the manufacture by Messrs Cooke, Troughton and 
Simms of the so-called Tavistock theodolite, which uses the new method of reading 
in another and, I think, even better way. 
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The new method of reading may be explained as follows. Suppose figure 1 a 
to represent a graduated circle. Imagine a line AB ruled right across through the 
centre; the reading of one end of A on the arc would be, say X° and a fraction, and 
of the other end B, Y° and a slightly different fraction, where Y= 180+X. 

The final reading will be X, plus the mean of the two intercepts AX and BY, 
i.e. % (AX+BY), figure 1 c. This mean reading is measured directly with an 
optical micrometer which moves the images of the graduations X and Y by equal 
amounts in opposite directions. In the Wild (and Zeiss) instruments the images of 
X and Y are brought together by the optical systems so that they appear as in 
figure 1 b or 1 c. If each of two adjacent opposite graduations is displaced optically 
by equal amounts towards the imaginary line AB, figure 1 c, until they are exactly 
in line with one another, each will have travelled exactly one-half the distant XY 
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in figure i c, that is to say a distance equal to J ( AX+BY ). The micrometer scale 
and the two sections of the arc are brought into the same field of view and both can 
be read without moving from the observing position. 

In the Tavistock instrument the optical system brings two opposite parts of the 
arc, i.e. the ends of the line AB, together in such a manner that the two ends A and 
B can be imagined as superimposed upon one another to form a single line repre¬ 
sented by the central line in figure i d. If the graduation and centring of the arc 
were quite perfect, the optical system would superimpose any two adjacent pairs of 
graduations i8o° apart so that they would appear in the field of view as a second line 
parallel to the line representing AB. The reading could be effected by an optical 
micrometer which shifted the combined image of the graduations, e.g. X and Y, 

' until it was superimposed on the line AB. If, however, there were any error in 
centring or graduation of the arc, the graduations X and Y would appear not as a 
single line but as two lines side by side, and the mean reading would be obtained 
when these two lines had been made to straddle the centre line AB as in figure i d. 
This arrangement, as it stands, would not be satisfactory, for the X and Y lines 
might not be clear of, or might be too far from, the central line: a tilting block of glass 
is, therefore, interposed in the path of one of the rays, and this enables the images of 
the graduations to be separated. The reading is then obtained by bringing the 
images of X and Y symmetrically on each side of a broad black line as in figure i e, 
the separation of X and Y being variable to suit the taste of the observer. 

Not only is the method of reading different in the two instruments, but the 
method of effecting the optical movement of the graduations is also quite different. 
In the Zeiss and Wild instruments the rays from each reading point are brought 
together and then made to pass through two rectangular blocks of glass which can 
be tilted by equal amounts in opposite directions by rotating the micrometer head. 
The tilting of these blocks causes a parallel shift of the rays in opposite directions, 
but as the amount of the shift is not directly proportional to the tilt of the blocks 
the tilting has to be controlled by a stud engaged in a spiral groove, and the pre¬ 
cision of the reading therefore depends on the accuracy with which the spiral groove 
can be cut. In the Tavistock instrument the shift is effected by two wedge-shaped 
pieces of glass moved along a slide by an accurately cut rack and pinion, in a 
manner similar to that used in the well-known Barr and Stroud range-finder. In 
this case the displacement of the graduations is directly proportional to the move¬ 
ment along the slide, and therefore to the rotation of the micrometer head. This 
design, in which the accuracy depends on movement along a straight line, seems to 
me definitely better. 

All these theodolites enable an angle to be read by estimation to a fraction of a 
second. The graduation of the arc borders on the miraculous. In the 3§-in. 
Tavistock instrument the graduations are 0-0003 in. wide, and about o-oi in. apart, 
this spacing representing 20 min. of arc. A single second read on the micrometer 
is therefore represented by a length of 1/120,000 in. on the graduated circle, yet 
the results obtained under test show that the errors of division are much less than 
one second. 
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Before leaving the subject of theodolites I would like to mention two other useful 
British developments. One is the magneto-theodolite, and the other is Dr Hunter’s 
shutter eye-piece. 


§3. THE MAGNETO-THEODOLITE 

The magneto-theodolite is an instrument designed for the observation of 
accurate magnetic bearings. It is a combination of theodolite and magnetometer in 
which the change-over from angle-measurement of terrestrial objects to measure¬ 
ment of magnetic bearings can be made in a few seconds. The instrument makes use 
of Sir Frank Smith’s principle of fluid suspension in that the magnet (consisting of 
two strips of cobalt steel) is attached to an annular brass float immersed in a 
liquid. 

The magnet system is placed centrally over the horizontal arc while the telescope 
is mounted eccentrically, the change-over from magnetic to direct (ordinary) 
observations being made simply by turning a milled head. 

The instrument was constructed for the Ordnance Survey by the Cambridge 
Instrument Company to the design of Mr H. L. P. Jolly. It is the first of its 
kind, and it is hoped that it will prove useful for mining as well as for magnetic 
surveys: indeed for any type of survey in which accurate and quickly obtained 
magnetic bearings are required. 

§4. DR HUNTER’S SHUTTER EYE-PIECE 

The object of the shutter eye-piece is to improve the precision of time-determi¬ 
nation by star-observations by eliminating personal and systematic errors. An 
illuminated scale against which the star-position is estimated, and a shutter, con¬ 
trolled by a clock or chronometer, which alternately occults and exposes the star 
under observation at known times is provided in the eye-piece. The position of the 
star at each appearance has only to be interpolated between the lines of the eye¬ 
piece scale, and by the time a large number, say 24, of star flashes have been thus 
positioned the personal error has been largely eliminated. 

Tests of the shutter eye-piece indicate that with its aid it is possible to make 
observations for longitude equal in accuracy to those for latitude, i.e. equivalent 
approximately to an error in absolute position of about 30 to 40 ft. 

§5. AIR PHOTOGRAPHY 

With these remarks as an introduction I will pass on to the subject of air 
surveys and air-survey instruments. 

As everyone knows, a map shows the features of the earth’s surface much as 
they would appear to an observer looking down from above. If the ground were 
flat, if there were no distortion in the photograph due to the lens or shutter, and if 
the camera could be held exactly vertical, an air photograph would appear to obtain, 
in an instant, information which might take a surveyor on the ground many days, and 
perhaps weeks, to collect. 
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Unfortunately the above theoretical conditions can very seldom be realized 
exactly. It is consequently exceptional to be able to use an air photograph for 
systematic mapping by mere enlargement or reduction. The photograph must be 
regarded only as a picture with certain definite geometrical properties from which 
the surveyor can extract the information he requires. Moreover it is a picture at a 
much reduced scale, and though this may be an advantage, in making the features 
to be mapped more easily accessible, it postulates a greater refinement of measure¬ 
ment than would be required at the full scale on the ground itself. 

§6. CAMERAS 

The first consideration in aerial photographic surveying is a suitable camera; 
and since it may take an hour or more of flying to carry the camera to the point at 
which work commences, the camera should allow the greatest possible area to be 
photographed before the aircraft has to return to its base. Practically, then, the 
camera should make use of film and not glass plates. 

For the same reason the angular field of the lens should be as wide as possible, 
but since the use of the photograph assumes that it is a true perspective of the 
ground the field must be limited to the width that can be covered by the lens 
without perceptible distortion. 

The exact determination of the geometrical properties of this perspective require 
that the optical axis should coincide with the perpendicular to the plate from the 
rear node of the lens, and that the principal distance (the length of this perpen¬ 
dicular) should be accurately known. In British air-survey cameras this require¬ 
ment is met by pressing the film just before exposure against a flat glass plate 
rigidly fixed in the focal plane of the lens. On this plate are engraved fiduciary 
marks, or in some cases a fine reseau, which are photographed upon the film at each 
exposure, and which indicate the position of the principal point. Air-survey 
cameras should be calibrated by bringing the principal point, as defined by the 
pressure plate, into coincidence with the optical axis, and by determining the 
principal distance. The lens, camera body, and the pressure plate should, in 
effect, form a single unit which should remain unaltered in dimensions after 
calibration. 

The shutter must be capable of giving an exposure short enough to avoid any 
blurring or distortion of the image, but focal-plane shutters which draw a slit in a 
blind across the plate and thereby expose each part of the plate in succession are 
unsuitable for precise air-survey work. British air-survey cameras are generally 
fitted with a Louvre shutter behind the lens. 

The standard British service air camera is known as the F. 24. It is a film camera 
taking a 5 x 5-in. picture capable of being fitted with lenses of 6 in. and 4 in. focal 
length. 

Other British air cameras are the Eagle cameras made by the Williamson 
Manufacturing Company. These also are film cameras and they are made in several 
sizes. The Eagle IV takes a picture 18 x 24 cm. The Eagle YI takes a 5x5m. 
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picture and is specially designed to provide an optical system which, after calibra¬ 
tion, can be operated, serviced, and mechanically adjusted, without disturbance of 
the lens or the pressure plate. 


§7. LENSES 

It is only during the last six or seven years that lenses specifically designed for 
air survey have been produced in this country. The Ross wide-angle “Xpres” lens of 
7-in. focal length is the first of these deserving of special mention. This lens gives 
sensibly sharp definition at an aperture of F/4 over a square plate of 7-in. side. The 
maximum distortion measured radially from the centre is at 35-6°, and is then no 
more than 0-03 mm. At 35 0 it is zero.* 

Excellent though this lens is, the light travelling along the oblique rays to the 
margins of the plate is very much less than that falling upon the centre. Subse¬ 
quently, therefore, the firm of Ross produced another lens in which the performance 
in this respect was improved without any appreciable sacrifice of its other attributes. 
This lens is known as the “Xpres E.M.I.” (extra marginal illumination) lens. 

The latest production of the Ross firm is a wide-angle survey lens designed to 
work at an aperture F/5-5 and having an angular field of more than 90°. 

The field of these new lenses must, I think, be the practical limit which can be 
reached with a single lens. Any further increase in covering power can only be 
obtained by the use of multi-lens cameras. A 9-lens camera, or rather a 9-camera 
assembly, was used by Scheimpflug, the pioneer of air photography, in his attempts 
to photograph from balloons in 1910, and about ten years ago a Munich firm pro¬ 
duced a 9-lens camera covering an angular field of 135 0 , and quite recently another 
9-lens camera assembly has been produced in the United States. 

§8. THE 7-LENS AIR CAMERA 

In 1933 the Air Survey Committee decided to try and evolve a camera with a 
slightly less angular field (120 0 ), but with fewer lenses. The original design was got 
out by Lieutenant J. S. A. Salt, R.E., with the assistance of Mr Booth and Mr 
Stringer of the Royal Aircraft Establishment, and the camera was constructed by 
Messrs Barr and Stroud. 

It consists of a cluster of seven lenses, one at the centre and six at the corners of 
a regular hexagon. The focal length is a little under 2 in., and the rays entering the 
six outer lenses are deflected by prisms, fixed immediately in the front of the lenses, 
which have the effect of bending the rays entering the side lenses through an angle 
of 45 0 . In front of the prisms is a yellow light-filter which also forms a circular 
glass cover for the whole assembly. The lens cone is designed to fit the film-holder 
and magazine of the standard F. 24 camera. The glass pressure plate is replaced 
by a metal mask which divides up the exposed portion of the film in such a manner 
that the seven separate pictures project, after rectification, into an exact square. 
During exposure the film is pressed against the mask by a pad which is auto- 


* See the 1935 Report of the Air Survey Committee. 
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matically released when the exposure is complete and the next section of film is 
moved into position. 

In the rectifiers used for foreign cameras the printing of the oblique pictures 
is done by rotating each picture in succession into the appropriate position in the 
rectifier. With the 7-lens camera the negative is put into a special rectifier in which 
all seven pictures are printed simultaneously, and the six oblique pictures are 
rectified during printing to the scale of the central picture, which is magnified about 
ij times. The design of this rectifier is exceedingly skilful and compact. Simul¬ 
taneous printing of all the photographs involves a certain complication not only 
in the number and arrangement of the projection lenses but also in the lighting 
arrangements, since the amount of light required for the side pictures is many times 
that required for the projection of the central picture, but it is bound to save a 
great deal of time. 

The enormous saving in photography and flying which can be effected by the 
use of wide-angle and multi-lens cameras can be seen from the following table: 


Flying height 15,000 ft. 

F. 24 camera 
Xpres lens 

7-lens camera 

Side of each picture 

Area of each picture 

Number of photographs per thousand square 
miles 

Miles of flying per thousand square miles 

2*9 miles 

8'4 sq. miles 
410 

460 

9*8 miles 

96 sq. miles 

3 Z 

140 


§9. PLOTTING APPARATUS 

Having now dealt briefly with the apparatus for taking an air photograph, I 
will pass on to the instruments, etc., required for converting it into a map. 

An air photograph shows the ground in two dimensions only, but the third 
dimension (i.e. height) can be measured by combining, either stereoscopically or 
otherwise, two views taken from different standpoints. Figure 2 shows a hill M 
photographed from two air stations A x and A 2 . The position and height of M 
could be determined by placing positives of the photographs in two projecting 
cameras, of the same dimensions as the aerial camera, fixed to the end of a bar 
A 1 A 29 the length of which is decided by the scale of plotting. In the aerial camera, 
however, the lens is set for focus at infinity, and in order to obtain a sharp image 
from these projectors on a screen representing the ground at the same scale as the 
bar, a lens of different focal length would have to be used, or the pictures would 
have to be projected piecemeal, an auxiliary focusing device being interposed in the 
path of the optical rays. With the screen at M 0 a point such as M, lying above the 
ground plane, will have two images, at M x and M 0 respectively, but if the screen 
is moved towards the projectors these two images will converge until they coincide 
when the screen is at M. The projection on the screen in this position is obviously 
the map position of the point M, while MM 0 represents its height above the datum 
level. A French plotter, the Gallus-Ferber, is based directly on these principles. 
Automatically focusing auxiliary-lens systems, controlled by guide rods, throw a 
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Rectified and unrectified prints from the 7-lens camera. 

By permission of the Air Ministry 
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sharp image of a small portion of each picture on to a movable screen. The two 
pictures are not projected simultaneously but are thrown on to the screen alter¬ 
nately. The effect is that when the two images of any point are not coincident the 
picture appears to shake from side to side. The screen can be raised or lowered 
until the shaking ceases, when the position of the point can be plotted. 

The majority of automatic plotters, however, depend on stereoscopic methods 
of combining the two pictures. The principles of stereoscopic plotting may be 
explained as follows. If the two pictures are viewed in a suitable stereoscope, 
instead of being projected on a screen, a single picture will be seen in relief, giving 
a clear impression that M is nearer to the observer than M 0 . Suppose now that a 



Figure 2. 

strip of transparent material is placed over each photograph and a mark, say across, 
is made on each strip exactly over S 1 and m x respectively. The two marks will fuse 
and be seen as a single mark coinciding with the point M in the stereoscopic view. 
If the mark centred on m 1 is then moved slowly from m 1 to m 0 , the two marks will 
not go out of fusion, but the fused mark will appear to move away from the observer, 
until it coincides with M 0 in the stereoscopic view when the actual mark is centred 
over m 0 on the photograph. In other words the lateral movement of the mark 
m x to m 0 gives a measure of the height MM 0 . Convergence of the two marks makes the 
fused or floating mark appear to rise; divergence makes it appear to fall or recede. 
Much the same effect is produced if the marks are kept stationary and the separation 
of the photographs is altered. Small movements of one of the photographs relative 
to the other in the direction of the base A 1 A Z do not affect the fusion of either the 
marks or the photographs, but only cause an apparent movement of the fused 
impression of the former. 
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§ 10. STEREOSCOPY 

The stereoscopic impression of depth is purely relative, and is limited to the 
field of distinct vision, i.e. about i° around the point of fixation. It is not possible 
to get a satisfactory stereoscopic impression of an object of such a height that the 
angle subtended at either eye much exceeds i°; hence the greater the range of relief 
the more nearly parallel must the visual rays be. 

Easy stereoscopic fusion is only obtained when each pair of images lies in the 
same plane as the two eyes. The brain can keep in fusion two points which are 
only slightly out of the eye plane, but could not, without inclination of the head, 
fuse two pictures one vertically above the other. When the two components of a 
stereoscopic image lie in the plane of the eye base they are said to be in stereoscopic 
correspondence. A further important limitation of stereoscopic reconstruction, 
imposed by the necessity of simulating natural vision, is that the separate pictures 
of an object must be of the same size. The brain cannot comfortably fuse two 
pictures which show the same object even at slightly different scales. 

Easy fusion of the marks as well as of points in the view depends on both lying 
strictly in the eye plane. The brain can correct for a certain amount of lack of 
correspondence, but cannot simultaneously fuse two pairs of points of which one is 
in correspondence and the other is not. When such a lack of correspondence exists 
that pair of points which has the stronger stereoscopic character remains in fusion, 
and the other either goes out of fusion or appears displaced. 

A simple stereoscope (known as the “Z.D. 15”), designed for the stereoscopic 
examination of vertical photographs, is manufactured by Messrs Barr and Stroud. 
The prints (or positives) of the photographs are carried on two turn-tables placed 
at a convenient distance apart, and the two images are reflected into the eyes, 
without magnification, by a system of parallel sloping mirrors. The principal points 
of the photographs are fixed at the centres of the turn-tables, and the setting in 
correspondence is effected simply by rotating the turn-tables until the line joining 
the two principal points on each photograph of the pair is parallel to the eye base. 
Multiple marks are provided in the form of a grid engraved on a glass plate placed 
over each photograph and of which the lines run at 45 0 to the eye (or air) base. 
When the photographs are in correspondence the paired lines of this grid fuse to 
give the impression of a horizontal network, the height of which can be varied by 
altering the separation of the grids, this movement being given by a screw with a 
graduated micrometer head at the right-hand side of the instrument. 

If one or other of the photographs is taken with a slight tilt, or is placed a little 
out of line in the stereoscope, the correspondence setting will be affected and, 
although the photographs may still be fused easily enough, the grid will no longer 
appear as a horizontal network. When the grid is brought approximately to the 
ground level, the fused crosses will split so that one diagonal appears nearer to the 
observer than the other. The reason for this splitting, which can be used to check 
correspondence setting, can be seen from figure 3. 

Suppose that two photographs have not been set quite correctly in corre- 
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spondence and that, owing perhaps to a slight rotation of the right-hand photo¬ 
graph, the line joining P, P' (the two images of a point) is not parallel to the base, it 
can'be seen that the lines YY' will be at a lesser separation, and XX' at a greater 
separation, than the fused image of the point. The Y lines will therefore appear 
nearer, and the X lines farther, from the observer. If the grid is moved in the 
direction of the arrows, until the X line appears to be in coincidence with the ground 
level, that is to say when P lies exactly on X and P' on X', the Y line will be seen 
fused but apparently appreciably above the ground. 

It will be observed that stereoscopic measurement implies the simultaneous 
alignment of two marks on two separate points. Its advantage lies largely in the 
fact that two operations are performed simultaneously, automatically, and yet very 
accurately. This dual alignment is of course only possible when the movements 
of the marks and the points on which they have to be aligned lie in the same plane; 
the condition of stereoscopic reconstruction requires that this plane should contain 
the eye base also. 

Methods of plotting from vertical photographs (with the aid of the “Z.D. 15” 
stereoscope) were first worked out in this country by Major Hotine, R.E., under the 



Figure 3. 


auspices of the Air Survey Committee. They are based on the assumption that the 
centre of the photograph coincides with the plumb point and consequently that 
rays drawn from the centre to the surrounding points on the photograph will define 
the correct horizontal angles at that point. Two such rays plotted from the ends of 
the base will consequently fix any other point. The advantage of a technique using 
vertical or nearly vertical photographs is that the aerial navigation is simplified, 
that the plotting apparatus is simple and relatively inexpensive, and above all that 
the method is easy to teach and lends itself well to mass production. 

With the aid of gyroscopic aircraft stabilizers it is now quite practicable to take 
air photographs in straight strips with the correct overlaps (which should be between 
50 and 60 per cent) in the fore-and-aft direction, and with no deviations from the 
vertical exceeding half a degree. A skilled aircraft crew can ensure that the whole 
of any given area shall be covered in this manner with a minimum of wasted flying 
time; and since flying time is expensive, this is an important consideration. 

With photographs taken in this manner each photograph will show near its 
right and left margins the centres (called “principal points”) of its neighbours in 
the strip on each side. The first stage in the plotting consists in fixing the relative 
positions of the principal points of a strip, and four selected points in each overlap, 
by a sort of triangulation on the scale of one selected photographic pair; see figure 4 a. 
A skeleton plot of each strip having been prepared in this manner, the next step is 
to bring all the plots to a uniform scale, and to determine this scale, and the 
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orientation of the whole, by reference to a few independently fixed control points 
suitably distributed over the area. This fixes the position of the centre of each 
photograph and the length and orientation of each air base. The third stage is the 
plotting of the detail by intersecting rays from the two principal points in each 



(i b ) Setting for the overlap 2-3. 





(c) Setting for the overlap 3-4. The turn-table carrying photograph no. 3 has been rotated 180 0 . 

Figure 4. 

overlap. The last stage is the plotting of the contours, by means either of stereo¬ 
scopic parallax measurements or of form lines drawn in with the aid of the stereo¬ 
scope and heighted from aneroid or other measures of height made on the ground. 

With good photography, small random tilts are probably not the chief sources 
of error in the control plots; errors in identifying the points, stretching or shrinking 
of the film after exposure, and limitations of draughtsmanship, are the chief sources 
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of inaccuracy. In order to eliminate errors of these three classes a special com¬ 
parator, designed by Captain E. H. Thompson, R.E., has recently been constructed 
for the Ordnance Survey by the Cambridge Instrument Company. 

§ 11. THE THOMPSON COMPARATOR 

The instrument is a combination of a measuring stereoscope and an accurate 
co-ordinate measuring machine. The photographs are placed on two rotating turn¬ 
tables each mounted separately on a carriage, called the “X carriage”, movable in 
a direction parallel to the stereoscopic eye base. The stereoscope is mounted on 
another carriage, called the “ Y carriage”, moving in a direction exactly per¬ 
pendicular to the former. The two X carriages can be locked together, but each can 
be given an independent movement, so that a differential movement of the turn¬ 
tables can be made in the X direction. The mechanical features of the instrument 
will not be described in detail, though they are in some respects the most interesting 
and the most characteristic points in the design. 

It has been explained above that if the photographs are taken with suitable 
overlaps each will show, near its right and left margins, the principal points of the 
adjoining photographs on the strip on each side, and a narrow strip of the ground 
will appear on each of three consecutive photographs. By intersecting selected 
photograph points on this strip from the two ends of the air base common to each 
pair of photographs, an aerial triangulation can be carried out on the photographs 
(see figure 4) and the relative positions and lengths of the several bases can be 
computed. If, however, the basal angles of this triangulation were measured directly, 
errors would be introduced by irregular distortion of the film base, or of prints. 
The angles are not, therefore, measured directly, but, in accordance with the 
practice of precise astronomical photography, are calculated from rectangular co¬ 
ordinates measured with the aid of an accurate non-distorting r6seau inscribed on 
the pressure plate of the air camera, and recorded photographically on each negative 
at exposure. Errors arising from film distortion are therefore limited to the expansion 
or contraction within a single square of the reseau. 

As the use of a reseau is a characteristic feature of this instrument, it is worth 
noting, in passing, that most continental air-survey cameras do not allow the use 
of a reseau as they do not employ a glass pressure plate. Other features are the 
method of ensuring exact identification of the same points on all three photographs, 
and the method of changing over from one stereoscopic pair to the next. These are 
best explained by describing the method of use. 

A pair of photographs are placed on the turn-tables and centred; the tables are 
then rotated to bring the base lines on both photographs into coincidence with the 
line of the X movement, and their separation is varied until the floating mark in 
the stereoscope, centred over each principal point in turn, appears as though resting 
on the ground. The setting can be made with greater precision in this way than by 
attempting to identify a particular point of detail under the mark, since it depends 
not only on the centring of the mark but on the stereoscopic impression received 
from all the surrounding detail. 
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The floating mark is formed by the junction of two dissimilar T-shaped marks, 
one in each eye-piece; see figure 5. When the two photos are exactly in corre¬ 
spondence and each half of the mark is centred correctly over its respective photo 
point, both horizontal and vertical lines will appear collinear, and the mark will 
appear as a cross resting on the ground. Any lack of correspondence in the photo¬ 
graphs, or error in identifying the same point on both photographs, will im¬ 
mediately show itself by the mark dividing, and one half appearing out of line 
with or separated from the other. This type of mark gives therefore a very sensitive 
setting. 



Figure 5. 

The base lines having been set in correspondence, the next step is to select the 
intersected points. It is sufficient to place the floating mark in a suitable position 
on one photograph and identify stereoscopically the point indicated by the mark 
on the other by bringing the floating mark down on to the ground in the view. 
Where slight tilts exist there may be some lack of correspondence at the edges 
of the photographs, even when the base setting is correct. This will be revealed by 
the splitting of the floating mark and must be eliminated without alteration of the 
setting. This is done by means of parallel plate micrometers which enable the image 
of either of the photographs to be shifted in the Y direction. After each setting 
has been completed, the distances of each point, from the nearest lines of the 
reseau, the co-ordinates of a suitably placed corner of the reseau, and the micro¬ 
meter reading, are read off on the scales provided for the purpose, and booked. 
From these measures, and the known dimensions of the reseau, the basal angles can 
be obtained and the triangles solved. Some short cuts in the computation can be 
taken, and most of it can be done by machine. 

The next step is to record the position of the selected points so that when one 
photograph of the pair is removed and the next inserted the same points will be 
correctly identified on the latter. This is done by means of specially designed 
optical markers. In order to introduce the next photograph in the strip with the 
minimum of trouble, the stereoscope is made symmetrical to right and left about 
the central axis, so that after removing one photograph it is only necessary to rotate 
the photo left in the stereoscope through 180° and place the next one on the vacant 
turn-table. This is equivalent to measuring up the next stereoscopic pair upside 
down; see figures 46 and 4 c. The optical markers, figure 6, which can be clamped 
to the turn-table consist of a fine cross engraved on a glass plate 1 which is carried 
in a short movable tube 2. (This tube can be rotated so as to set the mark at an 
angle with the cross formed by the stereoscope graticule.) Approximately central 
in the tube and fixed in position is a lens 3 and at the end of the tube is a 45 0 
prism 4. The effect of the optical system of the marker is to form a real image of the 
cross at m , and a virtual image at m f . The tube can be adjusted so that this virtual 
image lies in the plane of the paper. 
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This optical method of bringing the mark into exact coincidence with the 
selected point without touching or marking the photograph ensures a high degree 
of accuracy in the identification of points. The markers having been placed in 
position on the turn-table and the latter rotated, the floating mark can be centred 
in turn over each marker so that when the marker is removed the floating mark 
remains directed at the right photographic point, which can then be identified 
stereoscopically on the next, newly inserted, photograph. 

The optical unit is housed in a separate casting bolted to the top of the Y 
carriage. The optical train can be seen in figure 7. Light from the photograph first 
passes through the parallel-sided plate d 1 which is a block of glass, 50 mm. thick, 
mounted in a frame provided with trunnions about which the block may be tilted. 
The rotation is imparted to the plate by a micrometer, M a , through a weighted arm 
attached to one trunnion and bearing against the micrometer spindle. Directly 
above the micrometer is the objective lens d 2 , which brings the image of the 
photograph to a focus on the mark d Q . The prisms d 3 , d 4 , and d 6 deflect the rays in 
the required directions and form an erect image. - 

§12. AUTOMATIC PLOTTING MACHINES 

It now remains to describe apparatus for plotting from tilted photographs. The 
idea of automatic plotting from photographs was originated by Major F. V. Thomp¬ 
son, R.E., in 1907, while the pioneer of stereoscopic methods of measuring seems to 
have been Dr H. G. Fourcade, a South African who read a paper in 1901 to the 
South African Philosophical Society, describing a stereocomparator of his own 
invention which enabled the distance of a point to be determined from two photo¬ 
graphs taken at the ends of a short measured base. 

When the photographs are taken from the ground, the pointings of the camera 
at the field stations can be measured and recorded. All that is necessary is to carry 
the camera on a theodolite mounting and fix a telescope to it. These measurements 
enable the geometrical conditions at exposure to be reproduced in the comparator. 
When such an apparatus is used with air photographs, however, the directions of the 
camera axes at the field stations cannot be measured, nor can the position of either 
field station be fixed independently. Before plotting can begin, the positions of the 
field stations and the directions of the camera axes must be determined from the 
photographs themselves. In the first attempts to use air photographs in a plotting 
machine it was necessary to determine these data by the computation of a resection 
in space from three or more control points visible on each photograph; an extremely 
laborious process, and one that did not always yield a very accurate result. Later, 
methods of adjusting each goniometer* separately to control points by trial were 
evolved, and until quite recently this was the normal procedure in working with 
automatic plotters. 

There is, however, a serious theoretical objection to any procedure involving 
independent setting of the goniometers, in that any error in either setting will 

* The word “ goniometer ” is used to denote a projector which is a dimensional replica of the air 
camera. 
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cause a lack of correspondence in the stereoscopic view, and there is no mwme of 
ascertaining which of the two independent settings is in error. 

In 1926 or thereabouts, Fourcade, whose work on this subject has not received 
the recognition it deserves, produced a novel design for a stereogoniometer in 
which the setting of two photographs in exact correspondence could be done with¬ 
out any knowledge of the positions of the air cameras and without the aid of ground 
points. He showed that if the goniometers were mounted together on a single 
axis representing the air base, the correspondence setting could be effected by a 
relatively simple systematic trial procedure; and that when five suitably placed 
common points had been set in correspondence, the relative positions of the two 
photographs with respect to one another and the air base had been found. Relating 
each photograph of a strip in turn to its neighbour and to the intervening air base 
in this manner, Fourcade worked out a system of aerial triangulation which enabled 
the relative positions, orientations, etc. of all the photographs in a suitably flown 
strip to be accurately determined without any reference to the ground at all. The 
absolute scale and orientation of each could then be determined by adjusting the 
strip as a whole to a few ground points placed anywhere thereon. His instrument 
seemed to offer great advantages for automatic plotting as well as for air triangu¬ 
lation, in that the correspondence setting could be made separately and left un¬ 
touched while the space model was adjusted to ground control. The setting could 
be left untouched during plotting also, instead of being affected, and perhaps upset, 
by the plotting movements, as was the case in some of the plotters then on the 
market. His instrument held out such possibilities for improvement in all kinds 
of air survey that the Air Survey Committee arranged for two experimental stereo¬ 
goniometers based on Fourcade’s design to be made for the War Office by Messrs 
Barr and Stroud, and later ordered from the same firm, also for the War Office, 
an automatic plotting machine designed by Captain E. H. Thompson, R.E. 

This plotter, based on Fourcade’s principle, is stereoscopic and uses the Porro- 
Koppe viewing system; that is to say the photographs are carried in holders which 
are scale replicas of the aerial camera and are viewed from the front through the 
lens. Bundles of rays from any point in the focal plane emerge from the lens as 
parallel rays and the point appears in the view as if situated at infinity, as in nature. 
The apparatus consists of three distinct parts: (x) the photograph carriers, or 
goniometers, representing the air camera at the two ends of the air base; (2) the 
stereoscopic viewing system by which the two pictures are combined stereoscopically 
and examined under magnification; and (3) the plotting mechanism. 

The goniometers are mounted on the ends of a rigid bar representing the air 
base and have five degrees of freedom. Each plate can be rotated in its own plane 
about the principal point. This is called the “position movement”, and represents 
two degrees of freedom. Each goniometer can be revolved in the plane of the bar 
about axes perpendicular to this plane and passing through the front node of the 
camera lens. These are called the “declination movements”, and represent a 
further two degrees of freedom. Finally one goniometer can be rotated relatively 
to the other round the bar in a plane perpendicular thereto. This is called the 



Plotting movements 


Setting movements 



Figure 9. The Thompson (Barr and Stroud) plotter; perspective view, 
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“ differential rotation” and represents the fifth degree of freedom. These five move¬ 
ments are sufficient for the correspondence, or internal, setting. In addition the 
bar representing the air base can be rotated so that both goniometers revolve together 
in planes perpendicular to the bar. This movement is required for the external 
setting, or adjustment to ground control. 

The plotting system consists of a base carriage which controls the movement 
of the plotting pencil and on which the base length is set out to scale; this carriage 
is movable on rails in the X and Y directions, and is also capable of being raised 
or lowered in the Z direction. The base carriage is thus movable in the three 
directions of the co-ordinate axes. To the base carriage are attached by slides the 
ends of guide rods which represent, or materialize, the rays from any given point 
seen in the view to its two constituent images on the photographs. At their upper 
ends the guide rods are attached to the air base by gimbal joints which enable them 
to pivot in all directions round the front node of the camera lens. The upper part 
of each rod carries a telescope arranged to look into the camera through the lens, 
and of which the collimating axis is deflected into the stereoscope by a mirror 
placed a short distance from the upper joint, the object of this deflection being to 
bring the two views together into a stereoscopic eye-piece situated conveniently for 
the operator. The lower part of the rod is always in prolongation of the collimating 
axis of the telescope. Raising the base carriage (the Z movement) causes conver¬ 
gence of the rods, which are coplanar with the air base in all positions, and makes 
the floating mark appear to rise. The X and Y movements of the base carriage move 
the mark from side to side and up and down in the view. These three movements 
enable the mark to be brought into and kept in coincidence with any point in the 
view. Suitable gearing transmits the movements of the base carriage to a pencil 
moving over a plotting table in such a manner that the pencil records the apparent 
horizontal movements of the mark. 

The optical system of the stereoscope comprises three reflecting mirrors and 
three lenses. It is provided with two types of mark, one similar to that used in the 
Thompson comparator for correspondence setting, and the other a simple dot to 
be used for plotting after setting has been completed. It also provides for trans- 
posal of the two pictures so as to give a pseudoscopic view, that is to say, to reverse 
the relief of the picture so that the highest points appear as through they were the 
lowest and vice versa. 

The mirrors Af lf M 2 and M z form with F x , figure 10, a parallelogram in all 
positions of the plotting rods, and the mechanical arrangements ensure that the 
mirrors are always perpendicular to the bisectors of the angles of the parallelogram. 
The nett effect is that in all positions of the rods the visual rays ultimately travel 
along a fixed path M Z P X in prolongation of the polar axis. From P 1 the rays are 
deflected to the front into the eye-piece—the image being kept upright in all positions 
of the rods by the AMICI prism P 2 , moved by a system of half-speed gearing 
driven off the polar axis. The marks are engraved on glass plates fixed at F z in the 
telescope. The remaining lenses, prisms, etc. bring the image to a focus in the focal 
plane of the eye-piece. 
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The internal setting is done by trial, and by successive approximation. Four 
points at the corners of each overlap (e.g. A , B, C and D in figure 11) and the two 
principal points are examined in turn. Correspondence in the X direction can be 
secured by converging or diverging the plotting levers, but lack of correspondence 
in the Y direction, indicated by splitting of the floating mark, must be corrected by 
the setting movements. The way in which the floating mark splits up, however, 
indicates which movements to use. Naturally the correspondence setting requires a 
certain amount of experience and practice. It may take anything from 5 to 20 min. 
according to the amount of tilt in the two photographs. The setting movements 
allow for a divergence of 15 0 in either goniometer from the central position, while 
provision is made in the instrument for setting the air base at an inclination of 6° 
to the horizontal. 

In this particular instrument the principal distance of the goniometers is 5 in., 
as the plotter is designed to work with photographs taken by the F. 24 camera and 
the Ross E.M.I. lens. If another type of aerial camera had to be used, a different 
pair of goniometers would have to be fitted. 

The external setting may be done in several ways. The first stage is to orient the 
space model approximately. This is done in the first instance by turning the paper 
on the plotting table. Next an approximate scale adjustment is made on the base 
carriage. The air base of the instrument being a fixed length, the scale of plotting is 
regulated by the device known as the Zeiss parallelogram (because it was first used 
by Zeiss in their plotter called the “stereo-autograph”), and used in nearly all 
automatic plotters.* 

The„ scale having been adjusted approximately on the base carriage in the X 
direction, the space model is moved in the Y direction by means of the combined 
rotational movement until the scale error is equal in both directions when it is 
corrected on the base setting. If no correct position can be found in this way, the 

* The device may be explained as follows; see figure 12. Suppose AB is a base and P a point 
fixed by intersecting rays from its ends. For plotting purposes B can be moved to any other point B', 
provided that the ends of the plotting rays AP y B'P' (whether represented by rods or by visual rays) 
are connected and controlled by a distance piece PP' which remains in all plotting positions equal 
and parallel to BB'. Since BPP'B' remains a parallelogram in all positions, B'P' will always be equal 
and parallel to BP. Hence P* will follow exactly the movements of P. It can be seen then if A'P is 
the base carriage and is made equal to AB', then by similar triangles A'P' is equal to the base AB and 
P'Q' to BQ. The scale of plotting, corresponding to a base length AB, can therefore be given by 
setting off A'Q' equal to AQ and Q'P' equal to QB. This principle can be applied in a variety of 
ways. B' for example can be placed on the other side of A to B or at any other convenient point. A 
also may be moved as well as B. 



Figure 12. 
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inclination of the air base must be altered and the necessary corrections must be 
made either on the base setting or by means of the rotational movement. 

Although there has not yet been time to obtain any practical experience of the 
working of this plotter, it is hoped that it will enable preliminary settings to be 
done decidedly more quickly than on any continental machines. The latter for the 
most part have been adapted from plotters designed to work with ground photo¬ 
graphs, in which the setting of the goniometers was done from angular and linear 
measurements made in situ ; or have been evolved from aerial plotters in which 
the air positions and the camera pointings had to be calculated independently from 
resections in space. The objection, from the point of view of stereoscopic corre¬ 
spondence, to independent goniometer settings was probably not fully realized 
until Fourcade’s paper was published in 1926. At all events since then many 
foreign plotters have been modified, and in some cases entirely redesigned, so as to 
allow a preliminary correspondence setting to be made before the external setting 
begins. Most of these instruments, however, still show traces of their ancestry 
in the retention of what appear to be unnecessary or redundant movements, which 
do not seem to be of assistance in the setting, but must add substantially to the 
cost. 

All these foreign instruments—and the British instrument too—are primarily 
designed for detail plotting and contouring, starting from a relatively dense trigono¬ 
metrical control. A number of surveys, on scales as large as 1/1000, have been 
made with them, and it is said that they have proved not only more accurate but 
more expeditious than surveys made on the ground. 

I am disposed to think, nevertheless, that most existing plotters will eventually 
be considerably modified, at any rate for systematic surveying—that is for the 
mapping of a whole country, as opposed to the mapping of small detached properties. 
When the photographic conditions can be controlled, a universal instrument will 
probably prove to be extravagant, and it is likely to be cheaper to eliminate tilt, as 
far as possible, when the photographs are being taken, or alternatively to photo¬ 
graph at fixed tilts, than to use a plotter which is designed to allow for and correct 
for random tilts of almost any magnitude. 

Again, it is a well-recognized principle of surveying that the fixing of control 
should be separated from the plotting of detail. For control purposes it is only 
points that have to be fixed, and the accuracy of their fixing must be substantially 
greater than that required for detail plotting. Hence a machine that is accurate 
enough for control work is almost sure to be needlessly accurate, and therefore 
needlessly expensive, for detail plotting. It seems as if this is now being realized by 
foreign instrument-makers, most of whom are giving more and more attention to 
the problem of aerial triangulation. Some, indeed, have already produced simplified 
instruments, very much cheaper than those hitherto constructed, to do detail 
plotting after the basic trigonometrical control has been sufficiently elaborated by 
the more complicated machines. 

In conclusion it is worth mentioning that photogrammetry, as it is called, and 
photogrammetrical instruments, are being increasingly used for a variety of pur- 
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poses besides land surveying. It can hardly be doubted that they have a consider¬ 
able future, not only inside but also outside the surveying field. 

§13. FOREIGN APPARATUS 

It may be of interest to give a brief description of two or three of the most 
important foreign instruments. The easiest to understand is the Gallus-Ferber 
apparatus, already mentioned, which works on the blink or coincidence principle. 
The correspondence setting is particularly easy on this machine, since lack of 
correspondence is shown at once by the direction of the apparent shaking of 
the picture. 

The Zeiss machine, known as the “stereo-planigraph”, is stereoscopic, and like 
the Barr and Stroud instrument uses the Porro-Kopp6 principle. The marks are 
inscribed on mirrors on the base carriage, which coact with an automatically focusing 
lens system to send the rays in the X direction into the stereoscope, but since the 
marks share in the movements of the base carriage, and the observer cannot follow 
these movements with his body, the visual system includes an optical shears or 
scissors between the measuring marks and the eye-piece, a somewhat complicated 
optical arrangement which must add considerably to the cost of the instrument. 
The two goniometer lenses and the two marks form the corners of a Zeiss parallelo¬ 
gram. The base setting, applied to the goniometers in earlier models, is done, on 
the latest models, on the base carriage as in the British instrument. The X and Y 
movements are given to the base carriage and the Z (vertical) movement to the 
goniometers, which are carried on a bar parallel to the X movement, and are 
separately rotatable round the bar and in the declination direction.. In the latest 
(1930) model the two goniometers can in addition be rotated together round the 
bar also. The earlier models were intended for oblique as well as vertical photo¬ 
graphy, and they provided for an interchange of the X and Y co-ordinate axes; 
the latest model is intended for nearly vertical air photographs only, as it is con¬ 
sidered that ground photographs and high obliques can be sufficiently dealt with 
by the stereo-autograph, a much cheaper instrument. 

The earlier Wild (Swiss) Autograph also made use of the Porro-Koppe principle, 
but in the latest model the Porro-Koppe principle has been abandoned and the 
visual rays are represented, throughout their length, by extensible metal rods 
pivoting on the perspective centres and each carrying at its upper extremity a 
prism which reflects the image of a small section of a photograph, placed just above 
it, to one side into the viewing system. The rays thus reflected are ultimately 
brought to a focus on two marks located in the focal plane of the stereoscope eye¬ 
piece. The photographs are carried in holders which reproduce the dimensions 
and geometry of the aerial camera, but the photographs are not viewed through 
the camera lens. Several advantages are claimed for this arrangement, among 
others that cameras of different focal lengths can be used without the holders 
having to be changed. The holders or goniometers are carried on a bar representing 
the air base as in the Thompson and Zeiss instruments, and are rotatable in- 
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dependently in two directions as well as together. The bar also is rotatable in its 
own plane in two perpendicular directions: this is presumably to allow for inter¬ 
change of axes when horizontal photographs and high obliques are being plotted. 
The plotting rods are attached to a base carriage in which provision is made for 
base settings in the Y and Z, as well as in the X directions. The X and Y move¬ 
ments are given to the base carriage, and the Z movement to the goniometers as in 
the Zeiss instrument. 

There are a number of other instruments on the market besides the above, the 
Santoni (Italian) and the Poivillers (French) instruments being the most important. 
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ABSTRACT. A systematic study of the problem of the simultaneous excitation of two 
band systems in the same source has been made by measuring the gross intensity-dis¬ 
tribution in the AlO blue-green and CN violet systems in the carbon arc. The results 
have been applied to the interpretation of the relation between the vibration temperature 
and rotation temperature in this particular source, in the light of the results obtained by 
Omstein and Brinkman. The ratios of the excitation temperatures of the CN system to those 
of the AlO system measured simultaneously in the same source have been examined and 
compared with corresponding ratios for C 2 to CH derived by Lochte-Holtgreven under 
similar conditions. It has been concluded that in the case of simultaneous excitation, so 
long as the molecules remain the same, the ratio of their temperatures remains practically 
constant, irrespective of the conditions. 


§ 1. INTRODUCTION 

T he investigation of the simultaneous excitation of spectra of two different 
molecules in the same source and its bearing on the nature of excitation and 
the distribution of molecular populations and temperatures within the source 
is of comparatively recent growth, and has not yet led to definite conclusions. For 
instance, Lochte-Holtgreven’s (l) measurements on C 2 and CH bands in a dis¬ 
charge through acetylene gave excitation temperatures differing by over 2000° K. 
for the same discharge tube under uniform conditions. When, however, ethylene 
was used instead of acetylene in the discharge, different temperatures were obtained 
but with a difference of about the same order (2) . On the other hand, van Wijk (3) has 
found a common effective temperature for N a + and N 2 (second positive) bands 
excited in the same discharge. All these results are derived from the energy- 
distribution among rotational levels of one or more bands. As different investigators 
have reached divergent conclusions, we have thought it desirable to undertake 
similar investigations from the standpoint of vibrational energy. The AlO and CN 
molecules have been selected for this purpose, as they give clearly defined band 
systems whose constants are known with certainty. When excited in the carbon arc, 
the blue-green system ( 2 Z -»■ 2 Z) of AlO and the violet system (b 8 Z x 8 Z) of CN 
can be observed simultaneously. Moreover, no accurate quantitative data on the 
gross intensity-distribution in the AlO system is so far available, though we know 
enough of the CN system. The carbon arc was selected as the source in view of the 
large amount of available data which would enable us to put our results to the test, 
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particularly for the comparison of vibration temperature with rotation temperature 
in band spectra. We have published in advance a brief note (4) on the latter subject. 
It is proposed to give here the details of the investigation and to discuss some 
points that appeared to be interesting. 

§2. EXPERIMENTAL 

The problem of the study of energy-distribution in a band system reduces in 
practice to the quantitative estimation of band-intensities. The method adopted 
and the details of the technique of measurement have been dealt with and dis¬ 
cussed at length by Johnson and Tawde (s) and Tawde and collaborators^*^. 
The bands have been photographed on a Hilger constant-deviation spectrograph 
and a Fuess quartz prism instrument. The sequences v' — v" — — x and —2 of the 
CN system were recorded on the Hilger instrument along with the AlO bands, and 
when these were again photographed on the quartz instrument it became possible 
to express both systems on the same scale of intensities. The observed intensities 
were expressed in terms of the energy-distribution of a standard lamp which was 
previously calibrated. The microphotometer used was a self-recording Zeiss 
instrument of high precision. In spite of all the precautions taken in the photo¬ 
metric methods, the probable error in the final values may extend to the order of 
about 10 per cent which is not very high in work of this type. 

§3. RESULTS 

In tables 1 and 2 are given the values found for the AlO and CN bands respec¬ 
tively; they are expressed on the basis of 100 units of intensity for the (o, o) band 
in each case. Those for the CN bands are converted to these values after they have 
been obtained on the basis of AlO results. 

In table 3 are recorded the values of £ 7 /p 4 for upper vibrational levels in each 
of the band systems. 

From the values of statistical weights of each of the upper vibrational levels, 
which are proportional to the numbers £ 7 /v 4 given in table 3, the excitation 
temperatures have been derived as follows: 

For the AlO system: 3450° k. 

For the CN system: 6200° k. 

§4. CONCLUSIONS AND DISCUSSION OF RESULTS 

The intensity-distribution in the CN system has been exhaustively studied and 
discussed by previous authors (8),(l3) and our present conclusions generally confirm 
their observations. However, the investigation enables us to compare the CN 
system with the AlO system. From theoretical considerations, in a band system, 
the shape of the Condon parabola (i.e. the separation between its two branches) is 
known to be a function of the difference ( r / — r/) in the intemuclear distances in the 
upper and lower electronic states; this accounts for profuseness or otherwise of 
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bands in a system. In the CN and AlO systems under investigation, the values 
of (r e ‘—r e ") are -0-021 A. and +0-049 a. respectively. Therefore, the CN system 
should give a much narrower parabola and smaller number of bands than the AlO 
system. This is true from the quantitative measurements that we have made and 


Table x. The AlO system 


Bands 

Intensity I 

//v 4 

Transition 

probability 

3 , 0 

17*9 

6*19 

0*150 

4 , 1 

7*22 

3*55 

0*096 

5,3 

5 - 29 

1-90 

0*120 

6,3 

3-66 

1*34 

0*111 

7,4 

3'*3 

ri7 

o-3S7 

2, 0 

22*5 

9*00 

0*137 

3 , 1 

I2‘2 

4*97 

0*120 

4 , 2 

9-14 

3*85 

0-145 

5,3 

8-23 

3*50 

0*221 

6,4 

7-15 

3*09 

0*258 

7>5 

4 " 77 

2-10 

0*642 

8, 6 

3 *oi 

1*34 

— 

9,7 

i *54 

0-69 

— 

1, 0 

40-5 

19-0 

0*240 

2, 1 

26-8 

12*8 

0*194 

3, 2 

17-9 

8*72 

0*211 

4 , 3 

15*0 

7*44 

0*280 

5,4 

8-47 

4*27 

0*270 

6, 5 

5 * 7 i 

2*93 

0*244 

0, 0 

100 


0-478 • 

1, 1 

296 

i6*6 

0*210 

2, 2 

20*1 

ii*5 

0*175 

0, 1 

45 *o 

30-0 

0*260 

1, 2 

35*8 

24*3 

0*308 

2, 3 

27*9 

I 9‘3 

0*293 

3,4 

18*2 

12*8 

°* 3 ?9 

4 , 5 

9*93 

7-07 

0*266 

5,6 

8*48 

6-11 

0-387 

6,7 

6-32 

4*6i 

0-385 

0, 2 

36-8 

30*0 

0*260 

1, 3 

23-0 

19*0 

0*240 

3,4 

15*6 

13*1 

0*198 

3, 5 

10*1 

8 *6o 

0*208 

4,6 

6*50 

5*59 

0*210 


interpreted on the basis of the Franck-Condon theory of most probable transitions. 
The CN and AlO systems contain respectively 21 and 34 observable bands, the 
change of sign of (r e '— rf) being associated with the reversal of the branch 
r m -+ r m in in CN to r max -* r m ax in AlO and vice versa. In both the systems, the 
experimental results have given a definite proof that potential energy of nuclear 
vibrations in the upper and lower electronic states is governed in general by expres¬ 
sions due to Morse (9) and Rydberg (lo) . This is unlike the conclusion reached from 
observations on N 2 (second positive), BeO and C 2 (Swan) by Tawde (n) , Johnson 
and Dunstan (li) and Tawde and collaboratorsIn these molecules, Rydberg’s 
expression is certainly the better of the two, the derivations from Morse’s expres- 
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sion being widely divergent in one of the branches, viz. r m i n -->rmin. It has to be 
seen whether the similarity and agreement, shown in these respects by CN and 
AlO systems, have any connexion with the similarity of their electronic states and 
their multiplicity or with simultaneous excitation within the same source. Evidence 

Table 2. The CN system 


Bands 

Intensity I 

JT/v 4 

Transition 

probability 

1, 0 

23*6 

3*88 

0-181 

2, 1 

30-6 

5*oi 

0-325 

3, 2 

2*55 

0-41 

0-062 

0, 0 

100 

22*6 

0-759 

1, 1 

50*8 

n *3 

0-529 

2, 2 

25*2 

5*56 

0-360 

3> 3 

13*2 

2-90 

0-440 

4,4 

n *4 

2-47 

0-510 

0, 1 

14-0 

4-40 

0-I48 

i, 3 

12*3 

378 

0-I76 

2, 3 

8*95 

2*71 

0*175 

3,4 

5*o6 

1*51 

0-229 

4, 5 

4*44 

1*31 

0-270 

5, 6 

2*65 

0-78 

0*453 

0, 2 

6*12 

2*74 

0-092 

1, 3 

5*47 

2-39 

0*111 

2,4 

4*98 

2*13 

0-138 

3,5 

4*20 

1-76 

0*267 

4, 6 

2*59 

1*06 

0*219 

5,7 

2'33 

0-94 

0-546 

6, 8 

o*99 

0*40 



Table 3. Excitation functions E //v 4 


AlO system 

CN system 

Progression 

I/v 4 

Progression 

v' 

I/v* 

0 

115-14 

0 

29-71 

1 

78-94 

1 

21-38 

2 

65-69 

2 

15*41 

3 

41-36 

3 

6-58 

4 

26-50 

4 

4-84 

5 

15*78 

5 

1-72 

6 

11*97 

6 

0-40 

7 

3*27 



8 

i*34 



9 

0-69 




so far available shows that the conditions of excitation make no difference in the 
transition probabilities. These points require theoretical examination from the 
standpoint of the existing law of force, the limits of its validity, and the consequent 
derivation of an accurate potential energy expression in closer agreement with 
Rydberg’s empirical form. In the study of these problems, it has to be remembered 
that disagreement between theory and experiment exists, if at all, for relatively 
large positive values of r-~r e , i.e. for the higher vibrational states. 
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§ 5 - STUDY OF THE CARBON ARC 

It is mainly in respect of the temperatures in the arc that the present study of 
2 N and AlO bands has yielded some fruitful results. These will be discussed under 
:hree heads: (a) the examination of temperature equilibrium within the arc; 

[b) the comparison of vibration temperature with the rotation temperature; and 

[c) the temperature-distribution within the arc. 

Under the first head, we have first to examine whether the fall of intensity 
obtained along sequences and along the different v" progressions is as expected if 



temperature equilibrium in the initial state is assumed. For the condition to hold, 
log (//v 4 ) should be related to vibrational energy in the initial states by a straight- 
line graph. These relations are plotted in figure x for progressions, and in figure 2 
for all the sequences of AlO system. From the nature of the graphs, we can safely 
conclude that emission of AlO bands is a process which is dependent upon statistical 
equilibrium of molecules in the initial state at one definite temperature; the 
temperature evaluated from figure 1 is 3450° K. Similar calculations for CN bands 
give the value of 6200° K. for the temperature. We have next to examine whether 
these excitation temperatures correspond to true temperatures within the arc, in 
order to show the existence of temperature equilibrium of excited molecules with 
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the surroundings. Table 4 shows the results for temperatures of carbon arcs 
derived by different methods by previous authors. From this table we can conclude 
that the temperatures derived by us are within the range observed by many other 
investigators, i.e. in the neighbourhood of 6ooo° K. for the brightest portion. We 
have reasons to believe that the temperature is about the same at all distances from 



Figure 3. Intensity relations in sequences of the AlO system. 


Table 4. Previous results for temperatures of carbon arcs 


Author 

Method 

Temperature 

Mathiesen 

Nagashima 

Omstein and Sambursky 
Johnson 

Johnson and Tawde 
Mankopff 

Omstein and Brinkman 
Krygsman 

Tawde 

Horman 

Thermo-element 

A1H bands in exploded vapour 
Line intensities 

Swan bands 

Swan bands 

Ionization 

CN bands 

Swan bands 

CN bands 
, Electron density 

3000° K.l Considered 

35OO 0 K. J tOO IOW 

6ooo° K. 

6ooo° K. 

5000° K. 

6000 ° to 8ooo° K. 
5870° K. 

6ooo° to 6500° K. 

7000° K. 

6000 0 to 7000° K. 
along axis of arc 


the electrodes along the arc axis. While the observations of Omstein and Brink- 
man 14 support this view, it is difficult to accept their conclusion that it does not 
change with current. It may be that such a change, if any, is either too small to 
be detectable by the methods used or else that the changes along axial length occur 
too abruptly to maintain uniform conditions during the time of exposure. It is not 
improbable, however, that a much higher temperature, amounting to 7800° K., 
does exist along the axial line as observed through holes in the electrodes by the 
above-mentioned authors. There is Horman’s (l6) estimate of temperature along 
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the axis, namely 6ooo° to 7000° k. Immediately around the axis, if temperatures 
lower than these are assumed, a true average of 6ooo° k. observed across the arc 
axis is highly probable under equilibrium conditions. The agreement, within 
experimental error, of our CN temperature with the results obtained by several 
independent observers makes it likely that this is the true temperature of the arc. 
This we take as evidence of temperature equilibrium of radiating entities with the 
surroundings. 

In discussing the vibration and rotation temperatures we are guided by the 
results obtained by Ornstein and Brinkman <I4) and Ornstein and van Wijk Cls) 
from the distribution of rotational energy in the arc. Their values are compared 
with ours in table 5. 


Table 5. Comparison of vibration and rotation temperatures 


Bands 

Temperatures from vibrational 
energy (° k.) 

Temperatures from rotational 
energy (° K.) 

CN 

AlO 

6200 (Tawde and Trivedi) 

3450 (Tawde and Trivedi) 

6500 (Ornstein and Brinkman) 

5000 (Ornstein and van Wijk) 

3275 (Ornstein and Brinkman) 

2800 (Ornstein and van Wijk) 


The temperature of 3275 0 K. in the third column of table 5 is the mean of 3600° k. 
and 2950° K. from line intensities of (1, o) and (o, 0) bands respectively of AlO. 
Comparison shows that vibration temperatures are not far away from the corre¬ 
sponding rotation temperatures. This may be taken as further evidence that, at 
least in the case of the arc, thermal equilibrium at one definite temperature exists 
for vibrational states as much as for rotational states, and simultaneously. 

The derivation of two different temperatures for the arc shows that the two 
band systems must be excited in two different regions. This brings us to the study 
of the radial temperature-distribution within the arc. The central gaseous zone is 
the place from which the intense CN violet radiation is emitted; its temperature 
according to our estimation from intensity-measurements is 6200° K. The fact that 
the AlO system gives a temperature of 3250° k., nearly half that of the central part, 
means that these bands are excited almost within the flame part, well removed 
from the arc axis. There is evidence for the existence of the latter zone from the 
appearance of the blue-green colour of the flame and from the observation that the 
bands are suppressed if only the central violet glow is focused on the slit of the 
spectrograph. It may therefore be said of arc excitation in general, that it causes the 
emission of one system or another, only when the respective molecules find them¬ 
selves in the appropriate zone in which temperature-equilibrium is attained, and 
the intensity-distribution then belongs to that temperature. If we could identify 
and locate the positions of different molecular spectra of varying excitation 
temperatures by their characteristic visible colours in the arc, it would offer us a 
means of determining the radial temperature-slope by the application of band- 
spectroscopic methods. 
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The above reasoning cannot be extended to explain the results of Lochte- 
Holtgreven (l,z) on the simultaneous excitation of C 2 and CH bands in the same 
discharge. The excitation temperatures of 4700° and 20oo°k. respectively for 
C 2 and CH bands with acetylene in the discharge, and 3800° and i 6 oo°k. with 
ethylene, show that they are too high for the source used. This would give, in the 
first place, absence of statistical equilibrium with the surroundings, and the dis¬ 
charge cannot be separated into well-defined temperature zones as in the case of 
arc. Such large divergence in the temperature values from acetylene and ethylene 
is probably due to complicated dissociative processes resulting from chemical 
action in the discharge. One interesting point of similarity between these observa¬ 
tions and our conclusions is that the ratio between excitation temperatures of the 
respective molecules under different conditions is nearly the same. Thus: 

Ratio of C 2 /CH temperatures: 

2-35 with acetylene in discharge (Lochte-Holtgreven). 

2*37 with ethylene in discharge (Lochte-Holtgreven). 

Ratio of CN/AIO temperatures: 

1*90 from rotational energy (Ornstein and Brinkman). 

1*78 from rotational energy (Ornstein and van Wijk). 

i*8 from vibrational energy (present paper). 

This naturally leads us to the conclusion that so long as we resort to the same 
pair of molecules, any change in temperature in one molecule of the pair, as we pass 
from one condition to the other, causes a proportionate change in the other. 
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REVIEWS OF BOOKS 

The Mobility of Positive Ions in Gases , by Prof. A. M. Tyndall. Pp. ix + 93. 
(Cambridge Physical Tracts. Cambridge University Press.) 6s. net. 

As it is becoming increasingly difficult for one person to read all the original papers 
published in more than a few branches of physics, it is important that authoritative 
surveys of special subjects should be given from time to time in a form suitable for the 
non-specialist. In the volume under review Prof. Tyndall has done this in an admirable 
way for the work on positive ion mobilities carried out mainly by the Bristol School of 
research workers. By avoiding too much detail he has given a very clear account of his 
subject which will be valuable to those whose main interests lie in other directions. All 
those who are contemplating the use of metallic ion sources will find his experiences of 
these given in chapter m very helpful. The book can be strongly recommended as giving 
a clear and concise account of the subject with which it deals. E T> s> w 


Der Smekal-Raman Effekt . Erganzungsband 1931-1937, by K. W. F. Kohlrausch. 
Pp. x+288. (Struktur und Eigenschaften der Materie, xix.) (Berlin: Julius 
Springer, 1938.) Price RM. 24. 

In this supplementary volume the same order of treatment is followed as in the 
original volume. Most sequels are disappointing; this book is an exception. It has an 
excellent account of the theory of molecular vibrations, and contains tables for finding the 
numbers of vibrations in each fundamental normal mode for the different symmetry 
groups. These tables have been synthesized from Placzek’s tables in the Handbuch der 
Radiologie , and Brester’s monograph on the infra-red. This has led the author into a 
slight slip in the tables for D zhi Z) 3 , and C Zv> since he lists two different subsidiary digonal 
axes in the first two cases, and two different sets of vertical planes in the last. Actually 
this is not likely to lead to any numerical difficulty. The combined tables so formed are 
exceedingly useful to infra-red and Raman spectroscopists who wish to deal with the 
vibrations of molecular models and the Raman effect in liquids. For crystals they are not 
so useful, but no tables especially suitable for crystals have yet appeared. 

The formulae for the frequencies of vibration of the different molecular models in the 
original volume were for the greater part in terms of central forces. In the new volume, 
a section is devoted to listing the frequency formulae for valence-force models. Much is 
compressed here into a small space, but one could wish that a little more space had been 
taken to make clear the accompanying diagrams. The discussion of the properties of the 
Rayleigh lines, Raman lines, and influence of intermolecular forces is excellent. There is 
much space devoted to the assembling of the results for comparing the predicted be¬ 
haviour of molecular models with the actual Raman spectra observed, a study which the 
author and his school have done so much to further. 

The attempt to list the results obtained for various substances has wisely been aban¬ 
doned, but the new references (nearly 900!) have been cross-indexed under substances. 
The index is very well done. There are slips in the book, but it is amazing that there are 
not a good many more; so much information is packed into it. No worker in this field 
should be without it. a c m 
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Electron Optics , by Otto Klemperer. Pp. x+107. (Cambridge University Press.) 
Price 65. o d . 


Electron Optics , by L. M. Myers. Pp. xviii + 618. (London: Chapman and Hall, 
Ltd.) Price 42 s. o d. 


More than four years have elapsed since the publication of Bruche and Scherzer’s 
Geometrische Elektronenoptik , and in view of the present technical importance of cathode- 
ray tubes, and the possibilities of electron-optical systems like the electron microscope, 
the appearance of an adequate textbook in English may be said to have become overdue. 
The volumes now under review are both addressed to those interested in the practical 
applications of the subject, rather than to theoretical physicists, and neither of the books 
assumes any previous detailed knowledge of optics on the part of the reader. 

Dr Klemperer’s account is a model of brevity, and is content to quote formulae where 
necessary; he modestly entitles it to a compilation, and naturally gives emphasis to the 
practical and experimental methods, often of an original character, by means of which the 
design of electron-optical lenses has been studied in the laboratories of Messrs Electrical 
and Musical Industries, Ltd. In addition there is a useful and concise account of the 
aberrations of an electron-optical system. The principle of least action (attributed here to 
Lagrange) is mentioned, but no attention is given to Hamiltonian methods in the pre¬ 
sentation. The book may be commended as a useful contribution to the study of the 
subject, although some of the methods described are admittedly in the experimental 
stage and will best be taken as useful suggestions rather than as fully accredited by 
experience. 

In spite of the more or less informal style of the book, it is a pity that the elementary 
derivation of the formula for the focal length of a magnetic lens is not given a more exact 
character. The formula on page 54, 


r = —- H 2 
4 m 2 Z ’ 


would suggest that the path of the electron is always convex to the axis. Further, the 
centrifugal force is not balanced by the inward-acting force, as though the particle were 
attached to a string. Bouwers’s paper in Physica (1937), which is quoted in the present 
connexion, was not the first to give an elementary derivation of the lens formula; see, for 
example, the Journal of the Television Society in this country in 1934. The matter may 
be a rather trivial one, but it is worth something to have it reasonably correct in a formal 
sense. After all, this is not a recondite problem in cosmogony or wave mechanics. 

Mr Myers has aimed at providing a more complete work of reference for the physicist 
and engineer, and he has not shrunk from including in the volume those parts of the 
general theory of electric and magnetic fields which are necessary for the derivation of the 
working equations. Apart from this, the book covers much the same kind of ground as 
Briiche and Scherzer’s pioneer work, although the principal advances since 1934 are 
fully dealt with, and the treatment is of an even more expository character. Here again, 
after a short discussion of the wave surface and the eiconal, the author prefers to restrict 
himself to the dynamical method, and to outline the treatment of the aberrations due to 
Scherzer, rather than to follow Glaser in using the mixed eiconal. If only these funda¬ 
mental optical conceptions had received more attention in the past by persons writing for 
the sake of instructing, they would be more readily available for use in such an instance as 
this, in which, when once the necessary and sufficient variables for the expression of the 
eiconal have been found, the general character at least of the electron-optical aberrations 
can be reached in a surprisingly simple manner. However, the calculation of the aberrations 
is hardly a matter which will concern very many persons. 

The book is written in a clear style and appears to be generally accurate, although 
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the present writer has yet not been able to study more than some parts of its six hundred 
odd pages. There are a few misprints here and there in formulae; they seem almost 
inevitable in a book of this size. In the necessarily extensive discussion a few points have 
been misunderstood; for example, surely the spreading of an originally parallel beam of 
electrons is simply due to mutual electrostatic repulsions? Wires carrying parallel currents 
attract each other, but, as far as magnetic fields are developed by fast free electrons, 
it has been explained on the basis of the theory of relativity that the mutual forces could in 
effect be measured by an observer moving with a pair of. electrons, and as the magnetic 
fields would not be apparent in this observer’s system there could be no attraction. 

There are very full and useful descriptions and illustrations of many of the modern 
electron-optical devices such as electron multipliers, television tubes, and so on to the 
development of which the author has himself contributed as a member of the resourceful 
research staff of the Marconi Company. A brief section at the end deals with the applica¬ 
tion of electron-optical principles to radio tubes. There is also a chapter on vacuum 
technique. A fairly full section deals with the electron microscope, and summarizes very 
fairly the present state of practice in this connexion. 

It will thus be understood that the practical sections are the more original parts of the 
work, and the book will undoubtedly be very valuable to any one who wishes to obtain 
a survey of current practice, without concerning himself over-much with theoretical 
matters. Mr Myers will deserve the gratitude of many for bringing together so much 
information which has not hitherto been available in book form. No doubt the technique 
of electron optics is in a state of rapid development, but many of the main features of the 
subject are sufficiently well established to justify the appearance of this useful volume. 

L. c. M. 


Experimental Methods in Gas Reactions , by A. Farkas and H. W. Melville. 
Pp. ix+389. (Macmillan and Co.) 30 s. net. 

The authors of this book state in the beginning of their preface: “Within recent years 
the study of the kinetics of gas reactions has assumed a prominent role in chemistry. One 
of the consequences of that development has been the appearance of a large number of 
monographs dealing with every aspect of the subject. Nearly all the texts, as is natural, are 
confined to a discussion of the results of experiments rather than to the methods whereby 
the data have been obtained. The present book is an attempt to remedy the matter and 
repair an obvious omission ”. This is an understatement both of the need and the authors’ 
attempt to fill it. Far more workers than those who are primarily engaged in the study of 
gas reactions have felt the need of a book dealing with the experimental technique of 
investigations on gases both in the laboratory and in industrial application and have had 
great difficulty in acquiring the necessary information. The attempt of the authors to fill 
the gap has been more than successful and the reviewer has been astonished to find how 
much information can be clearly presented in less than 400 pages. 

The first chapter deals with the physical theory of gases and with the laws of chemical 
kinetics. All the leading relationships are succinctly stated and tables of constants relating 
to a large number of gases are included. The presentation is in a very convenient form for 
reference when an appeal to theory is necessary to solve a practical difficulty. In chapter 11, 
apparatus and methods for the control and measurement of temperatures and pressures 
are dealt with from near absolute zero to high furnace temperatures, and from high vacua 
to pressures of hundreds of atmospheres. That this section should be incomplete is 
inevitable within the scope of a book of this size, and there is no doubt that specialists 
in one branch or another will find gaps, but to the general practitioner it is a mine of 
information. The third chapter deals with the preparation and analysis of gases and is 
very comprehensive, excluding however ordinary macroanalysis which, as the authors 
say in their preface, has already been adequately dealt with in several excellent books. 
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Chapter IV deals with photochemical technique and will be of great value to anyone taking 
up this rather specialized branch. The last chapter deals with the experimental methods 
for the investigation of chemical reactions with descriptions of the apparatus required and 
is very wide in its scope. 

Throughout the text full references to original papers are given in a most convenient 
form on each point discussed, and in the appendix there is a bibliography of the leading 
works on each subject. The copious diagrams of apparatus, placed conveniently in the 
text referring to them, are very clearly reproduced and not overburdened with non- 
essential details. There are good subject and author indexes, and the printing and pro¬ 
duction of the book is up to the usual high standard one expects from the publishers. 
The labour of the authors in sifting and selecting the most useful material from the vast 
and scattered literature must have been immense, but readers may accept the result with 
confidence when the work has been done by two such well-known experimenters as Dr 
Farkas and Dr Melville. The book will be a great labour-saver to all those who are doing 
any experimental work on gases. A . B . 

Laboratory Experiments in Elementary Physics , by N. H. Black. Pp. xiii + 264. 
(New York: The Macmillan Co., 1938.) 

This book gives directions for the performance of some 60 experiments in a first-year 
course of practical physics. Instructions are divided in such a way that the first part 
refers to the more fundamental part of an experiment—which could be completed in 
about 50 min. The second part is more or less optional, depending on time available, 
equipment, etc. 

In the introduction there are some notes on accuracy of measurements and their 
relative importance. 

A good illustration is found when the ordinary general-specific heat equation is written 
in the form 

m (t m — /mix) X x = mX 2 (tmix — t) + m c X c (£mix “ 

and each term is worked out separately. This is much better than the form given by the 
author (the liquid being water), 

m (J'm ~~ ^mix) X=(to + O'lc) (if mix 

in which the units are not consistent. Can this be because we are twice told that specific 
heat is found to be 44 — calories”? No! It is because the term “thermal capacity” has not 
been used. j h b 

Modern Developments in Fluid Dynamics . (Oxford Engineering Science Series.) 
An account of theory and experiment relating to boundary layers, turbulent 
motion and wakes. Composed by the Fluid Motion Panel of the Aeronautical 
Research Committee and others and edited by S. Goldstein. 2 vols: 
vol. I, pp. xxii-b33o; vol. 2, pp. xi +331-702. (Oxford University Press.) 50$. 

The present work deals with some novel and difficult branches of the theory of the 
motion of actual fluids of small viscosity; in particular with the laminar boundary layer 
and with turbulent flow in boundary layers and pipes. In contrast to classical hydro¬ 
dynamics which bore comparatively little relation to the actual motion of fluids, the subject 
of the present work is illustrated and checked by experiment at every stage. 

For the reader who intends to tackle the whole work, the introductory chapters are 
perhaps unnecessarily long and involve some repetition, though they are well written 
and admirably illustrated by photographs of actual fluid flow. Some faults of arrangement 
may be due to the multiplicity of authorship, though the effects of this are minimized by 
unusually good editing. Thus, chapters ix and xi on the drag of two-dimensional and 
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three-dimensional bodies would be much better subdivided into streamline and bluff 
bodies respectively. In particular the sphere and cylinder would be better treated together. 

The photographs of fluid flow illustrate the much greater difficulties encountered with 
air than with water, but some of the most recent air photographs taken with the electrical- 
hot-spot technique go far to rival those taken in water for pictorial effect, while they are 
superior for such purposes as the measurements of turbulent components of velocity. 
Together with the use of the hot-wire technique to measure fluctuating velocities in air, 
and of ultramicroscopic particles in water, they represent a remarkable triumph of the 
experimenter in this most difficult subject of turbulence. Considerable space is given to 
experiments on turbulent flow in pipes and channels which are of the earliest date and 
perhaps the easiest technique; it is remarkable how much of this information has been 
found applicable to the turbulent boundary layer which is of more direct importance in 
aeronautical applications. 

On the theoretical side the subject of turbulence is very difficult to the beginner, 
and it is considered that even more space might well have been given to the fundamental 
parts of the subject, such as the momentum and vorticity transfer theories. Burgers’s 
statistical theory, which one hopes may ultimately supersede all others, is merely mentioned 
without any formulae. The whole subject is in that most intriguing stage of rapid develop¬ 
ment in which it is difficult to give an adequate contemporary account. The policy of the 
book appears to be rather to include references to all original papers of importance than 
to give a satisfactory self-contained account of the subject. 

In contrast to the experimental chapters, some parts of the theoretical developments 
appear to suffer from insufficiency of explanatory diagrams. Few misprints have been 
observed, but a reference to frequencies above ioo ft. per second seems to have escaped 
the editor’s notice. 

The book should be absolutely indispensable both to the beginner and to the expert, 
and it is perhaps sufficient praise to describe it as worthy of Horace Lamb to whose 
memory it is dedicated. c N> H# 


Aircraft Design, by C. H. Latimer Needham, M.Sc. (Eng.), Lond., B.Sc., F.R.Ae.S., 
M.LAe.E. Vol. i, Aerodynamics. Pp. xii + 215. (Chapman and Hall, Ltd.) 
13s. 6 d. net. 

The problems which arise in aircraft design cover a wide field, and a comprehensive 
treatment of every aspect of these problems, based on the results of research and practical 
experience, would be a formidable task. A writer of a text-book on aircraft design has 
therefore to decide at the outset, if he wishes to restrict the book to a reasonable size, 
whether he proposes to give a broad general outline, or whether he intends to concen¬ 
trate, in greater detail, on some of the more important aspects of the subject. Mr Needham 
does not fall between these two stools, for it is clear that he has chosen die first alternative. 

To ensure that his treatment shall not be continually interrupted with explanations of 
the principles underlying the various features of design and with descriptions of devices 
used on aircraft, the book is presented in two volumes; the first, now under review, 
outlines the principles of flight and stability, whilst the second, to be ready shortly, will 
deal mainly with the mathematical treatment of design. Volume 1 has 14 chapters, and 
deals with aerofoil flow, lift and drag, the control system, stability, the forces acting on an 
aeroplane, the slotted wing, and auxiliary control and variable lift devices. Arrangement 
of lifting surfaces, types of aircraft, and the manoeuvres of aeroplanes are described, and 
the airscrew, aeroplane performance, parasitic and interference drags are dealt with. 
Volume 1 gives a sound treatment, in simple language, of the subjects chosen, and it can 
be thoroughly recommended not only to students particularly interested in aircraft, but 
also to those who wish to obtain a general knowledge of the aerodynamic principles under¬ 
lying the behaviour of an aeroplane. A FAGE 
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ABSTRACT Some calculations are made concerning the propagation of waves through 
an ionospheric region having a parabolic distribution of electron-density with height. 
The Lorentz term is included, but the effects of electron collisions and of the earth’s 
magnetic field are neglected. Expressions are deduced for the group path at vertical 
incidence as a function of wave frequency, and for the horizontal range covered at 
oblique incidence as a function of angle of incidence and wave frequency. The results are 
presented graphically and are compared with calculations in which the Lorentz term is 
neglected. It is shown that experiments in which vertical-incidence and oblique-incidence 
propagation through region F are compared cannot be expected to be accurate enough to 
decide whether or not the Lorentz term should be included. 


§1. INTRODUCTION 

I T is well known that there is at present considerable doubt as to whether the 
Lorentz polarization term (l) should be included in the expressions for the force 
acting on a free electron in the ionosphere. If this term is omitted, together 
with the effects of the earth’s magnetic field and of electron collisions, many of the 
expressions involved in ionosphere theory assume a simple form, and in con¬ 
sequence the term has often been purposely neglected in calculations. One such 
calculation is that for the case of waves incident upon an ionospheric region having 
a parabolic distribution of ionization density with height. Several workers ( * ,3) have 
given expressions for the group path for waves incident vertically on such a region. 
Since calculations of this type have been used in deducing the shape of the ionized 
regions from the form of the observed P'-f curves, it is of importance to know how 
far the deductions would be modified if the Lorentz term were included. In the 
first part of this paper, § 3-1 (a), expressions are developed which give the phase 
and group path for a wave incident vertically on a parabolic ionized region for the 
case in which the Lorentz term is included. The results of the two calculations are 
compared in § 4 (a). 

Another calculation which is very considerably simplified by the neglect of the 
Lorentz term is that in which vertical-incidence propagation through the ionosphere 

48 


PHYS. SOC. LI, 5 




748 J. A. Ratcliffe 

is compared with oblique-incidence propagation. Martyn (4) has shown that if the 
Lorentz term is neglected the behaviour of waves at oblique incidence can be 
deduced from that at vertical incidence, whatever the vertical distribution of 
ionization may be. It has not been found possible to modify this useful general 
theorem to include the Lorentz term. For the special case of a parabolic region, 
however, analytical expressions representing the behaviour of waves at oblique 
incidence, when the Lorentz term is included, are deduced in § 3*1 (b). By com¬ 
parison of the vertical-incidence and oblique-incidence results, for the special 
case of the parabolic region, we can obtain some idea as to how nearly Martyn’s 
theorem continues to be true when the Lorentz term is included. 

Under certain circumstances it might be expected that the oblique-incidence 
behaviour deduced from an observed vertical-incidence P'-/ curve would be 
different according as the Lorentz term is, or is not, included. If this were the 
case it would be possible to decide by experiment whether the term should be 
included, by making simultaneous observations of P'-/ curves at vertical and at 
oblique incidence. Accurate experiments of this type, carried out over a distance of 
464 km., have recently been described by Farmer, Childs and Cowie (s) and in 
§ 4 ( b ) their results are examined in detail to see whether they can lead to a decision 
about the Lorentz-term ambiguity. It is concluded that no such decision can be 
reached by means of experiments of this type. 

Throughout this paper the effects of the earth’s magnetic field and of electron 
collisions have been neglected, since it does not appear possible to include them in 
generalized analytical expressions. In order to estimate the change due to the 
inclusion of these effects, numerical computations would have to be made for any 
special case. 


§3. SOME GENERAL CONSIDERATIONS 

The following is a list of the symbols used in this paper: /, wave frequency; 
Z, a quantity equal to J for a theory which includes the Lorentz term and o for a theory 
which omits it; N, electron-density; P (/, </>), optical path of a wave of frequency 
/ incident on the layer at an angle <f>; P' (/, <f>), group path of the same wave; 
p, angular frequency of the wave; p c , angular frequency of a wave which just pene¬ 
trates the layer at vertical incidence; p Q 2 — ^7rNe 2 /m, where e, m represent the charge 
and mass of an electron; X(f <f>), horizontal range covered, at the bottom of the 
layer, by a wave of frequency f and angle of incidence <f >; X T , total range as measured 
at ground level; z, distance below the level of maximum ionization; z 0 , distance from 
ground to bottom of layer; e^p/pd <£, angle of incidence on the ionized region; 
fc, refractive index. 

In what follows we shall represent the Lorentz term by Z, and shall refer to a 
theory in which the Lorentz term is neglected as “the case in which Z=o”, and a 
theory in which it is included as “the case in which Z=-|”. 

Martyn (4) has stated a theorem which is of great use in relating vertical and 
oblique propagation conditions for waves travelling in a stratified ionosphere with 
any vertical distribution of ionization in the case in which Z=o. He assumes that 
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the refractive index is given in terms of the electron-density and the wave-frequency 
by an expression of the form 

from which it follows that the group velocity is c\l. This form of expression neglects 
the Lorentz term and the effect of electronic collisions and of the earth’s magnetic 
field. It is further assumed that the ionosphere is horizontally stratified so that N 
is a function of z only.* It is then shown that the equivalent path P' (/, <j>) for 
propagation with an angle of incidence <f> for a wave frequency / is related to the 
equivalent path at vertical incidence, for a frequency/cos <f>, by the expression 

cos <f> P f (/, </>)=P' (/cos <£, o). .(x) 

We shall call this relation Martyn’s theorem, f 

Under the assumptions mentioned above, it was also shown by Breit and Tuve (8) 
that the horizontal range X (</>), covered by a wave incident on the ionosphere at 


an angle <f>, before it returns again to the ground, is given by 

X (^)=sin </>.P' (<f>), .(2) 

under the assumptions mentioned above. This relation we shall call Breit and 
Tuve’s theorem. A combination of (1) and (2) gives 

X (<£,/)— tan <f>.P' (f cos (f>, c), .(3) 


relating the range at any angle and frequency, to the normal-incidence P'-f curve. 

§3. CALCULATIONS FOR A PARABOLIC DISTRIBUTION 
OF IONIZATION DENSITY 

We assume a parabolic ionization density measured in terms of p 0 * (equal to 
47 TNe 2 /m) and we measure distance z downwards from the level of maximum 
ionization, and arrange our scale of height so that the half thickness of the layer is 
unity and 0 * (1 -z % ). 

We further assume a region of thickness z 0 , between the ground and the lower 
edge of the layer, in which p>= i. 

3-1. The case in which /=§. Omitting the effect of electron collision and of a 
superimposed magnetic field, but including the Lorentz term we have <9) 


If we now write p c for the angular frequency which makes /a equal to zero when z 
is zero, i.e. the vertical incidence penetration frequency, we have 

P *=IV 

and, if we write pjp c =«, 

* This assumption neglects the curvature of the earth, the effect of which has been investigated 
by Millington and by Newbem Smith 

f Martyn^ did not publish his theorem quite in the general form given here but he clearly 
recognized the implications of the form he gave. 
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equation (4) becomes 
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z 2 — (1 — e 2 ) z 2 —a 2 

~ 2 (i + 2e 2 ) — 2 2_2 6 2 -* 2 

# 2 =I~£ 2 , 
b 2 =I + 2€ 2 . 


(a) Normal incidence . We now calculate the phase path P (e, o) in the layer 
alone for normal incidence and a frequency corresponding to <=. We have 


f/i*0 

P(e, o) = 2 \ pdfs 
J u=l 


rz = 0 / z *- a 2 , 

[ " 0 = 71/2 

F(oco, 0)-D(oeo,0) , 

J 0=0 


where 


sin 2 Oo = A 2 = 


0 2 -a 2 


_ 3 fL 

H-2€ 2 ’ 


0 = sin~Vf = 54 ,8 °> 

and P (oc, 0 ) and Z> (a, 0 ) are the elliptic integral functions defined on pp. 124 and 
128 of Jahnke and Emde’s Functionen Tafeln (Second Edition, 1933). 

We now deduce the group path P' (e, o) by using the relation* 

.<-°> 


This involves a differentiation of the elliptic integrals with respect to €, but since 
e enters only through the angle a, and not into the limits of integration, this differ¬ 
entiation can be carried out by using the expressions given on p. 129 of Jahnke 
and Emde’s Tafeln . After considerable algebraic manipulation we arrive at the 


expression 


P' (e, o) = 2V2 [(1 + ze 2 )-* {(1 + 4 fi2 ) E (a* 6 ) -(x - 2e 2 ) F (a*, 6 )} 

+ 3«* (i+ 2 « 2 )-* G(oto, 0)]^*, 


where 


sin 0 cos 0 


VC 1 sin 2 0)* 

and this finally gives 

p ' («, o) = 2 V 2 (1+2^ F(x + 4 e 2 ) F («o, 0 )-(l — 2e 2 ) F (oto, 0)] S= " /2 -|* 2 . 

L J 8= do 


The total group path is now obtained by adding zz 0 to this quantity. A graph 
showing JP' (e, o) as a function of <=, as calculated from equation (n), is shown in 
figure i, curve a. 

* This relation, results from the general theory of group velocity, and does not depend on any 

special assumptions about the form of the expression for fi. 
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(A) Oblique incidence . We shall find that it is most convenient to plot, curves 
which show the range X (e, <f>) in the layer for an angle of incidence <f> and a fre¬ 
quency e- This is given by 

. (,2) 

where s is written for sin <f>. 



Figure i. Equivalent height iP' (<r, o) for vertical incidence as a function of e=f/f 0 - Curve a 
corresponds to l—i and curve b to /=o. 


From (s) we have ^-^=(2+^) ^—^ , .(13) 

where c 2 =(za 2 +s 2 b 3 )/(2+s 2 ); .(14) 

so that (12) becomes 

X( e , 


=2J (2 +s*)-l (i + 26*)i (oc 1( 6 )-F{«!, 0 )]^ . (15) 

where sax' ^"5+?i+5?’ 

sin® 9 i = | (2+f 2 ). 

The total range X T , including the range in the region in which n— 1, is given by 
adding 22b tan <j> to expression (15). Graphs of \X as a function of e and ^ as 
calculated from expression (15) are shown in figure 2 a. In drawing these graphs 
it is helpful to notice that the expression (15) becomes infinite where 0^—irjz, i.e. 
where sin* <f>=2 (e 2 — i)/(2e 2 +1). 
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Previous workers**’ 3 * have shown that the group path in the layer at vertical 
incidence is then given by 

( e > 0) — e log e (“~) • .(17) 

A graph showing \P' as a function of e is given in figure 1, curve ( b ). 



4>o 

Figure 3. Explanation of {range, angle} curves. 

To find the range in the layer for any frequency we combine equations (17) 
and (3) to obtain 

X(.,«-..m*log,(f±if^). .(.8) 

The range becomes infinite when sec <f> =e. Graphs of iX (e, <j>) as a function of 
e and <f>, calculated from equation (18) are shown in figure zb. 

3-3. The {range, angle} curves. It is of interest to consider the form of the 
{range, angle} curves shown in figure 2. In interpreting these curves we must 
remember that they apply to the range of a wave which starts in the layer at the 
place where /x = 1. For a fixed frequency, greater than the vertical-incidence pene¬ 
tration frequency (so that e> x), the wave penetrates the layer for all angles less 
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than the limiting angle marked i in figure 3. At the angle marked 1 the ray just 
becomes horizontal at the level of maximum ionization, and since, at that point, 
the vertical gradient of is zero, it remains horizontal. As the angle of incidence 
is increased the range rapidly drops to a minimum corresponding to the angle 3, 
and then rises to a maximum at 5 after which it decreases steadily to zero as the 
angle is increased to tt/z. The decrease in the range for angles greater than 5 is 
due to the fact that the rays reach smaller heights as the obliquity is increased. 
In the model ionosphere which we shall use later the waves do not start at the 
bottom of the parabolic region, but travel first in a region devoid of electrons, so 
that the quantity zz Q tan <f> has to be added to the expressions given in equations 
(15) and (17). If the ratio between the thicknesses of the parabolic region and the 
thickness of the empty region below is less than a certain quantity, then we obtain 
{range, angle) curves of the form shown in figure 4 in which the maximum range 
corresponding to 5 in figure 3 no longer appears. 



§4. DISCUSSION OF RESULTS 

(a) Vertical incidence . The P'-f curves for vertical incidence, for the two 
cases in which Z=o and Z=|, are shown in figure 1 and are seen to be of approxi¬ 
mately the same form. Theoretical P'-f curves of this type (for the case in which 
Z=o) have been used by several workers (3, Il} to deduce the approximate shape of a 
reflecting region from the observed form of the P'-f curve. The present results 
show that there would be no important change in the deductions if the Lorentz 
term were included. It is very probable that the change produced by including the 
effect of the earth’s magnetic field would be at least as large. 

(i) Oblique incidence . It has previously been pointed out (lo) that if an iono¬ 
spheric region existed with a sharp lower boundary, and a uniform horizontal 
distribution, then by comparing the penetration frequencies for vertical and for 
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oblique incidence it should be possible to decide whether l=o or /=$. Attempts to 
make experiments of this kind by the use of region E showed that when it had a 
sharp enough boundary its structure was very variable in a horizontal direction. 
Recently Farmer, Childs and Cowie (5) have described experiments in which they 
compared the behaviour of waves reflected from region F and received simultaneously 
at vertical and at oblique incidence. They found that this region, unlike region E, 
was often sufficiently uniform for accurate results to be obtained, and it was hoped 
that some information about the Lorentz term might be deducible from their 
experiments. This possibility will next be discussed, on the assumption that region 
F is approximately parabolic in form. 

The experimental results of Farmer, Childs and Cowie consisted of simul¬ 
taneous observations of vertical-incidence P'-f curves and of the highest frequency 



Figure 5. Limiting frequency, expressed in terms of e=/// c , as a function of horizontal range, for 
the case of the P'-f curve referred to in figure 4. 


which could be propagated over a distance of 464 km. This highest frequency was 
called the limiting frequency. We shall next show how the expected limiting 
frequency can be deduced theoretically from the vertical-incidence P'-/curve in the 
two cases Z=o and Z=|. 

The theoretical P'-f curves of figure 1 (a, b) are first fitted to the observed 
vertical-incidence P'-f curve and, from the adjustment required, the form and the 
height above the ground of the (assumed) parabolic region is determined for each 
of the two cases Z—o and Z==^. By using the curves of figure 2 it is then possible to 
deduce, for both cases, a set of curves showing the half-range \X as a function of 
the angle of incidence <f> for a series of frequencies €=p/p c . As a representative 
example of region-P observations we shall take the case discussed in Prof. Appleton’s 
Bakerian lecture (3) and represented in his figure 8. The {range, angle} curves 
deduced for the two cases are shown in figure 4. From these curves it is next 
possible to deduce the highest limiting frequency which will traverse a given hori- 
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zontal range, and the relation between range and limiting frequency is shown in 
figure 5.* 

From figure 5 it appears that, for large and for small ranges, the predicted 
limiting frequency is the same in the two cases /=o and l=%, but for ranges round 
about 500 km. the predicted frequencies may differ by as much as 2 per cent. 
Although this difference is small it might have been significant in the case of the 
very accurate experiment of Farmer, Childs and Cowie, if the form of region F 
in their case had been similar to that which we have been considering. A detailed 
examination, by the methods outlined above, of all the P'-/ curves used by Farmer, 
Childs and Cowief has shown, however, that in their case the difference between 
the deduction from the assumption that l=o and that from the assumption that 
/= J was only about 1 per cent, so that their experiments, with an accuracy of 
0-5 per cent, cannot be said to have any significance in this connexion. J From 
figure 5 it appears that the transmission distance chosen for the experiments of 
Farmer, Childs and Cowie was nearly optimum for the purpose of differentiating 
between the two cases, and the fact that their results are not capable of providing 
this differentiation suggests that it is impossible to settle the problem of the Lorentz 
term by comparing vertical-incidence and oblique-incidence propagation through 
region F. 
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ABSTRACT . This paper describes measurements of the mean relative luminosity of 
radiation at five wave-lengths in the spectrum, made by 20 observers. Work described by 
the author in a previous paper on the relative luminosity at wave-lengths 5461 and 5780 a. 
of the mercury spectrum is followed up by the inclusion of the sodium doublet at 5893 a. 
and the cadmium lines at 5086 and 6439 A * Electric discharge lamps were used as light- 
sources, and their visual intensity in different spectrum lines was compared with the 
energy radiated in these lines by the method described previously. A connexion between 
the values for individual observers and their Y/B ratios is confirmed and utilized to reduce 
the results to average-observer conditions. The results are consistent with a relative- 
luminosity curve which fits the standard curve except between wave-lengths 5550 and 
6350 A., where the new observed values are up to 11 per cent higher than the standard 
values. The results also suggest the possibility of changes in the values obtained over a 
period of time. Possible causes, such as dietetic influences, are discussed, as are also the 
effects of changes in photometric conditions. The probable error of the results is also 
dealt with. 


5 1. INTRODUCTION 

A previous paper (l) by the present author describes measurements on the 
relative visual luminosity of radiation of wave-lengths 5780 a. and 5461 A. 
L by 16 observers. While such measurements may give some information 
about the position in the spectrum of the luminosity maximum (which lies between 
these wave-lengths), they give little about the general shape of the relative-luminosity 
curve. In the paper referred to, therefore, there was mentioned the possibility of 
extending the scope to embrace other wave-lengths. The present paper describes 
progress on these lines, and gives summaries of the original and later measure¬ 
ments on the two mercury lines. The method adopted and apparatus used was the 
same throughout. Photometric comparisons of the relative luminous intensity of 
different monochromatic radiations were made with a Guild flicker photometer (a) , 
along with comparative measurements of the energies of the radiations using a 
calibrated photocell of the Elster-Geitel type. Reference is therefore made to the 
previous paper for details concerning the principles of the method, the calibration 
of the photocell, and the testing of the thermopile which formed the ultimate basis 
of the energy measurements. 

In view of the interesting connexion between the individual luminosity ratios 



758 J. S. Preston 

and Y/B ratios (3) found in the first investigation, a new and complete set of deter¬ 
minations of Y/B ratios was undertaken in connexion with the present work. The 
usefulness of these data will be explained later. 

§a. THE LIGHT SOURCES 

For wave-lengths 5780 and 5461 a. a normal 250-w. mercury discharge lamp 
was used. For wave-length 5893 A. a commercial type of 150-w. sodium lamp 
proved suitable. The search for powerful sources of other spectral types proved 
less fruitful than was at first expected. The cadmium lines at 5086 and 6439 A. 
seemed likely to be useful, but the usual type of colour-corrected cadmium-mercury 
discharge lamp did not provide sufficient energy, in these lines, for the method in 
view. However, through the courtesy of the Research Laboratories of The British 
Thomson Houston Co., Ltd., three special 400-w. discharge lamps containing a 
considerable excess of cadmium were made available for the work. Under laboratory 
conditions, these lamps could be over-run to about 480 w. each (on d.c.) and at this 
wattage emitted the desired lines at considerable strength. After due allowance 
had been made for the absorption of the selective filters to be used, it was found 
that two such lamps, side by side, each operating at 480 w., sufficed for the 5086-A. 
line. For the 6439 A. line, of considerably lower luminosity, a mirror was used 
behind the same pair of lamps at such an angle as to bring the images of the lamps 
apparently alongside the lamps themselves, as seen from the photometer. 

These same lamps, although containing mercury, were not used for working 
with the mercury spectrum in view of the difficulty of satisfactorily eliminating, by 
means of filters of reasonable density, the unwanted cadmium spectrum. 

There appear to be no other sources of monochromatic light giving other 
wave-lengths suitable for the method used, and also steady in output and con¬ 
venient to control. 


§3. THE COLOUR FILTERS 

The filters used were: (1) for mercury 5461 a., 10 mm. of Chance didymium 
glass with 278 mm. of Chance-Parsons green glass no. 5 ; (2) for mercury 5780 A., 
3-68 mm. of Chance-Parsons deep orange glass no. 3 with 1 cm. of o*3-M. # aqueous 
solution of cupric chloride; (3) for sodium 5893 a., no filter; (4) for cadmium 
5086 a., Wratten gelatine no. 75 with 1 cm. of o-2-M. aqueous solution of potassium 
chromate; (5) for cadmium 6439 a., 4-50 mm. of Chance-Parsons selenium red 
glass no. 2. 

The spectral purity of the transmitted radiation was in each case examined by 
means of a monochromator and of the calibrated photocell used for the subsequent 
work. Calculations were made of the impurity expressed as a fraction of the visual 
luminosity of the wanted spectrum line, and also in terms of the photocell output due 
to impurity as compared with that for the same line. The latter figure may of course 
be greater or less than the visual impurity, in dependence on the spectral sensitivity 

* m. stands for the molecular weight in grams per litre of solution. 
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of the cell, but the error in the final results due to spectral impurity will be the 
difference between the percentage impurities expressed in these two ways. This 
difference was in no case found to exceed about 1 per cent. Possible errors due to 
the presence of infra-red lines or background, especially in the case of the sodium 
spectrum, were avoided by the use of a photocell with no response in this region.* 

Mention must here be made of the fact that during the examination of the 
filters for the purpose of the present investigation, evidence of diffusion in the 
Chance-Parsons deep orange glass was noticed and led to an examination of the 
previous results in so far as this diffusion may have affected the relative readings of 
the visual and photoelectric photometers. As a consequence a correction of 1 per 
cent was found necessary in the case of the earlier set of values of and has 

been applied in the tabulated results. 

All the filter components were optically worked, and care was taken to avoid 
parallelism of the components which might have led to errors due to the production 
of interference patterns on the photometer.f 

§4. SOME PRELIMINARY NOTES ON THE METHOD AND RESULTS 

As regards the method it is to be noted that the mercury and cadmium sources 
were operated throughout on direct current to avoid the slight inconvenience of 
stroboscopic effects in the flicker photometer. The sodium lamp, however, was 
necessarily operated on an alternating supply, being unsuitable in design for direct- 
current operation. As on the previous occasion, the photoelectric photometer 
used for the energy-measurements was designed to have a sufficiently long time 
constant in the input circuit to ensure correct integration of the intermittent 
output of light from the sodium lamp. 

The calibration of the photocell against a linear thermopile was carried out on 
a spectrophotometer set-up, with a tungsten lamp as light-source, and also checked 
in a similar set-up, with the discharge lamps as light-sources, in case of any possible 
residual wave-length or stray light errors in the first set-up. Good agreement was 
obtained between the two sets of measurements. 

In the photometric system used in the luminosity-determinations, the flicker 
photometer and the photoelectric photometer were arranged on a slide so that the 
test surface of either could be set in the same plane, in the same position, on the 
axis of the bench, the selective filter remaining in a fixed position on this axis. In 
the first investigation the photometers were fixed side by side, the filter being 
arranged to slide in front of either. This modification, though-a refinement, enabled 
the screening arrangements to be improved, and ensured that both photometers 
should receive light emitted from the sources in precisely the same direction. 
The test surface of the Guild photometer was freshly smoked with magnesium 
oxide, which is known to be non-selective within the required limits. 

* In this respect direct measurement of the radiation by a thermoelement is less convenient, in 
practice. 

f Attention was drawn to this possibility by the author’s colleague, Dr W. S. Stiles. 
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A note is now necessary as to the chronological order of the results. The first 
determination, made with two mercury wave-lengths only, was carried out in 
July, i937. (l) The second determination, in which the sodium and cadmium lines 
also were used, was made in March, 1938. The relative luminosity for the mercury 
wave-lengths on this occasion was noticeably different from that previously obtained. 
A third determination of this figure was therefore thought desirable, and was made 
in October, 1938. This accounts for the inclusion of three columns of figures under 
wave-length 5780 a. in table 1. The differences exhibited by these three sets of 
figures are discussed below. 

Table 1 

A gives tabulated observed values of Y/B ratio, and of relative luminosities K R calculated 
for convenience on the luminosity at A=5461 A. being taken as unity. B gives the means of 
the columns of the figures in A, which represent, owing to unavoidable circumstances, the 
results obtained by varying groups of observers. C gives mean values of Y/B ratio for these 
varying groups of observers, and also the mean value for the complete set of 20. 




Relative luminosity K Ry K ml being taken as 1 


Y/B 

5086 A. 

5780 A. 

5893 A. 

6439 A. 


ratio 

March 

1938 

July 

1937 

March 

1938 

Oct. 

1938 

March 

1938 

March 

1938 

A. Observer 

FMH 

GEVL 

HB 

LMcD 

WB 

JSP 

HFM 

JWTW 

BHC 

THH 

FJCB 

HRS 

GCC 

CD 

GWG-S 

BJO 

BFD 

CJWG 

LJC 

GPB 

1*007 

1*007 

1*084 

0*952 

1*048 

0*951 

o *953 

1*058 

o *949 

1*076 

1*062 

0*950 

0*996 

0*948 

1*130 

1*002 

1*069 

0-985 

1*067 

I-I 2 I 

0*508 

0*500 

0*498 

o *552 

0*502 

0*511 

0*482 

0-465 

o *349 

0*614 

0*505 

0*460 

0*471 

0*465 

0*411 

0*420 

0*339 

0-853 

0*904 

0*911 

0*851 

0*947 

0-886 

0*842 

o *943 

0*903 

1*010 

0*938 

0*897 

0*928 

0*874 

1*007 

0*899 

o *943 

0*945 

0*903 

0*982 

0*894 

0*916 

1*003 

0*927 

0-993 

0*916 

0*915 

1*063 

0-965 

0*967 

0*930 

0*989 

1*017 

0*905 

0*913 

0*892 

0*944 

0*889 

0*884 

0*897 

0*972 

0*879 

1*023 

0*924 

0*817 

0*829 

0*778 

0*863 

0*769 

0*782 

0*904 

0*787 

o*868 

0*824 

0*785 

0*963 

0-853 

0*876 

0*804 

0*898 

0*936 

0*150 

0*148 

0*126 

0*156 

0*124 

0*123 

0*158 

0*129 

o*i 54 

0*119 

o*i 08 
0*188 
0*141 
0*158 
0*117 
0*165 
0*168 

B. Mean K R 

— 

0-474 

0*912 

0-957 

0*920 

0-843 

0*143 

C. Mean Y/B ratio of group 

1*021 

1*015 

1-on 

1*015 



1*015 

D. Change in K R per + 1 per 
cent in Y/B 

— 

— 0*007 

+ 0*010 

+ 0*010 

+ 0*010 

+ 0*010 

+ 0*003 

E. Mean K R reduced to 
observer whose Y/B = 
1*021 

1 

II 

0*922 

0*963 

0*942 

0*849 

0*145 


0-470 

-Y - 

Mean 0*942 



F. 0*984 K R (for Y/B = 
1*021) 

— 

0*462 

— 

0*927 

— 

0-835 

0*143 

G. C.I.E. standard values^ 

— 

0-475 

— 

0*889 

—- 

0-765 

0*146 
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§5. RESULTS 

The observed results are summarized in table x. The Y/B ratios of the observers 
as given are the results of a new determination (1938). The solutions used gave a 
calculated Y/B ratio of 0-979 based on spectro-photometric measurements, the 
C.I.E. standard luminosity data being used. 

The photometric conditions were as follows: field-diameter, 2 0 ; surround field 
white, xo° diameter; field-brightness 20 to 35 equivalent metre candles; eye pupil 
unrestricted; no optical system between eye and photometer surface; photometric 
test surface, magnesium oxide. 

The calculation in lines D and E is an attempt to systematize the figures of line B 
to represent as nearly as is possible the results which would have been obtained 
had the whole 20 observers taken part in each set of measurements. A roughly 
linear relation, discussed in § 6 below at (i), is observed between the individual values 
of K r in each column of A and the corresponding Y/B ratio. This calculation is 
arbitrary, in so far as the relation is not strict, but it enables an adjustment of the 
correct sign and order to be made. 

In D the gradients of the linear relations just mentioned are determined 
graphically and expressed as change in K n per i-per-cent positive change in Y/B 
ratio. In E the figures in line B are, from these gradients, adjusted to correspond 
to a Y/B ratio of 1*021 instead of to the values given in line C. A mean is taken for 
the three determinations for A=5780 A. 

In F the results of line E are reduced for comparative purposes so as to be relative 
to a luminosity value of 0*984 at A=5461 A. (interpolated standard C.I.E. value) 
instead of to a basis of unity at this wave-length. This gives observed values 
directly comparable with G, the values of luminosity interpolated from the C.I.E. 
standard table. 

§6. DISCUSSION OF RESULTS 

(i) Relative luminosity, and ratios Y/B. In the previous paper, dealing only 

with the ratio a relation between this ratio and the Y/B ratio of the 

observer was pointed out. The present results again show such a relation, not only 
for the values of K R for 5780 A., but also for those for 5893 and 6439 a. This may 
be seen by plotting individual values of K R for each of these wave-lengths against 
corresponding Y/B ratios. For each wave-length, the straight line best repre¬ 
senting the results has a different slope, represented by line D in table 1. In the 
case of wave-length 5086 A. such a process yields a system of points distributed 
much more irregularly. This is to be expected from the known fact that any group 
of individual luminosity curves plotted in the usual way shows greater differences 
in the blue region than elsewhere. However, the slope of the best straight line is 
here negative, as may be expected, and the approximate value is given in line D 
of table 1, where the application of the slope figures has already been explained. 

(ii) Changes in relative luminosity. Examination of the three columns under 
5780 A. in section A of the table shows that the March readings are systematically 
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higher than the July and October readings, while in the majority of cases the values 
fall in the order March, October, July. The differences in the case of any one 
individual observer are not always beyond the limits of experimental error, but if 
we take the corrected mean values (E in table 1) there does seem to be a certain 
amount of evidence that for the whole group of observers there are real differences 
between the mean values of K R determined on the three different occasions. 

. Such differences may result either from systematic errors associated with the 
experimental equipment, or from some systematic physiological change in the 
group of eyes represented. The former possibility has been followed up by the 
author and has led only to the correction of the first set of values, necessitated by 
diffusion by a filter, and which is mentioned in §3. Differences in photocell 
calibrations would indeed introduce systematic differences in the three sets of 
results for 5780 A. These are not to be discounted, but the estimated errors likely to 
arise from this source are considerably less than the range 0*922 to 0-963 shown by 
the figures at E in table 1. The hypothesis of a physiological change is attractive, 
though it must be emphasized at once that any experimental proof of the influence 
of physiological factors would almost certainly be attended by difficulties. In 
particular, the task of ascertaining which physiological factor was responsible for 
any specific variation in visual spectral response would almost certainly involve a 
considerable amount of careful research. 

There is, however, a growing volume of evidence that vitamins play an im¬ 
portant part in vision—in particular as regards the influence of vitamin A on retinal 
adaptation (5) . It is interesting therefore to speculate as to the influence of vitamin- 
supply on the curve of relative spectral luminosity for the human eye. Line E in 
table 1 shows a value 0-922 (A = 5780 a.) obtained just after midsummer, when 
the supply of vitamin A may reasonably be expected to be near the maximum. 
At a later stage of the year (October) the corresponding mean relative luminosity 
is 0-942, while in March, when the supply of vitamin A may be hear a minimum, 
it has risen to 0-963. This suggests, without however affording any definite proof, 
that the eye becomes relatively more sensitive to yellow or red as it becomes 
deficient in vitamin A. Such a suggestion is interesting when considered in relation 
to the work of other investigators such as Arndt (6) , Dresler (7) , Federov and 
Federova (8) , Jainski (9) and Konig (Io) , all of whom obtain luminosity curves which 
are relatively higher in the yellow region (and in some cases in the red also) than 
the standard curve. It is also consistent with the assumption that (caeteris paribus) 
the observers concerned in the American investigations on which the standard 
curve is based were not deficient in vitamin A. As has been indicated above, 
however, definite analytical proof of such a possible effect as this is not yet avail¬ 
able. 

(iii) The observed values of relative luminosity . In the absence of such proof, 
and in order to summarize the present measurements, the mean value of 0-942 is 
taken for the luminosity at 5780 a. relative to unity at 5461 A. The values are then 
reduced by the factor 0-984 (the tabulated value at 5461 a. for the standard curve), 
giving the values in line F in table 1. These reduced values are then comparable 



Relative luminosity of radiation 763 

with the standard values (line G) assuming coincidence at 5461 a. They are plotted 
in figure 1. They represent the observed values of relative luminosity for the present 
group of 20 observers, who have a mean Y/B ratio 1*021. 

From figure 1 it is seen that the values in line F yield a curve very similar in 
shape to the standard curve, but lying rather higher in the region extending from 
5550 to 6300 A., while the values at 6439 a. lie somewhat below the standard curve. 
It may here be noted, with reference to the remarks under paragraph (ii) above, 
that the new curve is representative of winter conditions, except for a possible 
slight modification near 5780 a. which is due to the use of the mean value of the 
three determinations at that wave-length. 



Figure i. Curves of relative luminosity;-, C.I.E. standard;-, observed results; 

O, mean observed values. 

(iv) Logarithmic luminosity curves. The way in which figure 1 is plotted, though 
common, is not the best for the purpose of examining the departure of the observed 
values from the standard curve. For this reason a portion of the standard curve 
together with the observed points from line F of table 1 are plotted on a logarithmic 
scale in figure 2. It may be noted that the apparently symmetrical summit of the 
standard curve in figure 1 is now seen to be asymmetrical. There is of course no 
a priori reason for expecting symmetry, if the curve is regarded as the sum of three 
trichromatic sensation curves. It is apparent, however, that the present results 
support a more symmetrical shape, not necessarily differing appreciably from the 
standard curve in the regions comprising wave-lengths shorter than 5600 A. or 
longer than 6300 A. Between these limits the observed curve is above the standard, 
the difference being a maximum of 11 per cent at about 5950 a. 

By the use of the logarithmic curve drawn through the observed points, a fairly 
accurate interpolation of intermediate values of relative luminosity can be made.. 
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Over the range where the present determination differs from the standard values, 
the new values obtained are as shown in table 2. 


Table 2 


A 

5700 

5800 

5900 

6000 

6100 

6200 

6300 

K 

0-977 

o *935 

0-830 

0-703 

0*547 

0*401 

0-275 ' 


From these values the following calculations can be made. 

(v) Calculation of Y/B ratio on the basis of the observed luminosity . Spectro- 
photometric data were available on the actual filters used for the Y/B ratio 



Wave-length (a.) 

Figure 2. Logarithmic curve of relative luminosity. 

measurements given in table 1. These enabled a calculated Y/B ratio to be obtained 
from the measured luminosity values given in paragraph (iv) above, as well as a 
similar figure based on the standard values. These Y/B values were: 

Y/B derived from standard values of K t 0-979; 

Y/B derived from new values of K , 0-996. 

Thus the mean observed Y/B ratio, namely, 1-021, is some z\ per cent higher 
than that calculated on the basis of the luminosity curve taken as representing the 
mean for the ao observers employed. Moreover, the calculated value 0*979 based 
on the standard curve is also some a per cent below unity, which was the mean 
observed Y/B ratio of the large group of observers on which the standard curve was 
based. The fact that in both these cases the difference between the observed and 
calculated values of the Y/B ratio is roughly the same suggests that the standard 
luminosity curve does not represent the average eye in some wave-length-region 
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outside the range (5086 to 6439 a.) of the present determination (ll) . In any case, 
the present measurements afford no explanation of the fact that the mean observed 
Y/B ratio for the present group of 20 observers differs by 2% per cent from that 
calculated on the spectrophotometric basis from the observed mean luminosity 
curve. Obviously, however, measurements of relative luminosity at five wave¬ 
lengths only cannot give sufficient information to elucidate this point or to deter¬ 
mine precisely the form of the mean luminosity curve. 

(vi) Statistical considerations. Before it can be said that the present results are, 
or are not, consistent with a universal mean Y/B ratio of unity for normal observers, 
or with the accepted standard luminosity function, or with both, it is necessary to 
know not only the range of any systematic experimental error, but also the un¬ 
certainty introduced on statistical grounds by limiting the observations to a group 
of 20 observers only. In what follows it is assumed that the quantities concerned 
conform to a Gaussian distribution over the whole observer population, and that a 
sufficiently good estimate of the spread of the distribution can be obtained from the 
observer group available, considered as a random sample. 

Consider first the Y/B ratio. Twenty measurements are available with an 
arithmetic mean of 1*021. The standard deviation a is 1)}, where 

A is the difference from mean, and N the number of observations; its value for 
the group is 0*061, and the standard error aj\/N of the mean is 0-0135. Double 
this figure is 0-027. If the above assumptions are made, therefore, it follows from 
theory that there is a i-in-20 chance of the mean Y/B ratio for a random sample of 
20 observers lying outside the range 1-027 to °‘973> if the true mean value for the 
whole population is unity. Using this (the usual) criterion, one may say that only 
if the mean Y/B ratio of our group of 20 observers lies outside this range, can it be 
inferred that the result indicates a real difference from unity of the mean value for 
the whole population. This is seen not to be the case. 

The same principle may be applied to the measurements of relative luminosity. 
It is found that at 5086 and 6439 a. there is no inconsistency between the observed 
values and the standard C.I.E. values. At 5780 a. the degree of inconsistency is 
small and is not beyond limits of possible systematic error, of a type such as that 
associated with the photocell calibration. At 5893 a. the result is inconsistent, as 
judged by the criterion chosen above, with the standard value, but is consistent with 
a value some 5 per cent above it. Again, any systematic error may affect this figure 
by roughly ± 2 per cent of the luminosity value. 

The above calculations are based on each observed quantity separately. Taken 
as a whole, the luminosity measurements may be shown to indicate a curve differing 
from the standard curve in the yellow region of the spectrum to which the figures 
in paragraph (iv) above apply. The possible error (including systematic error) of 
these figures may be taken as approximately 4 or 5 per cent of the values given. 

The difference may, however, be due, among other possible causes, to differ¬ 
ences in photometric conditions. The conditions applicable to the measurements 
on which the standard curve is based varied to some extent^ 1 * 5 , and in many cases a 
larger field-size than in the present work was used. It is perhaps regrettable that 

49-2 
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recent workers in this field have not generally conformed to conditions of field-size 
and field-brightness now considered acceptable in heterochromatic photometry. 
Further, the whiteness of the photometric test surface is not specifically mentioned 
in some cases. 


§7. CONCLUSIONS 

(1) Measurements of relative visual luminosity of radiation at five wave-lengths 
by a group of 20 observers under winter conditions result in a curve differing from 
the C.I.E. standard luminosity curve in the region 5600 to 6300 a. The difference 
(excess of observed value over standard value) is a maximum, and amounts to 
about 11 per cent, at 5950 A. The values shown in table 3 are obtained by inter¬ 
polation on a curve of logarithms of observed values, relative to the standard value 
of 0*984 at 5461 A. 

Table 3 


A 

5700 

5800 

5900 

6000 

6100 

6200 

6300 

K 

0-977 

o *935 

0*830 

0*703 

o *547 

0*401 

0-275 


The error in these figures is estimated at ± 4 to 5 per cent of their values. 

(2) The photometric conditions were as follows: Guild flicker photometer, 
with magnesium oxide test surface; field-diameter 2 0 ; field-brightness 20 to 35 
equivalent metre candles, with surround field; unrestricted pupil; no optical 
system between eye and photometer screen. It is emphasized that these conditions 
are not in all respects identical with those for which the standard curve applies. 
They are, however, now generally adopted in heterochromatic photometry. 

(3) Seasonal variations appear in certain of the observations, and the suggestion 
is put forward that these, and possibly also the departure from the standard 
luminosity curve, may be due to physiological causes such as variation in vitamin 
supply. 

(4) Measurements of the Y/B ratio of the observers give a mean value of 1*021, 
which is not statistically inconsistent with selection at random from a population 
having a mean Y/B ratio of unity. 

(5) A simple statistical study of the luminosity measurements indicates the 
desirability of using groups of observers considerably larger than 20 in order to 
obtain a desirably low value of the statistical probable error. 

(6) Attention is finally called to the desirability of considering, in comparisons 
with the standard luminosity function; only such measurements as conform closely 
to the appropriate photometric conditions. 
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ABSTRACT. The power and the first-order aberration of a cylindrical lens are found 
when the incident light is not normal to the axis of the cylinder. 

J. H. McLeod and F. E. Altman have stated (l) in effect that the power of a 
cylinder for a bundle of rays making an angle 9 with the normal section is F sec 9 , 
where F is the power of the normal section. This is incorrect, the fallacy arising 
from the fact that refraction takes place in a plane in the glass making an angle 
with the normal section, where sin 9 = n sin <f>. A little consideration will show 
that the correct formula for the power of an oblique section is the one familiar 
in the investigation of the astigmatism of spherical surfaces, (n cos<f> — cos 9 )/r, 
where r is the radius of the normal section. As little has been published about the 
optics of cylindrical surfaces, it may be of interest to derive this formula inde¬ 
pendently. 

Let AP, BQ be a pair of parallel rays falling on a cylinder at an angle 9 to the 
normal section, and meeting it at P and Q respectively, AP being in a radial plane 
of the cylinder while APQB is at right angles to it. Let O be the centre of the 
normal section at P; PQ is the oblique section of the cylinder and is therefore an 
ellipse having semiaxes r and r sec 9 . PM is the major semiaxis, and PM' is the 
refracted ray corresponding to PM. From Q, QN is drawn perpendicular to PM, 
and NO perpendicular to the cylinder axis. Then O'Q is the normal to the surface 
at Q . Let NQ be a, the semiaperture of the beam. 

Then we have 

PM = r sec 9 , NM = (r 2 - a 2 )% sec 9 , 

NP— {r — (r 2 — a 2 )^} sec 9 

from the ellipse PQ. We may write 

NM—cr sec 9 , 

NP=(i~c) r sec 9 , 

where rc = (r 2 — a 2 )*. 

Take O as origin and axes as drawn; then the co-ordinates of Q are r (1 - c) tan 6 , 
a, cr , and the co-ordinates of O' are r (i—c) tan 9 , o, o, while the direction cosines 
of O'Q are o, a\r, c , and the direction cosines of BQ are - sin 9 , o, cos 6 . Hence 
if i is the angle of incidence at Q, 

cos i=c cos 9 , 

and if i' is the refraction, n sin i' = sin i, 
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where n is the refractive index. The direction cosines of the refracted ray are thus 
sin 6 /n , — (n cos i' — c cos 0) ajnr 7 — {nc cos i’ + (a 2 /r 2 ) cos 6 }jn y 
and so the equations of the refracted ray are 

x—r (1 —c) tan 0 _ (y—a) r _ (z — cr) _ 

— sin 0 ~ a {n cos i‘ — c cos 0)~~ nc cos i + (a 2 /r 2 ) cos 0 ’ 

and the ray meets the corresponding ray which has — a instead of a , and the plane 
y — o, in the point whose co-ordinates are £, £, where 

| = r sin 8 /d+r (1 — c) tan 0, 

£ = — r cos 6 /d , 

and d=n cos i r — c cos 0. 

So far a has been unrestricted. In accordance with the usual procedure in 
finding the focus we suppose a to be so small that its square may be neglected. Then 

<7 = 1, 

cos i—c cos 0 = cos 0; 

/. f=0, 

and so * V: =<£> 

where n sin <f> = sin 0 . Here is the angle of refraction corresponding to 0 and 

d~n cos <j> — cos 0. 

The distance of (£, o, £) from P (o, o, r) is {£ 2 4- (£ — r ) 2 }4 and this being in glass = nf, 
where / is the focal length for this oblique refraction; 

/. nf= r {sin 2 0 + (cos 0+ d) 2 }%Jd 
= (r/d) {sin 2 0 + n 2 cos 2 
= (r/i)n, 

since si n 6 = n sin <£. 

The power 1// therefore 

d n cos (/> — cos 0 _ sin 
~ r~ r r$in<f> 

The power of the normal section is (« — i)/r, so that 

oblique power-f-normal power = sin ( 8 —<f>)/(n — i) sin<£. 

The table shows the values of various quantities for different values of 0 . In the 
fifth column are values deduced from a simple formula which gives the value of the 
oblique power with sufficient accuracy. The sixth column shows how the power 
would vary according to McLeod and Altman’s statement. 

The formula is capable of verification with any cylindrical lens of sufficiently 
long focal length. That McLeod and Altman found experimental verification for 
their formula can only be accounted for by the very short focal length of their lens, 
which must have made accurate measurements impossible. 
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Table 


e 

(deg.) 

* 

(deg.) 
n — 1-525 

sin (0— <£) 
sin <[> 

Oblique 

power 

Normal 

power 

(0deg.)* 
1+ io 4 

sec 8 

O 

0 

0-525 

1 

I 

1 

5 

3-276 

0-52632 

1-0025 

1*0025 

1-0038 

8 

S-236 

0-52836 

1-0064 

I- 0 O 64 

1-0098 

10 

6-5983 

0-53028 

1*0100 

I-OIOO 

1*0154 

12 

7-8359 

0*53260 

1*0145 

1*0144 

1-0223 

15 

9-7714 

0-53695 

1-0228 

1-0225 

1*0353 

18 

11-6910 

0-54231 

1-0330 

1-0324 

1-0515 



First-order aberration. The focus is at a distance nf along PM', whose direction 
cosines are (sin <f >, o, cos </>), and so the co-ordinates of the focus are 

nf sin <f>, o, r —nf cos <f > 9 
or / sin 0, o, r — 72/ cos <f >. 

The oblique cylindrical aberration thus has co-ordinates given by the followin 
equations: 

d£= —(f—r/d) sin 8 +r (i — c) tan 0, 

=fl/ cos <j> — (r/d) cos 0—r. 

Now c=(1 — a 2 /r 2 )% = 1 — Ja 2 /r 2 neglecting higher powers of 1 /r, 

cos z = c cos 0=(i — | a 2 jr 2 ) cos 0; 
sin 2 2 = 1 — cos 2 0 (1 — a 2 /r 2 ) = sin 2 0 4- (a 2 /r 2 ) cos 2 0. 
sin * = sin 0 (1 + ^z 2 cot 2 0/r 2 ), 
sin V = sin (1 + \a 2 cot 2 0 /r 2 ) ; 
cos 2 i 9 = 1 — sin 2 </> (1 + # 2 cot 2 0/r 2 ) 

= cos 2 <j> — a 2 cos 2 d/nh 2 . 
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So cos i' =cos / (1 — \a 2 cos 2 0 /re 2 r 2 cos 2 /), 

and d—n cos c cos 0 

=re cos / (1 — fa 2 cos 2 0 /reV 2 cos 2 /)—(1 — \a 2 jr 2 ) cos 0 
= re cos 4 > — cos 0+i (a 2 jr 2 ) cos 0 (1 — cos 0/re cos 9S) 

= (r//) (1 + |a 2 cos 8 /nr 2 cos /), 
and r/d=f( 1 — |a a cos 0/rer 2 cos /). 

So d£= —\fa 2 cos 8 sin 8 /nr 2 cos </> + \ (<z 2 /r) tan 6 

= £ (a a /r) tan 8 (1 —/cos 2 81 nr cos /), 
and d£=nf cos / — r —/cos 8 (1 — \a 2 cos 8 /nr 2 cos/) 

= Ja 2 / cos 2 6 /nr 2 cos /. 

di- may be written \f {a 2 jr) tan 8 {(re cos / — cos 8 )/r —cos 2 0/rer cos /} . 

— i ( a% fl ri ) tan ® {(« 2 cos 2 / — 1 + re 2 sin 2 /)/re cos /—cos 0} 

= | ( a 2 f/r 2 ) sin 0 {(re 2 — i)/re cos 0 cos / — 1}, 

which shows that is positive, i.e. that the aberration has lifted the ray above th 
plane of refraction (this is also obvious from consideration of the figure). 

When 0 =o, 

d£=o, dt=\a 2 f\nr 2 , 
the ordinary spherical aberration. 
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ABSTRACT. The spectrum of a highly condensed discharge through fine capillary 
tubes containing krypton is studied with the help of a large quartz Littrow spectrograph. 
An examination of the data led to the identification of the multiplets 5s 4 P~5^> 4 D, 
5 s ^~SP 4 F, etc., occurring in the near ultra-violet. The important intervals 5s 4 P*-5s 4 Pij 
and 5s 4 Px£-5$ 4 P 2 j. are 3100 and 3223 cm: 1 respectively. A term scheme is set up, involving 
the classification of about 60 lines. 


§1. INTRODUCTION 

I N continuation of the analysis of Br m (l) carried out in this laboratory, an 
investigation of the spectrum of Kr IV was undertaken. Of the several spectra 
of krypton, the analyses of Kr i (z) , Kr ii (3) , Kr iii (4) are known to a consider¬ 
able extent through the work of Boyce, De Bruin and others. But in Kr iv only 
three combinational lines \p 4 S-sp 4 4 P in the extreme ultra-violet were identified 
and assigned tentatively by Boyce (4) . These three lines, however, do not help in 
extending the analysis of Kr iv to the quartz region as the 4 P term that is involved 
arises from the sp± configuration. An attempt is made in the present work to identify 
the multiplets 5* *B-sp 4 D, 5s 4 P~ S ^ 4 P, etc., occurring in the near ultra-violet. 
Our knowledge of the structure and analysis of Br ill formed, to a large extent, the 
basis for identifying these multiplets, since doubly-ionized bromine and trebly 
ionized krypton are isoelectronic. A preliminary report of the results obtained has 
appeared in Current Science Cs) . 


§2. EXPERIMENTAL 

The usual H-type discharge tube closed at one end by a quartz plate was pro¬ 
vided with an arrangement for enclosing a certain volume of the gas. The capillary 
portion was about 8 in. long and \ mm. or 1 mm. in diameter. The gas, which 
was reported to be about 99-per cent-pure, was contained in a quarter-litre pyrex 
flask provided with an internal sealed-in joint. The flask as a whole was connected 
to the discharge tube by a side attachment with glass stoppers between the two. By 
means of an external magnet and a small iron nail inside the neck of the flask, the 
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sealed-in joint could be broken, so that a connexion could be established between 
the gas and the discharge tube whenever desired. The discharge tube was at first 
exhausted, and then a small quantity of the gas was admitted into the region between 
the stoppers and finally into the evacuated discharge tube. This process would 
protect the main reservoir of the gas from being contaminated by any gaseous 
impurities that might be contained in the discharge tube itself. In the actual 
experiment, the process of exhausting and filling the discharge tube with the gas 
was repeated to ensure purity of the gas whose spectrum was studied. Figure 1 
represents a diagram of the discharge tube, the drying system of calcium chloride 



and potassium hydroxide towers, and the gas reservoir and its attachments. A 
condensed discharge was passed through the tube between aluminium electrodes. 
The excitation was by a transformer giving about 20,000 v. in the secondary. A 
small inductance of about 0*05 mH., used in series with the secondary circuit, 
suppressed the lines due to residual air in the discharge tube. 

The usual method of varying the intensity of excitation by altering the capacity 
and the length of the series gap was adopted for the purpose of obtaining photo¬ 
graphs of the spectrum in different stages of excitation. In addition the gas pressure 
inside the tube was varied; but when this was a little too high, the lines obtained 
were too broad and unfit for measurement. A pressure of o-i mm. gave fairly good 
spectra. Hilger medium and Littrow types of quartz spectrographs were employed 
for photographing the spectra. The wave-lengths of nearly all the lines were 
measured from the Littrow plates. 

§3. PREDICTED TERMS 

Table I gives the terms determined theoretically as characteristic of the spectrum 
of Kr iv in accordance with the theory of Hund and Heisenberg. Out of these the 
$s and 5 p terms were identified in the present work, along with some of the md 
terms. A complete elucidation of the structure of Br in is being carried out by 
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Dr K. R. Rao and this is expected to help in the further identification of the other 
important terms in Kr iv. 

Table i. Predicted terms in Kr iv 


4 o 

4 l 

Configuration ni 

4 a So Si Sa 5 s 

Term 

prefix 

Terms 

2 

3 


4 P 

4 S 



2 D 

. 

. 2 P 

2 

2 

. 1 

5 s 

4 ? 

2 P 

# 

2 D 


. 2 S 





4 D 

4 P 

4 S 

2 F 

2 D a 

apt 

2 

2 

. . 1 

5 P 

2 D 

ap 

2 S 
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. 
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4 F 

4 D 

4 P 

2 G 
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2 D a 2 D & 

2 

2 

1. 

4 d 

2 F 

2 D 

ap 

apa 

2 S a 

, 

2 

2 

.1 

6 s 

4 ? 

ap 

. 

2 D 


. 2 S 

I 

4 

. 

sp i 

4 ? 

ap 

• 

2 D 


. 2 S 


Letters a, b in the above table are adopted to distinguish between identical terms arising 
from the same configuration but having different limits. 


§4. ANALYSIS 

After a careful examination of the plates taken under the various intensities of 
discharge, nearly 180 lines could be ascribed to the spectrum of Kr iv. More 
than 50 of these have entered into the multiplet scheme suggested in the ensuing 
section. There was considerable difficulty in identifying the multiplets as the 
intervals of the terms involved are very large. Lack of data in the Schumann 
region presented a further difficulty in the confirmation of the results obtained 
in the near ultra-violet. Recourse was therefore had to the usual rules of comparing 
the screening constants and the frequencies of the corresponding lines in the other 
isoelectronic spectra. From table 2 the intervals $s and 5$ 

could be predicted. 

Table 2 


Spectrum 


£ 

AS 

5 «( 4 Pir 4p 2 i) 

s 

AS 

As 1 

Se 11 

Br hi 

Kr rv 

915*8 

1483*6 

2253*5 

3100 

18-94 

18-13 

17*38 

16-93 

0*81 

o *75 

o *45 

I287*7 

I920*7 

2589*I 

3223 

17-17 

17-06 

16-75 

16-74 

o*6i 

0*31 

0*01 


Our preliminary trials with the data pertaining to Kr iv indicated the existence 
of two important wave-number differences of the values V3100 and V3223, and 
these were found to correspond respectively to 5$ ( 4 P*- 4 Pi*) and 5 s ( 4 P lF - 4 P 2 *). 
From table 3 the approximate positions of the important combinational lines of the 

Table 3 


Spec¬ 

trum 

ss4p *~ ^ 
5P 4 Di 

5* 4p *- 
SP 4 Eh* 

S f 4p ii — 

SP 4 D 2l 

5s 4p *r 4 _ 
SP 4p si 

5 s 4p iV 

SP 4 D« 

s » 4p «- 
5 P 4 D al 

As 1 

Se 11 
Br hi 
K r iv 

wit &. 

I1 7°4 7737 
l&V 8981 

SS 9718 

ii6 7 s 7643 
T 14 8925 
88 9981 

11351 7573 

Ta 4 8938 

&S ■<£» 

10788 *71*70 

1 7958 III 0 , 
36160 lilt 
35040 8871 

rs 
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multiplet $s 4 P-s p 4 D could be known. The identification of the chief multiplets 
was now easy, and the analysis could thereafter be extended to include some of the 
4 d terms though their assignment is not found possible at the present stage of the 
investigation. 

Table 4 shows the multiplets so far discovered. As is characteristic of the 
spectra of the type under consideration, the diagonal lines of the 5 s 4 P -$p 4 D 
multiplet are very intense and occur close to one another, as can be seen in figure 2; 
this grouping of-the lines arises from the deviations in the intervals of the mp 4 D 


2650 2590 2500 

I I I 



1 1 1 I I 

5$ 4 P-5P*D 4 P 4 P 4 P 4 P 

Figure 2. Discharge tube spectrum of krypton. 


term. In spectra of elements of high atomic weight such irregularities are frequently 
observed. Another instance in Kriv lies in the interval ( 4 D^- 4 D X i), which is 
rather large, unlike the corresponding intervals in other spectra of the As 1 type. 
The terms identified in the present work are given in table 5. Their absolute values 
could not be determined as no series of any of the terms are known. The values are 
obtained with reference to 5 s 4 P^, arbitrarily adopted as zero, in accordance with 
the usual practice in such cases. 


Table 5 


Term 

Term value 


Term 

Term value 

5s S* 

5 * Pit 

0 

3100 

a 

1608 

3100 

b 

38 

5 *‘Ph 

6333 

3223 

c 

219 

5 J> 4 D* 

36611-8 

1529*1 

3183-6 

d 

1684 

5 P‘D» 

38140*9 

e 

6899 

SP 

4i324’5 

f 

11700 

SP 4 D 3i 

4463* 

3307*5 

i 

16453-5 

7452 

5 P*P* 

41862 

488 

348-5 

i 

2059 

SP 4 Pi» 

42350 

j 

1925 

SP 4 P* 

42698-5 

k 

5382 

SPA 

SpB 

5 pC 

44026-9 

44463-4 

46731-3 

436-5 

2267*9 

l 

4762 


Table 6 gives the lines classified so far in the spectrum of Kr iv. 
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Table 6. Classified lines in Kr iv spectrum 
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A (Int) 

v (vac) 

Classification 

A (Int) 

v (vac) 

Classification 

3934*29 (5) 
3860*58 (5) 
3809*30 (3) 
3361*70 (3) 

3334*99 (6) 

3199*91 (3) 
3143*01 (3) 
3983*33 (3) 
2859*3 (3) 
3856*3 (2) 
2853*0 (5) 
3836*08 (3) 
3839*60 (3) 
2774*70 (6) 
3748*18 (8) 
3742*13 (3) 
2736*65 (3) 
2733*36 (2) 

2730*55 (3) 

3673*0 (2) 
2651*6 (2) 
2621*11 (7) 
2615*3 (8) 
2609*5 (10) 
2606*17 (5) 
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ABSTRACT. The electrical resistances of a series of cobalt amalgams with concen¬ 
trations 0*149 to 0 '548 g. of cobalt per 100 g. of mercury were measured over the tem¬ 
perature range 20° to 340° c. The type of {resistance, temperature} curve obtained varied 
with the concentration of the amalgam, but a characteristic of every amalgam on initia 
heating was the sharp change in resistivity, from a value less than that of pure mercury 
to a value considerably greater, at a temperature in the neighbourhood of 340° c. The 
transition temperature was found to be lowered on subsequent heating. Similar changes 
were observed with iron amalgams of concentrations between 0*243 an d °*497 P er cent. 


§ 1. INTRODUCTION 

R ecently J. H. Prentice (l) and one of us described the electrical properties 
of nickel amalgams with concentrations between 0*013 t0 °‘ 2 4 ^ g. of nicke] 
L. per 100 g. of mercury, measured over the temperature range 20° to 300° c. 
It was found that a very marked change in the resistance of the amalgams set in 
at about 225 0 c. and coincided with a change in the magnetic properties, the 
amalgams then passing from a diamagnetic to a ferromagnetic state. The change 
was irreversible, and it was suggested that the nickel in the freshly prepared 
amalgam was loosely combined with hydrogen so that the holes in the d bands 
of electrons were filled, or, alternatively, that a loose coupling obtained between 
the nickel and mercury atoms. 

In the light of these results it was thought to be of interest to examine the 
electrical behaviour of cobalt and iron amalgams, although it is well known that 
both these ferromagnetic metals form amalgams in which the ferromagnetic con¬ 
stituent may be removed or concentrated by the application of a magnetic field. 
The magnetic properties of iron amalgams were recently investigated by Bates 
and Ulsley (2) , and it is hoped to publish shortly an account of similar magnetic 
measurements which have been made on cobalt amalgams. 

§2. EXPERIMENTAL PROCEDURE 

Cobalt and iron amalgams are much less readily oxidized than nickel amalgams 
of similar concentration. Those used in the present work were prepared by the 
electrolysis of solutions of known concentrations of cobaltous sulphate or acidulated 
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ferrous sulphate respectively with a weighed quantity of mercury as cathode, until 
the solutions were completely denuded of the ferromagnetic metal as shown by the 
disappearance of the coloured ions. The mercury used was purified by the method 
recommended by Bates and Baker (3) . The freshly prepared amalgams were washed 
in distilled water, roughly dried and transferred to a conductivity apparatus similar 
to that described by Bates and Day (4) . This apparatus had been previously degassed 
by heating it while it was evacuated to a temperature of about 8o° c. Following 
the introduction of an amalgam it was evacuated and heated for a sufficient time, 
normally 5 to 6 hr., at a temperature between 100 and 150° c., to ensure the removal 
of water and of occluded gases. This procedure was most important and we made 
many abortive measurements with cobalt amalgams before the importance of 
prolonged degassing was appreciated. By frequent manipulation of the apparatus 
the amalgam was thoroughly mixed and a homogeneous thread was formed within 
the capillary tube. The apparatus was then connected through tubes respectively 
containing alkaline pyrogallol and drying agents to a nitrogen cylinder, and a 
pressure slightly above atmospheric was maintained upon the amalgam, a simple 
barometer tube being arranged as a safety valve. 

The resistance of the amalgam thread was measured by a double potentiometer 
method (l) . The temperature variation of resistance of a pure mercury thread was 
also measured in the same apparatus, and in the present experiments rigorous 
temperature control and very precise measurement of the temperature within the 
furnace were found to be very important. The two mercury thermometers used 
in earlier investigations were therefore replaced by a system of four copper con- 
stantan thermojunctions, mounted along a pyrex tube and symmetrically fixed 
between the two arms of the capillary tube; two thermocouples whose junctions 
were situated in one half of the furnace were joined in series so that independent 
measurement of the temperature in the two halves could be obtained. As the furnace 
was wound in two parts, adjustment of the furnace current in either part allowed 
the temperature to be made uniform throughout. The thermocouple leads were 
taken to a potentiometer of the type designed by Eumorfopoulos (s) , and the 
thermocouples were standardized against a standard mercury thermometer. 

§3. RESULTS 

Final measurements were made with a series of cobalt amalgams whose con¬ 
centrations ranged from 0*149 t0 °' 54 & P er cent of cobalt by* weight. As usual in 
such experiments, amalgams of higher concentration could not be used because of 
the difficulty of placing a homogeneous thread of proper concentration in the 
capillary tube. The results of these measurements are shown in figures 1 and 2 in 
which the values of A R/R T for the several amalgams are plotted against the tem¬ 
perature, A R being the difference between the resistance of an amalgam thread and 
the resistance R T of a thread of pure mercury at the temperature T in the same 
apparatus. In all cases the resistivity of the amalgams below 300° c. was less than 
that of pure mercury. The curves in figure 1 represent the results obtained when 

so 
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each freshly prepared cobalt amalgam was heated for the first time, whereas the 
curves of figure 2 represent the behaviour of the same amalgams on subsequent 
heating after the amalgams had cooled to room temperature. 



Figure 1. Variation of hR/R T with temperature on initial heating for cobalt amalgams of stated 
percentages by weight. (The curves run practically parallel to the temperature axis from 20 0 
to IOO°C.) 



Figure 2. Variation of AR/R T with temperature on subsequent heating of cobalt 
amalgams of stated percentages by weight. 


There are some interesting features in the curves of figure 1. First we note 
that with all the amalgams the resistance remains practically unchanged over a 
wide temperature range until in the case of the weaker amalgams there is a sudden 
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increase in A R, which is the less pronounced the greater the concentration of 
cobalt, followed by a rapid change in which A R changes sign. Thus at a certain 
temperature, which is seen to become higher as the concentration becomes lower, 
the resistance of the amalgam thread becomes infinite, and presumably the thread 
is broken, although, on cooling, electrical conduction is restored and the reproducible 
curves of figure 2 are obtained. The sudden increase in A R does not appear in the 
stronger amalgams. The curve for the cobalt amalgam of concentration 0*497 
per cent by weight invites comment. It is to be expected that this should lie 
entirely between the curves for concentrations 0*548 and 0*376 per cent, and no 
satisfactory explanation can be offered for its departure from what was thought to 
be the norm. It is interpreted as an indication that, in spite of preparing and 
examining the amalgams by a standard technique, variations in constitution can 
accidentally arise. 

Turning now to the curves of figure 2, it was found that the value of A R at 
room temperature was equal to the value originally obtained before heating the 
amalgam to a high temperature in the case of the two amalgams of concentrations 
0*149 0*249 P er cent * I n t ^ e case °f remaining amalgams, there was a 

permanent increase in the value of A R at room temperature which was the greater 
the greater the concentration of the amalgam, and their corresponding curves in 
figures 1 and 2 would intersect at a temperature of about ioo° c. if plotted on the 
same graph. It is obvious that the value of A R changed sign in all cases at a lower 
temperature than that at which the corresponding change occurred in figure 1. 
There seems to be no relation between the former temperature and the concen¬ 
tration of the amalgam, and we are inclined to think that it is of secondary 
importance. It is perhaps difficult to see how the sudden break in the electrical 
circuit can be due to any cause but the evolution of gas, presumably hydrogen, 
occluded in the cobalt, although it is equally difficult to explain how reproducible 
electrical measurements can be obtained on subsequently heating an amalgam in 
which such an evolution has occurred. It is still more difficult to see how the 
break can be due to the formation of mercury vapour, for the capillary tube was 
heated uniformly, a pressure greater than atmospheric was exerted upon the 
mercury, no trace of a break was found with mercury in the temperature range 
covered by these experiments, and, finally, the temperature at which the break 
occurred was in several cases below 320° c. Mr C. J. W. Baker in this laboratory 
has investigated the magnetic properties of liquid cobalt amalgams of concentrations 
ranging from 0*00040 to 0*0013 per cent, using an apparatus of special design which 
it is hoped to describe shortly in connexion with another research. Although this 
apparatus was not ideal for the purpose, it is at any rate the only one known to 
us which will give any information at all concerning the magnetic properties of 
liquids exhibiting ferromagnetism, and, although the concentrations which could 
be used were considerably less than those used in the resistance measurements, 
the results were, of interest. They showed that the ferromagnetism at room tem¬ 
perature of the weakest amalgams was decreased following the initial heating, 
whereas that of the stronger amalgams was increased, from which it was deduced 
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chat, while some portion of the cobalt combines to form a non-ferromagnetic 
combination with the mercury on heating, the amalgam is quickly saturated. 
Moreover, the ferromagnetism approached a limiting value peculiar to each con¬ 
centration at about 250° c. In these magnetic experiments, the amalgams were not 
heated above 330°c., but they sufficed to show that certain peculiarities in the 
susceptibility curves of the strongest amalgam, 0-0013 per cent, were displaced to 
lower temperatures on subsequent heating. 

A few measurements of the resistivities of iron amalgams were also made, and 
curves (1) and (2) of figure 3 respectively show the results obtained on the initial 
and subsequent heating of an iron amalgam of concentration 0-497 per cent. The 
values of A R were always considerably less than those for cobalt amalgams of 
equivalent concentration. In addition, the room-temperature value of A R prior to 
heating was less than that subsequent to the heating, in agreement with the 
behaviour of the more concentrated cobalt amalgams. Discontinuities in the 



Figure 3. Variation of &R(R T with temperature; for an iron amalgam of concentration 
0-497 P er cent by weight; (1) on initial heating; (2) on subsequent heating. 


conductivity followed much the same course as in the cobalt amalgams except that 
humps corresponding to those in the region of 330° c., shown in figure 1, appeared 
to be the more accentuated the greater the concentration of iron. Indeed, with an 
iron amalgam of concentration 0-243 per cent we did not observe any sign of a 
hump, but the value of A R changed regularly from a small negative value at 
300° c. to an equal positive value at about 320° c. and became infinite at 338° C. 

In the experiments of Bates and Prentice with nickel amalgams, the room- 
temperature values of A R were some ten times greater than those measured with 
cobalt amalgams, and the sudden changes observed in the neighbourhood of 225 0 c. 
caused later changes to appear insignificant in comparison, so that, unfortunately, 
the curves of A R/R T were not followed with close attention above 300° c. We know, 
however, that breaks occurred at higher temperatures and that they were of a 
permanent character, and were undoubtedly due to the liberation of gas. Moreover, 
it is germane to state that, in the case of the nickel-amalgam experiments, degassing 
was not as rigorously pursued as in the present work. While all the nickel amalgams 
used by Bates and Prentice were initially diamagnetic, as were those used by 
Schumann' (6) and many other investigators, Bougault, Cattelain and Chabrier (7> 
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have recently announced the preparation of ferromagnetic nickel amalgams merely 
by allowing metallic nickel to be attacked by a strong acid (hydrochloric acid or 
dilute sulphuric acid) in the presence of mercury. We have to report that when we 
heated a small quantity of pure mercury, in which a small rod of pure nickel 
(kindly supplied by Sir Henry Wiggin and Co.) was placed, together with a small 
quantity of either hydrochloric acid or sulphuric acid inside an evacuated and sealed 
tube for 48 hr., we could not detect ferromagnetism in the mercury when it was 
placed in Baker’s apparatus, although the surface of the nickel rod appeared 
amalgamated. Yet one part of ferromagnetic nickel in one million parts of mercury 
could readily be detected in the apparatus. If, therefore, powdered nickel was used 
by the French workers, we think that it is doubtful whether amalgamation was 
complete, and we are not convinced that nascent hydrogen is necessary for the 
production of nickel amalgams. 

It is interesting to compare the {resistance, temperature} behaviour of these 
ferromagnetic amalgams with that of manganese amalgams for with the latter 
the value of A R/R T showed a sudden upward trend in the region 300 to 350° c. 
In the present work, with the weaker ferromagnetic amalgams any upward trend 
is followed by the downward sweep which leads to complete breakdown. Since 
ferromagnetism is not an atomic phenomenon, we know that the atoms of cobalt 
or iron in the amalgams must be grouped together, and, from their behaviour in 
a magnetic field, the metals are thought to exist in a colloidal form in the amalgams. 
The ferromagnetic properties of iron, nickel and cobalt atoms are attributed (8) to 
the presence of 2*5, o-6 and 1-7 holes per atom in the d bands of electrons, re¬ 
spectively, while their electrical conductivities are considered due to the 5* electrons 
of which there are 0*5, o-6 and 07 per atom in the s bands. It is interesting that 
the magnitudes of AR/R T for their amalgams are in accordance with this view. 
Finally, on this view, a reasonable explanation of the sudden complete breaks in 
the {A R/R t , temperature} curves is surely that the mercury suddenly ceases to 
wet the colloidal particles of the ferromagnetic. The temperature at which this 
occurs would be higher for the initial heating, because the particles would then 
be less dispersed than on subsequent heating. 
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ABSTRACT . The distribution of velocity in a jet issuing from a long slit has been 
measured and compared with two-dimensional theory. The plane jet is difficult to realize 
experimentally, but the experiments indicate that the distribution of velocity in the 
neighbourhood of the orifice approaches that given by theory if the ideal jet be considered 
to issue from a true line source situated behind the actual slit, which is of finite breadth, 
at a distance for which an expression has been found. The Reynolds’ number for tur¬ 
bulence has been found. 


§1. INTRODUCTION 

t n certain investigations which I have been carrying out on the instability of a 
I liquid-into-liquid jet, the two-dimensional case has proved of particular interest, 
JL since it is, as far as the effect of disturbances is concerned, simpler from the point 
of view of mathematical treatment. It therefore seemed advisable to extend the 
work which Mr Tsien and I (l) carried out on the circular jet to the case of a jet 
issuing from a long slit, as an experimental approximation to the ideal case of two- 
dimensional motion. 

Schlichting’s paper (z) gives a solution for the two-dimensional case, but it is in 
the form of a numerical approximation. Since then Bickley (3) has given an exact 
solution,* showing that if the liquid issues from a line orifice, through the origin, 
in the yz plane, then the x and y components of velocity are given by* 


u = 0-4543.. (K 2 /vx)% sech 2 £ .(1) 

0*5503.. (. Kvjx 2 )i (z£ sech 2 tanh £), .(2) 

where $ =0*275 1 • • (K/v 2 )% yx~%, .(3) 


while M is the momentum, per unit length of the linear orifice, of fluid issuing per 
unit time; p, v are the density and kinematic viscosity of the fluid; and K=M/p. 

The object of this investigation was to see if this distribution could be realized 
experimentally. The general method was that described in connexion with the jet 
from the circular orifice: particles of aluminium were introduced into the water, 
both that used for the jet and that into which it discharged, and the jet was photo- 

# There are two printing errors in Bickley’s paper. In the expression 

ip= 1*6510.. (Mvx/p)% tanh £ 

on page 729, | should be £; and in the expression for v 3 at the top of page 730, y should be v. 
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graphed, with intense illumination and a fixed time of exposure. The length of the 
trace formed on the plate by a moving particle gives a measure of the velocity at the 
point in question. 

§a. EXPERIMENTAL METHOD 

The theory assumes that the liquid issues normally from an infinitely long orifice, 
of vanishingly small breadth, in an infinite plane, with a velocity the same at every 
point of the orifice. Practical considerations make it difficult to increase the length 
beyond a certain limit and at the same time to preserve a uniform velocity. The 
dimensions adopted for the experimental orifice were 2-03 cm. long by 0*0300 cm. 
wide. The cross section of the nozzle, which was made of metal, is shown' in 
figure 1. It was provided with a plane baffle, to make the flow correspond as far as 
possible to the theoretical case. 

A flat jet is much more difficult to maintain in a steady state than a circular jet. 
The slightest convection current tends to twist the plane of the jet, and slight 
fluctuations are very difficult to avoid even when the jet is in what must be called a 
stable state. For steadiness the water of the jet and the water in the tank into which 
it flows must be maintained at exactly the same temperature: with this in view both 
the reservoir and the tank were lagged, and the water was left in them both to 
stand overnight. Whereas with a circular jet a horizontal disposition was adopted, 





it was found that with a plane jet this arrangement gave rise to marked fluctuations. 
A vertical disposition gave much better results, and accordingly the jet was 
arranged so as to issue vertically downwards into a glass-sided box, as shown in 
figure 2, which made it easier to secure stability. A central section, normal to the 
plane of the jet, was isolated for observation by means of a strong beam of light 
from a vertical slit, focused on to the jet by a Dallmeyer 3-in. //1*5 lens. The 
particles were photographed with the help of a Dallmeyer 8-in. //2*9 lens. 

The definite exposure was made by a rigid pendulum, of Helmholtz type, 
carrying a plate of metal with an aperture of approximately rectangular form, the 
two vertical edges being, however, slightly inclined so as to pass through the line of 
the knife-edges, which was 2 m. from the centre of the aperture. The plane of the 
metal plate was just in front of the slit. The pendulum was held in a displaced 
position by an electromagnet, so that it could be released from rest to swing through 
a given arc. Two arcs were actually used, giving times of exposure of 0*1353 an d 
0*1025 sec. respectively. These times were measured directly by focusing the slit 
on, and near the periphery of, a disc of sensitized paper rotated by a synchronous 
motor, and measuring the angle of the blackened segment. The ratio of the times 
was confirmed by calculation from the arcs through which the pendulum swung. 
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The efflux was controlled by measuring the time required for the level in the 
vessel A to fall through a measured distance, the level being measured with the 
Casella sensitive gauge B mentioned in the former paper. 



§3. TREATMENT OF RESULTS 

Three good plates were obtained with each of certain selected rates of outflow. 
The length of each trace, and the co-ordinates of its midpoint with reference to 
axes through the midpoint of the orifice, were measured by projecting the plate and 
a photographic grid, in contact with the plate, on to a horizontal screen, and reading 
directly. In this way velocities were obtained at a large number of points in the 
x ~y plane. To find the velocities at selected values of x, correction curves were made 
by writing a velocity against each measured point of the x-y plane, selecting points 
at which the velocities were the same, and drawing curves of constant velocity. 
Rough curves were sufficient to give the small correction which had to be applied 
to convert velocities at points in the neighbourhood of the selected value of x into 
velocities at the exact value of x desired. 
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In this way experimental distributions of velocity with y at fixed values of x, 
1 cm. apart, were obtained, of which examples are shown in figure 3. 

It was found impossible to get the same degree of regularity in the experimental 
determinations as was obtained with the circular orifice. Reference has already 
been made to the sensitiveness of the flat jet to small disturbances; the consequence 
of this uns teadiness is that the experimental points show far more scatter about a 



Figures. R=i2-8. 

regular curve than do those obtained with the circular jet. The slow jets, with R in 
the neighbourhood of 10, were steadier than faster ones, with R in the neighbour¬ 
hood of 20 or more. At about R= 30, definite instability with turbulence set in. 
Theoretically 

u =0-454. • (K z /vxp sech 2 £ 

= 0-454. • (K 2 jvx)i sech 2 by, 

where 6=0-2751. .(K/v 2 )i sc"*, .(4) 

which, if £ is small, becomes 

u=a (i + ^6 2 y 2 ) -2 
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or u~~b = cT% (1 + \b 2 y 2 ) 

where a — 0*454.. (K 2 /vx)% .(5) 

£& 2 = | (0*275. 0 2 (W*«T* 

= 0*0378.. (K/v 2 )% x~^. 

With AT equal to about 1 and v to o*oi, which were the values with which we 
were concerned, even at the smallest value of x used, viz. 1*3 cm., the approxima¬ 
tion for sech 2 g does not involve an error of 1 per cent until y exceeds 0*5 cm., and 
for larger values of x we can take y correspondingly larger with this degree of 
accuracy. 

Values of u which corresponded to values of y within the prescribed limits were 
taken, and w- was plotted against y 2 . The best straight line was put through the 
points by the method of least squares. The intercept on the y axis then gave a value 
for a~i 7 and hence for a. If the effective origin of the jet were at a? = o, instead of 
being, as it must be, at some negative value of x^\ the slope would enable a value 
of b to be found. This is not, however, a good way of proceeding. 

There are three methods at our disposal for finding b. 

(i) The rate of outflow gives K, if uniform velocity across the orifice is assumed, 
which seems justified.* 

If volume V escapes in time t , and the length and width of the orifice are l and 
m respectively, then 

K= V 2 /t 2 l 2 m 

and b ± = 0*275 • • {K.jv 2 )^ (x + x Q )~% 

from equation (4) where b Y is the value b obtained by direct measurement of K , and 
the point ( — x Q , o) is the effective origin of the jet. 

(ii) From equations (4) and (5) we can express b as b 2 , where 

b 2 = 0*408. v ~^ (# + a? 0 )~^ 

which enables a value b 2 of b to be found from a . 

(iii) A curve of sech 2 y can be drawn with its vertex coinciding with that of the 
experimental curve, and the change of y scale required to make this curve give the 
best fit for the experimental points can be found. This gives a value of b directly: 
the value found in this way we call i 3 . 

A full set of readings were taken with K equal to 0*55, which means R = umjv=^ 
12*8, where m is the width of the orifice. The velocity distribution curves are shown 
in figure 3. By trial and error the best value of x 0 was found to make \ equal to b % 
near the jet; the following table shows the values of b l9 b 2 and b 2 with x 0 equal to 
0-25. The accuracy of the determination of x 0 is not high, on account of experi¬ 
mental difficulties; an error of 10 per cent in x 0 is contemplated, but for present 
purposes a rough value suffices. As m is only 0*3 mm., an error of o*oi mm. in the 
measurement of the width of the slit produces an error of 1 per cent in b l9 which 
involves m~^. 


* See Andrade and Tsien^, p. 385. 
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Table i. (i? = i2-8.) 


X 

61 

b s 

63 

0-00481 X 

V (* + * 0 ) 2 /&8 

1*3 

3*63 

3*63 

3'60 

0-550 

3-3 

s*59 

2*53 

3*30 

0-558 

3*3 

3*07 

3*04 

1-83 

0-572 

4*3 

1-76 

1-63 

1*30 

o-54o 

5*3 

i*55 

i*39 

1*20 

0-463 


The choice of x 0 , which is at our disposal, affects both b 1 and b 2 , but not b 3 , sc 
that the agreement at * = 1-3 offers good evidence that within this short distance oi 
the orifice the flow in the central section, normal to the plane of the jet, conforms 
with the theory. 

At larger values of x both b % and b 3 are less than b x , the defect being much more 
marked in the case of b 3 . If the flow in the central section remains plane, i.e. if 
strict two-dimensional streaming holds, then the momentum M per second across any 
line normal to the axis and to the plane of the jet must be constant. This momentum 
is given by 

J oo rco r 

pu i dy=za i pj sech 4 fry sech ^bydy 


I 2 

= sinh by sech 3 by *f ^ tanh by 

M=|p a 2 lb = %a % !b for water. 

Now b 2 =0-408.. cfc v~% (x + ^ 0 )”i 

=4-08.. cfc (x +with v « o*oi, 

and b B measures b directly, by comparison of the breadth of the experimental 
distribution curve with that of the sech 2 y curve 


M=o-oo48i. ,& 2 4 (x+x 0 ) 2 /b s 

should be constant and equal to the momentum calculated from the measured 
outflow in cm?/sec. This quantity is given in the last column of table i, and it will 
be seen that, considering that b 2 is involved to the fourth power, the agreement with 
the outflow value K= 0*55 is good up to 4 cm. or so. The low value of b B means a 
broadening of the jet in the xy plane as compared with the theoretical value, which, 
if the momentum is to be maintained constant, must be accompanied by a fall in the 
maximum velocity a below the theoretical value, and hence a fall in b z . As, how¬ 
ever, the momentum involves b^/b B the fall in b 2 is comparatively very small. 

These results indicate that in the neighbourhood of the orifice the theory holds 
quite well; that for 1-3 <^<4*3 the experimental jet behaves two-dimensionally in 
that there is no communication of momentum, normal to the xy plane, between 
adjacent layers, but that it spreads somewhat more than the theory indicates: while 
for #>4*3 the momentum falls off, owing presumably to a loss of momentum 
normal to the xy plane. 
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The value of x 0 is 0-25 mm., which means that 

= 0 . 6 5 r. 

m 0*031*28 

The results at higher rates of flow did not agree very well with the two-dimensional 
theory. Taking #0 = 0*65 mR = 0-38 when R= 19*6, for which a set of experiments 
were done, we have the following values for b l9 6 2 , b 3 . 


Table 2. (R= 19-6.) 


X 

h 

h 

63 

0*00481 X 

6 2 4 (x + x Q y/b z 

2*3 

3*31 

3-38 

2*7 

1*67 

3*3 

2*69 

2'79 

2*0 

i*97 

4*3 

2-29 

237 

1*5 

2*21 

5*3 

2*01 

209 

i*3 

2*27 

6*3 

i*8i 

I *89 

1*2 

2*27 


The value of K deduced from the outflow in cm?/sec. per cm. is 1*29. 

These figures indicate that there is a lateral entry of momentum into the central 
section which increases from # = 2*3 to # = 4*3, after which the momentum remains 
constant and two-dimensional conditions prevail in the central section. There are 
indications, however, that very near the jet the theoretical conditions hold. In 
particular, if we extrapolate, by considering the 6s as a function of we 

obtain for the value at the orifice 6 2 = 12*1, as against the value 6 X = 12*4, which is 
excellent agreement. The extrapolated value of b 3 is 13*1, which is quite good, 
considering that it is not possible to obtain values of 6 3 with high precision. 

A series of measurements were also made at i? = 29*2, which is approaching the 
region of instability. Here, even at 2-3 cm. from the jet, the axial velocity was con¬ 
siderably too high, and the spreading considerable. There is a marked lateral entry 
of momentum between the orifice and # = 4, but after that the momentum in the 
central section is about constant with a value double that contemplated in two- 
dimensional theory. 

Table 3. (# = 29-4.) 


X 

61 

&2 

h 

0*00481 X 

6 2 4 (oc +■ x 0 ) 2 /b 3 

2*3 

4*19 

4*73 

3*8 

5*23 

33 

3*42 

3*82 

2*8 

5*50 

4*3 

2*95 

3*22 

2*1 

5*§6 

5*3 

2*52 

2*8o 

i*8 

5*68 

6*3 

! 2*34 

2*59 

| i*7 

5*99 


From these results it would appear that the ribbon jet cannot maintain its full 
width, especially at higher velocities. To throw light on this point observations were 
made with water coloured with Brilliant Green escaping into clear water. Jets with 
different rates of outflow were photographed in, and normal to, the plane of the 
ribbon, and typical results are shown in the plate. It will be seen that in all cases 
there is a marked shrinkage in the plane of the jet, which begins sharply at the 






2*3 

jet seen from normal 


o 

i-3 
2*3 
3*3 r- 
4*3 — 
5*3 — 
6*3 ■* 


Abov 
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orifice, while at some distance from the orifice the breadth becomes constant. It is 
remarkable that at rates of flow in the neighbourhood of instability the shrinkage is 
less marked, as can be seen from (c) and (d) in the plate, the latter representing the 
instability which is a preliminary to turbulent flow. This instability sets in at 
about i? = 30, and definite turbulence occurs at about = 33. 

In the neighbourhood of i? = i3, in spite of the shrinkage in the plane of the 
ribbon, the central section is unaffected at x= 1-3 cm. while, as we go further from 
the orifice, the central section of the jet spreads, normally to the plane of the ribbon, 
more than two-dimensional theory indicates, but without sensible entry of momen¬ 
tum. In the neighbourhood of R = 19 the shrinkage entails both abnormal spreading 



and lateral entry of momentum, but there are strong indications that the theory 
holds in the immediate neighbourhood of the orifice. At R — 29, just before 
turbulence, the lateral entry of momentum into the central section is very marked, 
in spite of the apparently small shrinkage of the ribbon. 

We have seen that the distance x 0 of the effective origin of the jet behind the 
plane of the orifice is given by x 0 /m-o-65R, where m is the width of the orifice. 
Figure 4 shows the theoretical stream lines, given by ^=1*651 (Kvx)% tanh 
at equal intervals of </r, for a source at O, with the orifice of finite width AA at a dis¬ 
tance given by this expression. The streamlines through the two edges of the 
orifice are shown additionally, as broken lines, and the modification of the stream¬ 
lines in the neighbourhood of the plane baffle, necessary to make them confirm to 
the boundary condition, has been indicated in broken lines for the streamlines near 
the central flow. 
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§4. CONCLUSIONS 

At small values of R, two-dimensional theory gives tolerably good results in the 
neighbourhood of the finite orifice, as far as the distribution in a central plane, 
normal to the plane of the jet, is concerned. The origin of the theoretical jet must 
be taken behind the finite orifice, at a distance x 0 for which an expression is given. 
It may be asked why, in view of the shrinkage of the ribbon in its own plane, 
experiments were not made with a greater length of orifice. The answer is that if 
the length of the slit is made too great it becomes impossible to maintain the jet 
plane, the slightest disturbance causing the edges to fluctuate markedly. In any 
case the object of the experiments, which was to find out if two-dimensional 
conditions could be even roughly simulated in the neighbourhood of the orifice, 
and to find the position of the equivalent line source, has been attained. 
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DISCUSSION 

Dr W. G. Bickley. It is always gratifying to find that experimental results agree 
with theory, but frequently this is rather a confirmation of the excellence of the 
experimental technique than a verification of the theory. The formulae quoted by 
the author are derived by the use of Prandtl’s boundary-layer equations, which 
involve an approximation. The order of this approximation in the present experi¬ 
ments is not mentioned. Further, the distortion of the theoretical streamlines due 
to the finite width of the slit and to the baffle, as exhibited in figure 4, makes it far 
from evident that good agreement is to be expected. But it is just in the close 
neighbourhood of the theoretical infinitesimally narrow slit that the approximation 
is worst, and this region is not present in the experiments. I should like to ask the 
author whether the predicted relation between maximum velocity and distance 
from the virtual origin has been verified. 

The explanation of the lateral contraction of the faster jets is not obvious, but 
the phenomenon may be somewhat similar to the rolling up of the vortex sheet 
behind an aerofoil. 

Author’s reply. The predicted relation between maximum velocity and distance 
from the virtual orifice held to about the same extent as did the other theoretical 
relations. For i?= 12*8, the following is the comparison between theoretical 
maximum velocity, viz. 0-454 {k 2 /v (a? + # 0 )}£, and measured maximum velocity. 


X 

1*3 

2*3 

3*3 

4*3 

5*3 

Calculated 

Umax 

1*23 

1*01 

°’93 

o-86 

0-79 

Observed 

Wmax 

1-22 

0-96 

o-88 

071 

0*64 
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The calculated and observed values agree well near the orifice, but as we go 
further out the actual velocity drops below the theoretical, owing to the lateral 
spread which also manifests itself in the low value of b 3 . 

Owing to the experimental difficulties to which I have referred, the present 
experiments are not so well adapted to check the validity of the boundary-layer 
equations as are those on the circular jet carried out by Mr Tsien and myself. In 
these latter experiments the observed values were very consistent, and the distribu¬ 
tion-measurement, even within about 8 mm. (about 9 orifice diameters) of the orifice, 
gave a very close approximation to the theory. I have pointed out that at points 
extremely close to the orifice the virtual source cannot give an exact representation 
of the flow. 

L. T. Minchin. Can the author give any explanation of the lateral shrinkage of 
the plane jet shown in the upper photographs? Can he explain the effect of varying 
the length of parallel channel in the jet? In the case of gas-into-gas jets, in which I 
am most interested, there appears to be a sharp discontinuity in the character of the 
flow when the channel exceeds a certain length. The Bureau of Standards in 1921 
showed that the curve connecting the discharge coefficient with the length of channel 
showed a sharp break at 0*6 diameter. We have recently found that the air- 
entraining power of a gaseous jet also shows a discontinuity at the same channel- 
length. This discontinuity in the flow phenomena may perhaps be explained by the 
prevention of vena contracta when the channel-length exceeds a critical amount. 

Author’s reply. I think that it is not difficult to see in a general way why a 
lateral shrinkage must take place. Consider a line or tube vortex of rectangular 
form, such as may be considered to bound a finite plane jet of rectangular cross 
section. At a corner, the velocity inside due to the neighbouring vortex filament will 
greatly exceed that outside, and in consequence the pressure inside will be lower than 
that outside, and the comer will tend to round off. In general an elliptic vortex will 
tend to become circular, as can be seen from the well-known vibrations of an elliptic 
vortex about the circular form, with major axis lying alternately along one diameter 
and along a normal diameter. The tendency of a rectangular vortex to become first 
roughly elliptical and then circular explains the lateral contraction, I think, in a 
general way. 

As regards the length of the parallel channel, Hamel (quoted by Andrade and 
Tsien (l) ) has shown that, for two-dimensional streaming, the flow is uniform practi¬ 
cally right across the channel when the walls converge slightly, i.e. the velocity 
profile is square-headed. We showed that the same held for the circular jet. When, 
however, the approach to the orifice is a tube which is of uniform diameter over a 
sufficient length, the velocity profile takes the well-known parabolic form. With 
varying length of parallel channel, all velocity profiles from the square-headed 
(with a short uniform tube) to the parabolic (with a long uniform tube) can be 
obtained. I do not know if the phenomenon referred to by Mr Minchin can be 
explained on these lines. We have never found a vena contracta with our type of jet, 
nor is it to be anticipated on theoretical grounds with a gradually tapering approach 
to a cylindrical orifice. 
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THE INFLUENCE OF THE ANGLE OF INCIDENCE 
OF LIGHT ON THE DIFFRACTION OF LIGHT BY 
SUPERSONIC WAVES 

By E. A. NEUMANN, Dr.Phil., Scophony Laboratories 

Communicated by F. Twyman , F.R.S., 20 April 1939. Read in title 23 June 1939 

ABSTRACT Under appropriate conditions, a central minimum appears in the curve 
relating the total intensity of the light diffracted by supersonic waves to the angle a between 
the incident light beam and the sound wave-fronts; it can be made to disappear gradually 
by decreasing the sound-frequency, the sound-excitation, or the length of the light-path 
within disturbed medium. Diagrams are given showing these facts, the decomposition of 
a curve of the stated type into two halves belonging to the right an$ left orders respectively, 
the behaviour of individual orders, and the influence of the length of light-path within the 
disturbed medium on the total intensity of the diffracted light when the other variables, 
including a, are kept constant, when a liquid is used as sound carrier. 


5 1. INTRODUCTION 

K orff ( i) has measured photometrically the dependence, on the angle a 
between incident light and the supersonic wave-fronts, of the relative inten¬ 
sity of the light diffracted by supersonic waves into the first-order spectra 
using air as the sound carrier, a sound-frequency N of about 4 Mc./sec., a length of 
light-path within the disturbed medium of from 1 to 3 cm., and a weak excitation 
such that no diffraction spectra of an order greater than unity appeared. The 
character of his curves is substantially that postulated by theory (l,z) . Korff shows 
that in liquids, owing to the relatively greater sound wave-lengths, a similarly 
marked dependence of the diffraction on a would only appear- at frequencies N of 
about 50 Mc./sec. if the same lengths of light-path within the disturbed medium 
were used. Evidently an alternative way of producing such a dependence on a in 
liquids consists in dropping the restriction, imposed by Korff on his investigations, 
to very weak sound fields. Debye and Sears (3) had already found in their funda¬ 
mental experiments, carried out with a liquid sound-carrier and a frequency of 
about 6 Mc./sec., an alternating rise and fall to zero in the brightness of each 
of a plurality of diffraction spectra as a was varied unidirectionally. The early 
Raman-Nath theory relating to oblique light incidence* adequately explains this 
behaviour of the diffraction spectra. More recently, Levi (5) has offered another 
experimental confirmation of the fact that this early theory holds good under 
suitable circumstances. On the other hand, this early theory, being entirely based on 
the conception of corrugations produced in the wave-fronts of the light by changes 

* Reference 4, especially §4, p. 419. 
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in phase, and assuming rectilinear propagation of light in the disturbed medium, 
leads to the conclusion that the diffraction pattern would be most prominent when 
a = o, though, according to Debye (3)# the maximum intensity of each spectrum is 
attained at a value of a slightly different from o. There is by no means an inherent 
discrepancy between these two results, as the composite brightness of all orders may 
well be, and in many cases is, at a maximum at a = o, though none of the individual 
orders has its maximum brightness at that angle of light incidence, but it has in fact 
been repeatedly established in the meantime (it may, for instance, be deduced from 
KorfFs work (l) ) that under appropriate conditions the maximum total diffraction 
effect is obtained when a differs from 0. 

Concentrating on the case of liquids as sound-carriers, we may note that 
Becker (6) , operating with weak excitations giving first-order spectra only, states 
that (a) when N— 6 Mc./sec. the total intensity of diffracted light had its maximum 
at a=o, whereas (b) when N=i$ Mc./sec. it was hardly possible to obtain both 
first orders at the same time—which obviously means that when a = o the total 
intensity of diffracted light was approximately zero—an inclination of the light-beam 
by a certain angle being required to enable the observer to see 44 the other first order 

The phenomenon ( b ) had already received a closer investigation and theoretical 
explanation from Rytow (7) ;f Nomoto (8) described it in the same terms as Becker. 
Both Rytow and Nomoto used weak excitations (first order spectra only); the 
frequency which they used was 30 Mc./sec., i.e. twice the frequency used by 
Becker. With reference to experiments carried out with N equal to about 6 Mc./sec., 
Nomoto remarks that the maximum of the total number of diffraction spectra is not 
obtained at normal incidence (a = o) 44 as was, as a rule, believed up to then”,J but 
that two maxima were obtained at somewhat oblique light-incidences. This again 
does not in itself necessarily imply the presence of two corresponding maxima in the 
total intensity of the diffracted light. Parthasarathy (9) investigated the effect of 
variations in a with excitation giving rise to the appearance of fifth-order spectra 
when oc = o, his frequency N being about 7 Mc./sec. The length of light-path within 
disturbed medium which he used may be taken from the quartz dimensions he gives 
as amounting to about 20 mm. Calculating total intensities of diffracted light from 
the visual estimates given in his table 1, one finds a very appreciably higher value 
when a ==22' than when a=o. 

The effect of either reducing the acoustic wave-length or increasing the exci¬ 
tation from those values at which the influence of a is only weak, may accordingly 
be described as follows: The dependence will gradually become more marked. It 
will at first follow the early Raman-Nath theory (4) in that the maximum total 
intensity will be obtained when a = o. On carrying the reduction of wave-length or 
increase in excitation further, one will observe the appearance, and gradual sharpening 
of two chief maxima with oc= ± oq^o. (Minor side maxima will also appear.) Where 
the effect is obtained with a diffraction pattern in the formation of which the spectra • 
of orders greater than 1, if any are present, play a very subordinated part only, oq is 
the angle for which the first order attains its maximum intensity; this angle has been 

t See especially his figure 7. t Of. reference (4). 


* See reference (4), § 4. 
phys. soc. li, 5 
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found theoretically and experimentally by several investigators to be the first-order 
Bragg angle which may be derived on the assumption of a selective reflection of the 
light at the supersonic wave-fronts. 

For opinions as to whether the effect is preferably described as wholly a result of 
the particular properties of light-propagation or transmission, or as partly, and under 
certain conditions substantially, a result of reflection—a question which is certainly 
one of convenience only (see the paper by Rytow (lo) , including Brillouin’s foreword) 
Parthasarathy (ll) , Nath (l ^, Nomoto (8) , and Extermann <13,14) .* 

§2. EXPERIMENTAL ARRANGEMENTS 

Using, similarly to Korff (l) , lengths of light-path within the disturbed medium 
up to about 3 cm., the author has measured photoelectrically the dependence on a 
of the total intensity of the portion of the non-monochromatized light from a fila- 



Figure 1. Experimental arrangement. 


ment lamp, diffracted by supersonic waves having N approximately equal to 
10 Mc./sec. in diluted ethyl alcohol, the excitation of the sound source being such as 
to give rise to the appearance of fourth-order spectra when a=o. 

The experimental arrangement is shown in figure 1. A vertical slot 1 illuminated 
from a lamp 2 (of the standard filament exciter type used for sound-film purposes, 
having its filament disposed horizontally) served as the effective light-source, an 
image of which was produced in the diaphragm plane 3 by means of two lenses 4 
and 5 of which the first collimated the light-beam. The supersonic wave cell 6 with 
the sound-producing piezo electric quartz crystal 7 was interposed in the parallel 
part of the light-beam with its length dimension disposed horizontally. It was 
capable of rotation about a vertical axis passing through its centre and had secured to 
one of its side walls a steel rod pointer 8 with its point arranged to move over a 
scale 9, divided into millimetres, as 6 was rotated. The pointer 8 could slide longi- 

* Note, however, that, as has been shown theoretically (see Extermann^ 14 ^ especially figure 10 
of his paper and appertaining discussion), the dependence of the angular effect on the acoustic wave¬ 
length is complicated and may lead, after an initial increase, to a subsequent drop in the Bragg 
reflection effect as the wave-length is reduced (so that N is increased). 





Diffraction of light by supersonic waves 797 

tudinally so that its point could be made substantially to touch the scale 9 in any 
position of 6, to facilitate the reading of a. In view of the smallness of the angles 
involved, the largest deviations of a from zero being about ±3°, the distance, of 
about 20 mm., between the pointer 8 and the axis of rotation could be safely dis¬ 
regarded in relation to the distance, 360 mm., between the scale 9 and the axis of 
rotation, in other words, the readings on the scale 9 could be regarded as giving 
values proportional to tan a, and hence, for the small angles involved, proportional 
to a. 

A movable shutter 10 disposed in the cell 6 in a plane closely in front of the 
quartz 7 served to vary the part Z, effective in setting up the supersonic wave beam, 
of the main horizontal dimension of the quartz. I was given directly in millimetres 
by the setting of the adjusting screw of the shutter 10, as this had a pitch of 1 mm. 

The quartz 7 was excited from a high-frequency oscillator 11. The frequencies N 
were determined by means of an absorption wave-meter. For practical reasons, a 
valve voltmeter 12 measuring peak voltages V v across the quartz crystal was used for 
determining the degree of excitation. This method affords only a rough qualitative 
indication of the excitation for, owing to several causes such as changes in phase, in 
the form of the voltage curve, and in the impedance of the quartz circuit which 
accompany changes in JV, no simple relationship can be established between V v and 
the sound-intensity.* 

When the quartz crystal was excited, the image of the slot 1 in the plane 3 would 
spread out into the well-known diffraction pattern. A desired portion of this 
pattern, selected by means of a suitably shaped diaphragm introduced at 3, was 
projected, by means of a lens 13, on to the light-sensitive surface of a rectifier 
photoelectric cell 14. A galvanometer 15 in series with the photocell underwent 
deflections in proportion to the intensities of the selected portion of light. The 
diaphragm used at 3 was in most cases a simple bar shutting out the zero-order 
spectrum and no other spectrum, so that the galvanometer 15 measured the total 
diffracted light intensity. For figure 4, curves b and c, and figure 5, a large diaphragm 
was used having an opening whose straight vertical side edges could be displaced 
horizontally by means of screws. 


§3. RESULTS 

In figure 2, intensities of total diffracted light are plotted against the angle a 
on an arbitrary scale. Curve a was taken with the effective length l of the quartz 
crystal equal to 28 mm., and curve b with Z equal to 16 mm. It is seen that when 
Z=28 mm. the total diffracted intensity has two marked maxima with a dip between 
them, to which obviously the inclination where oc = o must be ascribed, and that this 
effect has disappeared when Z= 16 mm., in which case the symmetrical position of 
the zero value of a gives maximum diffraction. This disappearance of the central 
dip is in qualitative agreement with the results of Korff (l) .j~ For the theory of the 
influence of Z see, for instances, the papers by Korff (l) and David (a) ; by Rytow (7) , 
whose diagrams 7 a> 7b and 7 c show the tendency of the dip in the total intensity 
* See the footnote on page 798. + See KorfFs figure 13. 
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(the sum of the ordinates) to disappear as l decreases; a further by Rytow (lo) , and 
one by Extermann <14) . In order to follow up in more detail the gradual disappearance 
of the dip, measurement was made of the dependence of the ratio q between the 
photoelectric currents produced in the maximum positions (averaged from two 
maxima when such were present) and central minimum position, on / at constant 
acoustic frequency N and constant excitation, figure 3 a, and on N and the excitation 
when / had a constant value of 28 mm., figure 36.* The disappearance of the dip is 
indicated by q becoming?equal to unity. Figure^ shows another curve a of the same 



Figure a. Dependence of the intensity I d of the diffracted light on a for two selected values of l. 

character as that shown in figure 2 a, taken under similar conditions, and its decom¬ 
position into a left-hand and right-hand part b and c, obtained by shuttering off, 
in addition to the spectrum of zero order, the right-hand and left-hand spectra 
respectively of the diffraction pattern. Curve d has been formed from the sums of 
the ordinates of curves b and c, figure 5 shows the corresponding curves belonging 
to the individual first and second orders. 

But for the fact that they have been taken with non-monochromatic light, 
curves 5a and 5 b thus correspond qualitatively to the curves of KorfFs figure 11 (l) , 

# It must be borne in mind that, as has been stated above, no simple relationship can be esta¬ 
blished between V 0 and the sound-intensity; the four curves of figure 3 b, though each taken at a 
constant value of V P , cannot be considered as each taken at constant excitation, since N was varied in 
taking them. 




Figure 4. Dependence on a of total intensity (a and d) of diffracted light, and of the two halves of the 
diffraction pattern left and right of the zero order (b and c). 
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and one of them (50) corresponds qualitatively to curve lain Extermann’s figure 1 o (l4) , 
whilst curve 5 c corresponds qualitatively to curve lb in the latter figure. All four 
curves show characteristic dissymmetries, but the curves of equal order on the 
right and left are, particularly in view of these dissymmetries, strikingly similar in 
shape. This is in agreement with KorfFs experimental results and seems to support the 
explanation given by him, and at the end of David’s paper (2) , for the dissymmetries, 
as resulting from deviations from plane-parallelism of the acoustic wave-fronts.* 



Figure 5. Dependence on a of the individual intensities of spectra of different 
orders of diffraction. 

Considering that the light used was not monochromatic and that a photocell giving 
a spectral response, broader than that of the human eye, was used, the maxima and 
minima of the curves are remarkably pronounced. Possibly the comparatively greater 
sharpness of the second-order maxima predicted by Rytow (ro) f would have been 
found if monochromatic light had been used. The phenomenon, further predicted 
by Rytow,f that the relative intensities of the minor maxima are smaller for the 
second than for the first orders, has been found in the experiments; see figure 5. 

* Non-uniformities in the sound-ray field could be clearly observed by means of the method 
developed for such field observations by B&r^ 1 ^, Hiedemann and Hoesch^ 17 ^ and Parthasarathy^ 18 \ 
While the image of the supersonic cell formed by diffracted light appeared to be evenly illuminated in 
the positions giving the two chief maxima, adjustment to the oe=o position did not result in a uniform 
decrease in brightness of the image but in the appearance of a dark band extending in the direction of 
wave-propagation, showing the well-known bundle-of-rays-shaped fine structure of sound-ray fields, 
and flanked by parts of substantially unchanged brightness. The darkest part of this band could be 
made to wander from one end to the other of the band by varying a unidirectionally. 
f See also reference 14, figure 10. 
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Figure 6 shows the dependence on l of the total intensity of diffracted light 
when N and the excitation are constant. Curves a, b, c were taken under condi¬ 
tions which, with l equal to 28 mm., resulted in the formation of a strong dip. With 
this value of /, « was fixed at a value giving either of the chief maxima (curves a 



Figure 6. Dependence of the intensity of diffracted light on l for fixed values of a under operating 
conditions resulting in curves of the type shown in figure i with a central minimum {a, b, c) and 
without one (d). 

and c) or the central minimum (curve b). Curve d was taken with N and V v so 
changed as to make the central minimum disappear, a being fixed to the value giving 
the central maximum. KorfFs (l) figure 14 shows results of an investigation similar 
to that which led to curve 6 b. While none of the curves in figure 6 shows a periodic 
rise and fall (see Korffs paper (l) , and particularly the detailed theory given by 
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Extermann and Wannier (is) , p. 256), there are slight indications of a periodicity in 
the form of systematic unevennesses. An investigation of separate orders of diffrac¬ 
tion will presumably show such periodicities more markedly. 
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ABSTRACT. The paper describes a method, suitable for use and teaching, of verifying 
Monk’s formula for the dispersion of a prism. 


T he work to be described is suitable for honours students but the only reference 
to it that we have been able to find is the development of the theory by Monk (l) . 
The angular dispersion D of a prism may be defined as the rate of change of 


the angle 9 of deviation with wave-length, thus 

D = d 9 /dX. .(1) 

Monk shows that D = - 2B sin Aj A 3 cos i' cos r, .(2) 

where i\ r and A have their usual significance and B is obtained from Cauchy’s 
formula 

l x= t i 0 + B/\*. .(3) 

Obviously, equation (1) may be written as 

dOjdX = — zB sin AjX z cos i' cos r. .(4) 


Two forms of the experiment are possible. In the first it could be shown that if 
radiations of wave-length A and A-fdA fall on the prism then the angular separation 
of the refracted'beams should be proportional to i/cos i cos r. Alternatively, dd 
may be calculated from (4) and a comparison made with the observed values. 

To carry out either form of the experiment it is necessary to express cos i' and 
cos r in terms of i. Obviously 

cos r= (1-—.(5) 

The evaluation of cos i\ however, presents a little more difficulty: 
sin i '={jl sin r'—fjL sin (A—r) 

—fj, sin A cos ^sin -1 ) — cos A sin i, 

whence i f and hence cos i r are known. 


( 6 ) 
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Equations (2) and (3) are evaluated separately, the mean value for the prism for 
the red and blue hydrogen lines being used for p, and the experimentally determined 
value for the angle of the prism for A . This is done for convenient values of i from 
50° upwards. The two results for each value of i are then combined and the reciprocal 
multiplied by zB sin AdXj A 3 , where B is obtained from Cauchy’s formula (with the 
values of and /x s already obtained), dX is the difference in wave-length between 
the red and blue hydrogen lines, and A is the mean wave-length for these two lines. 
The final result is then shown graphically, dd being plotted against i. 

d 8 is then observed for these two lines for various values of i by means of an 
ordinary student’s spectrometer. The results obtained from such an experiment are 
shown in the table, as also are the calculated values of dd read from the graph for the 
particular values of i employed. 

i 52 0 io' 54 ° o' 57 0 10' 62° io' 68° z' 72 0 10' 77 0 io' 81 0 io' 

dd ob8 . 6 30 5 29 4 19 3 30 2 55 2 45 » 36 2 27 

dd caic. 6 36 5 12 44 3 23 3 2 2 52 2 43 2 39 

It will be seen that the agreement between the theoretical and observed values is 
quite good; better, in fact, than might have been expected from the fact that the 
mean value of A which has to be employed is well removed from the As actually used. 
dX y however, cannot be made a great deal smaller, because then dd will become so small 
as to be measurable only with great difficulty and not with any considerable accuracy. 

We have to thank Mr H. Bell of the University of Manchester for discussing this 
problem with us. 
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ABSTRACT. Some {height, gain} curves obtained by von Handel and Pfister from observa¬ 
tions taken in an aeroplane on medium-wave broadcasting stations show that initially there 
is a diminution of signal-strength on going up from the ground. This feature is predicted 
by the complete diffraction theory of propagation from a vertical aerial over an imperfectly 
conducting curved earth, and can be represented by a simple analytical expression. It is 
also a consequence of the flat-earth theory, and the analytical expression of this initial drop 
is shown to be of exactly the same form for a flat earth as for a curved earth. As Norton has 
shown, in the flat-earth case the initial drop may be explained physically as an interference 
effect between a space wave and a surface wave, and the equivalence of the {height, gain} 
relation for small heights suggests that in the curved-earth case also the total signal strength 
is the resultant of a space wave and a surface wave, both reaching to points beyond the 
horizon by diffraction, and suffering the same attenuation relative to their flat-earth values. 
’The theory shows that though the initial drop is negligible on very short and on very long 
waves, it should be observable in practice under the conditions in which the medium-wave 
tests were carried out. A {height, gain} curve for a value io“ 13 e.m.u. of cr is calculated from 
the diffraction theory for comparison with the experimental curves of von Handel and Pfister, 
and very good agreement is obtained. The span of the initial drop and the slope of the 
eventually rising curve change rapidly as a is altered, and it is suggested that aeroplane 
experiments on medium waves should form a useful method of determining the mean 
value of the conductivity a of the earth over any given ground. 


S ome aeroplane experiments carried out on medium waves in Germany by 
von Handel and Pfister confirm in a striking way the {height, gain} analysis 
derived from the complete diffraction theory of propagation over an imperfectly 
conducting earth. This theory has been worked out independently by three 
methods* 1 * 2 ’ 3 * which are essentially equivalent, and which agree in giving the rather 
unexpected result that on going up from the surface of the earth there is an initial 
diminution of signal-strength. 

By computing a particular case, Wwedensky* 1 * showed that this initial drop is 
also obtained according to flat-earth theory, and this feature has been discussed more 
fully by Norton* 4 *. He has given the expression for the electric field at a point above 
an imperfectly conducting flat earth at a distance from a vertical half-wave trans- 
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mitting dipole as the vector sum of two separate fields, and this resolution is more 
than an analytical device, since it is possible to give a simple physical interpretation 
of the two waves which would produce these fields. 

One of the fields is zero at the surface of the earth, and initially it increases 
linearly with height. It corresponds to a space wave E SP1 which for large numerical 
distances may be regarded as the effect of the aerial and its image in the imperfectly 
conducting earth. The other field, which represents the whole field at the surface 
of the earth, initially decreases by an amount proportional to the square of the 
height. It corresponds to a surface wave E m possessing the general characteristics 
of a Zenneck wave, allowance being made for the fact that it is not strictly a plane 
wave but originates from a vertical dipole. In particular, Norton has shown that its 
electric vector has the typical forward tilt, and that it supplies all the energy to the 
ground currents. 

The addition of a wave which decreases with the height to one which increases 
from a zero value at the surface of the earth, must produce an initial drop in field 
strength, but the analysis shows that the resulting minimum is greatly accentuated, 
or even over-ruled, by the fact that the space wave is initially out of phase with the 
surface wave and can partially interfere with it. This phase interference was pointed 
out by Norton from his graphs, and it can be exhibited in a simple analytical form 
by expanding his expressions for E su and E sv in terms of the height h. 

If we assume that the numerical distance is large, say greater than 40, and that 
the slight forward tilt of the electric vector of the surface wave can be neglected, 
then initially for small values of h the surface wave E su remains effectively equal to 
the value, say E which it has at the surface of the earth, and it can then be shown 
that the total field E hy equal to E m +E 8p , at the height h is given by 


E 0 1 + u ’ 


where 




e — i 2 cr\c 
V(e -1 - t 2 crXc) 


for an assumed time factor exp (iwt). c is the dielectric constant of the earth, and a 
is the conductivity of the earth measured in e.m.units, while c is the velocity of light 
and A the wave-length. 

Now we have shown (3) that exactly the same relation is obtained from the com¬ 
plete diffraction theory for a curved earth. We discussed this relation in detail for 
the particular case in which the first term of the diffraction formula is predominant, 
but, as the relation is independent of the order of the term, a little consideration 
shows that it is still true in the general case when several terms may have to be taken. 
The exact equivalence of the two theories in this respect suggests that the field, even 
for points far below the line of sight, can be considered as the sum of a surface wave 
and of a space wave diffracted down from above, which can be derived from the 
corresponding flat-earth waves by the application of the same attenuation factor 
representing the effect of the earth’s curvature. The form of this correction factor 
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as a function of the distance from the transmitter has been discussed by van der Pol 
and Bremmer< 2) . 

It is an interesting feature of the two waves that for small heights the ratio of 
their amplitudes is independent of the distance from the transmitter, while the 
interference effect is independent of the wave-length in the sense that there is no 
periodic variation in and out of phase, but only a gradual unidirectional change of 
the phase angle between them from 77/2 to 377/4, as the wave-length increases, and 
the phase angle of i/£ increases from o to 77/4. 

We have given a simple vectorial representation of the value of E h /E 0 as the 
addition of the vector 

h ,«r / 2 

C A * 

to the vector 1, and it will be seen that as the wave-length increases we have the 
following general results. (1) On ultra-short waves when e^>2cr\c and, even for 
small heights, h rapidly becomes much greater than A, the initial drop is negligible; 
the signal-strength in effect begins at once to increase with height, and very large 
gains are obtained for quite small heights. (2) On medium waves overland, or on 
short waves over sea, for which 2crAc is several times greater than e, the initial drop 
can approach the maximum possible value of 3 db. and the eventual increase above 
the value at the surface of the earth is conveniently delayed to a height which is 
several wave-lengths above the earth, but which at the same time can easily be 
attained and exceeded by an aeroplane. (3) On long waves for which 2o-Ac>e, for 
small heights h is small compared with A, and the space wave no longer becomes 
comparable with the surface wave before the latter has altered appreciably. The 
initial drop becomes negligible again, and the increase of signal-strength above the 
surface value is delayed to relatively great heights, and is then very gradual. Thus 
for all practical purposes the signal-strength does not vary with height. 

The experiments of von Handel and Pfister correspond to the condition (2), 
where the theory predicts that the initial drop should be detectable in practice. In 
figure 21 of their paper, von Handel and Pfistergive a curve obtained from 
measurements made in an aeroplane flying at a distance of 150 km. from the Leipzig 
transmitter, radiating on a wave-length of 382 m., and in figure 13 of a later paper, 
Pfister (6) has given a similar curve obtained from measurements, made at Munich of 
the signal-intensity produced by a transmitter at Berlin 501 km. away, radiating on a 
wave-length of 405-4 m. Both of these curves show a very marked initial drop which 
delays the increase above the surface value to a height of 1500 m., and this suggests 
that they should be compared with the theoretical curves computed from the diffrac¬ 
tion theory. 

As the wave-lengths are of the same order and the curves are so similar, we need 
only to consider one of them, and in figure 1 the curve given by Pfister is reproduced 
on a decibel scale, with the theoretical curve computed from the complete diffraction 
theory for the case in which € = 5 and <7 = io~ 13 e.m.u. for comparison. It will be 
seen that the agreement is remarkably good. Actually, the experimental curve as 
originally plotted has been shifted up 2 db. to make the two curves agree where they 
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rise after the initial drop. This was justifiable, as the value of the signal-strength at 
the surface of the earth was used as datum in converting the experimental curve to 
a decibel scale, and we should not expect this value to be as reliable as those taken 
well above the surface. 

This shift only produces a small change in the span of the initial drop, and it 
brings the curves together at the point where the comparison of the slopes is the 
really significant feature. The experimental curve shows a rather greater initial drop 
than the theoretical curve. This may be due to the disturbing effect of ground 
irregularities on measurements made near to the surface of the earth, but of the 
existence of the drop the experiments leave no doubt, and the curves show a 



Figure i. - Experimental curve by W. Pfister;-Theoretical curve for e — 5, cr=io- 13 e.m.u.; 

.Theoretical curve for e — 5, a = io“ 14 e.m.u. 

remarkable agreement, both as regards the span of the initial drop and the slope of 
the eventually rising curve. 

Besides confirming the theory, the experiments suggest a new method of deter¬ 
mining the conductivity of the earth. The theory shows that the span of the initial 
drop is approximately proportional to \/ cr , when 2o-Ac><=, and that the slope of the 
eventually rising curve increases rapidly as <7 is decreased. In illustration of this, the 
theoretical curve for the case in which € = 5 and & = io~ 14 e.m.u., is also shown in 
figure 1. This curve was not computed in such detail as the one for a— io -13 e.m.u., 
but it serves to show that the experiments decide in favour of a value very close to 
<T= JO"* 13 e.m.u. for the ground concerned; the original choice in computing the 
theoretical curve happened to be a very fortunate one for making the comparison. 

Since the {height, gain} curve is so susceptible to small changes of or, it appears 
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that a set of experiments made with an aeroplane on various wave-lengths to study 
the (height, gain} relation, would provide a most useful way of determining the 
conductivity accurately. It may be asked how aeroplane experiments can measure 
the conductivity of the earth if this varies from place to place. Do they, for instance, 
measure the conductivity of the earth in the neighbourhood of the aeroplane, or the 
mean conductivity along the whole route? These questions cannot be answered until 
we have a theory in which account is taken of the variation of conductivity. Such a 
theory would inevitably be much more complex than the already sufficiently complex 
theory for uniform conductivity. One thing seems certain, that lack of uniformity 
of conductivity should be shown up in the comparison of the observed and calculated 
(height, gain} curves. The observed curve can hardly be of the correct form for 
uniform conductivity if the conductivity varies along the path. 

The agreement of theory and observation will be a sufficient guarantee that 
(1) the conductivity is at least approximately constant along the path and that (2) the 
conductivity so deduced will represent with sufficient accuracy the mean value along 
the path. 
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ABSTRACT . The model illustrates by a mechanical analogy the behaviour of the ions 
accelerated within a cyclotron. Two horizontal semicircular brass plates oscillating in 
opposite phase in a vertical direction represent the dees of the cyclotron; the plates are 
connected by a hinged ramp, and a steel ball representing an ion rolls round a series of 
semicircular grooves cut on the upper surfaces of the plates and receives repeated accelera¬ 
tions by rolling down the ramp, its path being the same as that described by an ion in the 
cyclotron under the combined influence of the electric and magnetic fields. 

§1. INTRODUCTION 

T he cyclotron appears likely to play such an important part in atomic physics 
that it seems desirable for instructional purposes to design a mechanical 
model which shall illustrate in a simple way its mode of operation. The 
present model has been constructed in the Science Museum workshops for exhibi¬ 
tion by the side of the early cyclotron constructed by Lawrence (l) in 1931, which 
he has kindly lent to the Museum. The model as here described is suitable for 
lecture demonstration, but for museum use it will need to be fitted with some form 
of automatic feed device so that it may be continuously operable by the public. 

§2. GENERAL DESCRIPTION 

As shown in the photograph (figure 1) the model consists essentially of two 
horizontal semicircular brass plates, each of radius 14 cm., connected by a hinged 
ramp. Each plate is mounted upon a brass sleeve which slides over a vertical steel 
column. One of the plates is forced to execute a vertical harmonic motion of 
amplitude about 0*2 cm. by means of a connecting-rod driven from an eccentric 
of variable stroke, while the other plate is caused to describe an identical harmonic 
motion of exactly opposite phase by means of a symmetrical connecting system. 
Provision is made for the necessary slight horizontal slip of one of the plates. 

The level surfaces of the plates represent the regions of constant electric potential 
within the dees of the cyclotron, and their harmonic rise and fall correspond to the 
harmonic variations of potential of the dees due to the impressed radio-frequency 
electric oscillations, while the slope of the connecting ramp represents the electric 
gradient which accelerates the ions, the difference of level of the two plates at any 
instant being equivalent to the difference of electrical potential between the dees. 
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In the cyclotron itself any ion released in the neighbourhood of the filament is 
caused, by the combined influence of the uniform magnetic field and the oscillating 
electric field between the dees, to describe a series of semicircles of continually 
increasing radius, the time required to cover each semicircle being the same and 
independent, within wide limits, of the position from which the ion starts and the 
phase at which it is released. The mechanical model cannot reproduce this general 
resonance property, but it illustrates the characteristic mode of operation of the 



Figure i. General view of the model. 

cyclotron and gives an accurate representation of the path in space and time pursued 
by selected ions released under certain initial conditions. 

Consider a positive ion released near the mouth of one of the dees at an instant 
at which its positive potential is V electrostatic units above that of the other dee. 
It is attracted across to the other dee and acquires a velocity v 1 given by \mv-f— Ve, 
where e and m are respectively the charge and mass of the ion; v 1 is therefore equal 
to V&Ve/m). 

The ion then describes a semicircle within the dee and, if the electric oscillations 
and magnetic field are in proper adjustment for resonance, the ion will on its 
phys. soc. li, 5 52 
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emergence find the difference of potential between the dees again equal to F, but 
in opposite sense, so that it will acquire a further increment Ve of energy and its 
velocity will rise to a value v 2 equal to V(4 Vejm). 

After n accelerations its velocity will be ^/n ^(zVejm), so that the velocity increases 
proportionally to V n . Since the radius of each semicircle is proportional to the 
velocity with which it is traversed, the radius of the nth semicircle is *s/n times that 
of the first one. This relationship holds for all ions released near the mouth of either 
dee. An ion released at any intermediate position will at its first acceleration fall 
through only a fraction / of the full voltage between the dees, and the radius of the 
nth semicircle will be — i +/)//} times that of the first. 

In the mechanical model the path of the steel ball which represents the ion is 
determined by a series of grooves turned in the upper surface of the plates and 
ramp. One plate bears grooves whose radii are proportional to i, V3> V5> V7 an d 
V9 j while the radii of the grooves in the other plate are proportional on the sams 
scale to V^, V4> V6> V8 and Vio. Short connecting grooves of appropriate 
radius are also cut in the ramp and the three series of grooves are so positioned as 
to furnish a continuous path for the ball in a series of semicircles of progressively 
increasing radius. 

To operate the model, the plates are set oscillating at a suitable amplitude and 
frequency and the ball is placed at the beginning of the innermost groove on the 
ramp and released at the moment at which the slope is steepest; the ball then 
accelerates down the slope, runs round the first semicircular groove as the plate 
rises, is again accelerated down the ramp, runs round the second groove and so on 
to the outermost semicircle, reproducing very closely* the behaviour of the ion 
which it represents. The gain in velocity at each descent can be easily observed, 
and the velocity attained in the outermost semicircle is seen to be several times 
that attained in a single acceleration. 

The model works best at a frequency of 33 to 35 oscillations per minute, each 
plate having an amplitude of travel of 0-18 cm. on either side of its mean position. 
The length of the ramp being 2-54 cm., its maximum inclination to the horizontal 
is about 8°. A ball of any diameter between f in. and § in. may be used, but on 
account of the limitations discussed in § 5 it is not possible to use balls much 
smaller or larger than this. 

§3. THE DESIGN AND CONSTRUCTION OF THE PLATES 
AND THEIR GROOVES 

Figure 2 shows the lay-out of the groove system. As has been mentioned above, 
it is so arranged that the ball describes a series of successive semicircles whose 
radii are proportional to the square roots of the natural numbers; for convenience 
in construction these radii are rounded off in multiples of in. The plates A 
and B, together with the ramp C, form a circular disk, 11 in. in diameter, of which 
O is the centre. The edges of the plates and ramp are flattened at BE and FG for 

* The first groove on the ramp does not quite accurately reproduce the initial path of an ion as 
it starts from rest. 




Figure 4. The model partly sectioned. 
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convenience in mounting the hinges. Plate A bears five grooves a l7 a 2J <z 3 , <z 4 , a b7 
whose radii are in., 2§ in., 3 T 9 g in., 4^ in., 4f in. and whose centres are respec¬ 
tively x 9 e in., | in., ^ in., ^ in., J in. below O in the line X'OX. Plate B bears five 
grooves b l9 J 2 , i 3 , J 4 , b 5 whose radii are in., 3-5^ in., 3I in., 4J in., and 5 in. 
Grooves b 4 and b 2 have centres respectively | in. and jq in. above O in the line 
X'OX , while grooves b %9 b 4 and b 5 are centred at O. The ramp bears pairs of 
grooves c l9 c 2) c 3 , c 4 , c 5 , c € whose radii are i t 9 §- in., z\ in., 3^ in., 3! in., 4J in., 5 in. 
Grooves c t are centred x 9 e in- below O, grooves c 2 and c 3 are centred in. and in. 
respectively above O, and grooves c 4 , c 5 and c$ are centred at O. It will be noticed 
that the lower portions of grooves c x and c 2 are practically coincident. 



Figure 3. Details of the hinges. 

The grooves are of V section, X3 in. wide at the top and in. deep; in turning 
them, three complete circular discs were employed, and the appropriate portions 
of these were afterwards cut out to form the plates A and B and the ramp C. 

As shown in figure 3, the hinges for the ramp are specially designed so that their 
axes of rotation lie in the plane of the surface, and the adjoining edges of the plates 
and ramp are bevelled off as shown in figure 4 to permit their relative motion. 

§4. DETAILS OF THE MOUNTING AND DRIVING OF THE PLATES 

The plate A, figure 4, is supported upon and screwed to a brass disk H provided 
with a hollow brass sleeve I which slides over a hollow steel pillar J screwed to 
the baseplate K. The driving rod L from the eccentric passes up through this 
pillar into the upper part of the sleeve /, to which it is clamped by the set screw M . 
To set the instrument in adjustment the set screw is freed, the eccentric is set in 
its central position, and the plates are adjusted until the ramp is coplanar with them: 
the set screw is then tightened. 

The plate B rests upon a brass disk H' provided with a brass sleeve I' sliding 
over a steel pillar J', but is not screwed to the disk H\ since in view of the geometry 
of the system it must be capable of a small horizontal slip in the plane of the paper. 
Screwed to its under surface is a short brass ring N which engages with the under 
surface of the disk H\ so that the plate B is forced to execute the same vertical 
motion as the disk, but has a small extent of freedom in a horizontal plane. 

The system connecting the two plates consists of a centrally pivoted steel 
rocking lever P bored at both ends. Connexions between the lever and the brass 
sleeves supporting the plates are made by a pair of brass forks, the stems Q , Q' 
of which are inserted into the ends of the lever, while the prongs are provided with 
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pairs of screws 2 ?, R' which engage with bearing holes in the sleeves. The forks, 
besides coupling together the two halves of the system, prevent any slip of the 
plate B in a direction at right angles to the plane of the paper. 

It is essential that the whole instrument should be properly levelled before 
being set in operation. 

§5. FACTORS LIMITING THE DIMENSIONS OF THE MODEL 

Although the present model, in which the ball describes ten semicircles, well 
illustrates the characteristic mode of operation of the cyclotron and is of a con¬ 
venient size for lecture or museum demonstration, it is of interest to enquire whether 
a larger model could profitably be constructed. Unfortunately, however, the per¬ 
formance of the mechanical model is limited by two factors having no counterpart 
in the electrical case, both of which tend to reduce the velocity of the ball in the 
paths of larger radius and so to spoil the resonance effect, and in practice it seems 
that, although a similar model on a uniformly larger scale could probably be made 
to work, it would be difficult to increase the number of semicircles and hence the 
total energy-multiplication much beyond ten. 

The first and most serious limiting factor is, of course, the fact that the motion 
is not frictionless, and the velocity of the ball therefore falls off instead of remaining 
constant as it traverses the level portions of its path. If the loss of energy due to 
friction were the same for each semicircle the isochronism would not be spoiled, 
since the loss would be a constant fraction of the gain down each slope; but it 
is easily seen that friction produces a greater loss of energy in the larger than 
in the smaller circles. Even if the frictional retarding force were independent of the 
velocity it would produce a greater energy-loss in the larger circle owing to the 
greater distance over which it acts, and since the friction almost certainly increases 
with velocity the effect is correspondingly accentuated. In fact, as the radius of 
the semicircle is increased, a point is reached at which the energy gained in 
descending the ramp is just equal to that lost in friction in traversing the semicircle, 
so that no further acceleration is possible. 

In order to reduce friction as far as possible the grooves are made narrow, so 
that the two points at which the ball is supported approach each other, but if the 
groove is made too narrow the ball will topple over and escape from it at the higher 
speeds owing to centrifugal force. In the present model the groove is made j-q in. 
wide at the top, a width which theoretically permits a maximum rate of 53 c./min. 
for a |-in. ball on the outermost circle of 5 in. radius. The maximum speed attainable 
in practice is a little less than this owing to the fact, mentioned below, that the ball 
does not remain in contact with the ramp throughout its descent. For a f-in. ball 
the theoretical maximum speed is 47 c./min. 

A second limit to the performance of the mechanical model is set by the fact 
that owing to the sharp discontinuity of slope at the line of hinges, the ball does 
not roll but bounces down the ramp, and so does not receive the full increment 
of energy due to the difference in level of the two plates. This effect again is most 
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troublesome in the outer portions of the ball’s path, where it is moving more 
rapidly, and calculation shows that with the model oscillating at about 35 c./min. 
the ball descends the outermost ramp in a few bounces, the actual number depending 
upon the amplitude of the oscillations. On account of the bouncing effect, increase 
of amplitude, which reduces the number of bounces, produces relatively little 
increase in the frequency at which the model best operates. 
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ABSTRACT '. Measurements have been made of the variation of the brightness-sensitivity 
of the eye over a range of adaptation brightnesses extending from o*ooi to 400 equivalent 
foot-candles. The method adopted involves the use of binocular matching, the left eye, 
at a constant state of adaptation, being used as a reference standard, and the right eye, 
adapted to various brightnesses, viewing a test patch. From the experimental results, 
curves each of which represents physical brightnesses differing from those for subjective 
black by a constant number of just noticeable brightness-differences, and curves of equal 
apparent brightness have been constructed. It is shown that the brightness of the sur¬ 
round field has a very great effect on the apparent brightness of the test patch, the change 
caused by changing the surround brightness being almost instantaneous. The effect of this 
surround field, viewed with the right eye, on the comparison patch, as viewed with the 
left eye, both fields merging binocularly, is discussed and is shown to be negligible at least 
in comparison with the first-mentioned effect. The results obtained show that it may be 
impossible to construct sensation curves of the simple type hitherto postulated for con¬ 
sidering the reproduction of photographic tone. 


§ 1. INTRODUCTION 

T he work to be described in this paper arose from a consideration of the 
problem of the reproduction of tone in photography. The view has been 
taken that the reproduction of the tones of the subject photographed should 
be subjectively correct; that is to say, the impression given by the print should 
be identical with the impression given by the subject, under their respective con¬ 
ditions of viewing. In general, the adaptation brightness of the eye is much lower 
for viewing a print than for viewing the subject, although the converse sometimes 
occurs. As the sensitivity of the eye varies considerably with its state of adaptation, 
a knowledge of the variation of sensitivity with adaptation is fundamentally necessary 
for consideration of tone-reproduction in the above sense. 

In the only direct attack so far on this particular problem, use has been made 
of sensation curves. These sensation curves have usually been constructed by 
integration of the contrast sensitivity curves. Abribat (l) used such curves, measured 
by him under conditions comparable with those obtaining in practice, to construct 
a theory of subjective tone reproduction. Using the equation 

H'^(logS), 


* Kodak Communication No. H 688 from the Research Laboratory, Wealdstone, Middx. 
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where S is the sensation and B the brightness, he derived sensation curves for 
various conditions of adaptation from measurements of jB/AB, the inverse of the 
Fechner fraction. Given the adaptation conditions and corresponding sensation 
curves for the eye when the scene and reproduction are viewed, he showed 
graphically, by a method due to Jones (a) , how the brightnesses of the former must 
be reproduced in the latter. Briefly, the method is as follows. Quadrants i and 2, 
figure 1, contain the sensation curves appropriate to the states of adaptation of the 
eye when the scene and reproduction respectively are being viewed, the subjective 
blacks of both being on the same horizontal line. Quadrant 3 contains a line 
drawn at 45°. The curve shown in quadrant 4 is obtained by orthogonal pro¬ 
jection; that is, by tracing lines similar to ABCD and AD. The curve in quadrant 4 
then represents the objective brightnesses of the picture as a function of the 



objective brightnesses of the subject required to give correct subjective repro¬ 
duction. 

Whether or not it is possible to measure sensation is a problem that has never 
been settled. Recent papers (3) suggest that a sensation scale cannot exist, while 
methods which purport to measure these values must necessarily have large 
experimental errors. The question of sensation has been discussed at some length 
by Wright (4) . The viewpoint of the present work is that it may be possible to con¬ 
struct a theory of tone-reproduction which avoids the use of sensation curves 
entirely. The sensation curves are regarded as artificial constructs from experi¬ 
mental observations. 

It is necessary at this stage to define three terms which will be constantly used. 
If we consider that an observer is viewing a particular object, such an object will 
have a brightness which can be measured in physical units and this brightness will 
be referred to as the physical brightness . The eye of the observer may be regarded 
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as being adapted to a particular brightness, and this brightness will be referred to 
as the adaptation brightness . Owing to the sensitivity of the eye varying with the 
adaptation brightness, the apparent brightness of the object, to the observer, will 
vary according to the physical brightness of the object viewed and to the adaptation 
brightness. The term apparent brightness will be used with this connotation. 

Let us suppose that there is some method of recognizing a given apparent 
brightness, whatever the adaptation brightness may be, so that it becomes possible 
to make a set of curves by which the relation between physical brightness and 
adaptation brightness is represented, and such that each curve is a line of constant 
apparent brightness. Such curves, plotted for convenience in logarithmic units, 
are shown in figure 2, in which the ordinates measure the physical brightness, and 
the abscissae the adaptation brightness. From such a graph it would be evident that 



Figure 2. Curves of equal apparent brightness. 

an observer would regard two surfaces as of the same apparent brightness if in one 
case the logarithm of the adaptation brightness were 5*0 and the logarithm of the 
physical brightness were 5-4, as at point X in figure 2, and in the other the logarithm 
of the adaptation brightness were i-o and the logarithm of the physical brightness 
were 1-2, as at point Y, for both points are on the same apparent brightness curve. 
It is obvious that graphs of this kind, covering a sufficient range, would enable one 
to calculate the correct tone-reproduction curve for any two specified adaptation 
brightnesses, and would overcome the difficulty of using sensation curves, which 
according to many people cannot be measured. 

Curves of the kind shown in figure 2 are already available for two special and 
limiting types of sensation, subjective black and subjective blinding white. The 
former is the lower threshold value of physical brightness for any particular 
adaptation brightness, any lower physical brightness being visually indistinguish-' 
able from it. Measurements of this quantity can be made with a certain amount 
of facility. The latter is the upper threshold, for any particular adaptation brightness, 
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but owing to such high physical brightnesses having a marked effect on the 
adaptation of the eye, measurements of this quantity are much more difficult to 
make. The requisite measurements have been made over a large range of adaptation 
brightnesses by Nutting (s) and have been used by Hopkinson (6) to construct a 
scheme of tone reproduction.* 

A sensation intermediate between subjective black and subjective blinding white 
cannot be specified in the same way as the above two limiting sensations. It may, 
however, be regarded as differing from subjective black or subjective blinding white 
by a certain number of just noticeable increments of physical brightness, the size of 
the steps varying according to the experimental conditions, such as field-size, etc. 
Such a statement at once presupposes that the number of just noticeable differences 
between subjective black and subjective blinding white is equal for all adaptation 
brightnesses, as may readily be seen by the argument that if one line of constant 
apparent brightness is known, another line drawn through the points which are 
just noticeably brighter than that apparent brightness is also a line of constant 
apparent brightness. Furthermore, the number of just noticeable differences 
between toy two sensations must always be constant for all adaptation brightnesses. 
The validity of this assumption has of course to be justified, and justification of it 
was one of the reasons for which the following experiments were made. Thus, the 
first experiments made were on the lines of determining the number (and amounts 
in physical brightness units) of just noticeable differences, between subjective black 
and subjective blinding white. 

In addition, experiments were also made by the method of binocular matching 
which has been proved to be so valuable by Wright (7) . In this method, the left eye, 
which is always kept in the dark-adapted state, acts as a reference standard, and a 
match is made between this patch and the patch which is seen in the right eye, by 
varying the latter. This match ensures that the two patches of light are of the same 
apparent brightness. By altering the brightness of the patch as seen by the left eye, 
and by varying the adaptation brightness of the right eye, curves of the kind shown 
in figure 2 can be plotted over the necessary range. 

5 a. OPTICAL SYSTEM OF APPARATUS USED 

A diagrammatic representation of the optical lay-out is shown in figure 3. A 
Pointolite lamp is placed at the focus of the achromatic lenses L ± and L 2 , and the 
two parallel light beams, after passing through neutral non-scattering wedges W ± 
and W 2 , are brought together by means of a photometric prism. The light from 
this prism, after passing through the non-scattering neutral filters F x and F 2t is 
brought to a focus by the achromatic lens L 3 at a point E x . Thus, when the eye is 
placed at E 1 , a simple bipartite field is seen, and the angular subtense, limited by 
the aperture in the adapting screen, is about 2 0 . In an investigation of this type 
the scene or picture should be viewed with the unaided eye. 

* It should be pointed out that Davies, in the discussion, has shown that Hopkinson’s results 
can be obtained by an argument similar to that of Abribat only if the sensation curves are parallel. 
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With these facts in mind, it is felt that the use of an artificial exit pupil at E x 
would not conform with the required conditions, and consequently the only pupil, 
at E x , is the observer’s own eye pupil. The adapting screen, coated with magnesium 
oxide, serves as a surround field, and subtends at the eye an angle of about 90°. 
This screen, illuminated by means of the adapting lamp, may be varied by using 
different lamps and lamp-distances. The eye views this adapting field for a sufficient 
timp; to reach the equilibrium state of adaptation, and in the experimental results 
the state of adaptation is specified by the brightness of the screen. The two wedges 
W x and W % , calibrated by means of sectors, have a density range of o to 3-0, while 
the mavimnm density of each of the filters F x and F 2 is 4-0. It is therefore possible 



to insert a range of densities from o to ii-oo in the optical system, thus cutting 
down the light falling on E x from 1 to io -11 if necessary. 

It has been pointed out that measurements of blinding white, owing to the high 
brightnesses having a marked effect on the adaptation of the eye, are only made 
with a certain amount of difficulty. It was also recognized that measurements as 
far as blinding white were for our purpose unnecessary, and so a certain upper 
limiting value was set. To do this, a second part of the apparatus was necessary. 
This consists of a comparison lamp which illuminates a thin flashed opal glass, 
placed at the focus of the lens L t , and the distance of the lamp from the opal may 
be varied, with consequent variation of the surface brightness of the opal glass. 
Parallel light passes through the prism and is brought to a focus at an artificial 
exit pupil E 2 having a diameter of about 2 mm. The observer’s left eye views the 
opal surface, which is suitably apertured to give a z° field. The physical brightness 
of this surface can be set to any particular value, and acts as a reference standard 
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and as the upper limiting value just mentioned. This patch of light is known as the 
comparison patch. 

The distance between E ± and E 2 can be varied to suit the interocular distance of 
the observer, and as it is important that the head of the observer should be rigidly 
fixed during the experiment, the method used by Stiles and Crawford (8) was 
adopted. In this case, dental modelling composition is used to form an impression 
of the observer’s teeth. The hardened impression is placed in the required position 
so that on biting into it, the observer fixes his head very effectively. 

The voltages across both lamps, measured by voltmeters, are kept constant by 
means of variable resistances. 

§ 3. MEASUREMENT OF THE NUMBER OF JUST 
NOTICEABLE BRIGHTNESS-DIFFERENCES 

Part of the experimental procedure consists of matching two patches of light, 
seen one in each eye. It is found, after a certain amount of practice, that these two 
patches can be made to appear in juxtaposition and, when they appear so, matching 
is comparatively easily accomplished. 

The experimental procedure is as follows. The left eye, previously dark- 
adapted for about a quarter of an hour, views the comparison patch at U 2 , which is 

Adapting screen, seen by right eye. 


Test patch, seen by right eye 

Comparison patch, seen 
by left eye 


Figure 4. Schematic diagram of field of view. 

of constant physical brightness. As this eye is adapted to a fixed adaptation bright¬ 
ness, being dark-adapted, it follows that the apparent brightness of this comparison 
patch also remains constant. The right eye, adapted to the brightness of the screen, 
views the test patch at E t . A binocular match between two patches, seen simul¬ 
taneously (see figure 4), is made, and the wedge reading W x is taken. The two 
patches in the right eye are kept equal during this experiment, so that W 1 =W 2 . 
This procedure is carried out six times and a mean is taken. As the densities of 
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the filters F l and F t are accurately known, the total density in the optical path is 
F-i+Fz+Wi, and from this the physical brightness of the test patch seen by the 
right eye can be found. Let this be B. The threshold value, or measurement of 
subjective black, for the same adapting-screen brightness, is measured by increasing 
the density of W 1 and W 2 in turn until no difference in brightness between the two 
halves of the bipartite field viewed at F x is experienced on still further increase of 
the density of either W x or W 2 . The lowest density of W 1 (or W 2 ) when this state is 
reached, together with the densities of F 1 and F 2 , gives a measure of the physical 
brightness at for the subjective black. A mean of six readings is taken; let this 
be B'. Thus the physical-brightness range between subjective black and the fixed 
apparent brightness as given by the comparison patch is (B—B'), where B and B' 



Figure 5. Number of just noticeable brightness differences from black. 

vary with the adaptation brightness to which the observer’s eye is adapted. The 
number of just noticeable brightness-differences between B and JB' is measured in 
the normal way, the right eye only being used. This eye, adapted to the necessary 
adapting-screen brightness which is viewed throughout the experiment, views the 
test field set at B\ Wedge W x is then altered to increase the intensity of one-half 
of the field until a just noticeable brightness-difference is seen between the two 
fields, the reading being recorded. This is repeated with wedge W 2 , and so on, 
until the physical brightness B is reached. These readings give the number of just 
noticeable differences between B and B ( . Adapting-screen brightnesses varying 
from o*ooi to 400 equivalent foot-candles were used. Curves are shown in figure 5. 

The first readings were made with a fairly high value of B (about 10 e.f.c.) and 
it was found that the number of brightness differences between B and B r was the 
same for a large range of adaptation brightnesses. Such measurements, of course, 
cannot be made with precision, but the measurements at least indicated equality, 
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the number of steps varying between 60 and 70. Further measurements showed, 
however, that when the value of B was lowered (to about o-i e.f.c.) the number of 
steps between B and B f was not independent of the adaptation. For instance, the 
first measurement for (B—B'), when B was high, gave the number of steps as 
varying from 60 to 70, but when the value of B was lowered so that at a low adapta¬ 
tion (almost dark-adaptation) the number of steps for the range B to B' was about 
eight, it was found that when the eye was adapted to a screen-brightness of about 
400 e.f.c. the number of steps increased to about 50. Such a marked variation in 
the number of steps cannot be regarded as being due to experimental error, and it 
was decided to abandon, at least temporarily, the approach to tone-reproduction 
by the number-of-steps method and to treat the subject from a different viewpoint. 

§4. MEASUREMENT OF EQUAL APPARENT BRIGHTNESS 

Only a slight modification of the existing apparatus is needed to enable the 
measurement of equal-apparent-brightness curves. The two wedges W x and W 2 
are used together so that the two fields at E x are matched and, in effect, act as one 
field only. The brightness of the comparison patch seen at E 2 can be varied by 
moving the lamp nearer to or farther away from the opal, and an additional range of 
brightness is obtained by use of the filter jP 3 . The apparatus is now used solely as a 
subjective photometer; the patch at E 2 , seen by the always dark-adapted left eye, 
forms the reference standard, and the patch seen at E l9 viewed by the right eye at 
varying adaptation brightnesses, is the variable. Binocular matches are made 
between E x and E 2 . 

This method involves a direct measurement of the apparent brightness of the 
test patch for different adaptation brightness. The left eye, after being dark- 
adapted, is placed at B 2 , and the right eye, placed at E ly is adapted to the brightness 
of the adapting screen. At first this adapting-screen brightness is very low, about 
o*ooi e.f.c., and the physical brightness of the patch E 2 also is low. Let this physical 
brightness be A. A binocular match is made between E x and E 2 and the mean of 
three readings is taken. The physical brightness at E 2 is then raised, to B say, and 
again the mean of three binocular matches between E x and E % is taken. These 
measurements are repeated for physical brightnesses C, D, E, F and G at B 2 . 
After these readings have been made, the adapting-screen brightness is raised to 
about 0*1 e.f.c. and the physical brightnesses of A , B, C, D, E, F, and G, exactly 
produced again at E 2 , are again binocularly matched with the test patch at E x . 
These measurements are then repeated with higher adapting-screen brightnesses 
up to 400 e.f.c. The physical brightness at E ly in equivalent foot-candles, is found 
from the values of the wedge readings and filters F x and F 2 . It should be remem¬ 
bered that the physical brightness of the comparison patch also fixes the apparent 
brightness, since the adaptation brightness of the left eye (dark-adaptation) is 
always constant. 

During measurements it is necessary to keep the left eye as near as is possible 
to a state of dark-adaptation. A rubber cap fitted around the exit pupil B 2 prevents 
any extraneous light from entering the left eye, and in order that the light passing 
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through E 2 may not adapt the left eye to any marked extent, this eye is opened onl; 
when actual measurements are being made. As the physical brightness of the patci 
of light seen at E 2 is never high, it is felt that the precautions adopted are sufficien 
to ensure that the left eye shall always remain in a state which is near enough t< 
dark-adaptation for the particular experiments described. 

If now the logarithms of all the physical brightnesses of the test patch corre¬ 
sponding to the physical brightness A of the comparison patch are plotted as 
ordinates against the logarithms of the corresponding adaptation brightness as 
abscissae, the line joining these points is a locus of equal apparent brightness over 
an adaptation-brightness range of o-ooi to 400 e.f.c. Values for the physical 
brightnesses B, C, D, E and F are similarly plotted, and the results are shown in 



Logarithm of adaptation brightness (e.fc.) 

Figure 6. Curves of equal apparent brightness. Surround field on. 


figure 6. It should be realized that, when these measurements are made, the 
adapting field is always on and also acts as a surround field. .The difference between 
the results of figures 5 and 6 is very striking and, as has been stated before, it was 
thought that the curves based on the number of just noticeable steps and the 
apparent brightness curves ought to have been of the same type. The difference was 
thought to be due to the influence of the surround field and so further experiments 
were made. 

The experiments were very similar to those previously made except that, 
instead of the adapting field being on the whole time, the right eye was adapted to 
the adapting-screen brightness and then, just before the measurements were made, 
the adapting light was cut off. This ensured that the binocular matches should be 
made at the correct adaptation brightness, but the surround field was now black: 
such measurements may be regarded as being a function of adaptation brightness 
only. 
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The results are shown in figure 7, and it can be seen that the effect of the 
surround field is very considerable. It is obvious that, at low adaptation brightness 
(o*ooi e.f.c.), the physical brightnesses of the test patch to match A , B y C, D y E y F 
and G must be the same whether the field is on or off, since in both cases the 



Figure 7. Curves of equal apparent brightness. Surround field off. 



Figure 8. Differences in the logarithm of the physical brightness due to the 
surround field being on and being off. 

surround field is approximately black, but as the adaptation brightness is increased 
the difference becomes steadily greater. The differences shown in figure 8, and the 
greatest difference occurs when the low physical brightness A and high adaptation 
brightness (400 e.f.c.) are used. Here a difference of 3-20 (o-y-;^) logarithmic units 
of brightness is caused by the surround field being left on. Thus, in order to main¬ 
tain a match between the left eye and the right eye light patches when the adapting 
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field is switched off, the physical brightness of the test patch seen by the right eye 
requires to be changed by a fraction varying between 1 and 1000, according to the 
magnitude of the physical brightness of the test patch and adaptation brightness. 
It is very important to note that, as far as can be measured with the existing 
apparatus, the effect of changing the surround field is instantaneous; the time of 
occurrence cannot be greater than about 0*2 sec., and is possibly considerably 
smaller. A great deal of importance may be attached to this effect, which may be 
regarded as being analogous to the effects described by Schouten (9) . It is doubtful 
whether a photochemical process operating at the retina would act in such a short 
time, and the phenomenon appears to be almost certainly of the electrical type 
measured by Granit in Finland, and Graham, Hartline and others in America. This 



Figure 9. Curves as figure 5, but with io° contrast field around test field. 

opinion is shared by Prof. R. Granit and Dr W. D. Wright, who have witnessed 
the effect in this laboratory. An explanation of the phenomenon would necessitate 
further experiments of the type made by the above-mentioned workers. 

It looks, prima facie, as if the subjective black follows some rule of its own. The 
results show that, when the eye is adapted to 400 e.f.c., the physical brightness of 
the subjective black is decreased by only eight times, as compared with the thousand- 
times decrease in the physical brightness A. It must be remembered, however, 
that the technique of measuring the black is different from the method of measuring 
the other brightnesses, the measurement being made by decreasing, in turn, the 
physical brightnesses of the two fields seen at E 1 by the right eye. Thus for the 
black the judgement is centred almost entirely on the two small test fields, and the 
contrast effect of the surround field is to some extent eliminated. This is believed 
to be the reason why the results of the number-of-steps method do not agree with 
the results of the apparent-brightness method, despite the fact that the adapting 
phys. soc. li, 5 S3 
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field is on while the measurements are being taken, figures 5 and 6. Results shown 
in figures 5 and 7 are in much closer agreement, and it is confidently expected that 
if the number of steps were measured with the surround field off, the agreement 
would be perfect within experimental error. 

Further experiments were conducted to see whether the effect of the surround 
field could be wholly or partially eliminated, with the surround field on. For these, 
further slight modification of the apparatus was necessary. A small surround field 
subtending about io° at E 1 was placed around the test patch. The brightness of this 
surround field varied with, and was always slightly darker than, the brightness of 
the test patch controlled by the wedges W 1 and W 2 . The results, shown in figure 9, 
indicate that the effect of this small surround field does at least partially eliminate 
the contrast effect of the much larger surround field. Whether the effect could be 
entirely eliminated by making this secondary surround field larger cannot be 
determined with the existing apparatus, the apertures of the lenses L ± and L 2 being 
only large enough to enable a jo° subtense to be obtained. 

§ 5. DISCUSSION 

Two assumptions have been made in the experiments just described: first, that 
the apparent brightness of the comparison patch is independent of the physical 
brightness of the test patch; and secondly, that it is independent of the brightness of 
the adapting screen. In the first case the comparison and test patches, viewed 
binocularly, appear juxtaposed and are of the same apparent brightness. They 
would not be expected to interfere, and the only evidence that they do so (lo) refers 
to two patches of light having very different apparent brightnesses. Even then the 
effect is small, and it is certainly negligible when compared with the magnitude of 
the effect already described. The conditions appertaining to the second case are 
different. Here the comparison patch and the adapting field merge binocularly, 
and it might be expected that the physical brightness of the adapting field would 
affect the apparent brightness of the comparison patch. This effect was at one time 
thought to occur and to account for the fact that the number of brightness steps 
between two equal apparent brightnesses is different for different adaptation 
brightnesses. In respect of this point a passage may be quoted from Duke-Elder’s 
Text Book of Ophthalmology * X1 \ That author writes: “It was early remarked by 
Fechner (la) that a bright surface regarded with both Byes does not look brighter * 
when looked at with one, a point which, as we have seen, the flicker experiments of 
Sherrington (l3) demonstrated very clearly. When the stimulus presented to the 
two eyes is the same, therefore, there is no summation but the binocular sensation 
of brightness is not perceptibly different from either of the two uniocular com¬ 
ponents.” 

The experiments themselves also throw some light onTfie dependence of the 
apparent brightness of the comparison patch on the brightness of the adapting 
screen. When the physical brightness of the comparison patch is low (0*005 e.f.c.) 
and the brightness of the adapting screen is high (400*0 e.f.c.), no difficulty is 



Adaptation and contrast on apparent brightness 829 

experienced in distinguishing the comparison patch from the background. If the 
brightness of the adapting screen did seriously affect the apparent brightness of the 
comparison patch, it would be expected that this patch would disappear under the 
conditions just stated, since the contrast sensitivity at the high brightness (400 e.f.c.) 
is low. This viewpoint is further supported by "the consideration that when the 
adapting field is switched off there is a considerable difference produced in the 
apparent brightness of the test field, but apparently no difference in the comparison 
spot. 

A more stringent test was made to examine this point. A circle of black flock 
paper, about 2 in. diameter and having a reflection factor of o-oi, was placed close 
to the adapting screen in such a position that the part of the screen which appears 
to surround the comparison patch was substantially black. Under such conditions 
the brightness of the adapting screen cannot presumably influence the apparent 
brightness of the comparison patch. Measurements were then made on the apparent 
brightness of the test patch for different adaptation brightnesses. The differences 
between these measurements and those made formerly could be readily attributed 
to experimental error, and were certainly of a negligible order when compared with 
the main effects. From this it follows that the apparent brightness of the com¬ 
parison patch is independent of the brightness of the adapting screen. 

A further, independent, test was made by Dr W. D. Wright at the Imperial 
College of Science and Technology. His method was as follows. A small patch of 
light was viewed by the left eye, and a larger patch of considerably higher brightness 
was viewed by the right eye. The light entering the right eye could be switched 
on and off rapidly, and Dr Wright states that, by memory matching, he could 
discern no appreciable difference in the apparent brightness of the small patch of 
light whether the larger field was on or off. 

In the light of the above results it seems reasonably certain, therefore, that the 
binocular addition of the adapting-screen image to the comparison field does not 
affect the apparent brightness of the latter to an extent sufficient to cause doubt on 
the reality of the contrast effect, although it is difficult to see why there should be 
this independence. 


§6. CONCLUSIONS 

The most important conclusions that may be drawn from this investigation is 
that there exists a contrast effect which is of very large magnitude and which acts 
almost instantaneously. Whilst it has not been specifically proved to be applicable 
in its full magnitude to the problem of photographic tone-reproduction, it may 
safely be-assumed to be of some importance in that connexion. 

* It is well known that only part of the image falling on the fovea centralis of the 
eye is sharply focused; this applies to a field subtending approximately 2 0 at the eye. 
Consequently when a picture or scene is being viewed, only a very small part is 
seen in definite focus, and for a full appreciation of the picture or scene the eye has 
to move so that the whole may be focused on the fovea The adaptation bright¬ 
ness will reach a definite and constant, or almost constant, amount for any one 
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scene. The apparent brightness of any part of the scene is, however, dependent on 
the brightness of the immediately neighbouring parts. It may therefore be im¬ 
possible, in consequence of this contrast effect alone, to construct sensation curves 
of the simple type postulated for consideration in the problem of tone-reproduction, 
for the reason that the apparent brightness of any surface is a function not only of 
the state of adaptation of the eye, but also of the brightness-distribution in the- 
remainder of the scene. 


REFERENCES 

(1) Abribat, M. “Les contrastes de brillances dans la nature et dans ses representations.” 

Reunion de VInstitut d*Optique , 3ieme reunion, 1935, pp. 3-27. 

(2) Jones, L. A. J. Opt . Soc. Amer. 5 , 232-58 (1921). 

(3) Gage, F. H. Proc. Roy. Soc. 116 , 123-38 (1934). 

Campbell, N. R. Proc. Phys. Soc. 45 , 565-90 (1933). 

(4) Wright, W. D. The Perception of Light, chap. 5 (1938). 

(5) Nutting, P. G. J. Opt. Soc. Amer. 4 , 55-79 (1920). 

(6) Hopkinson, R. G. Phot. y. 77 , 542-64 (1937). 

(7) Wright, W. D. Proc. Roy. Soc. B, 115 , 49-87 (1934). 

(8) Styles, W. S. and Crawford, B. H. Proc. Roy . Soc. B, 112 , 428-50 (1933). 

(9) Schouten, J. F. “ Visuelle Meting Van Adaptatie.” Dissertation, Utrecht (1937). 

(10) Allen, F. J. Opt. Soc. Amer. 9 , 375-401 (1924). 

(11) Duke-Elder, W. S. Text-Book of Ophthalmology, 1 , 1038 (1932). 

(12) Fechner, G. H. Abh. Ges. Wiss. Gottingen, 7 , 43 (i860). 

(13) Sherrington. Brit. J. Psychol. 1 , 26 (1904). 



VIBRATIONS OF FREE SQUARE PLATES: 
PART i. NORMAL VIBRATING MODES 


By MARY D. WALLER, B.Sc., F.Inst.P. 

Lecturer in Physics, London (R.F.H.) School of Medicine for Women 

Received 21 March 1939. Read 9 June 1939 

ABSTRACT . After a brief historical note, the paper describes the result of systematic 
observations which have been made on the normal vibrations of free square plates. The 
nodal systems are divided into seven classes and their further recognition is effected by 
the application of given rules. The natural vibration frequencies found by measurement 
are in fair agreement with Ritz’s calculations. The relative frequencies of the higher 
partials agree with Chladni’s observation that they are proportional to For 

values of m and n exceeding three, it is found that the frequencies, relatively to the 
gravest 1 [ 1 tone taken as unity, are given roughly by f (m 2 +n 2 ). 


§1. HISTORICAL NOTE 


V ibrating plates have now been a subject of study for one and a half 
centuries and this historical note is supplementary to the well-known 
accounts of the subject given by Rayleigh (l4) and Love (ls) . 

Chladni’s early experiments on free square plates were described in his first 
book Entdeckungen iiher die Theorie des Klanges (l) . The majority of his nodal figures 
are given again in Die Akustik^. The largest and best arranged collection of figures 
can however only be seen in a later book, Neue Beitrage zur Akustik^, which is 
now very rare, or else in Wheatstone’s paper of the year 1833 (8) . In this important 
work, the whole of Chladni’s set of normal nodal drawings precedes the great 
collection of Wheatstone’s own constructed diagrams, and an account is also given 
of Chladni’s final conclusions on the subject. It is interesting to find that Chladni’s 
later notation, m\n and m\n (see § 3-1 below) is immediately comparable with the 
notation of the later approximate theory, and that his vibration frequencies, which 
extend as far as the 9 (9th mode, are expressed in numbers instead of in the 
notation of the chromatic scale. 

Chladni’s last paper was written in 1825 (s) , not > as state( i by Melde (l3) , in 
criticism of foreign publications, but actually because of the curiously distorted 
figures and wrong conclusions of an early paper by Strehlke (4) . Chladni died in 
1827 and Strehlke published a second paper in 1830^ in which his wrong con¬ 
clusions are maintained. Faraday’s (7) and Wheatstone’s (8) papers appeared a few 
years later, and Strehlke’s accurate drawings and measurements of some of the 
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simpler nodal figures were first given in 1839 (lo) . It is interesting to read the 
publications of this period in chronological order. The criticism mentioned by 
Melde, or at any rate one that sounds very like it, is contained in Strehlke’s last 
short paper which was published as late as 1872 (l2) . 

The approximate solution for the free square plate was given by Ritz (l6) in 1909. 
Ritz compared the results of his theory with the nodal figures of Chladni and 
Strehlke, and with Chladni’s frequencies, given in the notation of the chromatic 
scale. The Chladni figures said to be missing are given in the Neue Beitrage zur 
Akustik. Since Ritz’s work is not mentioned in Rayleigh’s Treatise , it is well to 
draw attention, as has been done by Temple and Bickley (l7) and Southwell (l8) , to 
Rayleigh’s paper of 1911 entitled On the calculation of Chladni 9 s figures for a Square 
Plate (l9) . Commenting on Ritz’s work, Rayleigh remarks, “The general method 
of approximation is very skilfully applied but I am surprised that Ritz should 
have regarded the method itself as new.” 

§2. SCOPE OF THE PRESENT OBSERVATIONS AND 
NOTES ON TECHNIQUE 

It was evidently desirable that a systematic experimental study of the vibrations 
of free square plates should be undertaken with the resources of modem apparatus. 
This has already been done for the free circular plate (23) , and the experimental 
details given in connexion with these need not be described again in detail. The 
vibrations were produced by the solid carbon dioxide method of excitation C2 ° ,ai,Z2) 
or else with a bow, and the same arrangements of support for the plates as in the 
previous work were generally employed. It is necessary to vary these according 
to the type of nodal figure which it is desired to produce, and for square plates an 
additional arrangement, in which the plates are suspended horizontally by means 
of two parallel loops of fine thread, was occasionally found convenient. The fre¬ 
quencies were measured in the usual manner by means of a calibrated valve 
oscillator. The observations were rendered independent of hygroscopic conditions 
by gently warming the plate and surrounding air by means of a bowl electric radiator, 
the heat being insufficient to alter either the elastic or damping properties of the 
material of the plate. A considerable number of thin {Z4) plates varying in size and 
material were employed. Details of some of these are given in table 3. 

Most of the results described in the present paper are for brass plates, and a 
more detailed consideration of the dependence of both the actual and relative 
frequencies on Poisson’s ratio is deferred to a later occasion. 

It is well known that the variety of nodal figures which may be formed on 
square plates is very great, and one of the main purposes of the present work was 
to exhibit the results in a readily accessible form. To this end, the nodal figures 
of the normal vibrating modes have been arranged on one diagram, plate 2, so as 
to exhibit the natural groups into which they may be divided. The further identifi¬ 
cation of any nodal figure then becomes a very simple matter and can be effected 
by means of the rules given below. The natural relative vibration frequencies are 
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See § 3. Figures 7 and 15 are hypothetical free membranes and figures 8 and 16 are vibrating free-bar 
constructions from Rayleigh. Figures 4 and 20 are superposed photographs. 
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shown in table 2, which corresponds in its arrangement with that of the diagram. 
Before describing the results and comparing them with those of other observers 
and with theory, we shall, however, discuss several preliminary matters and useful 
formulae. These are the subject of the several paragraphs of the next section. 


§3. PRELIMINARY REMARKS 

(3*1) Considerations of symmetry and comparison with vibrating membrane (see 
plate 1). In the first place it is interesting to follow Rayleigh (l4) in tracing the 
continuity of the nodal figures as the form of the plate is gradually altered from a 
circle to a square. The indeterminate two nodal diameters of the circle, figure 1, 
plate 1, may give rise to one of the two nodal systems, figures 2 and 3, while the 
circle of figure 5 becomes the closed nodal system of figure 6. Systems similar to 
2 and 3 may evidently be produced on any vibrating square surface. A closed 
system, comparable to 6, is also possible, although its exact shape and size will be 
determined by the nature of the restoring force (tension or elasticity) and by the 
prescribed boundary conditions (free, fixed or supported). Normal nodal figures, 
which are approximately those of a free square plate, may therefore be inferred 
from those of a hypothetical free membrane, for example from figure 7 or figure 15. 
Rayleigh has discussed the matter in some detail in his well-known chapters on 
membranes and plates (l4) . The appropriate equation for constructing the approxi¬ 
mate nodal systems of a plate of side l is 


CO — cos 
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where <0 is the displacement of the plate at the point x 9 y, but the more general 
free-membrane relation 
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can be used when one of the numbers m 9 n is odd while the other is even (class 7 of 
table 1). In this case, the ratio of amplitudes A | B of the superposed single vibrations 
may have any value. The physical meaning of the numbers m and n is made evident 
by the consideration that, when B is zero, the nodal system consists of m lines lying 
parallel to the y axis and n lines parallel to the x axis, the origin being taken at the 
lower left corner of the plate; see for example the 2 1 1 system, figure 17. In other 
cases, as was so often emphasized by Chladni, there are, for fixed values of m and n 9 
only two nodal figures, m |n and m \n 9 the vibration frequencies of which are unequal. 
They correspond with the plus and minus signs in equation (1) and are referred to 
below as the m\n+ and m\n— modes respectively. Tanaka (2S) , who gives equation 
(2), should not have applied it to the 7 [ 3 mode of a plate, and Colwell (a6> , who has 
constructed a number of nodal systems with the same formula, has also used it 
for the 5 1 3 and 7 1 3 modes where, m and n being both odd, it is not applicable. 
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The fact that equation (2) should not be used when the values of m and n are both 
even can be realized for the 21 o mode, by considering the rectangular-plate figures, 
9, 11--13. A narrow rectangle may vibrate like a bar with two straight nodal lines 
situated 0*224 o; f the length from either end. The manner in which these lines are 
modified when the rectangle is wider is shown in figures 9 and 11. Finally, when 
the rectangle becomes a square, the lines meet and form the diagonals of figure 3. 
Similarly, the figures of the wide rectangles 13 and 12 become, on a square plate, 
the closed nodal system of 6. This same matter has also received attention in 
Pavlik’s (27) recent paper dealing with rectangular plates. 

The reason why the above facts are sometimes overlooked is probably that it 
is so easy to obtain distorted figures unless the experimental conditions are perfect. 
Distorted examples of the 7 1 3 mode just mentioned are shown in plate 4, figure 3 
and in plate 6, figure 8. These may be compared with plate 4, figure 2. There are 
at least four possible causes for such results, namely (1) a want of uniformity in 
the length of the sides or the thickness of the plate, (2) a directional difference in 
its elastic properties which is often caused by mechanical rolling, (3) a want of 
freedom in the method of support, (4) an element of forcing in the method of 
excitation; see also § 4*2. 

(3*2) Graphical construction of nodal systems by the superposition of vibrations of 
free bars . It was early recognized that, just as the vibrations of square membranes 
could be derived from those of parallel wires vibrating at right angles, equation (2), 
so those of a square plate might, assuming Poisson’s ratio to be zero, be constructed 
by the superposition of vibrating bars. Two of Rayleigh’s (l4) constructions are 
reproduced in figures 8 and 16 of plate 1, the method being that of Maxwell. It 
will be seen that they are much nearer to the actual photographs, figures 6 and 14, 
than are the membrane diagrams. They are in fact simple cases of the approximate 
constructions obtainable when two terms only of Ritz’s series equation are 
retained, thus: 

co = u m (x) u n (y) ± u n (x) u m (y) = o ( - l6) .(3), 

where the functions u are those proper to a free bar of length equal to the side of 
the plate. As before, when one of the values m , n, is odd while the other is even, 
additional figures are given by 

w=Au m (x) u„(y)±Bu n (x ) u m (y)= o (l6) .(4). 

For greater accuracy it is necessary to retain a larger number of terms of Ritz’s 
equation, as was done by Lemke (28) for the 2| o-h and 3 1 3 modes; her results are 
too lengthy to be quoted here. 

An idea of how soon we may expect the simpler membrane construction from 
equation (1) to give reasonably accurate results for the nodal systems of upper 
partials, except near the edges, may be gained by looking at figure 10, which shows 
how nearly, in the 7 1 o bar system, the nodal spacing approaches to the equal 
spacing of a vibrating wire. Attention is also drawn to the superposed prints of 
figures 20 and 4. The points of intersection of the nodal lines of the superposed 
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vibrations, Strehlke’s “poles”, are always nodal (8,Io) . This applies even in cases 
like 21 o, + or —, where, although the single vibrations are not possible, the 
poles are almost coincident with the nodes of free bars. Thus in figure 4 the poles 
are situated 0*228 of the length of side away from the edge, a distance which is 
only 2 per cent greater than for a bar, 0-224. These two numbers would presumably 
coincide if the value of Poisson’s ratio were zero. The measurements are found to 
be in excellent agreement with those given by Strehlkeat the end of his paper 
on vibrating bars. 

(3-3) Calculation of the vibration frequencies. The natural frequencies / are 
given by 

. (5) 


for a plate of thickness t and length unity. E is Young’s modulus, a Poisson’s ratio, 
and p the density. The values of the constant A have been calculated by Ritz to 
the 6|6 mode for cr=o-225 and by Lemke (aS) for some other values of a. It follows 
that for a plate of side l, the fundamental frequency 

/= 0-6577 (or 0-6277) c ji> *=i(ori) .(6) 


where c is the velocity of sound appropriate to the material. Thus the given increase 
in Poisson’s ratio produces a decrease of frequency of 4-8 per cent. This result 
is convenient for calculations in connexion with materials such as glass or steel 
( a ^ 4) as compared with brass (a= £). It is also to be noted that since the variation 
of A with <7 is approximately linear (a8) , frequencies corresponding to other values 
of Poisson’s ratio are easy to estimate with reasonable accuracy. When, for example, 
cr is £, the frequency should be equal to about f. c.t\l 2 . 

Relative frequencies . Ritz states that the natural frequencies are roughly 
proportional to 

V{^ 4 +^ 4 +2 (1 -a) mhi 2 } (7). 

This relation is evidently meant for higher partials where the distinction between 
plus and minus systems can be neglected. It is seen also that according to equation 
(7), when m and n are equal, the relative frequencies are unaffected by the value 
of Poisson’s ratio. In view of these facts it is simpler to use Chladni’s expression 

m 2 + n 2 ......(8) 

for obtaining the frequencies of upper partials in relation to one another. 

According to the present observations (table 4) their values relatively to the 
gravest 111 tone taken as unity are given approximately by 

| (m 2 +n 2 ) (9) 

for values of m and n exceeding 3. 

We may also note that when either mornis zero, the sequence of tones according 
to Chladni is nearly that of a free bar, (3-on) 2 , 5 2 , 7 2 ,.... This relation seems to 
fit best when the mean value of the 2[o+ and 2(0— frequencies is used for the 
first member of the series. 








8 3 6 


Mary D . Waller 


§4. EXPERIMENTAL RESULTS: I. THE NODAL SYSTEMS 

(4-1) The seven classes of nodal symmetry. In plate 2 the normal nodal systems 
are arranged on a square diagram which exhibits the seven classes into which they 
may be divided according to the nodal design at or near the centre. The systems 
for which the values of m and n are equal occupy the squares which extend 
diagonally from the top left corner to the bottom right corner of the page, the 616 
space remaining unfilled. The m\n— systems occupy the triangular space to the 
right of this diagonal, and the m 1 72+ systems the triangular space to the left of it. 
A general study of alternate figures and of the development which occurs in passing 
along the rows, columns or diagonals, results in the following classification. 

Table 1. The seven classes of nodal symmetry of free square plates, see plate 2 


e denotes that the values of m and n are even, and o that they are odd 


Specification 
of vibrating 
mode 

Condition 
at centre 

Further details of 
nodal lines at or 
near centre 

Rotational 

symmetry 

Class 

abbrevia¬ 

tion 

symbol 

Further 

examples 

see 

plates 

1 0 

►2 = 72 

0 

Node 

Parallel to edges 

90° 

+ 


2 e 

e 

Antinode 

Parallel to edges 

90° 

□ 


m^n 

3 olo- 

Node 

Diagonals and 

90° 

* 

4 

4 « 

e— 

Node 

medians 

Diagonals 

90° 

X 

5 

It 

0 + 

Node 

Medians 

90 

+ 

6 

e+ 

Antinode 

Closed figure 

90° 

O 

6 

7 0 

e+ or — 

Node 

One diagonal 

180 0 

/ or \ 

7, 8 


Equations (2) and (4) can be used for class 7 only. 

The division into seven classes, arrived at by inspection of the nodal system, is 
of course consistent with Ritz’s analysis. Ritz distinguishes only five classes, the 
first and second of table 1 being included in the “plus” fifth and sixth classes 
respectively. Since however classes 1 and z have distinctive nodal systems and 
occupy a peculiar position in plate z it is convenient to think of them separately. 
It will be noted that there are no corresponding special cases for the “ minus” classes 
3 or 4; analytically the plate remains at rest, when m and n are equal, and in plate z 
all the spaces are already accounted for. 

(4*2) Recognition of the nodal systems. Higher overtones. The recognition of a 
normal nodal system can be effected with certainty and ease if it is first of all 
placed in one of the classes of table 1. We then already know whether the values 
of m and n are odd or even, and it only remains to determine their actual values. 

When m and n are equal, classes 1 and 2, recognition is immediate since the 
nodal lines, numbering m , run approximately parallel to the sides. 

In the remaining classes one of the numbers m 9 n (say m) is counted either 
across the plate or more generally along one edge. The manner of finding n then 
varies according to the system, but, except in class 3, which will be considered 
last, n also can be determined in a few moments. Thus, in classes 5, 6 and 7, the 
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Plate 2 



o 1 2 3 4 s 6 

Normal nodal systems of free square plate, see equations (i) and (3). The nodal designs are distinct 
for given values of m and n except when one of the values of m, n is even when the other one 
is odd. See table 1. 
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number of nodal lines which cut a diameter which is not nodal always equals 
7 W+7I, a relation which can be verified on plate 2 and also on plates 6-8. 

The nodal systems of classes 4 and 6 are divisible (if the edge effects are 
neglected) into four smaller squares for which m and n have half their former 
values; see plates 2, 5 and 6, and the examples given by Chladni (2) . His observation 
may be generalized, for it is evident that when m and n have a common factor s 
the figure can be divided into s % smaller squares for which m'=m/s and n' = njs. 
It may be noted that when higher nodal designs are composed from lower ones, 
plus systems result in a larger plus system and minus systems in a larger minus 
system, but 0 \e systems can be joined together to produce either plus or minus 
systems. Consider, for example, how either a 2I4 + or a 2I4— nodal system is 
derived from a 2 1 1 system. In this connexion attention may be drawn to photo¬ 
graphs 1 to 4 of plate 7, which have been cut in half and fitted together edge to 
edge. These photographs will also give an idea of the importance of the edge effects. 

All the photographs shown in plates 4 to 8 are labelled, and accordingly it is 
only necessary to add a few remarks concerning them. 

Plate 6 (1). The antinodal centres show that the systems belong to class 6, 
e\e + . They are identified immediately by the m and the m + n count. They are 
also divisible into four smaller squares, and in figures 1 and 4, where s is four, into 
sixteen squares. Figure 6 is included in order to show that in practice designs 
are sometimes produced which are at first sight puzzling. It shows a high overtone 
which has been distorted by the central screw. 

Plate 6 (2). The figures are placed in the 0 [ 0 + class 5 by looking at the centre, 
and are then identified as above. In figure 10, since s is three, the 9(3+ system 
is divisible into nine 3 11 systems. 

Plate 5. The systems belong to class 4, e | e- , for which both the diagonals are 
nodal, but by division into four smaller squares the systems can be identified as 
above unless they belong to class 3. In figure 2, 81 2 is not theoretically perfect 
since the amplitude A is greater than B; see equations (1) to (4). A better example 
is given in figure 4. Such distortions are not uncommon, for in addition to the 
four possible causes for their production already mentioned in § 3*1, there is, for 
such a high overtone, scarcely any difference between the frequencies of the plus 
and minus systems. 

Plate 4. It now remains to consider the class 3, o\o— systems shown in this 
plate, which cannot all be recognized by means of one comprehensive rule and 
need, therefore, to be looked at in more detail than the figures of the other classes. 
The value of m is found as before. All the systems for which m~n = 2 present the 
typical appearance seen already in plate 2, and now in figures 6, 7 and 10, and 
m + n can be determined by counting from one comer to the opposite comer along 
two adjacent sides. Another way of stating this rule is that m is given by counting 
along one side including the diameters, and n is obtained by counting along the 
next side excluding the diameters. In applying this relation to the systems for 
which m-n= 4, see plate 2, 6)2 — , and figures 2 and 5, the loops count as two 
along the first side and as one along the second side. This result may be compared 
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Plate 4 



Nodal systems of o | o —, class 3, see table 1 and § 4*3. 
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Plate 5 



Nodal systems of e \ e —» class 4 > see table i and § 4*2. 
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Plate 6 



Nodal systems of (i) e|e+, class 6 , (2) 0 |o + , class 5, see table 1 and § 4-2. 

















































Nodal systems of o | e, class 7, see table 1 and § 4*3 
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.with somewhat similar conclusions in connexion with the compounded modes of 
circular plates^ 33 **. A second distorted version of 9(5 — is given in figure 8 in 
order that the three-line prongs which are frequently met with in practice may be 
made clear. It is interesting to find a nodal circle in the 7(3- figure; it is the 
only example so far obtained. Another point occurs in connexion with the systems 
for which m - n =6, see 711 -, figure 1, and the slightly distorted 1317 -, figure 12. 
After m has been counted as usual along one of the sides it is seen that the lines 
at right angles to diameters are not included again in the n count. The 9(3 — mode 
incidentally, where s = 3, is divisible into nine 3 1 1 systems. The lattice appearance 
of the figure may be noticed, since it is sometimes stated that nodal lines approxi¬ 
mately parallel to the sides only occur when m and n are equal. Further examples 
may be found in other plates. The lattice is sometimes of considerable assistance 
in identifying the class-3 systems, as for example in figures 9 and 11. 

(4*3) Further observations on the o\e nodal systems , plates 7 and 8. As has been 
mentioned in § 3, when one of the numbers m , n is odd while the other is even, 
equations (2) or (4) are applicable. There is no distinction (except a formal one of 
rotation through a right angle, see plate 2) between the plus and the minus nodal 
systems, and there is no limit to the variety of nodal figures which may be obtained 
for fixed values of m and n. Single vibrations, corresponding to zero values of the 
second term of equations (2) or (4), are shown in some of the photographs of 
plates 7 and 8. The 3 | o, figure 5, is similar to one of Chladni’s, and one and a half 
Biegungen or bendings are visible in the nodal lines. Had Chladni multiplied all 
his data regarding these bendings by two it is possible that he would have recognized 
their significance. In the present case the three half-bends indicate that a trace 
of the o ] 3 system is present. This matter has been fully discussed in the paper on 
free circular plates* 336 *. One e\e distorted nodal system is included in plate 7, 
figure 18. It will be noted that were the bendings slightly more pronounced we 
should obtain the normal 61 o — mode of plate 2. The closed nodal lines of 7 1 4, 
figure 19, should join, as can be seen from the diagonal count; cf. Chladni’s 
version (3) . Attention may be drawn to the characteristic single nodal line through 
the centre and the 180 0 rotational symmetry which persists in all the figures of 
plate 8. Broken patterns, such as those shown in plate 7, figure 20 and plate 8, 
figure 5, are quite commonly produced on large plates which are difficult to 
obtain uniform. • 

§5. COMPARISON OF RESULTS: I. THE NODAL SYSTEMS 

A selection of Chladni’s drawings, arranged as in plate 2, are shown in 
plate 3. Most of them are from Die Akustik , those with no numbering are taken 
from Tyndall’s Sound , while the 5 1 1 +, 6(5 and 616 gaps have lately been filled 
from the collection given in Neue Beitrage zur Akustik . 

The nodal systems of plates 2 and 3 may be conveniently compared along the 
diagonal series of figures for which the values of m and n are equal and thereafter 
on either side of this. The remarks which follow also include a comparison where 
necessary with the diagrams given in Ritz’s paper. 
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m — n* Except for 1 1 1, the actual figures vary considerably from the idealized 
lattice drawings given by Chladni. Strehlke’s version (given by Ritz) of the 2 1 2 
system is essentially more correct, though it tends to over-emphasize the curves 
of the four nodal lines. Lemke’s^ elaborate construction of the 3 1 3 system is 
practically identical with the present photograph, and shows that when sufficient 
terms of the Ritz equation are retained, the theory is in good agreement with 
practice. The 5 1 5 photograph is of special interest and will, it is hoped, be referred 
to again in a later communication on the subject of compounded modes: a trace 
of a second 7 1 1 tone, of near period, can be detected in it. Chladni^ gives a 
suggestive distortion of the 616 lattice shown in plate 3, which consists of 12 parallel 
wavy lines similar to the 11 wavy lines of the correct 6 [ 5 figure. 

m~n= 1. In Chladni’s version of the 2j 1 mode A and B are unequal; 
the more typical figure is shown in the photograph. The peaks of the wavy 
lines in the photographs are more pointed than those given by Chladni or by 
Ritz. 

m—n= 2. This familiar series of nodal systems is very easily produced. 
Examples as far as 11 1 9 — may be found on plates 2, 4 or 5, and as far as 12 1 10 + 
(except 9 1 7 + ) on plates 2 and 6. 

m~n= 2 ‘ The 3 |o system shown in the photograph has been produced many 
times. I have never obtained the figure as it is given by Chladni and Strehlke. 
Other differences in detail may be noted in this series. 

m—n= 4. The 4|o photograph differs considerably from the versions given 
by Chladni and Ritz. The two nodal diameters which are missing in Chladni’s 
6 [ 2 — drawing are included in his later book <3) . None of the drawings really convey 
the character of this familiar figure. The 5 1 1 mode tends to combine with the 
5 j o system as shown in the photograph and in Chladni’s later drawings (3) . 

§6. EXPERIMENTAL RESULTS: II. THE NATURAL 
FREQUENCIES 

The natural frequencies, relative to that of the 1 1 1 tone taken as unity, are 
given in table 2, which corresponds in its arrangement with the nodal systems of 
plate 2. The table extends over an interval of about 140, that is to say, over more 
than seven octaves. The higher figures are included so as to be available in a 
subsequent study of compounded normal modes. The difference between the 
frequencies of the “plus” and “minus” modes, which are printed in black type, are 
to be noted, and also the manner in which this difference rapidly decreases with the 
higher tones. The frequencies of the plus modes should not be greater than those 
of the minus modes were Poisson’s ratio equal to zero. 

The actual 1 1 1 frequencies for some of the plates employed, together with 
other particulars, are given in table 3. The observed frequencies of the fourth 
column may be compared with those, calculated by means of equation (6), which 
are given in the last column. Considering that, except for brass, the values for 
c and ex are assumed, the agreement between the two columns is very satisfactory. 
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For brass, c was measured from figures 1 or 5, plate 8, by means of the relation 
used by A. B. Wood and F. D. Smith ( * 9) , 




.(10) 


in which c t is the velocity, and A the wave-length of the transverse wave. The 
result, 35-6 x io 4 cm./sec. for the particular brass used, is in near agreement with 
the value given by Kaye and Laby, 36*5 x io 4 . 


Table 2. Relative frequencies of normal vibrating modes of free square 

brass plate 



* See table 3 for actual fundamental frequencies. 

The numbers in italics are approximate only, and those in brackets have been determined by 
extrapolation. Any circular arc whose centre is at the top left comer will pass through nearly equal 
frequencies. 
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§7. COMPARISON OF RESULTS: II. THE NATURAL FREQUENCIES 

It has already been shown by the numbers given in the fourth and last columns 
of table 3 that the experimental values of the fundamental frequencies agree well 
with those obtained by calculation. With regard to overtones, in order to avoid 
lengthy tables it has been considered sufficient to restrict the comparison of results 
to the series of partials for which m and n are equal, as shown in table 4. 


Table 3. Fundamental 1 |i frequencies 


Material 
of plate 

Dimensions of plate (cm.) 

Observed 

frequency 

(c./sec.) 

Velocity c 
of sound 
(cm./sec. 
xio 4 ) 

Poisson’s 

ratio, 

<7 

Calculated 

frequency* 

Length 
of side 

Thickness 

Brass 

6-oo 

0*201 

1222 

35-6 

i 

1248 


10*16 

0*2035 

432 


a 

442 


14*89 

0*2135 

206*5 


a 

208 


20*28 

0*488 

260 

it 

a 

264 


19-89 

0*1848 

104 

tj 

a 

104 


20*44 

0*164 

87-7 

» 

tt 

87 


30*6 

0*197 

f 4 6 

it 

a 

44 


40*71 

0*204 

+27 

it 

it 

25 

Glass 

20*4 

0*3081 

256 

50 

i 

24S 

Steel 

20*38 

0*1935 

157 

50 

i 

153*2 

Aluminium 

20*49 

0*2016 

158 

51 

i 

153*8 


* By equation (6). f Inferred from second or third tone. 

The values for c and a are from Kaye and Laby’s tables except that, for brass, c was determined 
from figures i or 5, plate 


Table 4. Comparison of results. Relative frequencies 


m | n 


2I2 

313 

41+ 

5 1 5 

6 [ 6 

7l7 

318 

9I9 

io| 10 

Chladni, observed, glass* 

1 

4*58 

io*8 

18-5 

30 

42-7 

60 

80 

102 


Ritz, calculated, <7=0*225+ 

1 

4*63 

X I "2 

21*0 

33-2 

48*1 

_ 




Pavlik, observed, stainless 
steel 

Brass plates 

1 

4*34 

9*33 






Lemke, calculated! 

1 

4*87 

n*8 

_ 

_ 

_ 

_ 

__ 



observed 

1 

4*81 

ii*8 

. _ 

_ 

_ 

_ 

_ 

_ 


Waller, observed 

a / 0 1 p 

1 

4*81 

li*8 

21*5 

35 

51 

70*3 

94’4 

X20 

149 

f (m 3 +w a )§ 




24 

37 

54 

73 

96 

121 

151 


* The numbers given in Neue Beitrage zur Akustik have been divided by six. 
f From Ritz*s values of A, see equation (5). J From Lemke’s actual frequencies. 

§ A convenient approximate formula for higher overtones. 


Since frequencies of the lower tones are somewhat dependent on the value of 
Poisson s ratio, it is not to be expected that the early numbers given in the first 
three rows will be the same as those given later for plates made of brass. Pavlik’s (37) 
numbers appear to be too low. This may be due to his experiments having been 
made on small plates in which the length of side, about 1 cm., was only ten times 
greater than the thickness; such plates can scarcely be regarded as thin^>. 
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The relative frequencies of the higher tones as given by Chladni are seen to 
be considerably less than those which are required by the theory or obtained in 
the present observations. It must have been difficult to determine the higher 
frequencies accurately with the means at Chladni’s disposal. 

The approximate agreement in the numbers of the last two rows is to be noted. 
This indicates that a rough estimation of the frequencies of the higher tones can be 
made using the formula (9) suggested earlier in this paper. 

§8. CONCLUSIONS 

1. Chladni’s maturest work on the subject of vibrating square plates are given 
only in his last book Neue Beitrage zur Akustik. His complete set of normal nodal 
drawings and observed natural frequencies are reproduced by Wheatstone(§1). 

2. The Ritz approximate method of solution of the problem of the* vibrating 
free square plate is an extension of the Rayleigh method (§ 1). 

3. The normal nodal systems may be arranged in a systematic manner on one 
diagram, plate 2, which shows that there are seven classes of nodal symmetry. These 
may be recalled by means of descriptive abbreviation symbols, see table 1. 

4. Any nodal figure after being placed in its class, may be identified by means of 
simple rules (§ 4-2). For example, except when both diameters are nodal, the value 
m+n is obtained by counting the number of lines across a diameter, and the value 
of m by counting along an edge or across the plate. 

When m and n have a common factor s, the nodal system is divisible into s* smaller 
systems for which m! = m/s and n' = n/s. 

5. There are a variety of causes, see § 3-1 and § 4*3, for the distorted nodal 
figures which are in practice so commonly produced. 

6. When the figures are being constructed graphically, it is important to recall 
that it is only when one of the values of m, n is odd while the other is even that an 
indefinitely large number of nodal figures may be constructed with fixed values of 
m and n (§ 3*1). 

7. Since it is impossible for more than four nodal lines to pass through the 
centre of the square plate, the vibration amplitude for any mode is usually sufficient 
to move the sand over most of the surface. This result may be contrasted with the 
circular plate for which, when the number of nodal diameters are numerous, the 
sand remains quiescent except near the edge (a3) . The subject is of interest in con¬ 
nexion with the radiation of sound. 

There is great variation both in the persistence of vibration and in the loudness 
of the various overtones. 

8. The natural frequencies found by measurement are in fair agreement with 
Ritz’s calculations, see § 3*3 and tables 3 and 4. The frequency of the gravest 
tone, when Poisson’s ratio is is given approximately by f ct/l 2 for a plate of 
thickness t and length of side l where c is the velocity of sound appropriate to the 
material. The frequency decreases slowly and approximately linearly with in¬ 
creasing value of Poisson’s ratio, see § 3*3. 

phys soc. li, 5 


54 



844 Mary D . Waller 

9. It is found experimentally that the frequencies of the higher partials relatively 
to the gravest tone taken as unity are given roughly by f (m 2 +w 2 ), see table 4. 
When the frequencies are arranged as in table 2, any circular arc with centre at the 
top left comer passes close to numbers which are very equal. 
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FURTHER RESULTS ON THE MAGNETISM OF 
CHLORIDES OF THE PALLADIUM AND 
PLATINUM TRIADS OF ELEMENTS 

By B. CABRERA and A. DUPERIER 
Institute) Nacional de Fisica y Quimica, Madrid 

Communicated by Dr E. C. Stoner , 8 December 1939. Read in title 23 June 1939 

ABSTRACT . Measurements have been made on the variation of the magnetic suscepti¬ 
bility of the salts RhCl 3 , OsCl 2 , IrCl 3 , PtCl 2 with temperature over a range of about 300° 
from room-temperature upwards. A torsion balance with electromagnetic compensation, 
of greater sensitivity than those previously described, and a special electromagnet were 
used. The results for the corresponding cations may be represented by an equation of the 
type( x +^)(r+A) = C. 


§1. SURVEY OF PREVIOUS WORK 

T he electronic group responsible for the magnetic moment of an atom, which 
we may call the “magnetogenic group”, is symbolized by 3 d for the iron 
family, 4 d for the palladium family, 5 d for the platinum family, and 4/for the 
rare earths. In the first three families the magnetogenic group is that of highest total 
quantum number and may be said to form the surface of the cations, but in the 
fourth this group is below the surface. A comparison of the experimental magnetic 
moments with those calculated for free ions shows that the magnetogenic group is 
practically uninfluenced by the molecular constitution in the rare-earth family, but 
in the other three families this influence is very marked, the effect being greater the 
greater the quantum number n of the group. 

This fact is closely connected with the well-known alteration in the valency 
characteristics. Werner and Pfeiffer have pointed out that the halides of the triads 
(Fe, Co, Ni), (Ru, Rh, Pd), and (Os, Ir, Pt) deviate more and more from the alkaline- 
halide type in this order. For the first triad we can still speak of the electrolytical 
dissociation of the salts, whereas for the second, and more especially for the third, 
the natural salinity of the compounds is a debatable point. 

In this paper we shall deal with further investigations of a series of chlorides of 
these families, specially prepared by C. W. Hereaus, of Hanau, which we first 
studied some years ago (x) . At that time we measured the susceptibilities at room- 
temperature by the Faraday method, using a torsion balance and an electromagnet 
transportable at right angles to the axis of the magnetic field. The measurement 
made was that of the difference between the maximum angular displacements of the 
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balance on either side as the magnet was moved. The value of Xc > the susceptibility 
of the cation, was obtained relative to water. 

By this method we obtained the values of the susceptibility at 20° c. set down in 
the following table, which includes also values obtained more recently by Cabrera 
and Fahlenbrach (z) . 

Table 1. Experimental values for the gramionic susceptibilities of the cations 
of the chlorides of the palladium and platinum triads. (Unit x io~ 6 ) 


Cation 

Cabrera and 
Duperier 

Cabrera and 
Fahlenbrach 

Ru+++ 

1012*0 

_ 

Rh +++ 

45‘5 

48-4 

p d ++ 

3 - 38 

2*23 

Os++ 

8 z - 75 

— 

Ir+ + + 

47-2 

— 

Pt ++ 

17-4 

— 


Cabrera and Fahlenbrach’s results provide a satisfactory confirmation of Cabrera 
and Duperier’s, and for this reason we adopt the Cabrera-Duperier values for the 
purposes of the present investigation. 

The variation of Xc with temperature was also measured by the Faraday method, 
but a different balance, with electromagnetic compensation, was utilized. The sensi¬ 
tivity was less than that of the first balance, and in our measurements it was used to 
the limits of its sensitivity. For this reason a repetition of the study seemed desirable. 

Cabrera and Fahlenbrach have since carried out more accurate temperature 
variation measurements with Ru ++ +, Rh +++ and Pd ++ . For the first cation the 
result differs but little from that obtained previously, and may be expressed by the 
equation 

(x+K) T==Cr u +++, 

where K=z-i 6 x io~ 4 . This value of K indicates a diamagnetism additional to the 
paramagnetism, but its numerical value is greater than those usually found for this 
class of substances. It is, however, necessary to add that the experimental results 
can also be represented by 

( X +K)(T+A) = C, 

where K=26-8 x io -6 , A=—29-4, 0=0-545510*0015, 

with an accuracy rather greater with that given by the previous equation. This 
equation has the further advantage that the value of K corresponds closely to a 
normal diamagnetism. It is of the same type as the first which we ourselves gave, 
but the values of K, A and C are significantly different. 

For Rh +++ , which our first study showed to have an almost constant para¬ 
magnetism (xr/x293=i)> Cabrera and Fahlenbrach obtain either the equation 

Oc — 39*°4 x I0 “ 6 ) T = (2742 ± 62) x io _e 
or (x—43*68 x 10- 6 ) (T-133*1) = (867 ±47-5) x io~ e . 
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The constants K are of the same order of magnitude, and represent a constant 
paramagnetism (or show an excess of paramagnetism over diamagnetism). The small 
value of {x+K) accounts for the almost constant value obtained in previous, less 
precise, experiments. The mean deviations of the individual measured values from 
those indicated by the equations have almost the same absolute value in both cases. 
Naturally, as a result of the smaller value of C in the second equation, the relative 
uncertainty in its value is greater. 

Pd ++ shows a different magnetic behaviour. Below o°c. it follows approxi¬ 
mately the law of Curie with 

xT=(jis ± 17) x io“ 6 , 

but the deviations are considerable. Above o° c., the results can be represented by 
introducing a K term, giving the equation 

(x—0*56 x io"" 6 ) T=(i789±28) x io” 6 . 

The results undoubtedly differ appreciably from those obtained in our first ex¬ 
periments. 

§2. EXPERIMENTAL DETAILS 

(i) Balance and electro-dynamometer. For the experiments with which this paper 
deals, we again make use of the non-uniform field method of Faraday, but we have 
changed the installation. The torsion balance is of the same type as that employed by 
Cabrera and Fahlenbrach. The displacement is compensated by means of an electro¬ 
dynamometer of the Helmholtz type. The equilibrium is judged by a lamp-and-scale 
method, with a graduated scale at a distance of 3 m., by means of which the position 
of the image of a luminous filament can be estimated to xV mrn * The central coil C m , 
figure 1, of the Helmholtz system is fixed to the vertical arm of the movable rod of 
the balance which carries the specimen, while the fixed coils at right angles to the 
former are placed above the base of the complete apparatus. The mirror is fixed to 
the movable rod above C m , and the latter is prolonged into a glass tube of suitable 
shape for the avoidance of obstacles between the balance and the magnet. The tube 
terminates in a mouthpiece with a ground-glass stopper to support the container for 
the specimen. The centre of gravity of the latter is carefully set above the prolonga¬ 
tion of the rod, which is kept horizontal by means of a system of counter-weights at 
its end. The electric currents are applied independently from two circuits, each of 
which includes a small number of accumulators, some rheostats for regulating the 
current, and an invariable resistance p in a bath of mineral oil. The value of i is 
obtained by measuring the difference in potentials between the ends of p with an 
Otto Wolf potentiometer. 

For these measurements, as well as for those made with the thermocouples which 
will be described later, a galvanometer of the Hartman Braun type is used. A com¬ 
mutator enables this to be used for either circuit. The same graduated scale is used 
as for the determination of the equilibrium of the balance. 

(ii) Electromagnet . For the production of the magnetic field a special electro¬ 
magnet is used, the magnetic circuit for which is represented in figure 2. The arm A 
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is the core of a coil of copper wire insulated with a double covering of cotton and 
submerged in a bath of mineral oil cooled by a current of water. The two pole pieces 
are situated one on the arm A and the other as an expansion of the parallelogram in 
front of the former. The magnetic circuit, with the exception of the pole pieces, is 
constituted by small iron plates firmly fixed in position by means of male and female 
screws. The plates are 2 mm. in thickness. The yoke has a rectangular section 




1 

mum 



000 

0 0 

0 

M 

1 

000 


l 

_i- 

3- *— 1 



Figure 2. Diagram of electromagnet 


measuring 6x9 cm. The pole pieces alone are made of homogeneous iron, and their 
bases have the same area of 6 x 9 cm., while the frontal faces are cylindrical, with a 
length of 9 cm., the form of the section being such that the dH*jdx function has a 
single, sufficiently flat, maximum. 

The electromagnet is supported on two rails, along which it can be very slowly 
driven by an electric motor, in such a way as to bring the specimen just into the 
region of maximum force. 

The current for the magnet, of the order of 13 amperes, is generated by a battery 
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of accumulators, and regulated by continuous variation rheostats. The current can 
be measured to 0*01 ampere by means of a Siemens Halske precision ammeter. The 
character of the field-current curve in the range utilized is such that the magnetic 
field produced can be taken as constant to within less than 0*05 per cent. 

(iii) Oven . To raise the temperature of the specimen, an oven of the Foex- 
Forrer (3) type, connected to the same support as the torsion balance, is used. Its 
position can be regulated in such a way as to obtain freedom of movement for the 
mobile system over a range of 7 mm., which corresponds to a deflection of 14 cm. 
on the scale. To the silver cylinder of the oven a copper-constantan couple is soldered. 
To estimate the temperature of the specimen, we made a preliminary study of the 
distribution of temperature along the vertical axis and of the difference between the 
temperature of the silver cylinder and that of a piece of solder placed at the point 
corresponding to the centre of gravity of the substance. The couple employed for 
this purpose is of manganin-constantan, which gives an electromotive force only 
very slightly inferior to that of the constantan couple, and has the advantage of the 
low thermal conductivity of the alloys. With this couple, the temperature at different 
points on the axis of the cylinder is taken and compared with the temperature of the 
couple soldered to the cylinder at the moment of measurement of the temperature 
on the axis. The mean temperature along the length of the column occupied by the 
body can then be determined graphically, and an estimate can be made of the correc¬ 
tion which must be applied to the temperature of the silver cylinder to obtain the 
temperature of the specimen. The measurements of e.m.f. are made with a Cam¬ 
bridge potentiometer. 

(iv) Experimental method . For each series of measurements the balance and the 
oven are first adjusted in such a way that the rod is kept horizontal and that its move¬ 
ment remains entirely free. The currents for the magnetic field and the electro¬ 
dynamometer must be applied at the same time in order to prevent collision of the 
mobile system with the walls of the oven. The position of the electromagnet cor¬ 
responding to the maximum value of the product i m i f is also found, where i m and i f 
are the currents through the movable and fixed coils (see figure 1). This position 
remains invariable during the whole series of experiments, although there is some¬ 
times a slight shift of zero of the balance. The correction then necessary is very small 
and can be determined easily by bringing the system back to the original zero by the 
action of the electrodynamometer. This procedure gives also the sensitivity of the 
balance. The value of i m i f utilized is the mean of the values obtained by altering the 
directions of i m and i f since it is necessary to eliminate the actions on C m of the 
magnetic fields of the electromagnet and of the earth. 

Each session of measurements made on the same substance begins with an 
experiment at room-temperature, always near to 20° c., with the object of keeping 
a check on any change in the system from one day to another. After this, measure¬ 
ments are made at several temperatures above that of the room, with the temperatures 
first increasing and then decreasing. 

The equation of equilibrium of the balance at a given temperature is 
K (i m i f ) = [dH*ldxl m 3 + \x Q [dH 2 j dx\ g m g + A 
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in which K is the constant of the electrodynamometer. The first term on the right 
gives the action of the field H upon the body of specific susceptibility x& and mass 
m Si [dH 2 /dx] s representing an appropriate average of the values of dH 2 jdx upon the 
body. The second term has the same significance in relation to the glass tube in 
which the body is contained, and the third represents the action upon,the rest of the 
mobile system. 

To arrive at a determination of x s it is necessary to ascertain the two last terms 
separately or together. The latter procedure is preferred, and is carried out by making 
a further series of experiments over the same range of temperatures with an empty 
tube of the same glass, length, and type as that containing the specimen. Allowance 
may be made for the very slight residual differences with ample precision. The repre¬ 
sentative curve of K (i m 'i /) as a function of T for this series enables one to obtain 
for each value of T 

K (i m i f ) — K (i m if ) = Xs t t [d'H 2 /dx~\ s nt s , 

SOthat Xs ’ T= m s [dH 2 jdx \ 3 

giving Xs % t if the constant factor outside of the parenthesis is known. If it is desired 
simply to obtain the law of variation with T the simplest method is to take as a 
standard of reference a temperature of 20° c. or 293 0 K. very close to that of the 
room, as we have already pointed out. 

We then obtain -&I.— It ~~ fw ) T u 

Xs, 293 ( l f )293 

To obtain now the relative value for the cation Xc.t/Xc, 293 the law of additivity can be 
used, 

M Xs^cxc + ax a , 

where Mis the molecular weight of the salt, Xc the susceptibility of the cation, x a that 
corresponding to the anion, and c , a are the numbers of cations and anions which 
constitute the molecule. Thus we arrive at 

X^L^X^T J_g Xa (Xs.T \ 

Xc, 293 Xs, 293 c Xc,293 ^Xs,293 / 

where Xs,r/x«,293 ^d &Xal c Xc, 293 known, supposing that x$, 293 has been measured 

by comparison with the standard substance. We have already stated that for this 
purpose we adopt the figures of Cabrera and Duperier. For * a , the susceptibility 
of Cl in our case, the Pascal’s value of -20-1 x io~ 6 has been adopted. 


§3. EXPERIMENTAL RESULTS AND DISCUSSION 

We are here mainly concerned with the experiments made on the salts OsCl 2 , 
IrCl 3 , PtCl 2> but in order to establish the connexion between these and the previous 
experiments of Cabrera and Fahlenbrach, we have started by repeating the study 
of RhCl 2 . & J 

We include the { i / X , T} representation, following a practice customary in former 
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papers, but for the recognition of the law of thermal variation of x we consider it 
more suitable to show Xc T as a function of T. With the second method of represen¬ 
tation of the results, a horizontal straight line indicates that the law of Curie holds, 
and if the straight line shows any inclination at all this denotes an additional 
susceptibility independent of T; if the line has a curvature which disappears on 
addition to T of the constant A, then it is the law of Curie-Weiss that is indicated. 
This is the same representation as that utilized by Cabrera and Fahlenbrach. 

To illustrate the general character of the experimental results, and also the 
proposed method of testing the equations, full details are given for RhCl 2 in table 2. 
The observational data are given in the order in which they were obtained, with the 
object of showing that the laws deduced do not correspond to systematic errors 
arising from transformations in the substances. The means and the mean deviations 
of the values listed under C x and C 2 are given at the foot of the corresponding columns. 


Table 2. Experimental data for RhCl 3 and test of proposed equations 

= hn if ) tI( imif im if )2$3 ■ (See p. 850.) 

0T = Xftk,!z7xRh,2y3- 
C x =( p T - 0-942) (T/293). 

C 2 =(Pt~ 0-942) {(T/293) “0*355}. 


T (° K.) 

ay 

Pt 

Cl 

C 2 

288*0 

0-978 

1-007 

0-064 

0-041 

287-5 

0-984 

1-005 

0-062 

0-040 

326-1 

1-049 

0-984 

0-047 

0-032 

375-7 

1*086 

0-972 

0-039 

0-028 

288-5 

0-995 

1*002 

0-059 

0-038 

4 J 5-2 

1-086 

0*972 

0*043 

0*032 

288-6 

1-032 . 

0-990 

0-047 ■ 

0*030 

376-5 

1-070 

o *977 

0-045 

0*033 

453-3 

1-086 

0-972 

0-047 

0*036 

492-3 

1-146 

o -953 

0*018 

0*014 

287-5 

1-016 

0-995 

0-052 

0-033 

548-5 

1-108 

0-965 

0-043 

0-035 

288-7 

0-978 

1-007 

0*064 

0-041 

595-0 

1*076 

0-975 

0-068 

0-056 

288*7 

0-962 

1*012 

0*069 

0*044 



Mean 

0-051 

0-0355 




±o-oii 

± 0-0065 


A graphical representation of the results is shown in figures 3 and 4. The Rh line 
in figure 3 is clearly a curve, but its average slope is practically zero, which is in 
accord with the conclusion drawn in our less accurate earlier work. In the {^T, T) 
representation an approximately straight line is obtained, figure 4, the slope of which 
corresponds to K/x 293 0 — -0*942. If the straight-line representation is correct, the 
fourth column of the table should be constant, except for experimental errors. The 
distribution of the points on the straight line suggests the possibility that they may 
be more exactly represented by an equation of the type of (%+i£) (T+A)==C. This 
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equation is tested in the fifth column, as it appears to represent the results more 
closely. 

Using the equation (x+K) (T+A) = C in the form 

(jl+S.) JL + (jc_+A\ A_A 

A 293 ° X 293 0 ' 2 93 'X 293 0 X 293 °/ 293 293 ^ 293 ° 

we find the following values: 

K/xm° = - 0-942, A/293 = “ °' 3 SS> C/293x 2 98«=0-0355 + o-oo6 a . 

With the value Xm° = +45‘5 x 10-6 we deduce 

K— —42-9 x io -6 , A= —104, C=o-ooo47s, 

this last number having a probable error of about 17 per cent. The rather large 
uncertainty in C is connected with its small value, and is not attributable to a wide 
spreading of the experimental points, as may be seen from the graphs. The cor¬ 
responding uncertainty in the ratio xr/Xm for an y temperature in the range investi¬ 
gated is less than 1 per cent. 

In the calculation of A we have taken the value of K/xm° obtained from the first 
equation. The residual errors of this latter show that the correction introduced by 
including A is of the second order, and consequently that the value of K will be 
little effected. 

In figure 4 the crosses (+) show the results of Cabrera and Fahlenbrach and the 
circles (O) those obtained in the present experiments. The slight difference of about 
2 per cent in the slope is probably within the limits of experimental error. Applying 
an equation of the same type to the observations of Cabrera and Fahlenbrach, we 
obtain the values 

K= -42-68 x io -6 , A= — 133-1, C=87oxio -6 . 

The two sets of values for K and A are in good agreement, while the notable dif¬ 
ference for C is tolerable in view of its small value. It can be concluded that the 
present results are consistent with those obtained by Cabrera and Fahlenbrach for 
the palladium family. 

For OsCl 2 measurements were made over a range from 283° to 591 0 K. 

The {i/x, T) and the &T, T} graphs for the cation are shown in figures 3 and 5. 
The graph in figure 3 suggests the existence of two straight segments, but no signi¬ 
ficance should be attached to the sharp bend in the graphical representation, as the 
number of observations is too small to exclude a curve. Nevertheless, in figure 5 it 
can be seen very clearly that there is a marked difference in the behaviour of Os ++ 
below and above 440° K. Below 440° K. the thermal variation is represented by 

( XOb +K)T=C 1 , 

with K= —49-8 x io -6 , Cj=0-00964; and above 440° K. by 

XOi'x T= C a = 0-0323. 

By a treatment similar to that indicated in table 2 for RhCl 3 , it is found that the 
mean deviation of the experimental values from those given by the equations cor- 
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responds to an uncertainty of i*8 per cent in C x and of x-i per cent in C 2 . The 
results for IrCl 8 , investigated over the temperature range 285° to 591° K., are shown 
in figures 3 and 5. 

For Ir+ ++ , figure 3 suggests either a small curvature or two linear segments, but 
the {%T, T) diagr am shows that the curvature may be accounted for by including a 
constant K. The equation representing the thermal variation is 

( Xll +K)T=C, 



Figure 5. {xT, T} curves for Os ++ , Ir + + + and Pt ++ . 

in which K= — 0*889 x 47*2 x io~ 6 = —41*96 x io“ 6 , 

0=0*1127x293 x 47*2 x io~ 6 = 0*00156, 
the uncertainty in the C value, estimated as before, being 2*2 per cent. 

The curvature of the line sketched in figure 5 is not sufficiently outside the limits 
of experimental error to justify inclusion of a definite A term. 

For Pt + + , the measurements were difficult owing to the very low value of xpt • 
Measurements were made over the temperature range 283-593° k. The reduced 
results are shown in figure 5, the circles and crosses corresponding to two different 
series of measurements made with the empty tube, one preceding and the other 
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following the series with the chloride. Each series suggests a slightly sloping straight 
line, but the slopes have opposite signs and are almost equal in absolute magnitude, 
a circumstance which induces us to consider xpt constant and to attribute the 
thermal variations indicated to experimental error for the empty tube. A careful 
study of the errors suggests a slight diminution of xr/Xm with, temperature, but this 
is completely within the experimental error. The whole set of measurements gives a 
mean value of xr/xm °f 0*994? with a mean deviation of 1 *a 8 per cent. 

Naturally, with a xpt which is constant we have adopted the value —17-4 x io -6 , 
obtained by Cabrera and Duperier. 


§4. INTERPRETATION 

The present results confirm the complexity of the magnetic behaviour of 
platinum and palladium families, which we pointed out some years ago and which 
was clearly shown for the palladium family by Cabrera and Fahlenbrach. The most 
obvious characteristic is the smallness of the susceptibility of these substances as 
compared with the theoretical values deduced from the electronic configurations of 
the ions, according to the Hund rules. 

Table 3 contains the theoretical values deduced from the ordinarily accepted 
configurations for these cationsThe values of the atomic magnetic movement 
can be immediately obtained from the formulae 

Pett=g VU ( 7 +1)} ^eff = 2 \/{S (S +1)} /x-jj, 

the first holding when both the orbital and spin moments are effective and the 
second when the spin moments only are effective. From these values of /* e ff those 
of the atomic susceptibility of the cation are deduced by means of the equation 

^ 2 eff 

X ~2R (T+A)’ 

in which A results from the interactions between the neighbouring atoms in the solid 
bodies. The results of the calculations refer to the average room-temperature T of 
293 0 K. For the Bohr magneton per gram atom, Nhej^-mnc, we have adopted the 
value 557s, which is derived from Millikan’s constants for 1938^. 


Table 3 


Cation 

Configuration 

f*eff = 3 V {S (S + i)} (IB 

^eff=£ \/{J ( 7 +l)} PB 

(Lett 

units x io"® 

g 

(left 

• Xc « 
units x io" 6 

R u + + + 

*S% 


16570 

2 

33200 

16750 

Rh+++ 

s D t 

27330 


a 

37400 

29700 

Pd++ 


15780 

34 io 

J! 

4 

31200 

14400 

Os+ + 


27320 

10160 


37400 

20800 

Ir+++ 


27320 


3 

37400 

20800 

Pt++ 

1 

»F t 

15780 

3410 

i 

31200 

14400 
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These values of Xc are not directly comparable with the experimental values, 
because they refer only to the permanent atomic moments, whereas the experimental 
values include the constants K and correspond to (x c +K)- 

To make the following discussion clear we give in table 4 the constants obtained 
in our experiments together with the values deduced from the atomic moments in 
absolute units and Bohr magnetons. The value of ^theor considered is that corre¬ 
sponding to spin only. 

Table 4 


Cations 

K 

units x io” 6 

A 

C 

/xefc (abs.) 

/MB ( B ) 

fA thcor 

Ru+ + + 
Rh ++ + 

Pd+ + 

Os+ + 

Ir +++ 

+ 26*8 
“ 42*9 
f 0*0 
\+ o *56 

J - 49*8 
\ 0*0 

— 42*0 

- 29-5 
—104-0 

0-5455 

0-0473 x io— 
0-0717 X IO -2 
0-01797 X IO” 1 
0-0964 X IO” 1 
0-03229 

0-0156 X IO -1 

11640 

341 

423 

751 

1550 

2838 

624 

2-09 

0*062 

o-o7 6 

0*135 

0*278 

0*509 

0*112 

o *35 

0-013 

0-027 

0-048 

0-057 

0-104 

0-040 


We have already said that two effects contribute to the constant K: the diamag¬ 
netism of the cation, corresponding to a general property of all the atoms, and a 
constant paramagnetism arising from effects involving states additional to the ground 
state. K is the algebraic sum of both terms. For Pd ++ above the temperature of 
280° k., and for Ru + + +, this paramagnetism is inferior to the diamagnetism because 
K > o. The difference is much greater in the second case than in the first, and a 
comparison of — K with the diamagnetic susceptibility of other ions with a number 
of electrons very little different from that of Ru + + + indicates that the constant cor¬ 
responds closely to the diamagnetism of the cation itself. We may attribute about the 
same value of this constant to all the ions of the palladium family as the susceptibility 
of the neighbouring ions Rb + , Sr ++ , Ag + have respectively the values —23 x io~ 6 , 
-i8*3xio- 6 , -25X10- 6 which are practically all equal. We may take, as an. 
approximate average value for the palladium triad cations, x= - 23 x io -6 . For the 
platinum family,, as the values obtained for Cs + , Ba ++ , Au + are -35X10- 6 , 
— 28 x io“ 6 , —43 x io~“ 6 , we may adopt — 35 x io -6 for x- 

It is interesting to note that the values of K for Rh + + + , Os ++ below 440° K. and 
Ir +++ , all with similar configuration, are nearly the same. There is, however, a 
difficulty in the interpretation suggested for this constant. It is reasonable to expect 
that the part corresponding to the paramagnetism should be approximately the same 
for the three cations, but the contribution of the diamagnetism must be greater, 
numerically, for Os + + than for Ir + ++. Further, K should be greater numerically for 
Rh +++ than for the other two ions, which is not found. It may be noted that the 
ratio of the experimental to the theoretical moments is also very different for each of 
these cations. 

Van Vleck explains this decrease as being a consequence of the partial quenching 
even of spin moments, owing to crystalline field or exchange effects or to the actual 
formation of complex molecules. That these actions produce a deformation of the 
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atoms which is perceptible in some of the chemical properties was recognized a long 
time ago by Werner and Pfeiffer, who pointed out the gradual disappearance of 
typical halide properties in the transition from iron triad to the triads of palladium 
and platinum. 

In view of the difficulty of making any proper estimate of the magnitude of the 
interaction forces concerned, it seems to us useful to represent the decrease of the 
atomic susceptibility as arising from a decrease in the number of ions that in the solid 
retain the normal configuration. The majority, by interactions of one or the other 
type, have their orbital spin moments completely quenched. The proportion of 
effective cations Nett per gram atom may be deduced by comparing the effective and 
theoretical values of the atomic susceptibility, the expression 


Xeff= 


Nett p 2 
3J? (T+A) 


being used where no other factor distinct from N e tt depends on this number. It is 
generally accepted that A represents effects depending on a crystalline field (6) . If all 
the cations have the normal configuration, Nett is the Avogadro constant and the 
other factors remain the same. Writing 


iVeff_ X&J 
~ x 


the following shown in table 5 are obtained : 


Table 5 



Ru+ + + 

Rh + + + 

Pd+ + ! 

1 

Os++ 

Ir 


7'<28o°k. 

T>z8o°k. 

T<44o°k. 

T> 44o 0 K. 

iff = x + ^ 

1939 X IO-* 

2-6 X IO” 6 

2*4 X IO” 8 

6*07 X IO” 8 

32*9 x io” 6 

n8x io” 6 

5-2 > 

»ff Xeff 

x 

o-ii6 

165 x IO” 6 

7*1 x io” 6 

18 X IO” 4 

32 xIO” 4 

116 X IO” 4 

51> 


We have here utilized for calculations of xett the values of the atomic suscepti¬ 
bility which were obtained in our first work and given above, from which it is 
necessary to subtract the corresponding K. Except for Ru, for which one-tenth of 
the cations conserve their normal moment, the ratio varies between about one- 
seven millionth and 1 per cent. If this representation is to be taken as a physical 
hypothesis, the small fraction could not be supposed to arise from any crystalline or 
molecular regularity, though it might arise from fluctuations in distribution of 
thermal origin. 

With such an origin, however, Nett should depend on T, which would com¬ 
plicate the function x (T). 

It has been frequently indicated that the superficial position of the magnetogenic 
group in the iron, palladium and platinum families of elements is the principal cause 
of the divergence of their magnetic constants from the theoretical values. Also it is 
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clear that such a divergence would increase in the order in which the families have 
just been named, and this is in accordance with observation. A comparison of Ru 
and Os is not straightforward because of their distinct configurations, but the reduc¬ 
tion of the paramagnetism of Os as compared with that of Ru is evident. For Rh and 
Ir the values of K and Xc are practically equal numerically, and the values are almost 
the same for the two ions, so that no great significance can be attached to the actual 
differences in Xc • For Pd and Pt, also of identical configuration, the normal para¬ 
magnetism disappears completely in the second. Within every family the sensitivity 
to external disturbances increases with the cation atomic number. 

Unfortunately, the number of substances is as yet small. There are results only 
for a few simple salts of Mo which were studied by Tjabbes and Bose, and a small 
number of complexes measured by Bose and Bhar and also by Guthrie and Bour- 
land. It is impossible to draw general conclusions from such limited data, but it is 
evident that there is no contradiction with the point of view which has been 
described. 
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ABSTRACT . The dispersion undergone by a short train of wireless waves when it is 
reflected from the ionosphere is discussed. It is shown that, for all ordinary conditions of 
observation this dispersion does not give rise to any difficulties in the interpretation of 
experimental results, as regards either the time of travel or the amplitude of the wave 
train. 


§1. INTRODUCTION 

W ithin recent years the Breit and Tuve (l) pulse method for the investiga¬ 
tion of the electrical structure of the ionosphere has become of universal 
application. When a wireless transmitter is arranged to emit a short 
signal, the radiated wave may be reflected by the ionosphere and return as an echo. 
The time of flight of the echo when measured may be multiplied by the velocity of 
light to give what is usually referred to as the equivalent or virtual length P' of the 
echo trajectory. When the method was introduced, the significance of this quantity 
was examined by Breit and by Appleton (a) . A further examination of the meaning 
of the phase of the received echo was made by Breit (3) . 

It is one purpose of this paper to apply the methods of group analysis to the 
problem in order to show under what ionospheric conditions true dispersion of the 
pulse signal will occur in an observable form. Although the pulse method was 
initially introduced in order to measure P', it has since been widely employed in 
experiments in which the total absorption in the ionospheric path of the waves has 
been investigated. In such a case the amplitude of the echo signal is measured and 
treated theoretically as being the same as that of an infinite wave train passing through 
the absorbing medium. The analysis is extended to an examination of the validity of 
this assumption. 


§2. THEORETICAL DISCUSSION OF DISPERSION 
The study of the propagation of a disturbance through a dispersive medium is 
usually based upon a knowledge of the frequency-variation of the phase velocity of 
infinite wave-trains in that medium. In the classical examples of dispersion that 
have been exhaustively investigated, the change in the form of the disturbance as it 
travels through the medium is of primary importance. The investigation of the 
ionized regions of the earth’s atmosphere by wireless methods is necessarily carried 
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out by studying some aspect of the wireless signal after it has been refracted in the 
upper atmosphere and returned to the earth’s surface. Thus in the latter problem 
the changing form of the disturbance in the medium is of only secondary importance 
compared with the final form observed at the receiving point. A discussion of the 
dispersion based upon the phase velocity of the components of the disturbance at 
different points along the trajectory would involve many assumptions concerning 
the nature of the dispersive medium. Attention must be confined to the total 
phase-retardation of the components over the atmospheric path between the source 
and the receiving point. 

In the Breit and Tuve method of investigating the upper atmosphere an 
electromagnetic wave of angular frequency p 0 is sent upwards towards the ionized 
regions, the amplitude of this wave being caused to vary in some known manner. A 
pulse of energy is thus sent upwards from T and refracted downwards to the 
receiver at R . The group time t t of transit of the pulse via the atmospheric path is 
compared with the transit time t 2 along the direct path. The difference between 
these times, together with the velocity of light c, gives what is known as the equi¬ 
valent path difference, 

P'~c (A ”■ *2) ® ct* 

If T and R are close together, as in the case of vertical incidence of the waves on the 
ionized regions, the equivalent path is equal to P'. It has been shown by Appleton 
that the equivalent path P' is related to the optical path P by the relationship 

p, = p +*f- 

The study of the dispersion of the pulse may be undertaken in terms of the frequency 
variation of the optical path P. In all experimental investigations it is the equivalent 
path P' that is measured, and although P may be deduced in some cases by a method 
due to Appleton, there exist at present no experimental data for P. This does not 
hinder the discussion, for it will be shown that the form of the pulse at R depends 
essentially upon the equivalent path P'. 

Consider a signal sent out from T of the form 

y T =A (; t ) eW. 

This may be represented by the Fourier integral 

f(t)=y T = l r^dp [ +C0 /(A) d\= - (“V (P) e ipt dp, 

77 J 0 J —00 IT J 0 

where ^ (p)= [ /(A) e~ s * x dX. 

J —00 

In this equation y T may be the electric or the magnetic intensity of the electro¬ 
magnetic wave leaving the sender. The amplitude A (t) of this wave of angular 
frequency p 0 varies with time in some known manner, the function A (i) being usually 
of some simple form which rises from zero to a sharp maximum and then decays to 
zero. 
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In terms of the Fourier Integral, the signal may be visualized as the resultant 
of an infinite number of infinite wave-trains, each of which will be refracted by the 
ionized region and returned to the receiver at R with a phase-retardation which will 
depend upon the optical path P and the velocity of light. Thus at the receiving 
station R the signal will be of the form 


The optical path P may or may not be a function of frequency. If it is not then 

y R =A (t-Po/c) e j ^ p o A», 

since in this case the equivalent path and the optical path are equal for all frequencies.. 
The form of the pulse at R is then exactly the same as that of the pulse sent out from 
T, but will occur at the retarded time ( t—P'jc ). 

The same result is approximately true for the case in which P f is not rapidly 
varying with respect top. A pulse of the form visualized above will have an effective 
time of duration, A*, which will of course depend upon the amplitude function 
A (t). A result well known in group analysis is that in such a case the pulse will be 
adequately represented by the integral y T where 

T CPo+b&P 

y*-- . <f>{P)e m dp. 

n J }&P 

In this integral the components of angular frequency lying between (p 0 —$Ap) and 
(p 0 +\Ap) alone have appreciable amplitude. Moreover, it can be shown that 


Ap Af = i. 

Assuming that pP can be expanded in the Taylor series 


=PoPq-(P-Po)Po' + 


(p-Po) *dP 0 ' 

2 dp + 


then the above result follows on substituting this series in the integral, after 
neglecting the second and higher powers in (p—po)- This is equivalent to the 
statement that the sum 

Ap 2 dP, q' (A pfdfPl 
~2~ dp + 6 dp* i ‘- 


is small compared with the first two terms of the series. 

In nearly all practical cases the series is rapidly convergent. The optical and 
equivalent paths P and P' are often of the same order of magnitude, and since 
po^-Ap the first term is usually much greater than the second. To test the validity 
of the assumption that the third term may be neglected, note that this assumption 


amounts to 


or in terms of the frequency 


dPl < 

dp 

dPf 

df 


2 i° 

Ap’ 

.,?Pf 
8 a r 


55-3 
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In practice P 0 ' would, for F region, be of the order 300 to 800 km. Now with the 
pulse signals commonly employed, A/will be approximately io 4 c./sec. or o-oi Me./ 
sec. Thus cIPq I df must be much less than io 5 km. per Mc./sec., a condition which as 
a rule is adequately fulfilled in practice. 

It may be concluded therefore that the form of the pulse at R will be almost 
exactly similar to that sent out at T unless P' is changing very rapidly with respect 
to p. Distortion may be observed when the frequency of the signal is very near the 
critical frequency for the ionized region from which reflection is taking place, for 
the equivalent path may then vary very rapidly with p. 

The physical picture of dispersion in this case must be as follows. The Lorentz 
theory of wave-propagation indicates that an infinite wave-train will be reflected at 
a level in the ionized region at which a given value of the ionic density exists. Since 
this level is a function of wave-frequency in a region in which the density is in¬ 
creasing with height, it is obvious that dispersion in the present sense will occur when 
there is a significant difference in the level of reflection of the component frequencies 
of the pulse signal. This reveals itself, as is shown above, at times when the equi¬ 
valent path is a rapidly varying function of frequency. 

In order to obtain some idea of the effect of rapidly varying equivalent path on 
the form of the pulse at R , Kelvin's method of stationary phase may be used. The 
signal at R is 

y*-l \ a m^dp. 

0 


Since P is a function of the angular frequency p, it is assumed that the total angle of 
the waves p ( t—Pjc ) may be expanded in the Taylor series 


t «-f)-A (<-7*)+0>-A) (<-£)-}»-*)■ {; ^ 


The predominant frequency p 1 at any time is defined as that frequency for 
which the phase of the component waves is stationary with respect to p. The 
predominant frequency p x is therefore determined by 


£ 

dp 



= 0, 


where 

If we neglect the powers of (p —p^ higher than the second, the above series when 
substituted in the Fourier integral gives 



TOO 

I P (p) e * {3, i (f_p i/ c) “^ (3) ~ 2> i )2 dp, 


and to the first approximation therefore 


y* = 


277 


d JS ^/dp f $ (ft) 
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If the equivalent path P' is known in terms of p x , then p x may be found as a function 
of time. 

For example, it may be assumed that P' for a limited frequency range varies 
linearly with p, P'=a+bp. 

The retarded time at which p 1 is the predominant frequency is then given by 

A = c -Wzf 

Now for purpose of illustration it may be assumed that the original pulse is of the 
form 2 


in which case the <f> (p) will have the form 

<f> (p) = mx£ - “ 1 ®o -3> I. 

Substitution gives \y B | = ~ j* expj -~1 [f 0 ]-[f]||. 

It is evident therefore that when the slope of the P'jp curve is small, the time 
interval between the predominance of p 0 and neighbouring frequencies p x will be 
very short. If, however, P' is changing rapidly with p, the pulse-length at the re¬ 
ceiver may be considerably increased if the receiver is capable of reproducing it. 

In practice, pulse-receivers are usually designed to accept a certain band-width 
in frequency. The effect of the dispersed pulse on such receivers is interesting. It 
has been shown above that the frequency/)! is predominant at a given retarded time 
[£]; if the centre of the receiver band is set to p x the received signal will be observed 
to rise to a maximum at [*], but if it is set a little higher this higher frequency will 
become predominant at a later time. With dispersive conditions of this sort a slow 
increase in the frequency of reception of the receiver will result in the reception of 
an echo signal for which the retardation time increases with the setting of the 
receiver. The existence of such an effect, which occurs when the emitted frequency 
is very near to the critical value of the P 2 region, was first pointed out to me by 
Mr R. Naismith of the Radio Research Station, Slough. It has been observed 
frequently with these conditions. 


§3. ABSORPTION IN THE WAVE-PATH 
In the above analysis the medium has been assumed to be free from any absorp¬ 
tion for the waves travelling through it. In practice the disturbance always suffers 
absorption during propagation, and it is necessary to enquire into the possible 
effect upon the resulting amplitude of the pulse at the receiver. 

The component waves represented by the Fourier integral will suffer attenuation 
of amount dependent upon the distance travelled and upon the absorption coeffi¬ 
cient of the medium. At any point in the trajectory therefore the resultant pulse 
may be represented by 

y B = - f <f>(p)e~ s eW t ' F ! c) dp , 
rt Jo 
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where S is the integrated absorption coefficient for a component wave-train and is a 
function of wave-frequency. Writing the phase retardation of the component waves 
as ( pP/c—jS ) and assuming expansion in a Taylor series possible, we have 

If the emitted pulse form is to recur at the receiver at the retarded time ( t — P 0 'lc ), 
then the factor (dSJdp) must be negligibly small. If this may be assumed and the 
higher powers of (p —p$) neglected, the form of the signal at R will be 

y R =A e ~ Sa 

To this degree of approximation therefore the maximum amplitude of the pulse will 
be attenuated in the same manner as the amplitude of an infinite wave train. 

Here again the conditions generally obtaining in practice justify the above 
assumptions. Even if P 0 ' is of the order of 1000 km., i 5 o 7 c= ^°*33 x I0 ~ 2 sec * an d 
(dS 0 jdp) would have to be much smaller than this to be negligible. Now, for waves 
reflected by region F and absorbed in region E, 


thus 


0 j . constant 
5=J*&=— 

dS_ 2 ~ 

dp ~ p 


and since S is of the order i to 3, ( dS 0 /dp) is thus generally of the order io~ e . 

Near the critical frequency of the regions, however, 5 does change rapidly with 
wave-frequency, but the factor ( dS 0 /dp ) can be of importance only very near the 
critical frequency of region F 2 in the same frequency range as that for which P r is 
also a very rapidly changing function of p . 

The assumption that pulse-amplitudes may be used in absorption-measurements 
appears amply justified. 
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ABSTRACT, The total absorption of wireless waves reflected from region F has been 
measured over Christchurch, New Zealand. The diurnal variation in this quantity has 
been investigated under conditions which exclude absorption at the top of the wave 
trajectory; the results refer to the absorption which is thought to occur in region E. The 
variation has been compared with that given by Appleton’s theory of absorption in a simple 
Chapman region. The practical results are found to agree with the theory, as far as the 
diurnal variation is concerned, both in summer and in winter. The ratio of the summer 
absorption to the winter absorption is, however, smaller than it should be according to the 
theory. This discrepancy is discussed. It is shown also that when the waves are returned 
from the intense E region, instead of region F, the absorption is of the same order of 
magnitude, a fact which indicates that the absorbing zone is beneath region E in conformity 
with Appleton’s theory. 


§ 1. INTRODUCTION 

A wireless signal, emitted vertically upwards, may be received at a receiving 
station very near the emitter after having been refracted by the ionized 
regions of the ionosphere. During the transmission of the wave through the 
ionosphere, its amplitude will be attenuated by the absorbing action of the ionized 
gases which constitute the ionosphere. 

In this paper experiments are described in which the amount of absorption 
experienced by wireless waves refracted at vertical incidence over Christchurch has 
been measured. Since this absorption varies throughout the day, it is of interest to 
investigate the manner in which this variation occurs as the sun rises to its minimum 
zenith distance and falls towards sunset in the afternoon. The diurnal variation of 
absorption has been compared with the theoretical law due to Appleton <x) . The 
absorption of wireless waves has been investigated under different conditions by 
Farmer and Ratcliffe (3) , Ecker$ley (4) , White and Brown (5) , Appleton (x) and Best 
and Ratcliffe (a) . The latter have investigated the diurnal variation over Cambridge, 
while Appleton, and White and Brown have shown that in south-east England the 
annual variation did not obey the theoretical law in 1935 and 1936. In the present 
instance it is found that the diurnal variation follows the theoretical law, but that 
the summer-to-winter ratio is smaller than the theoretical ratio. 
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§2. EXPERIMENTAL OBSERVATIONS 

The amplitude of the emitted spherical wave decreases in proportion to the 
reciprocal of the distance travelled, and, in transmission through an absorbing 
medium, will be attenuated so that the amplitude 

jBocexp (~jkds), 

where k is the coefficient of absorption and the integral is to be taken over the 
trajectory of .the wave. It is the purpose of these experiments to measure $kds for 
the waves; this, as was first pointed out by Appleton, can be done by making use of 
waves which suffer a double reflection between the earth and the ionosphere. In 
such a case, the amplitude of the second reflection is proportional to exp (— 2 Jk ds ); 
thus a direct comparison of the amplitudes of the first-order and second-order 
reflections gives fkds. 

The signals were emitted from a Breit and Tuve pulse-emitter in the physical 
laboratory at Canterbury University College and were received in the same room. 
The output of the receiver was used to deflect a cathode-ray oscillograph; the 
amplitude of the signal was visually observed by comparison with a scale on the 
screen of the oscillograph. With the emitting and receiving equipment in the same 
room, it was not possible to make use of the direct signal as a reference signal. The 
procedure adopted was as follows. A local oscillator with a fixed coupling to the 
receiving aerial was used to deflect the oscillograph spot in place of the echo signal, 
and a calibration chart was drawn showing the oscillograph deflection as a function 
of the oscillatory current of the oscillator for each frequency and for each setting of 
the gain-control. With constant coupling, the electromotive force induced in the 
aerial is proportional to the oscillatory current; the chart thus permitted oscillo¬ 
graph deflections to be expressed as electromotive forces in the aerial. With a fixed 
aerial system the latter are proportional to the amplitudes of the electric field of the 
incident waves. 

When opportunity offered, the electromotive forces due to first-order and second- 
order reflections were compared, and these observations were used to calibrate the 
apparatus to give absolute values of the absorption when only the first reflections are 
present. For this to be possible, the emitting and receiving systems had to be main¬ 
tained constant; the output of the emitter was checked by readings of the aerial 
current, while frequent recalibration of the receiver served as a check in this case. 

The amplitude of echo signals is always subject to a random variation due to a 
number of causes. In order to find the average amplitude each reading of the 
absorption was based on fifty readings taken at intervals of 5 sec. The arithmetic 
mean value was taken to be the average amplitude. 

Although some absorption of energy takes place at all points along the trajectory 
of waves reflected from the F region there are known to be, to a first approximation 
at least, two distinct types of absorption: (1) that which takes place along that part 
of the trajectory where the refractive index /x is approximately equal to unity, and 
( 2 ) that which occurs near the top of the trajectory where jjl'—o. 
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It is the first type of absorption that is discussed here and, in order to exclude 
the second, the working frequency must be chosen to be as far as possible away from 
the critical frequencies of either the F or the E region. 

As no special aerial system was used to differentiate between the ordinary and 
extraordinary waves, the frequency was adjusted until these two waves were super¬ 
imposed on the oscillograph screen. The amplitude measured is therefore the 
average of the two waves. This procedure has certain disadvantages, but since, 
according to the theory, both components should exhibit the same diurnal and 
seasonal variation, the practical results may be compared with it without error. 

2-oU 


1-5 


o 


o 


o 


* 

j* i-o 

0-5 

0 

I 

Time {hr.) 

Figure i. 6 January 1939. 

The frequencies used were 5*6, 6-3 and 7-0 Mc./sec. in winter and 6*3, 7-0 and 
7*5 Mc./sec. in summer. The winter values were taken between 20 June and 
30 July 1938, and the summer values from 5 December 1938 until 6 January 1939. 
On each day readings were begun between 9 a.m. and 10 a.m., or sometimes earlier 
in summer, and continued until 5 p.m. approximately. In general, hourly measure-, 
ments of amplitude were used to calculate jkds. The zenith distance of the sun was 
calculated in the usual way. In order to illustrate the results for one particular day, 
the readings taken on 6 January 1939 are shown in figure 1. At 8.30 a.m. N.Z.S.T. 
the total absorption ( jkds) had already acquired the value of 0-95; it rose to a maxi¬ 
mum at about 12.30 N.Z.S.T. (noon N.Z.M.T.) and decreased during the afternoon 
to a small value at about sunset. This curve is typical of the results of each day’s 
measurements. The majority of the results are presented below in a different form. 

§3. COMPARISON BETWEEN THEORY AND EXPERIMENT 

The theory to be tested is based upon the assumption that there is in the path of 
the waves a region in which the electron-density is produced by solar radiation. 
Chapman (9) has shown that, in an atmosphere in which the density decreases expo¬ 
nentially with height, a monochromatic radiation will maintain a rate of production 
of electrons q such that 


J_I_L_J_I_1. n 1 


3 9 10 11 12 13 14 13 16 17 18 19 20 


q=q 0 exp {1-s-sec* exp (-#)}, 
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where z is a measure of altitude such that 


# = - 


h-h o 

H 


where H is the scale-height and a datum level above the earth. The zenith distance 
of the sun is x* 

If the rate of production of electrons is very nearly in equilibrium with the rate of 
disappearance due to recombination, then the electron density N at any time and at 
altitude z will be given by 

iV=iV 0 exp | {i —z — sec* exp (— z)}. 

The equilibrium between production and loss of electrons during the day is known 
to be true for the E region. 

It is assumed also that the collisional frequency v of the electrons with gas 
molecules varies exponentially with z so that 

v = v Q exp ( —#). 


The absorption coefficient k , for the quasi-longitudinal type of propagation 
which must occur in such a region if the working frequency /is much greater than 
the critical frequency of the region, is given by 

, v Ne z 

*-2C-rm(f±\f L \)» 

provided that v 2 < ^tt 2 (/+ | f L |) 2 . 


With these assumptions, it has been shown that for such a region 

kdz 4' 1 3 v oHe 2 N 0 (cos x )* 

kdz - vmc c f±\h\r 


The Chapman type of region will therefore cause a total absorption such that 

fkds = A (cos 

where A is a constant. 

The practical measurements of Jkds should therefore show the following 
features, (i) When (i +log$kds) is plotted against (x +log cos x) the points should 
lie on a straight line of slope 3/2. Figures 2 and 3 illustrate this method of plotting, 
which is that used by Best and Ratcliffe. Figure 2 shows the winter values, and 
figure 3 the summer values. From these curves the slopes have been found and 
their values are given in table 1. 

For the winter results the mean value is i-8o, for summer 1-64, and for all the 
measurements taken together, 172. In view of the difficulty of arriving at a 
satisfactory average for the amplitude, and the irregularity from day to day, this 
result is sufficiently close to the theoretical value 1-5 for it to be said that the theory 
and practice do correspond in this respect. 

(2) If JA ds is plotted against (cos x)K a straight line through the origin should be 
obtained if all the absorption in the path of the wave varies with the sun’s zenith 
distance x in the manner assumed. If, however, there is a region of absorption which 
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Fig. 2. June and July 1938; winter. 


Table 1 


Winter 

Summer 

Date 

Slope 

Date 

Slope 

20 June 1938 

2*27 

5 December 1938 

1'34 

22 June 

3*04 

6 December 

1'33 

23 June 

I*OI 

9 December 

i*6o 

24 June 

2*34 

10 December 

i-6i 

2 July 

270 

12 December 

2*82 

8 July 

i*3i 

14 December 

1*38 

ii July 

0-83 

22 December 

i‘53 

12 July 

1*07 

30 December 

1*89 

13 July 

i-8o 

4 January 1939 

1*16 

14 July 

i*97 

6 January 

1-26 

17 July 

i-53 

8 January 

3*10 

18 July 

3-34 



19 July 

3*25 



20 July 

1*51 

i 


21 July 

1*07 
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does not vary, or which varies in a different way with cos x> the law will not be 
obeyed. The results of measurements taken during December 1938 and January 1939, 
on the two frequencies 6*3 and 7*00 Mc./sec. have been treated in this way as shown 
in figures 4 and 5. The scatter of the values is due in part to the irregularities arising 
from the averaging of the amplitudes and also from the day-to-day changes which 
occur. The straight lines in the figures have been fitted by the method of least 
squares. The equations for these lines are 

$kds = 1-56 (cos x)i + 0*149 f° r 7 Mc./sec. 
and $kds = 176 (cos x )* — 0*007 for 6*3 Mc./sec. 



1 + log (cos x) 

Fig. 3. December 1938 and January 1939; summer. 


There are more points at low values of (cos x ) 1 in the latter example. In both cases 
the results lie on a straight line which passes through the origin to the degree of 
accuracy of the experimental data. 

(3) Since there is a large change in the value of cos x between midsummer and 
midwinter, a further test of the theory can be made by comparing the summer and 
winter values of jkds. For this purpose, the mean noon value of this quantity for 
December-January and for June-July is used. Although the winter values are not 
symmetrically arranged about 21 June, the values of cos x vary very slowly at that 
time of the year, and the error that may arise is not significant. The comparison 
should yield 

fJk ds (summer) _sin (6 + 8) 

fk ds (winter) sin (d — 8)* 
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where 6 is the colatitude 46° 30' of Christchurch and S is the declination 22 0 30' of 
the sun. The observed values of the absorption are given in table 2 below. 

Table 2. Noon value of $kds 


Summer values 

Winter values 

Date 

fkds 

Date 

jkds 

5 December 1938 

1-32 

20 June 1938 

074 

6 December 

1-78 

22 June 

o*88 

7 December 

1-44 

23 June 

0*44 

9 December 

2-26 

24 June 

0*46 

10 December 

2*05 

2 July 

0-47 

12 December 

2*08 

8 July 

o*54 

14 December 

1-78 

11 July 

o*57 

22 December 

2*00 

12 July 

0*51 

30 December 

2*04 

13 July 

0*69 

3 January 1939 

1*26 

14 July 

o*49 

4 January 

1*90 

17 July 

o*57 

5 January 

1*83 

18 July 

0-72 

6 January 

i*54 

19 July 

0*64 

7 January 

1-13 

20 July 

o*57 

8 January 

i*44 

21 July 

0-69 



22 July 

o*55 



23 July 

o*53 



25 July 

070 



3° July 

0*38 

Mean 

1*72 

Mean 

o-S9 


From these results, the summer-to-winter ratio is 2*9. This is to be compared 
with the theoretical ratio of 373. 

The measured ratio is smaller than the theoretical ratio. This result is similar to 
that found in England, but the difference between the summer and winter values is 
much less in the present measurements than in the English measurements, and is 
not much different from the probable error of the results. The result cannot be 
regarded as definitely establishing a divergence of the theory from practical obser¬ 
vation. 


§4. INTENSE E REFLECTIONS 

It is well known that waves of a frequency which would normally be returned 
from the E region, are sometimes reflected from an intense-E region characterized 
by an equivalent path approximately equal to that found for the normal E region at 
lower frequencies. With the frequencies used in these experiments, reflections from 
the normal E region are never obtained; frequently, however, strong E reflections 
were seen in place of the usual F reflections. When these occurred the total absorp¬ 
tion fk ds was measured. This quantity, in such cases, was found to be of the same order 
of magnitude as for E-region reflections. In table 3 a number of values taken about 
noon in the winter on radiations of 6*3 Mc./sec. are shown for the two alternatives. 

The intense E region may allow some partial penetration of the waves, and it is 
not unreasonable to expect Jkdsto be somewhat larger than for E-region reflections. 
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Table 3. Values of \kds 


.E-region reflection 

E-region reflection 

0-703 

0*966 

0*679 

0*552 

o*949 

0*682 

0-756 

o -754 

o -754 

0-785 

1-090 

o-8oi 

o- 53 i 

0-560 

0-452 

0*561 

0*719 

0*689 

Mean 0*75 5 I 

Mean o*6oo 


The important point is, however, that when reflections occur at this very much 
smaller height (P' = 320 km. as compared with 500 for F region), the total absorp¬ 
tion is not materially reduced. This fact indicates that there cannot be important 
absorption occurring above the level of the E region. It is consistent also with 
Appleton’s theory, for the increasing collisional frequency with lower altitudes, 
which is assumed, causes the maximum of the absorbing zone to lie well below the 
maximum of electron density’- 1 - 1 . 

Although the figures given above are for the winter season, a similar result is 
found for the summer. 


§5. DISCUSSION OF RESULTS 

The above observations of the diurnal variation of absorption show (1) that 
during the day the absorption is, to a first approximation, that which would be 
produced by a simple Chapman region in an atmosphere in which the collisional 
frequency v decreases exponentially with altitude; (2) that there can be no residual 
absorption which does not vary as (cos x)^- 

It is reasonable to suppose, as has been done by Best and Ratcliffe, that the 
Chapman region referred to above is in fact the E region. It is known that, during 
the day, P-region ionization follows closely the variation given by the Chapman 
theory. Although it has been found that other regions (the D region, for instance) of 
ionization sometimes occur below E, it has yet to be proved that they have a suffi¬ 
ciently permanent form to be responsible for the major part of the absorption. 
However, it would not be inconsistent with the experimental evidence if the total 
absorption were shared between the E region and a D region of ionization, provided 
that the absorption in the latter was also proportional to (cos x)* during the day¬ 
time. It is probable, however, that in a D region the collisional frequency v would 
not be small compared with the wave angular frequency (j> ± | p L |), in which case 
the (cos x)* law would not be obeyed. In general, therefore, the evidence of the 
diurnal variation indicates the E region as the probable position of the absorption. 

As for lack of agreement of the summer-to-winter ratio with the theory of the 
annual variation, the following points may be mentioned: (1) Appleton has suggested 
that it may be due to absorption caused by ionization at a level at which v 2 is not 
small compared with (p±\pL |) 8 . It is true that such absorption would not vary as 




874 F. W. G. White and T. W. Straker 

(cos x)^> but it cannot be assumed to occur in explanation of the seasonal variation 
when the diurnal variation does obey the (cos x )® law. (2) It has also been suggested 
by Appleton as a possibility that group retardation effects due to the F 1 region may 
have had an appreciable effect in midwinter. The results of White and Brown, which 
gave approximately the same summer-to-winter ratio for 1935 in England as that 
obtained by Appleton, would have revealed such an effect. Each result obtained by 
White and Brown was found from a curve showing fkds as a function of frequency; 
in such a curve, the i^-region group-retardation absorption was immediately 
obvious and was excluded. 

It is considered, therefore, that these suggestions are not likely to account for the 
observed disagreement. Now the diurnal proportionality of $kds and (cos x)^ has a 
simple meaning in terms of the model atmosphere employed in the theory. The 
absorption coefficient k , proportional to v and N, is given by 

v N e* 

k~2C Trm (/+ | f L I) 2 6Xp exp *“*~ sec x exp (-*)}. 

The maximum value N m a x of N occurs when where exp (—# 0 ) = cos x, and 

has the value iV 0 Vcos x= Amax. If the variable is changed so that measurements of 
distance are made from the level of maximum N, the absorption coefficient takes the 
form 

kcc(v 0 cos x) {No V C °S x) = ^max A^nax = v 0 exp {-z 0 ).N 0 exp (- Zo!%), 

The (cos x)% law arises from two changes which take place in the model region: 
(1) the variation as V'cos x of the maximum ionization-density, and (2) the change in 
the level of the maximum ionization in relation to the exponentially distributed 
values of v, which gives the term cos x- The observed diurnal variation indicates 
that this model is sufficient for any particular day. The seasonal change can be 
explained only by postulating a slow variation in the magnitudes (v 0 , H , iV 0 ) involved 
without a change in the model itself, for the range of cos x on a summer day is 
greater than the change in this quantity from summer to winter. The change must 
be slow enough to leave the diurnal results unaffected. 

It is known (7) that during 1935-36 the value of N 0 for the E region was increasing. 
This undoubtedly affected the summer-to-winter ratio of Jk ds> for it is seen obviously 
in Appleton's results for the reflection coefficient over this period. The gradual fall 
of reflection coefficient which was observed is of the right order to be accounted for 
by the increasing values of N 0 . Although this is a slow variation of one of the magni¬ 
tudes of the model region, it is not of the right type or sufficiently large to account 
for the anomalous summer-to-winter ratio. 

The most satisfactory theory of E-region formation is that due to Wulf and 
Deming (S) . These authors show (1) that the E region may arise from absorption of 
ultra-violet radiations by molecular oxygen, and (2) that there may be a rapid tran¬ 
sition from an atmosphere of oxygen and nitrogen molecules below 80 km. to an 
atmosphere of nitrogen molecules and oxygen atoms above 100 km. Within this 
range the molecular oxygen may be distributed very nearly according to an expo¬ 
nential law. The form of the E region will therefore be influenced by the equilibrium 
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of oxygen atoms and oxygen molecules, which in itself is dependent upon the inci¬ 
dence of ultra-violet radiation from the sun. The variation of the molecular oxygen 
component in this region of the atmosphere with the zenith distance of the sun has 
not yet been calculated, but it will be of a slow type showing little change over a day. 

It may be suggested therefore, that although the model of the absorbing region 
used above is roughly of the right type to account for the diurnal variation of absorp¬ 
tion, no explanation of the seasonal variation can be obtained without some account 
being taken of the influence of the varying intensity of the solar radiation throughout 
the year on the distribution of molecular oxygen near the E region. 

The theory of the diurnal variation of fkds indicates that the E region is very 
nearly of the Chapman form. Experimental evidence of the diurnal and seasonal 
change in height of this region could be used to check this aspect of the theory in 
another way. There appear to be no published experimental data of this type. 

Note added in proof. Since this paper was written the data for terrestrial 
magnetism have become available for the days on which experiments were made. 
It is of importance to mention that all these days were either magnetically quiet or 
only slightly disturbed. 


§6. ACKNOWLEDGEMENTS 

The experiments described in this paper were carried out as part of the pro¬ 
gramme of the Radio Research Committee of the New Zealand Department of 
Scientific and Industrial Research. 

REFERENCES 

(1) Appleton. Proc. Roy . Soc A, 162 , 451 (1937)* 

(2) Best and Ratcliffe. Proc. Phys. Soc. 50 , 233 (1938). 

(3) Farmer and Ratcliffe. Proc. Roy. Soc., A, 151 , 370 (1935). 

(4) Eckersley. Nature , Lond., 135 , 435 (1935). 

(5) White and Brown. Proc . Roy. Soc., A, 153 , 639 (1936). 

(6) White and Brown. Nature, Lond., 140 , 931 (1937). 

(7) Appleton. Solar Radiation changes during the Sunspot Cycle , 5 , U.R.S.I. 

(8) Wulf and Deming. Terr. Mag. 43 , 281 (1938). 

(9) Chapman. Proc. Phys . Soc. 43, 26 (1931)* 



876 


ATMOSPHERIC DISTURBANCES DUE TO 
THUNDERCLOUD DISCHARGES: PART I 

By F. W. CHAPMAN, M.Sc., Ph.D. 

Wheatstone Laboratory, King’s College, London 

Received 28 February 1939. Read 9 June 1939 

ABSTRACT . The various ways of delineating photographically the random transient 
changes in the earth’s electric field by means of a cathode ray oscillograph are described 
together with a convenient method of recording the time history of all the disturbances 
that arise from a thundercloud discharge. An interpretation of these records and observa¬ 
tions on the rate of change of field follows. It is found that a positive field change is almost 
invariably initiated by a volley of pulsations which is succeeded by a sequence of violent 
changes of similar characteristic structure and indicates the discharge of negative electricity 
from the cloud to ground by the familiar intermittent lightning flash. The results obtained 
give the magnitude and nature of the currents involved in the various stages of the flash. 
Negative field changes observed under the same conditions are recorded as a relatively 
slow variation of the field carrying minor pulsations and provide evidence relating to the 
different nature of discharges within the cloud. Following an analysis of the field change 
due to a component stroke of the intermittent flash an explanation is given to account for 
the rate of dispersal of charge in the thundercloud towards the end of the lightning stroke 
which requires a conductivity of the order of io 2 e.s.u. The records obtained at great 
distances from the storm centre show that the strongly radiated pulse from each lightning 
stroke is accompanied by a succession of echoes due to multiple reflections between the 
ionosphere and the ground. 


§ 1. INTRODUCTORY 

T he recent progress made in the study of the transient changes in the earth’s 
electric field that accompany thundercloud discharges is due to the use of the 
cathode-ray oscillograph as the recording instrument. An automatic method 
of recording photographically the wave-form of the atmospheric disturbances as 
delineated on the oscillograph screen was described some time ago (l > and the 
records obtained have revealed some remarkable facts relating to the nature of the 
field change due to a lightning stroke. An account of these observations has already 
been published (z) . 

It was found that a single discharge took place in three stages each of which 
caused a particular type of field change. At the same time it soon became evident 
that the complete discharge was effected by the rapid succession of a number of 
similar processes, although from this method of recording it was not possible to 
make a satisfactory comparison between the wave-form of the separate components. 
Along with these observations a study of the nature of the lightning flash was being 
made by Schonland and his collaborators in South Africa using a Boys camera to 
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photograph directly the luminous events that accompany the flash. Walter’s* 3 ) 
earlier observations by this method were confirmed and extended, the discharge 
being found to consist frequently of a number of separate strokes following in rapid 
succession, while each stroke was itself composite. 

A correlation of the results obtained by the two methods established beyond 
doubt that the field changes we were observing were due to lightning flashes, more¬ 
over it was possible to infer from the field-change records both the magnitude and 
duration of the separate electrical processes involved in the lightning stroke. 

The present paper continues the discussion begun in the previous publication on 
the nature of the field change due to lightning. In the first place, by introducing a 
continuous method of recording, the time history is presented of all the electrical 
disturbances that arise from a complete discharge, which may last for several 
seconds. Secondly, a further study of the characteristic disturbance due to a single 
component stroke has been made by extending the observations on the rate of 
change of field resulting in particular from very near discharges. The discussion of 
the records consists in part of an account of the entirely different field changes due 
to discharges within the cloud, the nature of which can only be inferred from such 
records of the electrical disturbances that they produce; and in part of an enquiry 
into the general characteristics of the discharge to ground and the significance of 
the differences found to exist between the fine structure of the first component and 
subsequent strokes of the lightning flash in the light of field-change observations. 
Finally, some peculiarities of more distant atmospheric disturbances, suggesting 
the influence of the conducting layers of the upper atmosphere, are mentioned. 

§2. THE METHOD OF RECORDING FIELD CHANGES 

The measurement of the temporal variations of the earth’s field by means of the 
cathode ray oscillograph has been described in the previous paper**). It is sufficient 
to mention here that the transient field changes vary in intensity from values of the 
order of 1000 to 10,000 volts per metre for very near thunderclouds to only a few 
millivolts per metre for the most distant storms recorded and that for recording 
these small fluctuations the valve amplifier, forming the connecting link between 
a condenser placed in series with the exposed conductor and the oscillograph, must 
at all times give a faithful delineation of these on the fluorescent screen. Ideally 
this means that the apparatus should give an undistorted response to changes of all 
frequencies from zero upwards. In practice, however, it is found sufficient and 
convenient to restrict the lower limit to about 10 cycles per second, the upper limit 
being determined not by the amplifier but entirely by the maximum velocity of the 
fluorescent spot that it is possible to record photographically with the low voltage 
type of oscillograph employed. This corresponds to a frequency of about 100 kc./sec. 

The field change is generally asymmetric and takes place by a series of steps 
with superimposed pulsations due to the component discharges. Relatively slow 
changes occur during the interval between the major lightning strokes. 

Now the total potential-difference that can be amplified without distortion is 

56-2 
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limited, and if this is arranged to correspond to the total nett change of field due to 
a nearby discharge, the important detail occurring in this nett change during the 
separate strokes is too small to be analysed on the screen. This difficulty is over¬ 
come to some extent by inserting a high resistance leak across the condenser in the 
aerial circuit to restore the fluorescent spot to the base line between the strokes 
while at the same time increasing the amplification to ensure a full scale deflection 
for each discharge. The high-frequency detail of each component is thus recorded 
but the introduction of such a time constant may suppress altogether the very 
slow changes; in any case the record obtained of them is seriously distorted and 
difficult to interpret in terms of an actual field change. 

Under these conditions the spurious effects of this time constant are eliminated 
if the variations of potential across a resistance placed in series with the exposed 
conductor are observed instead of the potential across the series capacity as used for 
field change measurements. Provided this resistance is not too large the oscillo¬ 
graph deflections are now proportional to rates of change of field and by integration 
of this record actual field changes may be calculated directly. The rate of change of 
field method has been used in this work for this reason as well as on account of its 
obvious merits in revealing fine detail. 

Cathode-ray-oscillograph photography . The choice of a photographic method of 
recording depends on whether or not a record of the whole disturbance is required 
with high time resolution of the separate discharges or a record of only a part of the 
process which may have a duration of only a few microseconds. In either case the 
photographic problem lies not so much in the fact that the events are random in 
nature, occurring at times unknown to the observer and beyond his control, but 
that the background fluorescence of the oscillograph screen makes it impossible to 
expose a film to this for more than a very short time, the actual time depending on 
the electron beam velocity used. The following three methods have been found 
most practicable. 

(1) For recording the detailed structure of the field change due to a single 
discharge and the wave-form of individual atmospherics a linear time base of from 
io" 1 to io -4 sec. duration is used with a Cossor oscillograph, type E. The screen of 
this instrument has a long afterglow of approximately 0*25 sec., hence the fluorescent 
trace of the wave-form persists for this time although the actual duration of the 
field change may be only a few microseconds. It is this delayed image that is 
recorded on a stationary film (Kodak Supersensitive Panchromatic) subsequently 
exposed by the electrical effects of the transient itself (r) . The exposure time is 
adjusted to the optimum value to reduce the fogging, due to the background 
fluorescence of the screen, to a minimum yet maintaining sufficient intensity of the 
trace. For a camera lens aperture of //i*9 and an oscillograph anode voltage of 
1500 volts, this time is about io -2 sec. After each exposure the film is moved on 
automatically and the camera reset for the next exposure. 

(2) For recording the whole disturbance, which may last for several seconds, a 
continuous time base of this duration is required and on a sufficiently open scale to 
resolve the rapid fluctuations. A continuous film method alone is not practicable as 
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the random nature of the events to be recorded makes it necessary to leave the film 
exposed continuously and the film speed must be at least 10 metres per sec. for 
adequate resolution. Economy in film has been effected by obtaining fine structure 
detail, as before, on a rapid horizontal time base, but now using an oscillograph 
screen of material such that the afterglow is negligible and continuously exposed to 
a film moving at 20 cm. per sec. in the vertical direction. In this way a trace of saw¬ 
tooth form is obtained with the wave-form of the field changes superimposed in 
time order of arrival^). The duration of each horizontal time stroke is of the order 
of 5 x io -3 sec. and a length of 5 cm. on the screen gives a horizontal time resolution 
of io~ 4 sec. per mm. and a separation of the time strokes on the film of 1 mm. 

(3) For recording on a still more open time scale the revolving-drum method is 
the most convenient one for a group of phenomena. This method was the first 
employed in 1931. The field changes cause vertical deflections of the fluorescent 
spot with the horizontal plates connected to earth and the record is made on a film 
or paper (Kodak P 25 or R 25) carried on a drum rotating about a vertical spindle 
driven by a synchronous motor at 3000 r.p.m. With a drum 1 metre in circum¬ 
ference 1 mm. on the film corresponds to a time interval of 20 microseconds.* 

§3. THE INTERPRETATION OF FIELD-CHANGE RECORDS 
The photographic records give the sign and wave-form of the atmospheric 
disturbances due to the discharge both as regards its magnitude and duration. 

Now balloon soundings made by Simpson and Scrase (5) on the distribution of 
charge within the thundercloud show that the actual conditions existing are far 
more complicated than those visualized by Wilson’s bipolar cloud and consequently 
little can be deduced simply from a measure of the sign of the field. We must 
regard the charge as distributed throughout the region in a number of centres, some 
positively charged and others carrying negative electricity. Furthermore, since we 
are not here concerned with the magnitude and sign of the resultant field due to 
these charged regions, their actual mode of distribution has no significance except, 
perhaps, for its influence on the subsequent discharge. The records give the 
field change resulting from the discharge of one or more of these centres by a 
lightning flash, either to ground or within the cloud to a centre of opposite charge 
or to the upper atmosphere. The simultaneous discharge of two or more centres 
will naturally produce a very complex record of the field change incapable of useful 
analysis so that our discussion is based on the more simple cases. 

In the case of a lightning flash to earth involving the lowering of a charge Q, 
the resulting field change at the place of observation is due to the disappearance of 
the charge Q from the cloud region and the corresponding induced charge on the 
surface of the ground. The effect of the latter is most conveniently considered by 
substituting for it the image of Q , the earth being assumed an equipotential surface 

* Apparatus recently installed consists of an automatic electrical beam trigger working in con¬ 
junction with a hard type of cathode ray oscillograph, continuously exposed to a revolving drum 
camera. In this way the beam is only brought into focus with the incidence of the disturbance; 
thereby a continuous background fluorescence and the consequent fogging of the photograph film 
are eliminated. 
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before and after the discharge; the lightning stroke then involves a change in 
electric moment of the thundercloud system of M=zhQ , where h is the change in 
effective height of the charge above the ground. The electric field change E due to 
the destruction of the dipole moment M at a distance r in the equatorial plane of the 
dipole is given by the theoretical expression 

.<■> 

where the values of the quantities in brackets are the retarded values obtained at a 
time ( t—rjc ) and provided the following conditions are satisfied. In the first place, 
the distance r must be large compared with the length h of the discharge channel. 
Secondly, it is implied that the magnitude and phase of the current along the 
channel are constant, in other words the quasi-wave-length of the radiated pulse 
must be much greater than h. The charge centre and the lightning channel to earth 
is then analogous to a radiating aerial consisting of a vertical wire with a large 
capacity at the top and earthed at the lower end. It has been shown, in a compre¬ 
hensive study of the spreading of electromagnetic waves from such a system^, that 
the earthed aerial can be considered as the upper half of a dipole, its image in the 
earth acting as the lower half. Now our measurements have been made at distances 
greater than io km. from the discharge and for h of the order of i km. the first 
condition is satisfied. Current pulsations having a quasi-period of 50 p sec. are 
observed, but for these the quasi-wave-length is 15 km. In applying then equa¬ 
tion (1) the observed field change E due to the destruction of a cloud charge Q is the 
resultant of three components E 1 , E 2l E z , where E-E^E^+E^ and for the electric 
field near the dipole such that the predominating component is E 1 (the electrostatic 
term) a nett change of field proportional to the charge Q and decreasing as the cube 
of the distance is produced. The direction of the discharge may be inferred from 
the sign of this field change, for by regarding the lightning flash as involving the 
transport of negative charge it follows that a flash to earth results in an increase of a 
previously existing positive gradient or a diminution or reversal of a previously 
existing negative gradient, i.e. in a positive change in the value of E and a flash 
upward a corresponding decrease. We are thus able to differentiate between 
discharges in these two directions by observing the sign of the nett change of field. 

The presence of the component E z or radiation term depends on the maximum 
rates of change of current occurring in the lightning stroke since 

„ _zkdl 

z ~?rdi 

and varying inversely as the distance will be the predominating term at great 
distances. A characteristic of the radiation field change is that its initial and final 
value is zero. It will readily be appreciated that for conditions such that one part 
of the discharge produces a marked electrostatic nett change of field and little 
radiation field, the rate of change of current in other parts may be sufficiently great 
to produce intense radiation effects and little corresponding nett change for the 
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same distance. This point will be discussed in more detail later; it is sufficient to 
mention now that records of this kind are frequent and illustrate the somewhat 
obvious fact that the current variations throughout the various stages of the 
discharge vary considerably. For intermediate points of observation all three terms 
must be taken into account, but such records are only of interest in showing the 
evolution of the atmospheric wave-form^, and the present measurements are based 
entirely on the electrostatic and radiation field changes where these predominate 
for a particular part of the discharge. 

The observations fall into two groups, those made at a distance of the order 
of io km. from the discharge, when the electrostatic field predominates, and those 
made at distances too great for this to be recognized, the observed field change being 
due to radiation. 

In the former case the nett change E 1 is proportional to the change in the electric 
moment of the charged region tapped by the discharge, or in the particular case of a 
discharge to ground, to a change in charge Q of that region. The rate of change of 
field dE/dt for this is therefore proportional to the rate of change of Q or the current I 
flowing in the discharge channel, provided that the amplitude at any instant is 
constant over the whole length of the channel, and, so long as this observation is 
confined to the electrostatic field change, any fluctuations in the current are readily 
shown by a temporal variation in the value of dEjdt. For the reasons already given 
in the previous section measurements of rates of change of field have been made 
near the discharge. If, however, as at great distances, the radiation field pre¬ 
dominates, then the field change E is actually proportional to dljdt and any further 
differentiation by the dEjdt method merely complicates the record. Similarly those 
parts of the discharge having violent current fluctuations will cause large radiation 
changes near and are therefore best measured by the E method. 

Subject to these conditions field-change records have been obtained by both the 
E and dEjdt methods. 

§4. THE GENERAL NATURE OF THE FIELD CHANGE DUE TO 
THUNDERCLOUD DISCHARGES 

The heterogeneous nature of thundercloud discharges together with the fact 
that no two lightning flashes are exactly the same greatly adds to the difficulty of 
analysis of the records. Yet, from a comparison of all the data obtained for a 
number of years and by disregarding those features which are incidental, certain 
very definite types of field change are apparent. For example, those disturbances 
due to discharges between the cloud and ground which produce an increase or 
positive change in the potential-gradient, are found to differ markedly from the 
cloud discharges which result in a decrease or negative field change for the same 
conditions. Moreover, the positive field change almost invariably takes place by a 
series of brief pulses which when observed sufficiently near the discharge gives an 
electrostatic nett change of a stepped-like structure. Occasionally negative changes 
of this type are observed. The grouping of these component discharges and their 
bearing on distant atmospheric disturbances and the intermittent lightning flash 
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have already been di$cussed (2) ; although the earlier method of recording, which 
was particularly suitable for the delineation of the field change due to the first com¬ 
ponent of the series, did not permit a satisfactory comparison to be made between 
this and the succeeding discharges. These difficulties have been overcome by the 
recording technique used in the present observations, since we have not been 
limited as hitherto to recording the changes that occur within the time of duration 
of a rapid time stroke, but have been able to follow, by the continuous method of 
recording, the complete time history of all the discharges^ 5 . 



o T 0*00625 sec. 


Figure 1. 



o T 0*00625 sec. 
Figure 2(6). 


An example of a complete record for this type of atmospheric disturbance taken 
sufficiently near the discharge for the electrostatic field to be recorded as well as 
radiation effects, is given in figure i. It should be noted that the departure of the 
trace from the direction of the base line denotes a change in the electric moment of 
the cloud due to a rapid redistribution of charge, while the characteristic decay after 
each component is due to the apparatus as mentioned in § 2. Positive field-change 
records of this kind correspond in every way to those to be expected from a lightning 
flash between the cloud and ground. The successive field changes result from the 
intermittent nature of the lightning flash as first revealed by Walter^ (1903) who 
used a moving camera to photograph the luminous effects of the flash, Similar 
observations made by Schonland and his collaborators^ (1935) during the last 
few years using the Boys camera, besides confirming the intermittent nature of th e 
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lightning flash, have provided valuable information as to the nature of the separate 
component strokes. Since such photographs, which depend on luminosity, are 
necessarily limited to the more violent parts of the discharge and provide no 
information of the slower processes occurring between strokes, it was decided to 
investigate this by observing the rate of change of field for very near discharges; 
see figure 2 a . It is found that the interval between strokes is by no means quiescent. 
Violent, though much slower, fluctuations in the field occur. The most natural 
interpretation of these results would thus appear to be that the division of a 



o T 0*00625 sec. 
Figure 3. 



o T 0*00625 sec. 
Figure 4 (6). 


discharge, of the type described above, into separate strokes is somewhat arbitrary; 
we can no longer represent all discharges as a series of separate current strokes 
alone, but as a continuous flow of charge into the channel formed by the first stroke 
with superimposed violent surges of current during which the channel becomes so 
intensely luminous as to enable it to be photographed by the moving camera. 

In almost all the observations, where a positive field change of the type shown 
in figure 1 was recorded, namely one resulting from the intermittent flash between 
the cloud and ground, the occurrence of a negative field change showed a relatively 
slow smooth variation of the field often carrying a series of small pulsations which 
bear a strong resemblance to the pulsations occurring in the predischarge process 
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of the first stroke of a discharge to ground.* Examples of negative field changes are 
given in figures 3 and 4. That in figure 4 b is seen to follow an intermittent dis¬ 
charge to ground, figure 4 a , after 0*65 sec. 

Negative field changes of this kind are such as would result from an upward 
flow of negative charge within the cloud, and the significant absence of the rapid 
succession of sudden and violent nett field changes shows that these cloud discharges 
are very different from the familiar lightning flash. Schonland, Hodges and 
Collens* 8) , from their recent field-change observations, consider this type of dis¬ 
charge to have the same characteristics as the air discharges that have been recorded 
by the Boys camera*?). 

A further variation of the cloud discharge, consisting of a prolonged volley of 
discharges, has already been reported* 4 ). Here the resulting field change is found 
to consist of a whole series of radiation pulsations of similar form to those men¬ 
tioned above but accompanied by a much more gradual electrostatic field change. 
Such complex volleys of discharges may last for several seconds. 

§5. THE TYPICAL FIELD CHANGE DUE TO A 
SINGLE LIGHTNING STROKE 

A most striking feature of the field change due to a single component stroke of 
the lightning flash is its composite nature. It was first shown by Appleton and 
Chapman* 2 ) that this takes place in three definite stages which were designated as 
the “a”, “b” and “ c ” portions. Now photographs of the lightning flash, taken 
with a moving camera, have shown that the flash to ground usually consists of a 
number of separate strokes, and that a single lightning stroke to earth is made up of 
a downward-moving leader process followed by an upward and faster-moving 
return stroke*?). The a portion was therefore identified with the leader process, the 
b portion with the main return stroke, and the c portion with the subsequent flow 
of charge into the strongly ionized channel. These conclusions have recently been 
substantiated and extended by Schonland, Hodges and Collens* 8) , by means of 
simultaneous observations of the luminous effects during a discharge as recorded by 
the Boys camera and the corresponding electric field. 

In the present observations the improved recording technique, besides con¬ 
firming the conclusions made in the previous publication, have revealed further 
information of these processes and have permitted a comparison to be made 
between the separate lightning strokes of the complete discharge* 4 ). 

The general nature of the field-change for a single lightning stroke, observed at 
a distance of the order of 10 to 20 km., when the electrostatic field predominates, is 
illustrated in figure 5. The positive nett change indicates a discharge between the 
cloud and ground of the type described above. The corresponding record for the 
rate of change of field is shown in figure 6 (not to scale). Specimen field-change 
records due to a near discharge are given in figures 1, 7 and 8, while the records of 
rate of change of field for similar lightning strokes at roughly the same distance are 
given in figures 2 a and 2 b . The time-base duration in all the cases chosen is 
6-25 msec, reading from left to right. 


* See§s. 
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The characteristic atmospheric wave-form record of the field change, observed 
at great distances from the storm centre, is shown in figure 10. In this case the 
sensitivity of the apparatus was increased. 

(a) The a field change . It is significant that a relatively slow field change 
precedes almost every major field change and it was natural to associate this with 
the leader stroke of the discharge, a conclusion readily substantiated in the case of 



Figure 5. The typical variation of the earth’s electric field due to a single lightning stroke, as 
observed at a short distance from the discharge. The perturbations in part ( a ) of the curve 
usually only accompany the first stroke of a lightning flash. 



Figure 6. The typical variation in the rate of change of field due to a single lightning stroke whert 
part of the (a) portion is too slow to be recorded. Again the initial perturbations are usually 
absent for strokes after the first. (Cf. figure 5.) 

first leader strokes by a comparison of the duration of the a portion of the fielc 
change with the value obtained by Schonland, Malan and Collens from actua 
photographs of the first leader process. This change was sometimes found to bt 
accompanied by a characteristic series of perturbations^ and in the preliminary 
account of the present work< 4) it was shown that these pulsations seldom accompany 
the a field change of subsequent strokes in the lightning flash. Furthermore thej 
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are usually followed immediately by a rapid and intense discharge. They were, 
therefore, considered to be due to radiation from the successive steps of the stepped- 
leader predischarge mechanism found by Schonland to initiate a series of lightning 
strokes. Similar observations and conclusions have been reported more recently 
by Schonland, Hodges and Collens (8) . Although the stepped-leader mechanism is 
usually followed immediately by the first rapid return stroke of the series, the 
present records show that this is by no means always the case; sometimes it is 
unaccompanied by the main discharge, or this follows after a very long time interval. 
The field change for such a case was that given in the previous communication^. 
Other examples are given in figures i and 7. That in figure 7 is seen to commence 
with a fairly rapid change of duration 2 msec, carrying marked radiation effects 
followed by a much slower and smaller change with no observable perturbations 
which is, after an interval of 0-012 sec., finally succeeded by the main discharge. 
The nature of this particular leader process has already been discussed by 
Schonland and others^. 



Figure 7. 


Figure 8. 


A most interesting feature of the present work is the diverse nature of the 
predischarge as revealed by the field-change records. Apart from the fact that the 
stepped process rarely precedes subsequent strokes, shown by the absence of 
pulsations, it is quite often either very feeble or absent in the case of first strokes, a 
long smooth field change being the only precursor to the rapid main stroke, 
figure 4 a. The change in slope of the base line here indicates a gradual positive 
field change and even in the majority of the records showing the stepped leader 
this process occasionally follows only after a more regular initial change in the 
electrical moment of the cloud, figure 8.* It is difficult to visualize anything but a 
disruptive flow of charge during the initial stages of breakdown with consequent 
radiation field changes, yet this smooth change suggests a much more regular flow 
of charge. Under the atmospheric conditions prevailing just before lightning 
phenomena when the average field strengths in the regions just beneath the cloud 
are very low^) it seems evident that considerable space-charge distortion must 

* Variations in the more usual stepped-leader process of the predischarge shown by lightning 
flash photographs have just been reported*^. 
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initiate breakdown. Such a readjustment of space charge before the main discharge 
might produce the field change in question which very often shows a redistribution 
of charge of even greater magnitude than that caused by the main stroke. Whether 
the effect is due to space-charge movement or to a flow of negative charge from the 
upper atmosphere to positively charged regions in the upper part of the cloud is 
not yet clear. It is true that for the more highly conducting regions above the cloud 
such a current would produce a positive field change of this kind (page 4) and 
while neutralizing an upper positively charged region would increase the potential- 
gradient below the cloud to the critical value for initiation of the discharge. A 
similar process might be taken to account for the long smooth field change often 
found to precede subsequent strokes, figure 4 a , for here again it is difficult to 
reconcile such a field change with the rapid dart-stroke leader. 

The duration of the interval between the pulsations on the record of the stepped- 
leader process is found to lie between 30 and xoo jusec., but the resolution of the 



Figure 9. Structure of the field change due to step streamers. 


above photographic records was not sufficient to permit this measurement to be 
made satisfactorily, still less to resolve the wave-form of the separate pulsations. 
Accordingly records with much increased resolution were obtained by using a 
high-speed revolving drum camera or alternatively on a rapid time stroke brought 
into focus and tripped automatically by the electrical effects of the atmospheric 
disturbance. A projection made from one of these records and showing the 
structure of the step-streamer pulsations is given in figure 9. It will be seen that a 
relatively smooth field-change carries pulsations of very similar form and, being 
common to most of the records studied in this way it suggests some very funda¬ 
mental process in the first predischarge. As has already been mentioned the 
relatively smooth departure of the trace from the base line giving a positive field 
change may be taken to indicate a gradual lowering of negative charge from the 
cloud centre during the interval between the rapid current pulses, when a sudden 
redistribution of charge occurs. Each pulse is initiated by a gradual increase in the 
current followed by the rapid flow which decays finally in the manner shown to a 
steady value. This wave-form suggests radiation from the rapid current fluctuations 
separated by intervals of between 30 and 100 ^sec. and sometimes more, and for 



888 F. W. Chapman 

this and the reasons already stated it was first identified by Appleton and Chapman (2 ’ 4) 
with the stepped streamer. 

As regards the rate of change of field resulting from the brief current pulse, the 
value is found to lie between 4 x io 3 v./m.-sec. and yx io 4 v./m.-sec., the most 
frequent value being 2 x io 4 v./m.-sec. For the rapid return stroke and at distances 
up to 10 km. it has already been reported that corresponding values of the order of 
2 x io 7 v./m.-sec. are observed (2,lo) , where the change in the cloud moment gives 
a nett change of field of the order of 700 v./m. in 0*05 msec. For similar conditions 
the stepped leader resulted in a peak field change of the order of 0*5 v./m. during 
the rapid current pulse which lasted about 50 /xsec. Assuming as a simple approxi¬ 
mation that this maximum current pulse is of the form /= I 0 sin pt, starting at 
time t=o and ending at time t= 7 rjp , then 7 r/p is equal to 50 /xsec. or the quasi¬ 
period T of the radiated pulse is 100 /xsec. which corresponds to a quasi-wave¬ 
length of 30 km. The radiation and electrostatic field changes will therefore be 
equal at about one-sixth of this distance or 5 km. The examples cited above were 
obtained at a greater distance than this and therefore show a radiated pulse super¬ 
imposed on a smaller nett field change. The stepped streamer current is thus 
essentially aperiodic, rising rapidly to a maximum and then rapidly decaying in 
about 50 /xsec., giving way finally to a much slower discharge. 

The form assumed for the most rapid current surge in the stepped leader is 
readily substantiated by a comparison of the observed radiation field-change with 
that calculated from equation (1). For example, if the most frequent peak value of 
the radiation field observed is taken as E v./m., it follows that the simple expression 

dE/dt =pE — Z 7 tE/ T 

should hold for the rate of change of field. Using now the observed value for 
E =°*5 v -/ m - ai *d the quasi-period as defined above to be 100 /xsec. we find the 
value of dE/dt equal to 3 x io 4 v./m.-sec., which is of exactly the same order of 
magnitude as that most frequently observed for this part of the discharge. 

It is of interest also to determine the peak value of the stepped streamer current. 
Again applying equation 1 for E =0*5 v./m. for the radiation pulse, and remembering 
that the corresponding maximum rate of change of current 

dlj dt = I 0 p = I 0 z-nj Ty 

we find by means of a simple calculation that the peak current value J 0 is of the 
order of 1000 amp., i.e. between ten and one hundred times greater than the pilot- 
streamer current and a hundred times less than the return-stroke current. Schon- 
land has estimated that the dart streamer predischarge of subsequent strokes carries 
a current of from 1000 to 10,000 amp., involving the removal of 1 coulomb of 
charge in 1 *0 to o* 1 msec. (l4) which is an essentially similar process to the step streamer. 
The charge lowered during the main current surge in the step streamer as calculated 
from the above expression for the current is I 0 T/tt or 0-03 coulombs, which at 
least indicates the order of magnitude and shows that if such step streamers 
alone were effective in causing the large change of moment that precedes the main 
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return stroke, a very large number would be necessary. It is seen, however, that a 
considerable proportion of the charge is lowered during the long intervals between 
the rapid current pulses. 

(b) The b field change . At this stage the relatively slow predischarge nett 
field change gives way to a very abrupt one of almost equal magnitude which is 
usually completed in about 100 /xsec. and most frequently in 50 jusec. and corre¬ 
sponds in every way to the electrical effects to be expected from the intensely 
luminous main return stroke succeeding the leader process. 

It is significant that the nett changes of field due to both processes are of com¬ 
parable magnitude, and since the time taken by the main return stroke to travel up 
the channel formed by the leader is about 50 /xsec. it is natural to conclude that the 
charge lowered by the leader and covering the whole channel and its branches is 
again further lowered to earth by the rapid return stroke. The wave-front of the 
electric disturbance is extremely sharp (less than 10 /xsec.), then falls off and carries 
complex intense radiation pulsations to which the atmospheric disturbance at a 
distance is mainly due. 

The presence of these purturbations is believed to be due to branching of the 
channel (2) . In this connexion the observations made by Malan and Collens (ll) on 
the luminosity of the channel are of importance. They have shown that the velocity 
and luminosity decrease as the return stroke progresses in agreement with the 
observed decrease in the rate of change of field or current flowing in the channel, 
as the abrupt b portion merges into the more gradual c portion. Further, Malan and 
Collens have found that, as branches are reached by the upward-moving streamer, a 
violent increase of luminosity occurs at the base of the channel as a further streamer 
progresses up and along the branch concerned. There thus follows a rapid succes¬ 
sion of component strokes. The most frequent durations of the first four components 
are less than 10 /x$ec. for the first, 20, 50 and 100 fi sec., with times of starting, as 
measured from the time the first component leaves the lower end of the channel, of 
o, 25,70, and 150 to 500 jitsec. In view of these observations a more detailed analysis 
has been attempted of the fine structure found to exist on the b portion of the field- 
change record. Again, as has previously been mentioned, increased photographic 
resolution of component pulses was obtained by using the revolving-drum method 
for both E and dE/dt recording. The fine structure was found to be very complex, 
which is not surprising in view of the heterogeneous nature of the current surges 
and discontinuous lengthening of the path. Numerous current pulsations of 
durations from 10 to 250 /xsec. occur, with times of separation as short as 10 jxsec., 
but no such simple classification as that described above has been found possible. 
Quite often the longer current pulses carry minor oscillations of a few fx sec. 
duration. As has been found by Malan and Collens (ll) current surges may 
continue after the return stroke has reached the cloud, but usually they are of very 
much greater quasi-period ranging from io 2 to io 3 fx sec. or more, and in spite of 
the longer channel being a more effective radiator they therefore cause less dis¬ 
turbance at a distance than the initial rapid return stroke with its vigorous com¬ 
ponents. 
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An estimate of the order of magnitude of the current in the return stroke may¬ 
be made on the assumption that the typical value io 7 v./m.-sec. for the rate of 
change of field at 10 km. is due to a main-current surge throughout the whole length 
of the channel. Taking this to be 2 km. the corresponding current would be 
300,000 amp. which if flowing for the time 50 /xsec. taken by the return streamer 
to reach the cloud would mean that the charge lowered was 15 coulombs. Now it 
has been shown by Wilson (l2) that the quantity of electricity discharged in an 
average lightning flash, and this may consist of several separate strokes, is 
20 coulombs; hence a single lightning stroke of the above magnitude is sufficient to 
account for almost complete discharge, the remaining charge being lowered by the 
final stage. 

(c) The c field change. The completion of the lightning stroke by the flow of 
charge from the cloud down the strongly ionized channel left after this second 
process is identified by the c portion in the field change, which, in the simple type 
of discharge now under consideration, indicates a gradual falling off of the current 
and must correspond to a decay in the luminosity of the channel. The photograph 
of this shows that the luminosity is intensely bright for a very short time (of the 
order of 40 ju.sec.), then decays relatively slowly and is generally absent or either too 
weak to be recorded before the next component stroke of the lightning flash. It has 
been found that after the return stroke has reached the cloud the luminosity of the 
channel sometimes rises and falls * IX \ Reference has already been made to these 
complex discharges in the light of the field change they produce. The fact that the 
next component stroke follows the same track indicates the persistence of ionization. 
It follows that any measurement of the duration of this stage from the luminosity is 
uncertain, since it depends on photographic sensitivity. Similarly, for the reasons 
already mentioned, measurements of the slow passage of charge from field-change 
records are impracticable. This is clearly shown by the dE/dt records, which are 
free from the limitations impressed by the time constants of the apparatus, and 
when made near the discharge show a characteristic decay of the current in a time 
of the order of 1000 /zsec., figures 2 a and 2 b . This compares with the most 
frequent duration of the luminosity in the channel but sometimes this is fol¬ 
lowed by much slower current fluctuations which quite often persist until the next 
component stroke, figure 2 a , and would be responsible for only very feeble 
luminosity. 

The form of the current-decay curve suggests that the current is drawn initially 
from a wide area. On this view the initial steep portion would correspond in the 
main to the component of current drawn from centres which are quickly dis¬ 
charged while finally only that from centres controlling the critical field for bi’eak- 
down are concerned. When we endeavour to analyse the curve in this way the 
form of the lower portion suggests that the current density results from a time rate 
of decrease in the charge density proportional to the charge, that is, 

— dpjdt = otp, 

where dp is the decrease in the charge-density in time dt and a is a constant charac- 
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teristic of the medium, the significance of which will be discussed later. The 
integration of this equation gives 

p=Po€-«S 

where p 0 is the charge density at any given instant and p the corresponding value 
after t sec. It is assumed in the integration that a is independent of p. The quantity 
9 , equal to i/a, may be termed the “time factor controlling the rate of decay”. The 
significance of this factor and an explanation of this form of the current curve will 
now be given. 

In order to understand something of the nature of the decaying current in the 
discharge channel after its rapid formation by the leader and return stroke processes, 
it is first necessary to consider the conditions existing during the discharge. We 
may assume the discharge to be initiated in the most intense part of the field 
within the cloud due to the charged regions of the thundercloud. The charges 
producing the field are distributed through a volume and are carried initially 
entirely by water drops and large ions. The actual conditions existing during a 
discharge are open to conjecture, but it seems quite reasonable to expect that the 
conductivity of the cloud, originally smaller than the air outside owing to the 
combination of ions with water particles, is now considerably increased by electrical 
breakdown of the air and such processes of ionization as those discussed by 
Mackay (l3) . Under these conditions we shall assume the instantaneous value of 
the volume density of charge to be p. With every point in this region we must 
associate an electric field intensity E . If the field intensity is less than the critical 
value at which breakdown occurs, then the discharge will cease. Now for the 
volume distribution of charge the density of which is p the divergence in the flux 
of electric force is, according to MaxwelPs theory, given by 

K div E =47rp, .(2) 

where K is the effective dielectric constant of the medium. 

Equilibrium is not established again until the critical value of the field, and 
with this a corresponding reduction of the charge density, is reached. While this 
process of neutralization is going on, current flows through the region and down 
the discharge channel. If now we associate this current with a time rate of change 
of the charge density, then, by the equation of continuity, we have 

. dp 

divt = - Tt , 


where i is the current density. But 

i = oE, 


and defines a the specific conductivity of the medium; hence 

|=-div(a£). .( 3 ) 
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If we. regard 0 and K as remaining sensibly constant during the brief period now 
under consideration, the equations (2) and (3) give 

dp _ _ 47 rcr 

di~-~K p ’ 

from which by integration, we have 

P=Po*- t/e > 

where p is the charge density at time t, p Q its corresponding value at £ = o, and 
6 , equal to K/4.770, is the time taken for the charge density to fall to i/e of its original 
value. 

From this expression it is clear that, for the region tapped by the highly con¬ 
ducting discharge channel, the time rate of dispersal of the charge Q left after the 
combined action of the leader and return stroke where 

Q= 

takes place according to a logarithmic law. Since at short distances from the 
discharge the nett field change is in this case proportional to the change in charge 
of the region, and if, as we have supposed, K and a remain constant during part 
of the change, the field for this should decay exponentially during the process. 

A field change of this type is indicated by the form of the c portion in the 
record, and for the reasons already mentioned the comparison is best made from 
observations on the rate of change of field, which is proportional to the rate of 
change of charge. Hence the curve for this part of the dEjdt record is also of the 
form dEjdt^ke-V 6 , 

where k is a constant. 

In order to test this theory the relevant portion of the dEjdt records was plotted 
by projection on an arbitrary scale. Since the variation of log {dEjdt) with time 
should be linear these results are replotted accordingly. The curve is very nearly a 
straight line; hence the initial assumption, as regards the constancy of the dielectric 
constant and conductivity of the charged region during this stage of the discharge, 
seems to be valid. Furthermore, the field change due to this distribution is of 
a type approximating very closely to that characteristic of a dipole similarly dis¬ 
charged, the concept used to interpret the record. It follows, therefore, that the 
strongly ionized channel left by the predischarge and return-stroke processes carries 
a current which decays for a time exponentially and whose amplitude at any instant 
is constant along the whole length of the channel. 

The value of 6 obtained from the slope is of the order of io~ 3 sec. To make an 
estimate of the conductivity required to account for this rate of dispersal of charge 
in the thundercloud towards the end of the lightning stroke, we have 

6 = K 14770. 

The value of K is most uncertain, but there does not seem to be any reason for 
supposing that it differs appreciably from unity. Taking a value of unity for K we 
find that the conductivity 0 is of the order of io 2 e.s.u. 



Atmospheric disturbances due to thundercloud discharges: part I 893 

§6. THE FIELD CHANGE OBSERVED AT GREATER DISTANCES 
From the observations made near the discharge as described above for a single 
stroke of the lightning flash, it is possible to infer the nature of the field change to 
be expected at greater distances. The magnitude of the field change may be 
calculated from the expression for E, equation (1). It is seen from this that the 
predominating field change at great distances will be due to radiation from the 
stepped leader and rapid return stroke when the moving charge is subjected to 
marked acceleration or retardation, while the effect of the subsequent flow of charge 
may readily be calculated. Remembering that M=zhQ, we find that the ex¬ 
pression for the moment of the charge lowered during this process is M=M 0 e~ at 
where a= i/d so that the equation for E may now be written 

E=M 0 (i/r s -a./cr i +<x?Jc i r ) er* «-'•/'>. 



o T 0*00625 sec. 
Figure io. 


The distance r 0 at which the radiation field or induction field becomes equal in 
magnitude to the electrostatic field is cj a. To make an estimate of this we assume 
the most frequent value of 0 = io“ 3 sec., thus r 0 =3OO km. As most of the atmo¬ 
spheric wave forms have been obtained well within this distance such slow field 
changes can only be effective in producing an electrostatic field change. This 
effect, however, falls off inversely as the cube of the distance and is therefore quite 
often too small to be recorded of great distances, the main atmospheric disturbance 
being due to radiation from the rapid current fluctuations in the b portion. 

On this view the records made at great distances should permit the calculation 
of the duration and current variations of the lightning stroke. In point of fact, 
however, this is not possible, for the atmospheric wave-forms due to distant 
discharges show a great diversity of form, such that it is impossible to correlate 
them directly with the current fluctuations found to exist from nearby records. 
While atmospherics do occur in groups showing features exactly similar, as regards 
number and time interval between the component strokes, to those observed in the 
case of nett field changes and lightning-flash photographs 1 their wave-forms 
are found to show a very remarkable series of pulses of decreasing amplitude and 
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lasting for a time very much greater than that occupied by the major current fluctua¬ 
tions in the lightning stroke. 

An example of a distant radiation field change is reproduced in figure 10. It 
shows a group of distant atmospheric disturbances due to an intermittent lightning 
flash, and serves to illustrate the kind of distortion produced in the atmospheric 
wave-form during propagation from the seat of the disturbance.* 

The nature of the characteristic series of pulses and other effects, observed at 
still greater distances* 2 ’ IS) , strongly indicates the influence of the conducting layers of 
the upper atmosphere on the propagation of atmospherics. The regular sequence 
of the pulses and their decreasing amplitude are due to successive reflections of the 
intense radiated pulse from the return stroke between an ionized layer and the 
ground, f Further support for the view that this effect is due to ionospheric in¬ 
fluences is obtained from the fact that echoes of this kind are most readily observed 
after sunset. The record given in figure 10 was taken about midnight. These 
points, together with the differences found to exist between the above type of distant 
atmospheric disturbance, due to the intermittent lightning flash to ground, and 
those due to other modes of discharge, will form the subject of discussion in a 
future publication. It is obvious, however, that any view implying causes of this 
kind could be most conclusively tested by simultaneous observations at two widely 
separated stations, of the rate of change of field (electrostatic) very near a discharge 
and the resultant radiation field change for the same discharge at the more distant 
point of observation. 
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REVIEWS OF BOOKS 

Introductory College Physics , by Oswald Blackwood, Ph.D. Pp. x+487. (New 
York: John Wiley and Sons, Inc.; London: Chapman and Hall, Ltd.) 17$. 6 d. 


Prof. Blackwood has collected into book form the substance of a course of lectures on 
physics delivered to non-technical students. Much of his illustrative material is chosen 
from sources familiar to all, such as motor-cars, sport, etc., but in addition there are clear 
and full descriptions of the principles of physics both in their general application and in 
their special application to subjects such as refrigeration, weather and its prediction, 
acoustics of buildings, etc. There is a short section on “The new physics ”. In some future 
edition it should be possible to record the names of Bragg, Rutherford, Thomson and 
Wilson. Summaries and questions are appended to each chapter and many numerical 
examples are worked out fully. 

The aim of the author is to instil a knowledge of physics into the minds of students 
who in after life may be business men, clergymen, lawyers, or the like, and thus to enable 
them to realize to what a great extent physics guides progress in the social world. So well 
has he carried out this object that one may hope that it will not only be the budding parson 
or politician who will benefit, but that, as in cases of which one has heard where parents, 
having made presents of meccano sets to their offspring, shut themselves away with the 
pieces, so the older members of the families to which the students belong may find that, 
with such a readable survey available, it is never too late or too difficult to learn something 
of the science which has given so much to mankind. 

J. H. B. 


Advanced Experiments in Practical Physics , by J. E. Calthrop. Pp. xix+121. 
(London: William Heinemann.) 8 s. 6 d. 

This book fills a distinct gap by supplying at a moderate price a description of a series 
of experiments suitable for an honours degree course in physics. The subject is well 
covered by the 48 experiments or small groups of experiments included, and though 
some of them require expensive apparatus—for example that on the Zeeman effect requires 
an echelon grating—many make use of only the simplest material, and most of them can 
be carried out in any reasonably well equipped laboratory. The descriptions, while full 
enough for the serious student, are not tediously detailed and occasionally they wisely 
assume help from a demonstrator; for instance “the manipulation of a Jamin interfero¬ 
meter is best explained by a demonstrator”. Useful references for further reading are 
given at the end of many of the sections. Altogether the book is one which the B.Sc. 
physics student would be well advised to buy and use, instead of expecting to be provided 
with detailed instructions for the exact experiment he does. 

A paragraph in the introduction, which recommends the student to equip himself with 
a pocket screw-driver, safety-razor blade, and soldering outfit, will be read with misgiving 
by some laboratory stewards. They would prefer to have the right to search for and remove 
all tools before the student is allowed to enter the laboratory, but, although with some 
trepidation, the reviewer would support Mr Calthrop. , 



896 Reviews of books 

Demonstration Experiments in Physics , edited by R. M. Sutton, Ph.D. Pp. viii + 
545. (London: McGraw-Hill Publishing Co., 1938.) 25s. 

This compendium, by a team of American physicists, is well described in the intro¬ 
duction as a “cook-book”. It is a well planned book of carefully classified recipes for the 
preparation of nearly twelve hundred demonstration experiments, including, in addition 
to those found in most degree courses, many outside the ordinary beaten track which the 
active teacher will be glad to meet, and from which he will be able to make selections 
appropriate to his special needs and resources. Besides sections on mechanics and 
properties of matter, wave motion and sound, heat, magnetism and electricity, and light, 
one on atomic and electronic physics usefully increases the range covered. The collection 
will prove a welcome addition to any demonstrator’s book shelf. B N> 


Supersonics; The Science of Inaudible Sounds , by R. W. Wood. Pp. viii + 158. 

(Brown University, Providence, R.I.) $2-00 

This little book contains the three Culver Lectures given at Brown University in 1937 
on the first occasion on which the lectures were devoted to a physical subject. The choice 
of Prof. R. W. Wood to give lectures on supersonics was an admirable one, since his name 
is associated with pioneer work on the more spectacular effects of these radiations, work 
which has inspired many researches in physical chemistry and biology and even led to 
industrial applications. This part of the text consists largely of quotations from the famous 
paper published by Wood and Loomis in 1927. Interesting sidelights on the history of 
this new branch of physics are given in respect of Langevin’s epoch-making experiments 
made in 1917; it appears that many of the effects subsequently discovered by other workers, 
including some by Wood himself, had already been observed in the Toulon experiments, 
but remained unrecorded because Langevin’s chief concern was to perfect a submarine¬ 
detecting apparatus, which he succeeded in doing just as the War finished. The booklet 
can be recommended as an easy and readable introduction to inaudible sound. „ r p 


The Principles of Electricity and Magnetism, by G. P. Harnwell. Pp. 619. (London: 

McGraw-Hill Publishing Co., 1938.) 30s. 

Physicists who have taken up industrial research have often remarked on the dis¬ 
continuity experienced on passing from the electricity and magnetism of the classical 
textbooks to those of the modern electrical laboratory. The point of view and method of 
attack are so changed that it is sometimes difficult to recognize the subject. There is, 
therefore, room for a volume which links together a systematic account of fundamental 
principles with a fairly detailed survey of modem practical developments. This is just 
such a book and it is a successful one. The outlook is that of the technician rather than 
the natural philosopher, but the treatment is thorough as far as it goes, and the book will 
be of value to all experimentalists who have occasion to employ electrical technique, and 
to students whose interests lie on the practical side of the subject. 

Since the book, is primarily an exposition of the subject as an experimental science, 
practical units are used consistently throughout. There can be little doubt that experi¬ 
mentalists will find this procedure preferable to the traditional one of employing different 
systems for electrostatic and electromagnetic phenomena, with a third for practical pur¬ 
poses. The author s treatment shows clearly that the use of a consistent absolute system 
of practical units does not complicate the equations to any noticeable extent: indeed with 
e ampere-turn per metre as the unit of H, i.e. a rational system, there is on the whole 
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a net gain in simplicity. It must be confessed that >the magnetic units of the system are 
at present unfamiliar quantities, and that magnetization curves showing values of 
magnetic induction in Webers per square metre are apt to look somewhat strange. Never¬ 
theless the International Electrotechnical Commission has recommended the use of this 
unit, in the interests of consistency and simplicity, and if their recommendation is acted 
upon in all the countries represented on the Commission, the unfamiliarity will soon 
disappear. 

As regards scope, the book gives a systematic account of the phenomena of electro¬ 
statics and dielectrics, of direct and alternating currents, of electromagnetism and the 
magnetic properties of matter, electrolytic, thermal, and photoelectric effects, all on more 
or less usual lines. In addition, there is a much more detailed treatment than is usual of 
those parts of the subject which have led to important technical developments, for instance 
non-linear circuit elements including rectifiers, thermionic vacuum tubes, filters and 
coupled circuits, amplifiers, oscillators, antennae and radiation. In short, the author may 
be said to have gone for his illustrations to the modem research laboratory instead of to 
the scientific museum, and to a large class of students his book will be the more welcome 
on that account. L H 

Modern Magnetism , by L. F. Bates. Pp. x-f 340. (Cambridge: at the University 
Press, 1939.) 16s. 

For its effective influence on future progress, scientific research, with its voluminous 
primary literature, is increasingly dependent on good textbooks. Magnetism was for so 
long badly served, as a very poor relation of electricity, that, although a number of books 
dealing with various aspects of the subject have appeared in the last few years, the ground 
which can be usefully covered is far from exhausted. A new book on magnetism is, there¬ 
fore, m£>st welcome, particularly as the author has weighted his treatment in accordance 
with good judgment as to what has previously been lacking. He aims at removing some 
of the difficulties which he believes the average student to find, and which he attributes 
to the subject usually being treated too much from a theoretical standpoint. Whether fuller 
accounts of experimental work will help in removing theoretical difficulties is open to 
question, but undoubtedly the accounts included here will serve a most useful purpose. 

The first chapter on “ Fundamental conceptions” covers rapidly a very wide range— 
elementary definitions, the classical theory of diamagnetism and paramagnetism, the 
vector-model treatment of the atom, and the quantum theory of susceptibility. The next 
two chapters deal with the production and measurement of fields, and methods for the 
measurement of susceptibility. There are full details of the various standard methods, 
with useful notes and comments suggested by practical experience, and adequate accounts 
are given of more specialized apparatus. Illustrative experimental results are briefly 
discussed. An account is also given of single-crystal measurements. A description of 
the fundamental experiments on the magnetic deviation of atomic rays is followed by an 
account of the recent remarkable work on nuclear moments. The admirable critical survey 
of the various experiments on the gyromagnetic effect would be expected from one of the 
pioneer workers in this field. 

The last part of the book deals mainly with ferromagnetism. The chapter on magnetic 
saturation and the equation of state includes good accounts of the methods for measuring 
magnetization in high fields, and for the determination of the Curie point. In the treatment 
of magnetothermal effects, some of the recent theoretical work on the problem of the 
molecular field in ferromagnetics is discussed, and a fairly full description is given of the 
adiabatic demagnetization technique for the production of low temperatures. The final 
chapter deals with magnetostriction and, more briefly, the phenomena of the Barkhausen 
effect. 
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The reviewer would be loath to cast the first stone at an author for peculiarities in 
the treatment of magnetic energy, or for occasional errors—these are challenges to the 
reader, who may also wonder why a recumbent script symbol was chosen to represent 
magnetic field. The book as a whole suffers to some extent from the fact that experimental 
results and discussions of them are for the most part given as incidental to the description 
of the experimental methods. As a consequence, for those less familiar with the general 
field, the interrelations between the parts may be somewhat obscured. The impression 
given is that the phenomena under investigation arose from the technique, rather than 
that the technique was designed to investigate the phenomena. This, however, is of minor 
importance when the book is expressly designed to redress a balance. The author, with 
his considerable inside knowledge of diverse magnetic techniques, deals admirably with 
the experimental side of the subject, provides adequate links with other treatments, and 
also discusses some of the very recent theory. The book is one which should be in the 
hands of all who are concerned with magnetism. To those embarking on experimental 
work on the subject it will be invaluable. E% Ct s 


An Introduction to Electrical Engineerings by Prof. E. W. Marchant, D.Sc., 
F.G.G.I. Pp. xii + 297, 8| x 5 J in. 220 diagrams. (London: Methuen and Co., 
1939.) 12 s. 6 d. net. 

Prof. Marchant has written this textbook for students taking first-year and second-year 
courses in electrical engineering at a university or technical college. In contrast with 
textbooks intended for the student of physics, as one expects, it presents the principles 
more briefly and gives more prominence to practical applications. Of the 29 chapters 
of the present book 8 are concerned with dynamos and motors and 7 with alternating 
currents and their applications. It is interesting to observe the extent to which a line of 
application can be pursued (as, for example, in chapter xxvii on the transformer), with the 
advantageous result that the principle is driven well home and the idea of design comes 
into view. 

A striking feature of the book is the introduction of the m.k.s. (metre-kilogram-second) 
system of units. It is alluring to discover that the practical units associated with the c.g.s. 
system, namely, the volt, ampere, ohm, etc., turn out to be the absolute units on the m.k.s. 
system. But, on the other hand, it must be a somewhat difficult task for the teacher to 
explain the choice, on this system, of a fictitious medium of unit dielectric constant which 
on the c.g.s. system would have the value 3 x io 9 for its dielectric constant, and similarly 
of a medium of unit permeability which on the c.g.s. system would have to have the value 
io 7 assigned to it. 

The presentation of the subject matter is generally clear and interesting, and the ground 
covered is adequate, 

A few omissions and errors of statement may however be pointed out. The introductory 
description of the structure of atomic nuclei is not quite up to date. In defining the 
international units of current, potential and resistance attention might have been directed 
to the decision to abandon these units as from the beginning of next year, 1940. On p. 39 
the impression is given that all metals become superconductors at very low temperatures. 
On p. 57 is the somewhat loose statement “the practical unit of e.m.f. is the standard cell ”. 
The formula for mercurous sulphate is wrongly given on p. 57, and the calorie is wrongly 
defined on p. 60. The “kVA.” is introduced on p. 219 without definition. Space might 
have been found for a description of the cathode-ray oscillograph, which receives only 
a bare mention. One further criticism: it is most desirable that a clear notation should be 
adopted to distinguish instantaneous value, amplitude, root-mean-square value and vector 
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value of ail alternating quantity such as current; more care might have been expected 
in this respect in Chapter xxn and the succeeding chapters. 

A useful series of examples is given at the close of each chapter, and answers will be 
found at the end of the book. ~ ~ 


Alternating Current Bridge Methods , by B. Hague. Fourth edition. Pp. 587. 
(London: Pitman. 1938.) 25 s, net. 

In preparing a fourth edition of his well-known book on alternating-current bridges, 
Dr B. Hague has made an important contribution to the literature of the subject, for clearly, 
he has made a careful survey of the vast number of papers bearing on bridge measurements 
that have been published in recent years, and has thoroughly incorporated all the, new 
matter into the general scheme of the book. The result is that not only has he provided 
the specialist with a very convenient classified and indexed summary of all the recent 
research in this direction, but also the book provides the student with a systematic account 
of the whole subject from its early historical development to the most recent improvements 
in the details of technique. The treatment is throughout full and clear, and the volume 
is particularly valuable as a work of reference. So much new matter has been added that 
the book is now fairly bulky, and from the point of view of the student it might have been 
an advantage if some of the older material had been condensed. However, the detail is 
probably necessary for reference purposes, and the use of type of two sizes gives the reader 
some idea as to the relative importance of the various parts. 

Bridge circuits are now so numerous that even the experienced worker may be forgiven 
if he finds their tale a little overwhelming in spite of a systematic classification. However, 
a chapter on the choice of a bridge method serves as an admirable guide, indicating which 
of the preceding methods should be consulted by those wishing to make measurements 
of various specified quantities. Dr Hague’s advice is usually good. It is only occasionally 
that one wants to contradict him violently. Should he, for example, say that when 
a telephone receiver is used as detector “ it is best to support it in a stand and listen through 
stethoscope ear tubes”? This procedure is surely “best” on paper only. There is also 
a statement to the effect that the dielectric constant of a conducting liquid “can be found 
at once from the effective capacitance of an electrolytic cell”. A reader who acted on this 
advice might go very much astray, for the effective capacitance of such a cell is apt to be 
almost entirely determined by the polarization capacity of the electrodes and the resistance 
of the liquid. One other complaint arises from a curious omission on the historical side: 
the decade constant-inductance resistor appears to be attributed to an American invention 
of 1934, but such resistors were devised by Albert Campbell and made by R. W. Paul 
more than twenty years earlier. The constant-inductance slide wire is correctly attributed 
to Mr Campbell, but his decade resistor appears to have been overlooked. These are, how¬ 
ever, only minor matters, and the book as a whole can be unreservedly recommended. 

L. H, 


Theoretical Hydrodynamics, by L. M. Milne-Thomson. Pp. xxiv+552. (London: 

Macmillan. 1938.) With four plates. 31s. 6 d. 

The need for a book on hydrodynamics presenting the subject from a modern angle 
has long been felt, and Prof. Milne-Thomson is to be congratulated on having succeeded 
in writing one which, I venture to say, will take its place alongside Lamb’s treatise as 
a standard work on the subject. 

In this work the author departs radically from the old mode of presentation of the 
subject: it begins with a series of interesting plates showing the flow of a fluid past a fixed 
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cylinder and a fixed aerofoil. These are followed by a chapter (i) of an introductory nature 
on fluid motion. Vectors are used whenever this is possible and a separate chapter (n) 
has therefore been devoted to the study of vectors. I think that it must be difficult to 
find anywhere else such a concise and comprehensive account of the essential portions of 
vector analysis ordinarily required for the study of hydrodynamics, or any other subject 
which lends itself to vector treatment. 

The general properties of fluid motion, the derivation of the equation of motion and 
of the equation of energy, and the general characteristic of vortex motion are all dealt 
with in chapter hi. The eleven following chapters (iv to xiv inclusive) are devoted to 
problems in two dimensions, chapter xiv being devoted to wave motion. The use of con¬ 
formal transformations in solving problems in two-dimensional fluid motion has been 
fully dealt with, and in a systematic way, and the results are applied, as far as possible, 
to various aerodynamical problems. A whole chapter (v) on complex numbers regarded 
as linear operators has been added and in it the theory of functions of a complex variable 
is developed as far as it is required for the subsequent theory. Like the chapter on vectors, 
it is extremely well written and interesting to read. 

The remaining chapters in the book deal with streaming motion in three dimensions, 
the motion of a solid through a perfect fluid, and vortex motion. At the end of this chapter 
a short account is given of the Prandtl theory of an aerofoil of finite span. It is only in 
the last chapter that viscosity is considered, and it is with some disappointment that one 
then finds only about forty pages devoted to the subject. Much has been condensed in 
this chapter, including such topics as the flow of heat in a viscous fluid in motion, and 
Filon's formula for the lift and drag on a stationary cylinder in a stream of viscous fluid. 
But too little space has been given to such important subjects as the theory of the boundary 
layer and G. I. Taylor's work on the stability of a viscous fluid between two rotating 
cylinders, whilst some mention should have been made of Osborne Reynold's work on 
turbulence, of the theory of eddy viscosity, and of the theory of compressible fluids. This 
is the only criticism which must be made of a book which should be considered seriously 
by every worker on the subject. For the student an attractive feature will be the set of 
exercises at the end of every chapter (numbering about 500 in all), many of which have 
been chosen from the papers set in the Cambridge Mathematical Tripos and the London 
M.Sc. examination. 

The book is beautifully printed and the diagrams, which number about 330 in all, 
are very clear and extremely well drawn. V C A F 

Kinetic Theory of Gases , by Earle H. Kennard. Pp. xiii+483. (International 
Series in Physics. London: McGraw-Hill Publishing Co., Ltd.) 30$. 

To many the appearance of a new treatise on the kinetic theory of gases may come as 
something of a surprise, but whoever opens this volume is speedily assured that the subject 
has advanced considerably since the standard works of Jeans and Loeb were written. 
Indeed, although the author has made no attempt to formulate a complete bibliography, 
reference is made to nearly one hundred papers published during the past ten years. 

The first eight chapters deal mainly with the normal aspects of the classical theory of 
gases, but use is frequently made of the principles of statistical mechanics. These chapters 
cover such subjects as the distribution law for molecular velocities, the general motion 
and spacial distribution of the molecules, the viscosity, thermal conduction and diffusion 
of gases, the equation of state, energy, entropy and specific heats, Brownian motion and 
the properties of highly rarefied gases. The ninth chapter commences with an account of 
statistical mechanics in so far as it relates to the methods used in the earlier chapters, and 
then goes on to consider how the statistical investigation is to be conducted when wave 
mechanics is substituted for the classical theory. In the next chapter the theory of gases 
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is developed entirely on wave-mechanical lines, treatments being given for both the Fermi- 
Dirac and Bose-Einstein types of point-mass gas. The book ends with a short account of 
the electric and magnetic properties of gases. 

A few problems are interspersed throughout the text. These appear to have been chosen 
with a view to amplifying the scope of the book and at the same time testing the reader’s 
appreciation of the methods involved. 

The subject matter is presented in a clear, attractive manner, and the proofs appear 
to have been checked with care. The book is certainly up to the standard which one has 
come to associate with the International Series in Physics, and is a work to be recommended 
not only as a first class textbook for the student, but also as a helpful guide for the more 
advanced worker, whether seeking to avail himself of existing knowledge in this field or 
planning to extend such knowledge. r w p 


An Introduction to Vector Analysis for Physicists and Engineers , by B. Hague, D.Sc., 
F.C.G.I. Pp. viii-hn8. (London: Methuen and Co., Ltd. 1939.) 3s. net. 

This recent addition to Methuen’s series of monographs on physical subjects provides 
a contribution to mathematical physics which the special student will be quick to appre¬ 
ciate. Once familiarity with the notation of vector analysis has been acquired, the power 
of its methods will soon yield fruit in the fields of hydromechanics and electromagnetic 
theory. For example, the derivation of Poynting’s formula for the rate of transfer of 
energy in the electromagnetic field is reduced to a matter of a few lines. 

The subject is here developed ab initio , and the applications to electric potential and 
electric and magnetic fields, conceptions with which the student will be already familiar, 
make it easy to follow the course of this development. 

In a final chapter tensors and their matrices, and the dyadic, are briefly introduced, 
and the student has a glimpse at least of the way to other fields, for instance in the theory 
of relativity. Brief appendices deal respectively with the use of polar co-ordinates as an 
alternative to rectangular Cartesian co-ordinates, and with a brief bibliography of vector 
analysis. D> 0 


The Theory and Use of the Complex Variable , by S. L. Green. Pp. viii-f 136. 
(London: Sir Isaac Pitman and Sons, Ltd.) 10s. 6 d. 

The applied mathematician uses the complex variable in several ways, and in particular 
for the evaluation of real definite integrals, for shortening trigonometrical expressions 
and for effecting conformal transformations from a more to a less complicated region. This 
short book, starting with the elementary notions of complex numbers and their vectorial 
representation, gives an introduction to all these uses, and shows them in actual use in 
the last two chapters, devoted to potential problems and to alternating-current theory 
respectively. 

After the introductory chapter follow two on de Moivre’s theorem, and the familiar 
bookwork associated with it, and on infinite series. Although the book is only an intro¬ 
duction, a student who works through it, and solves exercises like the following, will 
have had a very good grounding. 

(x) If a is a complex root of # 13 = 1, prove that a+0c 5 + a 8 +a 12 is a root of 

.s 3 + s' 2 — 4# +1=0. 

n—l 

(2) II [a cos (2sir/n) -I- b sin (2$7r/ra) — c] = (— J) 71 " 1 r n (cos n<f >—cos nd) 
where r= + y^ + ft 2 ), a=r cos <£, & = r sin <£, c—r cos 6 and (a 2 +b 2 )>c 2 . 
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The chapter on the general theory of functions of a complex variable, with its account 
of Cauchy’s theorem and the doctrine of residues, is very clear. It might be well in 
a future edition to point out explicitly how real definite integrals can be deduced from most 
contour integrals. 

There are two chapters devoted to conformal representation, and, as has already been 
noted, two on the applications of the subject. 

The book concludes with an appendix suggesting the best future reading for various 
types of student, according to their several interests, and is one which may be recom¬ 
mended not only for mathematical students at an early stage, but also for those who in 
later life wish to renew their acquaintance with this subject, or to fill a gap which may have 
been left in earlier reading. T. h. a. 


The Phase Rule and its Applications , by A. Findlay, 8th edition. Pp. xv+327. 

(London, New York, Toronto: Longmans Green and Co.) 12s, 6 d. net. 

When a book reaches its eighth edition it goes without saying that it is a good book, 
or at least has been a good book. The reviewer’s remarks will therefore be confined to 
the question whether the book is up to date. A rough count shows that the number of 
references to the literature of the last twenty years is about a third of the number for the 
previous period of twenty years. This gives the erroneous impression that the subject, 
if not dead, is at least dying fast. The description of the use of x rays is, apart from a few 
isolated sentences, confined to two pages. There is no mention of isotopes, not even 
deuterium; none of parahydrogen and orthohydrogen; none of helium; none of lambda 
points; none of order-disorder changes in alloys; none of metal-hydrogen systems except 
palladium-hydrogen. The discussion of the palladium-hydrogen system is out of date by 
fifteen years, the excellent measurements of Gillespie and their interpretation being left 
unmentioned. It is to be hoped that in the ninth edition an adequate account will be given 
of at least some of these subjects of current interest, so as to restore the former very high 
standard of this still popular book. 


Intermediate Chemistry , by (the late) T. M. Lowry and A. C. Cavell, 2nd edition. 

Pp. xvi + 876. (London: Macmillan.) 12s . 6 d. 

In this book an attempt has been made to provide within one pair of covers for the 
entire needs of the student who is working for his intermediate examination. A great 
deal of care has obviously been expended in the effort to ensure that the volume shall be 
a worthy companion at all times: problem papers are given with brief solutions, as well 
as logarithm tables for working them out. The book is well printed, and has waterproofed 
covers which will withstand laboratory conditions better than most types of binding. 

The main part of the book is divided into six sections, of which the first three deal with 
inorganic chemistry and the others with qualitative and quantitative analysis, physical 
chemistry, and organic chemistry respectively. 

It is in the inorganic section that the book differs most from those which were popular 
twenty years ago. Quite near the beginning, chemical combination is explained in terms 
either of electron transfer or of electron sharing, and an acid is defined as a proton-donor, 
a base as a proton-acceptor. The whole treatment is based on this logical outlook, the 
student being familiarized with such ideas as that high melting points and densities are 
associated with electrovalency and low ones with covalency. The order in which compounds 
are described is determined rather by their metallic than their acid constituents, and the 
elements themselves are related rather to Bohr’s periodic table than to earlier models. 
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The peculiarities of the transition elements and the rare earths are explained by the 
expansion of an inner shell of electrons before an outer shell resumes its growth, so that 
the student finds them much less puzzling than did earlier generations. In connexion 
with the inorganic section, it might be suggested that the minerals so often mentioned 
as sources of metals might all be included in the index of any future edition. They are 
unsystematic, and a student who has forgotten what diaspore is has no immediate means 
of finding out. 

The section on physical chemistry is limited by the unstated assumptions that the 
student knows no calculus and no thermodynamics, but within the limits thus set, an 
excellent descriptive account of electrochemistry, critical phenomena and chemical kinetics 
is given. 

As regards the section on organic chemistry, a reviewer who is ignorant of the subject 
can only say that he found it interesting and that it appears to be a sound introduction 
to the subject. The authors keep in mind the needs of those students who will carry their 
study no further, and who must therefore learn now, if ever, something of the modern 
drugs and dyestuffs. In this section, the utility of physics in reducing chemistry to a logical 
structure is again exemplified in many places. t. h. A. 


Theoretical Electrochemistry, by N. A. McKenna. Pp. xiii + 469. (London: Mac¬ 
millan and Co. 1939.) 15s. 

After a short historical introduction and a good chapter on fundamental electrical 
measurements, the author discusses the modem theory of conductivity, transport numbers, 
ionic mobilities, viscosities, diffusion, and the compressibilities and surface tensions of 
strong electrolytes. Many equations are stated without deduction. The treatment of 
chemical thermodynamics which follows is not very satisfactory, for instance the sign 
of the work equation at the top of p. 153 is wrong, the author often speaks of a “ system ” 
when he means a “change”, and something has gone wrong with entropy on p. 153. This 
chapter requires overhauling. The discussion of the Debye-Hiickel equation in chapter vn, 
is unnecessarily long and difficult, and could have been simplified with a little trouble. 
The remaining chapters deal with electrode processes, reversible cells, irreversible electrode 
processes, ions in solution, ionic equilibria in acid and base solutions, hydrolysis, neutraliza¬ 
tion and the theory of indicators. Although experimental methods are frequently given 
(a good feature of the book) the descriptions are not always sufficiently clear, a notable 
example being the chapter on transport numbers in which the fundamental equation on 
p. 117 has a ratio inverted. Some names of authors are incorrectly given, and the references 
are mostly to rather old work. No new work on oxidation-reduction potentials and poly- 
basic acids, for example, is mentioned, and these sections are not up to date. In spite 
of its faults the book has distinct merits and contains some information not previously 
collected in one volume. It will be found useful by students who wish to get up the 
subject of modem electrochemistry, but they must supplement it by reading some modem 
work in various sections. t p p 


The Principles of Electrochemistry, by D. A. MacInnes. Pp. 478. (London: Chap¬ 
man and Hall Ltd.; New York: Reinhold Publishing Corporation. 1939.) 
30s. net. 

In his preface, the author says his book “ has been written with the idea of furnishing 
an account of theoretical electrochemistry as it is today, and to satisfy an inner urge to 
see the subject he is interested in as a logical, connected whole ”. The result is very good. 
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The outlook is that of the laboratory rather than the writing desk, so that although the 
theory of the subject is developed in a very satisfactory manner, with the use of a clean 
system of symbols, the way in which experimental results have been obtained and calcu¬ 
lated is always to the front, and the numerous illustrations bring out very well the degree 
of accuracy and the agreement with theory. A good feature is the inclusion of numerical 
calculations when these are the best way of explaining a subject, as in the chapter on 
transport numbers. The sound judgment of the author is often in evidence, as in the 
appreciation of the third law of thermodynamics on p. 123 and his apology for the multi¬ 
tude of definitions 55 in the section on activity coefficients (p. 131). Many touches, such 
as the note on the wider meaning of chemical potential on p. 125, indicate the wide know¬ 
ledge of the author. 

Among the many good things in the book, the careful and clear deduction of the Debye 
and Hxickel equation in chapter 7, the neat deduction of the equation for the e.m.f. of 
a cell with transport on p. 157, and the revision of the results for conductivities in alcoholic 
solutions (which show that the Debye and Hiickel equation holds up to 0*06 N) may be 
mentioned. The chapters are on the history of electrochemistry, Faraday’s law (only one 
is stated), conductance, transport, thermodynamics, the Debye-Hiickel equation, con¬ 
centration cells, standard potentials, non-aqueous solutions, cells with liquid junctions, 
pH values, oxidation-reduction, potentiometric titrations, interionic attraction, theory of 
conductance and its consequences, conductance in mixed solvents, ionization of organic 
acids and bases, dipole moments, electrokinetic phenomena, passivity and overvoltage, and 
other less important subjects. Much important work in some of these fields has been 
carried out by the author, and his book may be warmly recommended as a thoroughly 
sound and modem presentation of the subject, written very clearly and with excellent 
balance. j. r. p. 

Stephen Timoshenko , 60th Anniversary Volume. Pp. viii-l-277. (London: Macmillan 
and Co., Ltd.) 22$. 

A book comprising twenty-eight separate papers, by as many different authors, on 
problems covering the whole field of engineering research from analysis of plastic strain 
in a cubic crystal to transient torques in induction-motor drives presents an almost im¬ 
possible task to the reviewer. The contributions to this new type of omnibus volume have 
been prepared in honour of Prof. Stephen Timoshenko on the occasion of his sixtieth 
birthday. Naturally many of the papers deal with problems in those fields in which 
Prof. Timoshenko himself has made so many notable contributions, although the inclusion 
of only two papers on stability is a little surprising, until one remembers how little scope 
for further research Timoshenko has left in this branch. The magnitude of Timoshenko’s 
contribution to the theory of elasticity, particularly in relation to stability and problems 
of vibration, is shown by the list of his fifteen books and seventy-one papers, in Russian, 
German, French and English, with which Mr Lessells concludes a brief account of 
Timoshenko’s career. 

In addition to the two papers on stability, the book includes six papers on problems 
of vibration, ten on problems of elasticity, six on plasticity and creep, two on fatigue, and 
one each on the theory of solid friction and the effect of recrystallization on mechanical 
properties of copper. The list of contributors includes iriany of the names most familiar 
in these fields and, although the majority are American, the European contribution is 
reasonably representative. 

The book is most attractively printed and bound, and the illustrations are excellently 
reproduced. Perhaps the chief value of the book, apart from its sentimental appeal to 
Prof. Timoshenko’s many admirers, may be as an epitome of the state of engineering 
research in 1938. 


H. l. c. 
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ABSTRACT. In preference to calculation, experimental methods have been used for the 
determination of the obliquity and absorption corrections that must be applied to the 
measured content of a rectilinear radioactive source to find the true content. A two-stage 
bridge-type electrometer valve amplifier has been used to measure the ionization current 
produced in a cylindrical ionization chamber lined with brass. The effect on the corrections 
of variation of the following factors has been studied: {a) the distance between the source 
and the measuring instrument (from 10 to 60 cm.); (b) the active length of the container 
(from o to 10cm.); (c) the equivalent lead wall-thickness of the cylindrical ionization 
chamber of volume 1 litre (from 6 to 12 mm.); (d) the wall-material (platinum, gold or 
silver), wall-thickness (from o to 2 mm.), and diameter of the radium-container; and 
(e) the thickness of the wooden source-holder. The effect of scattered and secondary 
radiation upon the measurements has been found to be quite small. 

Percentage corrections derived from the experimental results are given in tabular form. 
These comprise a primary obliquity correction C l9 for the case of an unscreened source; a 
supplementary obliquity correction C 2 , to allow for the oblique path of the measured 
radiation passing from the outer portions of the source through the container walls; two 
absorption corrections C 3 , C 4 , taking into account the absorption in the container wall and 
the source-holder respectively; and C 5 , the usual correction for absorption in the radio¬ 
active salt itself. 

The corrections have been found to be satisfactory by an experimental measurement of 
the strength of a radium-container previously calibrated by the National Physical Labora¬ 
tory, Additional measurements have been made to demonstrate the variation of the mass 
absorption coefficient of the gamma-radiation with the atomic number of the material of 
the container screen and with the thickness of the lead filter. A description of a method of 
measurement of the internal diameters of cylindrical metal tubes is included. 


§1. INTRODUCTION 

G amma-ray measurements of the radioactive content of various containers 
. are effected by comparison with a standardized quantity of radium In 
practice, this method presents certain difficulties because several correc¬ 
tions, often quite large, must be applied to the measured or effective radioactive 
content to obtain the true content. A knowledge of the effective content only is of 
limited value, since this quantity depends definitely upon the experimental condi- 
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tions of measurement; for example, a change in the wall-thickness of the ionization 
chamber may alter one of the corrections necessary to convert the measured to the 
true content by as much as 4 per cent. The magnitude and uncertainty of the cor¬ 
rections increase when the containers to be compared differ widely in construction 
and dimensions. With the increasing attention paid to the precise calculation of 
dosage in gamma-ray therapy, accurate knowledge of the true content of radium- 
containers and radon-containers becomes more and more desirable. 

The various national and other laboratories apply to their measurements (a,a8) 
corrections which are determined for their own particular measuring instruments. 
This Laboratory is responsible (a9) for radium standardization measurements, parti¬ 
cularly with regard to the issue of radon for treatment purposes from five centres in 
Australia. Substandard tubes in sets ranging from 1 to 20 mg., calibrated against the 
Laboratory national radium substandard, are used for measuring the content of 
radon-filled gold capillary tubing. The specifications of these three types of con¬ 
tainers which have to be intercompared are given in table 1, and indicate the widely 
divergent dimensions and screenages for which corrections must be known. 

Table 1 


Specifications 

Containers 

National 

substandard 

20-mg. lab. 
substandard 

1-mg. lab. 
substandard 

Radon-filled 

capillary 

Total length (mm.) 

Active length (mm.) 
External diameter (mm.) 
Internal diameter (mm.) 
Wall-thickness (mm.) 
Wall-material 

Mode of filling 

Content 

29-2 

28*7 

3-6 

3 *i 

0-27 

Glass 

Partially- 

filled 

20-3 mg. 

28*0 

20*0 

3*45 

1-2 

1*0 

Gold- 

platinum 

Tightly- 

packed 

20 mg. 

21*5 

10*0 

1-65 

o-6 

o-s 

Platinum 

Tightly 

packed 

1 mg. 

Up to 100 
Up to 100 
0*82 
o*X5 
o *33 

Gold 

Radon 

Up to 60 me. 


As complete details of the measuring instruments and corrections in use else¬ 
where were not available, it was considered desirable to determine these for the 
experimental equipment of the Laboratory. A full description of the methods 
employed and results obtained will be given, in order to enable radium-containers 
to be calibrated with an ionization chamber of easily reproducible construction by 
a pplying tabulated correction factors without the necessity for further work. 
Further, the opportunity was taken to compare the accuracy and convenience of the 
gamma-ray electroscope with the valve-amplifier method of measurement. 

The problem outlined may, in theory, be solved by calculation, but in practice 
serious mathematical difficulties are encountered, and the time involved would 
probably exceed that required for an experimental solution. Further, unless all 
factors are taken into proper account, the calculated corrections may be in error. 

The two most important factors to be considered are: ( a ) the spatial distribution 
of the radioactive source relative to the measuring instrument, and (b) absorption 
of the measured radiation in the wall of the radium-container. 
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§§ z to 6 of this paper are devoted to the effect of (<z), while §§7 to 16 are con¬ 
cerned with (b). 

The magnitude of the correction for the spatial distribution of the source, i.e. the 
obliquity correction, is determined by the following geometrical and experimental 
conditions: (<2) the shape and size of the radioactive source, (b) the distance between 
the source and the ionization chamber; ( c) the orientation of the source relative to 
the ionization chamber; ( d ) the shape and size of the chamber; (e) the material and 
thickness of the wall of the chamber; (/) the materials and thicknesses both of the 
source-support and of the source itself. 

It was not, of course, necessary or desirable to vary all of the above conditions 
which were therefore limited in the following respects. The radioactive sources, 
which were all rectilinear and of small internal diameter, were placed in a V-shaped 
wooden holder in the broadside-on position relative to a cylindrical ionization 
chamber, having a volume of about 1 litre, lined with brass, and covered with lead. 
The remaining experimental conditions were varied. 
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Figure 1. Cross section of cylindrical ionization chamber. 


§2. MEASURING APPARATUS 

2*i. Ionization chamber . The ionization chamber employed was constructed 
from cylindrical brass tubing with circular pieces of sheet brass screwed to the ends; 
see figure 1. The central electrode was a brass rod supported from the bottom of the 
chamber by means of an amber button A, a brass guardring B, and a bakelite 
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insulating bush C. Experiments showed that saturation conditions were obtained 
for the strongest sources with a potential-difference of 160 v. across the chamber; so 
in practice the wall was maintained at about 340 v. above earth-potential, and the 
guardring B was earthed so that any leakage across the surface of the amber button A 
was minimized. Any leakage which occurred between the outer portion of the 
chamber and the guardring would not, of course, be measured as part of the ioniza¬ 
tion current. The lead sheathing covered all sides of the ionization chamber, the 
specification of which is as follows: shape, cylindrical; metal, brass enclosed in lead 
sheath; internal diameter, 9-50 cm.; internal length, 14*09 cm.; internal volume, 
994c.c.; diameter of central electrode, 0-635 cm.; length of central electrode, 
13*60 cm.; thickness of brass walls, 3*30 mm.; thickness of lead walls, 3*32 mm.; 
equivalent total lead thickness of walls calculated on a density basis, 5*78 mm. 

By adding two annular lead sheaths in turn, the wall-thickness of the chamber 
was varied so as to have the following lead equivalents: chamber no. 1, 5*8 mm.; 
chamber no. 2, 9*0 mm.; chamber no. 3, 12*3 mm. 



Figure 2. Relative positions of ionization chamber and source. 


2*2. Source-holder . The source to be measured was supported in a wooden 
V mounting sliding along a horizontal wooden support in such a way that the axis of 
the source was perpendicular to the plane containing the axis of the cylindrical 
ionization chamber and the line joining the centres of the V mounting and the 
chamber, the axis of the chamber being vertical; see figure 2. The whole source- 
support system was constructed of light cedar wood in order to reduce scattering 
effects to a minimum. 

2*3. Valve amplifier for measurement of the ionization current . 2*31. Circuit . The 
valve-amplifier method (3 ~ 2l) * of measuring ionization current was employed because 
of its speed and the diminished exposure to the operator. A detailed description of 
the amplifier is considered to be unnecessary, since the latter is similar to others 
which have been described. 

The circuit, figure 3, follows the valve-bridge principle with two stages of 
amplification, the output current being read with a microammeter. The usual 

* References given in a very complete list by Horton (3) have been omitted from the bibliography 
of this paper. 
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devices for compensating for fluctuations in the various battery voltages were 
incorporated in the circuit. The components of the circuit were as follows: C, ioniza¬ 
tion chamber; R, 2*2 x io 11 £ 2 . liquid resistance; P, potentiometer leads; A, Weston 
microammeter and shunt; V lt V 2 , Philips electrometer valves, type 4060; V 3 , V t , 
Mullard valves, type P.M. 2A; rheostats 1 and 7, 0-10,000 £ 2 .; rheostat 9, 0-0*5 ^* 5 
rheostat 11, 0-7 £ 2 .; resistance 2, 10,000 £ 2 .; resistance 3, 25,000£ 5 .; resistance 4, 
20,000 £2. tapped every 2000 £2.; resistance 5, 50,000 £2.; resistance 6, 65,000 £2.; 
resistance 12,40,000 £2.; resistance 13, 15,000 £2.; resistance 15, 5000 £2.; resistance 
16, 4000 £2.; slide wire 8, 1 £2.; slide wire 10, 1*5 £2.; plug-in resistance box 14, 
0-27,000 £2.; box 17, 0-2700 £2. 



2*32. Construction of high resistances. The amplifier could be used as an electro- . 
meter in either of two ways: (1) the ionization current could be used to build up a 
charge on the grid of the active valve V 1 , and measurements made of the rate of 
drift of the output current as read on the microammeter; or (2) the ionization current 
could be passed through a high resistance R, and the potential drop across R applied 
to the grid of the valve V x . Method (2) was adopted because speed and utility were 
preferred to extremely high sensitivity. 

For a convenient sensitivity, R should be at least io 10 £ 2 ., and should remain 
reasonably free from temperature changes and secular changes. For this reason the 
liquid mixtures of Gyemant (22) appeared preferable to xylol-alcohol mixtures (23) or 
other types of resistance^ 4 ’ 25, a6) . The liquid was placed in a container of soda glass 
tubing with platinum wire leads sealed in the ends, the whole external surface being 
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carefully cleaned, dried and coated with a film of non-hygroscopic insulating wax 
(cerise AA) to eliminate electrical leakage. 

3-33. Details of construction and operation . In the construction of the amplifier, 
the methods and precautions recommended by other writers were generally followed, 
but cerise AA wax was used to insulate the lead from the ionization chamber to the 
grid of the active electrometer valve. After the instrument had been balanced 
experimentally by the cut-and-try method described by Nottingham (3) , it was found 
to respond reasonably quickly to changes of ionization current and to give steady 
readings. Small adjustments of the setting of the several variable resistances were 
found to be necessary only at infrequent intervals. 

With the amplifier it was possible to read ionization currents either by (a) reading 
deflections on the microammeter, or by ( b) using a null method. Method (a) 
involves the regular calibration of the instrument, which may not give a linear 
response, though in practice it was found that the microammeter deflection was 
directly proportional to the ionization current provided that the latter was not made 
too great. The null method was therefore used. The meter reading was brought back 
to zero by applying to the grid of the active electrometer valve a potential (obtained 
from a high-resistance Wolff potentiometer) which was equal and opposite to that 
due to the flow of the ionization current through the high resistance R. The ioniza¬ 
tion current was then equal to EjR, where E is the potential from the potentiometer, 
and was proportional to the potentiometer reading in ohms. 

The overall sensitivity of the valve amplifier when used with a value of R of 
2*2 x io 11 Q. was such that the ionization current was magnified by a factor of 
approximately 1-7 x io 8 . 

§3. TESTS FOR THE PRESENCE OF SCATTERED RADIATION 

The ionization chamber may be affected by scattered and secondary radiation, as 
well as by direct radiation from the source. This radiation can arise (i) from the 
walls of the source, and (ii) from adjacent objects and the walls of the room. The 
effect of (i) will be included automatically in experimentally determined wall 
absorption or obliquity corrections. If the effect of (ii) is appreciable, however, 
corrections determined by one observer with a given disposition of apparatus 
relative to external scattering objects may be inapplicable to measurements made by 
another observer working under altered conditions. 

The apparatus used in this work was situated in the centre of a room 40 ft. long, 
30 ft. wide, and 20 ft. high, and consisted essentially of the amplifier cabinet 
(34 in. x 21 in. x 14 in.) and a wooden block (11 in. x 8 in. x 4 in.) supporting two 
lead blocks (9 in. x 8 in. x 2 in. and 9 in. x 5 in. x i-| in.) situated behind the ioniza¬ 
tion chamber. The wooden source-holder arm (30 in. x 2 in. x 1 in.) and the 
ionization chamber were at a height of about 2 ft. above the top of a wooden table, 
which was itself about 3 ft. above floor-level. 

A series of tests was carried out with large blocks of material placed in various 
positions adjacent to the source and ionization chamber in order to determine 
whether radiation from solid objects, such as the wooden table top, would affect the 
ionization measurements to any appreciable extent. 
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The result of these tests indicated that the radiation scattered from such objects 
in the vicinity of the ionization chamber and the source did not increase the ioniza¬ 
tion current by more than 3 parts in 10,000. 

A further experiment was made to determine the amount of scattered radiation 
entering the chamber from a comparatively massive piece of metal (gold) placed in 
the line of the axis of, and directly touching, the end of the source. The mean of 
20 potentiometer readings was found to be 4584*1 Q. with the container only and 
4586*4 Q. with the container plus the scatterer. Since the mean deviation of the 
readings was approximately ±3*7, i.e. 0*08 per cent, this difference was not 
significant. 

The tests described above might be expected to yield negative results, however, 
for two reasons: (i) very little gamma radiation is scattered in directions other than 
those making angles of a few degrees with the direction of the primary beam; and 
(ii) part of the secondary radiation is of longer wave-length than the primary radia¬ 
tion and would, therefore, be more readily absorbed in the lead wall of the ionization 
chamber. 

§4. EXPERIMENTAL RESULTS 

4*1. Method of obtaining readings . A series of measurements of the ionization 
current was made with an elementary source placed in turn at the centre, and at 
distances of 2, 4 and 6 cm. on each side of the centre of the source-holder. The order 
of positions was varied to eliminate errors due to any drift in the zero of the instru¬ 
ment, The distance of the source-holder from the centre of the ionization chamber 
was varied in steps from 10 to 60 cm. For one chamber (no. 1) measurements were 
made with both lightly and heavily screened sources. 

Radon in equilibrium with radium B and radium C was used as a source because 
much greater strengths (in millicuries per cm.) were obtained than with the radium 
available. A set of readings occupied about 2 hr., during which time the effect of 
radioactive decay, which amounted to 1*5 per cent, was eliminated by reversing 
the order of taking readings throughout the run. The details of the sources are as 
follows: length of container, 10 mm.; external diameter, 0*815 mm.; haemal 
diameter, 0*142 mm.; wall-thickness, 0*336 mm.; metal, 24-carat gold. Details of 
the screen are as follows: length of sheath, 17*6 mm.; external diameter, 4*763 mm.; 
internal diameter, 1*179 mm -5 wall-thickness, 1*792 mm.; metal, 24-carat gold. The 
total wall-thickness of the composite source was 2*128 mm. 

The effect of stray ionization in the valve amplifier was eliminated by taking 
readings with the ionization chamber disconnected from the apparatus, and thus the 
ionization produced in the chamber alone could be determined. In general, 
20 independent readings were taken for each position of the source, the latter being 
removed and replaced later in each position. The mean departure from the mean 
value for any position was about 0*4 per cent for source-to-chamber distances 
greater than 30 cm., and about half that at smaller distances, where larger ionization 
currents were produced. 

4*2. Results . The mean experimental results obtained from independent series 
of measurements made with an elementary radon source screened with 0*336 mm. 
of gold with the three ionization chambers, and the composite source screened with 
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2*128 mm. of gold with ionization chamber no. 1, are given in table 2. The mean of 
the values obtained at equal distances from the centre of the source-holder has been 
aken, so that each result is the mean of about 40 observations. The quantity tabu¬ 
lated is the measured value of the ratio ////o', where If is the measured ionization 
with the centre of the i-cm. elementary source in the centre of the source-holder, 
and If is the measured ionization with the centre of the same source at a distance 
x cm. from the centre of the source-holder. 


Table 2. Values of (If/If) A 


n 


Inverse- 

Mean values for chamber no. 1 

Mean values 

Mean values 

(cm.) 

(cm.) 

square 

value 

Wall-thickness 
0*3 mm. gold 

Wall-thickness 
2*i mm. gold 

for chamber 
no. 2 

for chamber 
no. 3 

IO 

2 

0*9617 

0-9674 

0*9628 

0*9662 

0*9671 


4 

0*8624 

0*8816 

o*8666 

0*8792 



6 

°-7353 

0-7647 

0*7401 

0-7654 ■ 

0*7693 

15 

2 

0*9826 

0*9830 

0*9820 

0-9839 

0-9387 

0*9850 


4 

0-9337 

0*9362 

0*9327 



6 

0*8622 

o*8686 

0-8573 

0*8709 

0*8730 

20 

2 

0*9901 

0*9892 

0*9903 

0*9902 

0*9899 


4 


0-9617 

0*9608 

0*9624 

0*9632 


6 

0-9175 

0-9178 


0*9208 

0*9198 

30 

2 

0-9956 

0-9954 

0*9963 

0-9938 

0*9950 


4 

0*9826 

o*9795 

0*9825 

0*9805 

0*9822 


6 


0*9582 

o*9599 

0*9598 

0*9624 

40 

2 

o*9975 

0*9964 

0*9952 

— 

o*99S3 


4 


0*9853 

0-9877 

— 

0-9844 


6 

0*9780 

0*9740 

0-9765 

— 


50 

2 

0*9984 

— 

— 

— 



4 

0*9936 

— 

— 

— 

0*9926 


6 

0-9858 

— 

— 

— 

0*9850 

60 

2 

t 

0*9989 

0*9956 

0*9901 

0*9970 

0*9948 

0*9892 

0-9965 

0-9926 

0-9865 

0-9965 

0*9929 

0*9887 



For comparison purposes, corresponding values of If/If are included in the 
table, calculated from the inverse-square law by means of the following formula, 
which is easily deduced for the case of a rectilinear source having an active length of 
1 cm.: T * T p P2 p 

27 = 7^1? +0 -41667^-1-1667^—0-1403^, .(1) „ 

where D cm. is the distance between the centres of the source-holder and the 
chamber, x cm. is the lateral displacement of the source, and R=(xjD ) 2 . 

§ 5. DERIVATION OF CORRECTION FACTORS 
5*1. Correction for absorption in container screen and source-holder . An examina¬ 
tion of the results given in table 1 for ionization chamber no. 1 shows significant 
differences between readings obtained with sources having different wall-thicknesses, 
owing to the increased absorption in the container screen and the source-holder 
when the measured beam of radiation travels obliquely through, as is the case for 
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larger values of the lateral displacement x. The magnitude of this effect may be 
calculated with sufficient accuracy by the following approximate method. 

In figure 2 let O be the centre of the chamber, A the centre of the radium holder 
and source, and P the point on the source considered. Then if D cm. is the dis¬ 
tance OA, x cm. the distance AP, cm. the thickness of the container screen, and 
0 X the angle AOP> it will be seen that radiation from P passes through an average 
thickness of metal s ± sec 9 X or s 1 \/(i + x 2 /D 2 ). 

Let (I X '/I 0 ') T be the true value of the ratio of the effects of a short unscreened 
source lying at P, and lying at the centre A> while (I x f /I Q ')A is the apparent value 
of a similar ratio for a similar screened source. Then we have approximately 

(Ix/Io)aH^/Io)t .(2) 

where fa is the apparent absorption coefficient of the radiation in the wall material 
of the container, fa is the apparent absorption coefficient of the radiation in the 
material of the source-holder, and s 2 cm. is the thickness of the source-holder 
traversed by the central ray from a source in the position #=o. 

For the measurements which have been described, values of 8 X , s t and s 2 were 
known, and fa and fa were obtained experimentally (see §§7-16 of this paper), so 
that values of (I X 'II 0 ') T were calculable. 

By means of equation (2), corrections were applied to the values of (I x /I 0 ')a 
from table 2 to give values of (I X /I Q ') T which are set out in table 3. The largest 
correction was 3*35 per cent for the case of the screened source with D equal to 
10 cm. and x equal to 6 cm. After correction, the agreement between the results for 
the two independent series with containers of different wall-thicknesses, measured 
with the same chamber no. 1, is close. This agreement is considered to provide 
sufficient justification of the adequacy of the above approximate method of correc¬ 
tion, since the range of wall-thickness covered is large (from 0-3 to 2*1 mm. of 
gold). 

The mean values of ( I x '/Io Or f° r chamber no. 1 were used in all subsequent 
calculations. 

5*2. Calculation of correction factors for unscreened sources . From the corrected 
experimental results in table 3, obliquity corrections, to be applied to containers of 
different lengths measured with any one of the three ionization chambers, were 
calculated in the following manner. 

Assume the empirical relation 

I X /I Q - 1 + 3AX 2 + + 7 Cx\ . (3) 


where I Q is the measured ionization due to an unscreened point source at the 
centre of the source-holder at a given distance D cm. from the chamber, I x is the 
measured ionization with the same source displaced laterally through a distance 
x cm., and A, B, C are constants. Uneven powers of x are omitted for reasons of 
symmetry. Then the effect T due to a line source extending between x 1 and x 2 will 
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Now the experimental readings were taken of the quantities / a \ / 4 ' and / 6 ' with 
corresponding values of x as set out below. 

Reading I 0 ' I 2 // h' 

Value of —o*5 +1-5 +3-5 +5-5001. 

Value of x 2 +0-5 +2-5 +4-5 +6-5 cm. 

Then using equation (4), eliminating 7 0 and solving for A, B and C, we obtain 


A= — 1-470 x ro -1 7 f 2 +2 079 x xo~ 2 7^-2-163 x io -8 7 sT 6 , (5) 

73= 9724x io -3 7^-3-265 x io -3 7^4+3-706 x io-^jKj, .(6) 

C= -1-868 x io -4 7^+7-473 x io _s 7sT 4 — 1-246 x xo -5 7 f 8 .(7) 

where K 2 = i—I 2 '/I 2 , .(8) 

K t =i—I t '/I 0 ', . (9) 

.(10) 

Thus A, B and C could be calculated directly from the experimental readings by 
means of equations (5) to (10); and by substituting the values x 1 =—L/z and 


x 2 =Lfz in equation (4) we obtain the ratio of the measured ionization due to a given 
amount of radium in a uniform line source of length L cm., to that due to the same 
amount of radium in a point source, both sources being placed symmetrically in the 
centre of the source-holder. This ratio is / 0 '/7 0 , and 


!i 

h 


4 16 64 


(XX) 


The obliquity-correction factors are then determined in terms of A , B and C, 
values of which are known. 

The above equations (5) to (11) were used together with the values of (I x '/I 0 ')x 
from table 3 to calculate values of I 0 f /I 0 , where / 0 is the measured ionization due to 
a given amount of radium in an unscreened point source in the centre of a very light 
source-holder at a distance D cm. from the chamber, and I 0 ' is the measured ioniza¬ 
tion due to the same amount of radium in an unscreened line source, of length 
L cm., placed symmetrically about the centre of the source-holder at a distance 
D cm. from the same ionization chamber. 

The corrections, for ranges of values of L from o to 10 cm. and of D from 10 to 
60 cm., and for the three ionization chambers, are given in table 4 as values of C l9 
which is a percentage addition; that is 


C 1 =ioo(7 0 // 0 , -i). .(12) 

The figures in the table are uncertain in the last decimal place, the largest cor¬ 
rections probably being correct to within ±0*2 per cent while the others have 
possible errors proportionally smaller. These estimates were deduced from con¬ 
sideration of the average total amount of smoothing applied to the experimental 
readings in table 3, which was of the order of ±0*08 per cent, and also from the 
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agreement between independent values at distances D of 30 cm. or more for the three 
chambers, which was of the order of ± 0-05 per cent. 

Table 3. Values of (I x '/I 0 ')t 


D (can.) 

x (cm.) 

Mean values for chamber no. i 

Mean values 
for chamber 
no. 2 

Mean values 
for chamber 
no. 3 

Wall-thickness 
0-3 mm. gold 

Wall-thickness 
2*i mm. gold 

10 

2 

0-9692 

0-9669 

0-9669 

0*9677 


4 

0-8829 

0-8790 

0-8817 

0*8848 


6 

07712 

0-7634 

0*7700 

0*7732 

IS 

2 

0-9833 

0-9838 

0-9841 

0-9852 


4 

0-9376 

0-9388 

0-9400 

0-9401 


6 

0-8714 

0-8713 

0-8734 

0-8740 

20 

2 

0-9897 

0-9908 

0-9903 

0-9908 


4 

0-9623 

0-9645 

0-9631 

0-9638 


6 

0-9196 

0-9220 

0-9223 

0-9224 

30 

2 

0-9949 

0-9960 

0-9941 

0*9943 


4 

0-9807 

0-9838 

0-9808 

0-9806 


6 

0-9586 

0-9641 

0-9613 

0*9600 

40 

2 

0-9965 

0*9961 

— 

0*9953 


4 

0*9872 

0-9892 

— 

0-9868 


6 

0-9731 

0-9779 

— 

0-9742 

So 

2 

0-9974 

0-9963 

— 

0-9963 


4 

0-9909 

0-9915 

— 

0-9903 


6 

0-9819 

0-9841 

— 

0-9814 

60 

2 

0-9979 

0-9966 

0-9965 

0-9980 


4 

0-9944 

0-9929 

0-9930 

0-9932 


6 

0*9888 

0-9873 

0-9887 

0-9870 


5-3. Calculation of supplementary obliquity corrections for screened sources. It 
must be emphasized that the effects of the container screen and the wooden source- 
holder were eliminated from the percentage corrections in table 4. Additional cor¬ 
rections to cover these effects were developed by using the preceding equations and 
approximating, to find that the ratio of the obliquity correction factor for a screened 
source to that for a similar unscreened source is given approximately by 

1 +(Pih+fh s z) {L 2 (3 '675 x io- a £2-5-198 x io~ s £4+5-408 x io~ 4 £«) 

—L*(6-oj8x io -4 £2-2-041 x io -4 £4+2-316 x 10 “*£«) 

+£* (2-92 x io -8 £ a — i-x68 x io -8 £4+ 1-946 x io -7 £ 6 )} 


— x + (p 1 s 1 +UiS 2 ) F, .(13) 

where E x =(sec 6 x —i)(I x /I 0 ') T . .(14) 


This is, of course, another correction factor which must be applied when the 
source is screened, or when absorption takes place in the source-holder. It is a small 
correction, and therefore values of (I x '/I 0 ')t from table 3 for any one of the three 
ionization chambers suffice for the purpose of calculation. It is evident that the 
term F in equation (13) depends upon L, D, and the quantities (I x '/Io)t, and 
evaluation of this term should enable correction factors to be determined easily for 
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Table 4. Values of C x . Percentage obliquity corrections for 
ionization chambers nos. 1, 2 and 3 


Chamber 

D (cm.) 

L= 1 cm. 

L=2 cm. 

L = 3 cm. 

jL =4 cm. 

i 

10 

0*07 

0*29 

0*64 

1*14 

2 

10 

0*07 

0*29 

0*64 

1*14 

3 

10 

0*07 

0*28 

o*6i 

1*08 

1 

IS 

0*03 

0*14 

0*31 

0*54 

2 

15 

0-03 

0*13 

0*30 

o*S 3 

3 

IS 

0-03 

0-13 

0*28 

o*s 1 

1 

20 

0*02 

0*08 

0*19 

o *33 

z 

20 

0*02 

0*08 

0*19 

0*32 

3 

20 

0*02 

0*08 

0*18 

0*32 

All 

30 

0*01 

0*05 

0*11 

0*18 

AH 

40 

0*01 

0*04 

0*09 

0*14 

AH 

50 

0*01 

0*03 

0*08 

0*12 

All 

60 

O'OI 

0*03 

0*07 

0*10 


Chamber 

D (cm.) 

L — 5 cm. 

L = 6 cm. 

L = 8 cm. 

L —10 cm. 

1 

10 

1-77 

2*53 

4*4 

6*8 

2 

10 

1*76 

2*51 

4*3 

6*6 

3 

10 

I *69 

2*41 

4*i 

6*5 

1 

IS 

0*85 

1*21 

2*14 

3*3 

2 

r 5 

0-83 

1*19 

2*10 

3-2 

3 

15 

o*8o 

i*i5 

2-05 

3*2 

1 

20 

0*51 

0*73 

1*28 

1*96 

2 

20 

o*si 

0*73 

1*28 

1*96 

3 

20 

0*49 

0*72 

1*27 

i*95 

AH 

30 

0*28 

0*40 

o*66 

0*98 

All 

40 

0*22 

0-30 

0*49 

0*70 

All 

1° 

0*18 

0*24 

o*39 

o*54 

All 

60 

0*15 

0*20 

0*30 

0*40 


various values of f^s 1 and Values of F were calculated and are given to the 
required degree of accuracy in Table 5 for different distances D between the centres 
of the source and ionization chamber, and for different lengths L of source. The 
additional percentage correction C 2 to be added to the measured content.of a screened 
container is, then, by equation (13), given by 

C 2 = 100F (fiiSi+fj, 2 s 2 )' . (15) 

This correction is quite appreciable under certain experimental conditions. 


§6. DISCUSSION OF CORRECTION FOR OBLIQUITY 

A consideration of the results described above shows how the effects of obliquity 
on the measurement of radioactive sources of finite length are influenced by such 
factors as the shape, size and lead-wall-thickness of the ionization chamber, and by 
the presence of the source-holder and container wall. This renders inaccurate the 
use of the inverse square law for small or moderate distances between the source 
and measuring instrument. With the given shape of chamber, the lead-wall- 
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thickness has a negligible effect for source-to-chamber distances of 30 cm. or more. 
For smaller distances, increasing the lead-wall-thickness reduces the obliquity 
corrections, as would be expected from geometrical considerations. 

It has been shown that a supplementary correction C 2 is necessary to allow for 
the oblique path of the measured radiation from the outer portions of the source in 
passing through the container screen. This correction may amount to as much as 
0-7 per cent for a container 10 cm. in length, of wall-thickness 2 mm. of platinum, 
and placed 10 cm. from the centre of the chamber; for distances greater than 30 cm., 
however, it is practically negligible, being less than 0-05 per cent. 


Table 5. Value of term F 


D (cm.) 

L= i*5 cm. 

r 

L — z cm. 

L = 3 cm. 

L=4 cm. 

10 

o*ooo8 

0*0017 

0*0039 

0*0066 

15 

— 

0*0006 

0*0015 

0*0025 

20 

— 

0*0005 

0*0009 

0*0016 

30 

40 

— 

— 

0*0004 ! 

0*0007 

60 

— 

— 

— 

— 


D (cm.) 

L — 5 cm. 

L ~6 cm. 

L = 8 cm. 

L= 10 cm. 

10 

0*0101 

0*0143 

0*0248 

0*0362 

15 

0*0040 

o*oo6o 

0*0111 

0*0169 

20 

0*0025 

0*0036 

0*0065 

0*0099 

30 

0*0010 

0*0014 

0*0027 

0*0041 

40 

0*0005 

0*0008 

0*0016 

0*0025 

50 

— 

0*0007 

0*0011 

0*0017 

60 

— 

0*0006 

0*0009 

0*0012 


Backhurst (27) has calculated obliquity corrections for containers measured with 
a cylindrical ionization chamber with a.plane circular front covered by a lead screen. 
His calculations take into account the front lead screen, but involve certain approxi¬ 
mations and neglect such factors as the wall-thickness of the source, and the effect 
of radiation incident on the sides and back of the chamber. The latter probably has 
an appreciable effect, and it is to be expected that the calculated corrections would be 
too great for this reason. Backhurst compared some of his corrections with experi¬ 
ment and did in fact find them too great; to account for the difference he then 
assumed that the calculated corrections were accurate, and that radiation scattered 
from the radium-source-holder and surrounding objects constituted about 20 per 
cent of the total radiation entering his ionization chamber. This assumption does not 
appear to agree with the results described in § 3 above. 

§7. CORRECTIONS FOR WALL ABSORPTION 
The magnitude of the correction for absorption in the wall of a radium-container 
is, like that of the obliquity correction, determined by a number of geometrical 
and experimental conditions, of which the following are the most important: (a) the 
wall-material, wall-thickness and diameter of the container; (b) the fraction of the 
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inner volume that is filled with radioactive salt—the percentage correction for a 
partially filled container is somewhat greater than that for a completely filled con¬ 
tainer^; (c) the angle subtended by the ionization chamber at the centre of the 
source; (d) the shape and size of the ionization chamber; (e) the nature of the lining 
and the lead-wall-thickness of the ionization chamber. 

In addition, a correction may often be necessary for the absorption and scattering 
of radiation traversing different thicknesses of the source-holder before entering the 
measuring instrument. 

The scope of the present work has been limited to platinum, gold and silver 
containers, of wall-thickness not exceeding 2 mm., measured with the three cylin¬ 
drical ionization chambers already specified. 


§8. METAL SHEATHS USED FOR MEASUREMENTS 

The elementary radioactive sources used consisted of pieces of metal capillary 
tubing, of length 2 cm. and internal diameter 0*15 mm., filled with radon in equili¬ 
brium with its decay products. Composite sources were formed by using sets of 
cylindrical metal sheaths constructed from platinum, gold and silver with a purity of 
better than 99-5 per cent. Measurements were made of the density of each sheath; 
this was found to be constant for all the sheaths of each set and for solid samples of 
the same metals. The densities (g./cm. 8 ) were as follows: platinum, 21 -3; gold, 19*2; 
silver, 10-44. These values are slightly low, probably owing to the somewhat porous 
nature of the metals, which were purchased in the form of cast rod. The internal 
diameters of the sheaths were slightly in excess of the external diameter of the 
elementary source, which could thus be slid into each sheath in turn, and the outer 
sheaths were made of total length 3 or 4 cm. so that they might provide sufficient 
overlap at each end to ensure that all of the measured radiation should pass through 
a uniform container wall. 

For measurements with sheaths of platinum and gold, which are of approxi¬ 
mately the same density and atomic number, gold capillary tubing was used for the 
elementary sources. With silver sheaths, however, silver capillary tubing was used, 
in order to avoid possible errors in extrapolating the results to zero wall-thickness. 
Such errors could arise from differences in the quality of the gamma-ray beams 
emerging from gold and silver elementary sources. 

Since the wall-absorption correction for a thickness of 1 mm. of platinum is of 
the order of 10 per cent, it was desirable to determine the wall-thicknesses of the 
sheaths to within about ± 0-005 mm - It is difficult to attain this degree of accuracy 
by measuring the internal diameter at the ends only, since the hole may vary in 
diameter or the ends may be irregular. 

Measurement of the internal diameter at points along the length of each sheath 
was finally effected by the following method. Steel sewing needles of various sizes 
were obtained, and two were selected to slide into the sheaths giving as close a fit as 
possible. Two needles were necessary since the holes in some of the sheaths were 
somewhat smaller than those in the others. The surface of each selected needle was 
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etched deeply, a length of only about 5 mm. being left untouched in the centre, and 
the etched portion of the eyelet side was then cut off. Measurements of the angle of 
tilt of one of these needles when the unetched portion was inside a sheath then 
enabled the internal diameter of the latter to be found as follows. Let D be the 
internal diameter of the sheath, d the external diameter of the unetched part of the 
needle, l the length of the unetched part of the needle, L the length of the etched 
part of the needle on the point side, 2 6 the angle of tilt of the needle, and zy the 
displacement of the point of the needle for this angle. Then it is easily shown that 

D=l sin 9 +d cos 8 and y=(L+$l) sin 6 , .(16) 

whence D may be found when d, l, L and y are known. 

The value of d was found with a micrometer, while l and L were determined 
with a travelling microscope. Average values of zy were found with the aid of an 
optical projection system giving a magnification of 50-09. The distance 50-09 x zy 
was of the order of 3 cm. and could be measured to about x mm., which corresponds 
to an error in d of ± 0-002 mm. Readings were taken at three positions along the 
length of each sheath in each of two planes at right angles. The calculated average 
values of the internal radii, which are given in table 6, are considered to be of the 
desired order of accuracy of ± 0-005 mm - Periodical weighing of the sheaths showed 
that a negligible amount of wearing took place during use, and the internal diameters 
remained practically constant. In table 6 are included also values of the total lengths, 
external radii and wall-thicknesses of the sheaths and elementary sources. 


Table 6. Metal sheaths used in absorption measurements 


Sheath 

Length 

(mm.) 

External 

radius 

(mm.) 

Internal 

radius 

(mm.) 

Wall- 

thickness 

(mm.) 

Pt A 

20-0 

0-408 

0*071 

0*336 

Pt B 

3°‘9 

0-982 

0*464 

0*519 

Pt C 

30-7 

1*131 

0-463 

o*668 

Pt D 

30-6 

1-994 

o *539 

1-455 

Pt E 

30*1 

2-379 

0-546 

1-834 

Au A 

20*0 

0*408 

0*071 

0*336 

Au B 

312 

0*963 

0*469 

o *494 

Au C 

4 r *4 

I*406 

o *457 

o *949 

AuD 

41-2 

I* 76 S 

0*460 

1*305 

Au E 

30*0 

2-073 

o *539 

i *535 

•Au F 

30-8 

2-378 

0-536 

1*842 

Ag A 

20*0 

0-414 

0-075 

0-338 

Ag B 

31*1 

0*992 

0*463 

0-530 

Ag C 

31*6 

1-378 

0*458 

0*920 

Ag£ 

3 i *4 

1*771 

0*466 

1*305 

Ag E 

31-2 

2-081 

0*527 

**554 

Ag F 

30-5 

2-381 

o *533 

1*848 


§9. CALCULATION OF EFFECTIVE WALL THICKNESS 
9-1. Effect of size of ionization chamber. Since the ionization chamber was of 
finite width and subtended an appreciable angle at the centre of the source, the 
magnitude of which depended upon the source-to-chamber distance, a correction 
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was applied for the obliquity of the path of the measured radiation traversing the 
container wall. Owing to the horizontal position of the cylindrical sources, the 
height of the chamber has a negligible influence on this effect, which applies even to 
sources of small active length and is distinct from that due to the obliquity of the 
path through the container wall of radiation from the outer portions of a source of 
finite active length, which was discussed in § 5 of this paper. 

The correction was applied by finding approximately the average wall-thickness 
traversed by rays from a short source; thus in figure 4 let D be the distance between 
the centre P of the source and the centre O of the chamber; r the internal radius of 
the chamber, s the wall-thickness of the source, and 20 the angle subtended by the 



chamber at the centre of the source. Then the average wall-thickness s' traversed by 
rays entering the chamber from P is given by 


therefore 



■(* 7 ) 


For the ionization chambers used 7=4-75 cm -> which gives the following values 
for s'/s: 

jD(cm.) 10 15 20 30 40 60 

s'/s 1-0435 1-0180 1-0097 1-0042 1-0024 1*0011 

From these figures it is evident that the effect under consideration was appreciable 
for moderate values of D, varying between 0-44 per cent and o-oi per cent for values 
of 23 of 10 and 60 cm. respectively, for the case of a container screened with a 
platinum sheath 1 mm. thick. 

9-2. Effect of clearance between sheath and elementary source . The experimental 
measurements were made with composite sources, each of which consisted of an 
elementary source surrounded by one solid metal sheath of known material and 
wall-thickness. Since the external diameter of the inside source was always less 
than the internal diameter of the sheath, the inside source lay in a slightly eccentric 
position, causing the measured beam to traverse a thickness of metal slightly greater 
than the actual wall-thickness of the sheath. This necessitated corrections to the 
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wall-thicknesses of the order of o-oox to 0*014 mm * For this purpose the following 
approximate relation was used: 

w =V{6 2 - (a - off )-vV - (a - ^i) 2 }, .(x8) 

where zo is the corrected wall-thickness, b the external radius of the sheath, a the 
internal radius of the sheath, and a x the external radius of the elementary source. 

In table 7 are given the total wall-thicknesses of the composite sources used in 
the experiments, and also the effective wall-thicknesses calculated by means of 
equations (17) and (18), for the appropriate distances from the centre of the ioniza¬ 
tion chamber. 

§10. CORRECTION FOR WOODEN SOURCE-HOLDER 
In order to correct the experimental readings for absorption and scattering of the 
measured gamma-rays in passing through the V-shaped wooden holder in which the 
sources were supported, it was considered advisable to determine experimentally 
the apparent absorption coefficient of gamma-rays in wood. For this purpose 
wooden blocks 5 cm. long, 2*5 cm. high, and of different thicknesses were prepared 
from cedar of density 0*40 g./cm. 2 , which wood was also used for the source-holder. 

Readings were taken with each of the three ionization chambers, the absorbing 
blocks being located as close as possible to the source, which was a 10-mg. radium 
needle of active length 2 cm. and wall-thickness 0*5 mm. of platinum. From the 
mean readings the following apparent absorption coefficients were calculated for 
wood-thicknesses not exceeding 6 mm.: for chamber no. 1, ^=0*0135 cm: 1 ; for 
chamber no. 2, fi= 0*0156 cm: 1 ; for chamber no. 3, /a= 0-0139 cm ' x * The mean 
value (i =0*0143 cm:1 was used in calculating correction factors for the experimental 
readings with metal sheaths of varying diameter. These factors were as follows: 


Composite source 

Wood correction 
factor 

Pt A , Au A and Ag A 

1*0075 

Pt (A+B), Au (A+B), 

1*0054 

and Ag (A+B) 


Pt (A + C) 

1*0047 

All other sources 

1*0000 


As a check on these factors, a separate measurement was made of the correction 
for the elementary sources (Pt A, Au A and Ag A) by using a radon source made of 
silver capillary tubing and replacing the wooden source-holder by a light one made 
of paper. The correction factor found by this means was 1*0080, which agrees with 
the value given to 0*05 per cent. 

§11. EXPERIMENTAL READINGS WITH METAL SHEATHS 

For the determ in ation of the effect of absorption in the cylindrical metal con¬ 
tainer screens, series of readings were taken with each set of sheaths, at two or three 
different distances from each of the three ionization chambers. Readings were 
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taken in varying orders, to eliminate effects due to the decay of the radon and to the 
zero-drift of the valve amplifier, and with the elementary radon source alternately 
unsheathed and inside each member of the set of sheaths. 

In each case about 20 readings were taken, and the mean values were corrected 
where necessary for (a) absorption in the wooden holder (see § 10 above), and ( b ) the 
effect of the finite length of the source (see §5). In table 8 are given the mean 
corrected experimental values of the ratios 

Ia+b Ia+c 

I A 9 I A ’ 

and so on, where I A is the measured ionization from the elementary radon source A , 
I a +b is the measured ionization from the elementary radon source A inside sheath 15 , 
and so on. 

From each of the independent series of readings in table 8, absorption correction 
factors corresponding to apparent wall-thicknesses of 0*5, 1,1-5 an d 2 ‘° mm - were 
calculated algebraically. For this purpose the values of the apparent wall-thicknesses 
of the metal sheaths in table 7 were used, and the figures in table 8 were smoothed to 
the average extent of ±0-09 per cent and extrapolated to zero wall-thickness to 
allow for absorption in the wall of the elementary source A. Table 9 shows the 
results of these calculations, expressed as percentage corrections to be added to the 
measured content of a container. 

It will be seen that the calculated corrections have mean departures from the 
mean values of about ± 0*2 per cent, and that, for the results with gold screens 
measured at widely differing distances from ionization chamber no. 1, this figure is 
± 0*05 per cent. This agreement is considered to justify the use of the apparent wall- 
thickness of the source rather than the true wall-thickness, in the manner set out 
above in § 9. 

§12. DERIVATION OF CORRECTIONS FOR CONTAINERS OF 
ZERO INTERNAL DIAMETER 

The figures in table 9 apply only to radon sources of internal diameter 0-15 mm. 
It was necessary, therefore, to modify them slightly to allow for the finite size of the 
inside hole, and for the fact that the source was empty so that most of the active 
deposit was on the inside metal surface, rather than distributed throughout the 
internal volume as in a radium-container full of radioactive salt. 

The mean wall-thickness w x traversed by a parallel beam of gamma-rays emerging 
from an empty container of internal radius a and external radius b is, assuming the 
active deposit to be on the inside walls only, given by 


w x =s - f — sin 2 6 } — cos d) dd. .(19) 

^ J-iTT 

Similarly, for a full container with active deposite distributed uniformly through¬ 
out the internal volume, the mean thickness w 2 is given by 

«> 2 — — f" cos 2 6 ( V {^ 2 / a2 ~ sin 2 #} “ cos Q)dB* . ( 20 ) 

IT J-iir 


59-2 
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It is found that to* is slightly greater than zo 2 . The percentage correction for a 
full source is approximately ro 2 / w i times that for an empty source; this approxima¬ 
tion was considered to be sufficiently accurate for the adjustment of the corrections 
in table 9, since the required alterations were only of the order of from 0-02 to 
0-15 per cent. 

In the same manner, the corrections were modified to obtain values applicable 
to radioactive containers of zero internal diameter by means of the formula of Owen 
and Naylor (28,3o) , which is considered in greater detail in § 13 below. This adjustment 
also did not exceed 0-15 per cent. 

In table 10 are given values of C 0) calculated from table 9 in the manner indi¬ 
cated, where C 0 is the percentage correction that must be added to the measured 
content of a radium-container of given apparent wall-thickness and zero internal 
diameter, in order to obtain the true content. These corrections are considered to 
be correct to within ± 0-2 per cent for the larger wall-thicknesses and to within 
±o-i per cent for smaller thicknesses. The values of C 0 are shown in graphical form 
in figure 5, together with the unsmoothed mean experimental points which will be 
seen to lie fairly closely on the curves. 


§ 13. MODIFICATION OF CORRECTIONS FOR CONTAINER 

OF FINITE INTERNAL DIAMETER 

Owen and Naylor (3o) deduced from geometrical considerations that the measured 
ionization due to a parallel beam of rays emerging from a cylindrical tube, of internal 
radius a and external radius b, would be reduced by the presence of the tube in the 
ratio given by the equation 

i = - [*"’ cos*fl c -f««(v'<6*/rf-Bln*tf)-oo8 6 ) d 6 , . ( 2 l ) 

I 0 IT J-in 

where yu is the absorption coefficient of the gamma-rays in the wall-material of the 
tube. 

Although the effect of secondary radiation from the absorbing tube renders it 
inadvisable to rely completely on this formula, Kaye, Aston and Perry (z8) have 
shown that the latter may be used in deriving the absorption correction for a tube 
of given diameter from the experimentally determined correction for a tube of 
different diameter but'the same wall-thickness. 

Thus if c e is the experimental correction for the first tube and c f the calculated 
correction for the first tube using the formula (21), and if cj and c/ are the corre¬ 
sponding quantities for the second tube, then 



Furthermore, calculations show that the ratio c f /c f ' remains constant to within 
the required limits for given values of a and b , and values of yb varying between 
i-o and 0-3 cm: 1 . This method of calculation was therefore used in obtaining the 
absorption correction C 0 for zero internal diameter from the experimental correc- 
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tions determined with sources of 0*15 mm. bore. It may also be used within limits 
to derive the corrections for containers of given internal diameter from the values of 
C 0 in table 10. For use in this respect table 11 is included, giving the calculated 
values of k for containers of different internal diameters and wall-thicknesses, where 
k is the ratio of the percentage correction for a container of given internal diameter 



-•-, platinum;-O-, gold; -□-, silver. 

and wall-thickness to the percentage correction C 0 for a container of zero internal 
diameter and the same wall-thickness. Then the required correction C 3 is given by 

C 3 = £C 0 . .(23) 

The results obtained by Kaye, Aston and Perry (a8) show that the above general 
method of allowing for the diameter of the container is satisfactory over the range 
of internal diameters from o*8 to 4-9 mm., while a test measurement by the writer 
covers the range 0-15 to 1-8 mm. The latter test was carried out with a gold sheath of 
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Table 11. Values of k 


Wall- 

thickness 

Internal diameter of radium-containers (mm.) 

(mm.) 

0*15 

o*5 

1*0 

i*5 

2*0 

2*5 

0*1 

1*036 

1*092 

1*135 

i*i59 

i*i8o 

1*196 

0*2 

1*032 

1*083 

1*120 

1*147 

i*i66 

i-x8x 

0*3 

1*029 

1-074 

I *112 

i*i34 

1*151 

1-165 

o*4 

1*025 

i*o66 

1*101 

I*I2I 

1*136 

1*152 

°’5 

1*022 

1-059 


1*111 

1*126 

I*I40 

o-6 

1*019 

1-053 

I*o82 

1*102 


1*130 

o *7 

1*017 

1-047 

1-075 

1*094 

1*108 

1*120 

o*8 

1*015 

I*04I 

i*o68 

1*086 

1*100 

I*II2 

o*9 

1*013 

1-037 

1*063 

i-oSo 

1*094 

1*104 

1*0 

1*012 

1*034 

1-058 

1-075 

1*088 

1*098 

i*i 

1*011 

1*031 

i*054 

1*070 

1-083 

1*093 

1*2 

1*010 

1*028 

1*050 

1*066 

1*078 

I-090 

1*3 

1*009 

1*026 

1*047 

1*063 

1*075 

i*o86 

1*4 

1*009 

1*025 

1*044 

1*060 

1*072 

1*083 


i*oo8 

1*023 

1*042 

1*057 

1*069 

1*080 

1*6 

1*008 

1*022 

1*040 

1*055 

1*067 

1*077 

i*7 

1*007 

1*021 

1*039 

1*053 

1*064 

1*075 

i*8 

1*007 

1*020 

1*038 

1*051 

1*062 

1*073 

i*9 

i*oo6 

1*020 

1*037 

1*049 

1-060 

1*071 

2*0 

1*006 

1*019 

1*035 

1*047 

1-058 

1*069 


Wall- 

thickness 

(mm.) 

Internal diameter of radium-containers (mm.) 

3*o 

4*o 

5*o 

6*o 

7*0 

8*0 

0*1 

1*210 

i*23S 

1*245 

1-253 

1*255 

1-256 

0*2 

1*195 


1*226 

i*235 

1*240 

1-241 

o*3 

1*179 

1-197 

I*2II 

1*222 

1*226 

1*227 

o*4 

1*165 

I*l82 

1*199 

1*208 


1*215 

°*5 

1*152 

I*I7I 

1*186 

1*196 

1*201 

1*205 

o*6 

1*140 

i*i6o 

I-I75 

1-185 

1*192 

1*197 

07 

1*129 

1*151 

I*l65 

I-I76 



o*8 

1*120 

1*142 

1-158 

I*l68 

1*178 


o*9 

1*113 

I ’ I 34 

I*I5I 


1*171 

1*176 

1*0 

1*108 

1*128 

1*144 

1*156 

1*165 

1*171 

i*i 

1*104 


1*139 

I*I5I 



1*2 

1*100 


1*135 

1-147 

1*156 

1*161 

i*3 

1*096 

1*115 

1*131 

i*i43 

1*152 

1-157 

i*4 

1*093 

mi 

1*127 

1*139 

1*149 

I ’ I 53 

!*5 

1*090 

1*108 

1*124 

1*136 

1*145 

1*150 

i*6 

1*087 

x-105 

1*120 

1*132 

1*141 

1*146 

i*7 

1*084 

1*102 

1*117 

1*128 

i*i39 

1*144 

i*8 

1*082 

1*099 

1*113 

1*125 

1*136 

1*141 

i*9 

1*080 

1*096 

1*110 

1*122 

i*i33 

1-138 

2*0 

1*078 

1*094 

1*107 

1*120 

1*130 

1*136 


length 3 cm., external diameter 4-729 mm., and internal diameter 1-777 mm - i n con " 
junction with a soda-glass source of length i-6 cm., external diameter 1-45 mm., and 
internal diameter 0-818 mm., filled with radon. The inside of the glass source was 
tightly packed with glass wool in order to approximate to a full radium-container. 
The experimental correction for the gold sheath, measured with ionization chamber 
no. 1, was found to be 13-97 per cent, while the correction calculated on the lines 


















































928 T. H. Oddie 

indicated above from table 10 was 14*07 per cent. This difference was within the 
limits of experimental error. 

An additional test was carried out to determine whether the influence of secondary 
radiation from the outer parts of a cylinder of silver varied with the distance between 
these metal parts and a central radioactive part; for this a silver sheath of apparent 
wall-thickness 1*63 mm. and internal diameter 8*8 mm. was used, with a radon 
source of silver capillary tubing supported in the centre. The measured percentage 
corrections were found to be 5*44, 6*oo and 6*17 per cent for ionization chambers 1, 
2 and 3 respectively, while the corresponding corrections calculated from table 10 
were 5*57, 6*05 and 6*23 per cent. The differences between these results will be seen 
to be of the order of 0*08 per cent, indicating that secondary radiation from the 
container walls should have little effect on the values of k in equation (23), even in 
the case of silver sheaths measured with ionization chamber no. 1. 



Figure 6. Variation of fiJp with atomic number for ionization chambers nos. i, s and 3. 

# chamber no. 1; O- , chamber no. 2; -d-, chamber no. 3. 

§14. VARIATION OF MASS-ABSORPTION COEFFICIENT 
It was considered of interest to follow the variation of the mass-absorption 
coefficient for gamma-rays with the atomic number of the absorbing material and 
with the thickness of the lead filter on the cylindrical ionization chamber, so further 
readings were taken with some sheaths, similar in shape to the thickest gold sheath, 
but made of aluminium, brass and an alloy of 10 parts by weight of silver and 7 parts 
of gold. The measured values of the mass absorption coefficient p/p are given in 
table 12 for sheaths of thickness 2 mm. 

The curves in figure 6, where p/p is plotted against the atomic number of the 
absorbing material, show that as the thickness of the lead filter is increased, p/p tends 
to a constant value for materials of lower atomic number, but that photoelectric and 
nuclear absorption play an important role for heavier elements such as gold and 
platinum. The increase in pjp with increasing thickness of lead filter for the lighter 
materials shows that secondary radiation (3l) , emitted from parts of the absorbing 
sheath not in the direct measured beam, adds considerably to the measured ionization. 
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Table 12. Measured mass absorption coefficients 


Material 

Atomic 

number 

Density 

(g./cm. s ) 

Mass absorption coefficient, p/p 

Chamber 
no. 1 

Chamber 
no. 2 

Chamber 
no. 3 

Wood 

4 

0*40 

0*036 

0*036 

0*036 

Aluminium 

13 

2*70 

0*0338 

0*0346 

0*0360 

Brass 

29 *5 

8*5 

0*0313 

0*0330 

°‘° 3 S 4 

Silver 

47 

io *44 

0*0312 

0*0340 

0*0359 

Silver-gold alloy 

55’9 

12*94 

0*0377 

0*0361 

0*0355 

Platinum 

78 

21*3 

0*0495 

0*0441 

0*0413 

Gold 

79 

19*2 

’ 0*0497 

0*0448 

0*0424 


From the results given in table 12 and figure 6 it should be possible to deduce, at 
least approximately, the percentage corrections to allow for absorption in cylindrical 
containers of wall-materials other than those covered by table io. 


§15. DISCUSSION OF RESULTS 

The absorption results described in this paper show a general agreement with 
those of Kaye, Aston and Perry (z8) for platinum screens, but it can be seen that the 
curved front of the ionization chamber used here causes the absorption curves to 
assume a shape for the smaller thicknesses of the absorber slightly different from 
that which they have when the ionization chamber has a plane front. This effect is 
to be expected from geometrical considerations. 

It must be emphasized that the results given may apply only to a cylindrical 
ionization chamber lined with brass, and errors may arise (3Z,33) if they are applied 
to measurements made with a chamber of different lining, of different shape, or of 
widely different volume. 

Finally, it has been shown that, to obtain the true content of a radium-container 
from the measured content, the latter must be multiplied by a number of correction 
factors according to the following relation: 



( i+ C l )( i+ ^)( i+ 5l)( i + 

V 100/ V 100/ V 100/ \ 



(24) 


where C x is the percentage correction for obliquity (§5-2), C 2 is the supplementary 
percentage correction for obliquity (§5-3), C 3 is the percentage correction for 
absorption in the apparent wall of the container (§13), C 4 is the percentage correction 
for absorption in the source-holder (§10), and C 5 is the percentage correction for 
absorption in the radioactive salt itself (34,3S,36) . 

The relative accuracy of these experimentally determined factors was tested in 
the following manner. A laboratory substandard 20-mg. radium tube (of screenage 
i-o mm. platinum) was calibrated in terms of the Australian national substandard 
tube (of screenage 0-27 mm. glass) under different experimental conditions, the 
results being given in table 13. It is seen that the corrections produce concordant 
results over a wide variety of experimental conditions. 

Evidence of the absolute accuracy of the corrections was obtained by measuring 
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a particular radium-container that has recently been calibrated at the National 
Physical Laboratory. This involved at least six independent measurements. The 
National Physical Laboratory calibration involved the comparison of the container 
with at least one working substandard which had been calibrated in terms of the 
British national substandard. In this case, the corrections determined by the 
National Physical Laboratory for their particular experimental conditions would be 
used. The measurement in the Commonwealth Laboratory involved a similar set of 
comparisons based on the Australian national substandard, using the corrections for 
the experimental conditions described in this paper. The results of four independent 
experiments gave for the true radium-content 10*34, 10*41, 10*46 and 10*40 mg., 
with a mean of 10*40, and a mean departure of ± 0*03: the content as certified by the 
National Physical Laboratory was 10*40. Although this absolute agreement is rather 
fortuitous, it can be claimed that the corrections deduced in this paper are sufficiently 
accurate for the present purposes. 


Table 13 


Ionization 

chamber 

no. 

Source-to- 
chamber 
distance (cm.) 

National tube 
correction 
factor 

Laboratory 

tube 

correction 

factor 

Laboratory 

tube 

corrected 
content (mg.) 

1 

30 

1*0050 

1*1232 

20*44 

1 

40 

1 -0048 

1*1229 

20*24 

2 

30 

1 -0048 

1*1084 

20*38 

2 

40 

1*0046 

1*1082 

20*35 

3 

20 

1*0053 

1*1003 

20*27 

3 

30 

1 *0046 

1*0994 

20*28 


Mean 20-33 ±0*06 


By experience gained in this work, the measuring instrument described has been 
proved to be eminently suitable for ionization measurements, when a large number of 
readings have to be taken speedily and with small exposure of the operator. A fair 
degree of reproducibility (of the order of ± 0*3 per cent) is obtained, especially with 
moderate source-to-chamber distances (15-40 cm.), with which large ionization 
currents are produced. On the other hand, the high initial cost of a valve amplifier 
and the maintenance of its batteries makes an electroscope more suitable for 
measurements of a routine nature. 
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THE APPLICATION OF A NEW PHOTOELECTRIC 
METHOD TO THE DETERMINATION OF THE 
OPTICAL CONSTANTS OF SOME PURE METALS 

By J. BOR, A. HOBSON and C. WOOD 
Physics Department, College of Technology, Manchester 

Communicated by Dr W. H. Taylor , 8 February 1939. Read in title 9 June 1939 

ABSTRACT . A modification of the Drude method for the measurement of the optical 
constants of metals is described, in which the eye is replaced by a photoelectric cell and the 
extinction position is determined objectively by means of a Lindemann electrometer. By 
the use of a compensating device, the inaccuracy normally resulting from unsteadiness of 
the light source is avoided. The results of measurements on copper, nickel, chromium, 
palladium, and zinc are quoted. 


5 1. INTRODUCTION 

W hen light initially plane-polarized at an azimuthal angle of 45 0 is reflected 
from a polished metallic surface, the analysis of the elliptically polarized 
reflected light provides the data necessary for the calculation of the optical 
constants of the metal. This method, devised by Drude (l) , has previously been 
applied in this Laboratory to various alloys for wave-lengths within the visible 
spectrum (2) . The photoelectric instrument described below has been developed 
primarily in order to extend into the ultra-violet and infra-red regions of the spec¬ 
trum the range of wave-lengths for which the optical constants may be determined. 
At the same time the speed and accuracy of measurement in these regions of the 
spectrum are increased as compared with those achieved in the photographic and 
bolometric methods previously used, and the rapidity with which it is possible to 
complete a set of observations covering the whole wave-length range reduces the 
risk of error due to decay of the polished surface. The new instrument utilizes the 
same optical system as did the apparatus previously used for visual observations in 
this Laboratory, but dispenses with the half-shades and replaces the eye by a photo¬ 
electric cell. The details given below amplify the brief account already published (3) , 
and refer to the instrument as set up for observations in the visible and infra-red 
spectral regions. 

§2. THE APPARATUS AND THE EXPERIMENTAL METHOD 

2T. The optical system . The components of the optical system are shown in 
figure 1. By means of a double monochromator, light of any required wave-length 
in the range 4000—12,000 a. is focused on slit S x and collimated by lens L x of the 
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goniometer G. After plane polarization at an azimuth of 45 0 by passage through the 
Glan-Thomson nicol prism N x , the light is incident on the plane polished surface 
MS of the specimen, and the reflected elliptically-polarized light passes through the 
Soleil-Babinet compensator SBC and analysing nicol prism N%. The emergent light 
is focused by lens L % on slit S 2 and finally falls on the cathode of the photocell C x . 
The phase-difference A introduced by the compensator in restoring plane-polariza¬ 
tion, and the azimuth of the restored plane-polarized light, are the quantities 
measured experimentally. 

The rectangular slit S 2 has four independently adjustable edges and shields the 
photocell from light forming non-central images due to multiple reflection at the 
compensator faces. 



Figure i. The optical system. 

Owing to the impossibility of securing complete extinction, about 1 per cent of 
background light remains in the central image, and the unsteadiness of all ordinary 
light-sources prevents an accurate setting for minimum illumination. To remove this 
difficulty a compensating beam and a second photocell are used. A microscope 
cover slip MCS placed immediately behind slit S 1 reflects a fraction of the incident 
light through a collimating lens L z to mirror M; this compensating beam then passes 
in succession through a weak convex lens L z , a fixed nicol prism N z , rotary prisms 
P 1 ,P 2 , and a nicol prism iV 4 , and finally falls on the cathode of photocell C 2 . Lenses 
Li, L 2 , L z are achromatic. The source of light is either a 5-amp. automatic-feed 
carbon arc or a mercury vapour lamp. 

2-2. The electrical system . Figure 2 illustrates the photocell and electrometer 
circuits. The photoelectric currents produce small opposite potentials across the 
benzene-alcohol high resistance R x , the contact potential being first balanced out by 
the subsidiary circuit comprising a 2 v. accumulator of large capacity in series with a 
fixed resistance R 2 and a variable resistance i? 3 . The potential across R x is recorded 
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by the needle N of a Lindemann electrometer. If the resistance R x is greater than 
io 11 ohms, the time period of the electrometer becomes too large. 

Opposite potentials are applied to the plates P l9 P 2 °f the electrometer by means 
of the circuit shown in the upper part of figure 2, in conjunction with a high-tension 
accumulator of variable voltage. S 1 alters the ratio of the potentials on Pi and P 2 , 
and so enables the needle to be brought to its mechanical zero. P 4 is the fine zero 
control. J? 5 alters the potentials on the plates without affecting their ratio; it alters 



the sensitivity without affecting the zero position. K is the earthing key. The electro¬ 
meter needle is observed through a microscope magnifying about 1500 times. The 
photocells, electrometer, microscope, and resistances are housed in an earthed copper 
box having several compartments and arranged to rotate with the goniometer 
telescope arm. 

2-3. Method of observation. By the use of the telescope, the face of the specimen 
is first adjusted to lie in a vertical plane parallel with the beam of light and bisecting 
the field of view. The telescope is then rotated to give the required angle of incidence, 
and the specimen is adjusted to bring the image of slit S x on to the crossed wires. 
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The telescope is then clamped, and slit S 2 is adjusted to exclude all but the main 
image. 

With a low electrometer-sensitivity,' the approximate extinction positions of the 
compensator and analyser are obtained, the current due to background light being 
balanced out by adjustment of iV 4 . With increased electrometer-sensitivity it is 
necessary to adjust the electrical zero so that it coincides with the mechanical zero, 
and to balance out the dark current of the photocells and the contact potential of the 
high resistance R x . Attention to these details is essential if the electrometer needle is 
to remain .steady at sensitivities of the order of 10,000 divisions per volt. These 
adjustments are facilitated by the use of a shutter, remotely operated by the observer, 
which excludes the light from the monochrometer entrance slit. The final adjust¬ 
ments of the compensator and analyser are then carried out and readings are taken, 
during which the electrometer needle is never more than 20 divisions from the zero 
position. To complete a set of readings for any wave-length normally requires about 
10 min., the change from one wave-length to another taking about 5 min. 

2*4. Accuracy attained , and comparison with visual method . In the preliminary 
work, experiments were made to determine the accuracy attainable in the crossing of 
the nicol prisms with the apparatus shown in figure 1 but without the Soleil- 
Babinet compensator, the metallic.specimen, and the compensating system, the 
nicol prisms N x and N 2 being in line with each other. The accuracy of the settings 
depends upon the total deflection which would be produced if the maximum inten¬ 
sity of light, / m ax, were incident on the photocell plate. The intensity I of the light 
emerging from the analyser is 

I — Im n.Tr sin 2 a, 

where a is the rotation of N 2 from its true extinguishing position; thus 

9 = #max sin 2 a, 

where 0 m ax is the deflection which would be produced by the maximum light- 
intensity and 0 is the deflection produced by the rotation of N 2 through the angle a 
from the extinction position. Hence if a m in is the angle through which N 2 must be 
rotated to give an electrometer deflection of one division, 

1 

Sin OC mln — ~Tr\ "— • 
v ”max 

The accuracy attainable in practice is higher than this, the reason being that a 
movement of as little as o-i of a division is readily observable. 

Comparison of two sets of 20 readings of the analyser and compensator, taken for 
light of wave-length 5780 A. by both methods, a polished nickel surface being used, 
shows that the mean deviation from the mean of the analyser readings is 9-6' for the 
visual method, as compared with 4' for the photoelectric method; whilst the respec¬ 
tive mean deviations of the sets of compensator readings are 0-0036 and 0-0043. Since 
the constant of the compensator used in the present apparatus is approximately 
double that of the compensator used in the visual apparatus, the probable error is 
actually only half that which obtains in the visual method. It is seen that the probable 
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error in the analyser setting is similarly reduced. More accurate results may there¬ 
fore be expected from the photoelectric method than were obtainable by the visual 
method previously used, and this increased accuracy is maintained throughout the 
whole spectrum—visible, infra-red, and ultra-violet—provided that a suitable photo¬ 
cell is selected for each region. 

The Drude theory gives equations for n and k in terms of A, if/, and 8 the angle of 
incidence. From these, partial differential equations can be formed showing the 



Figure 3. Curves showing variation of refractive index with wave-length for copper and nickel. 

□ Ingersoll; O Tool; # Authors. 

variation of n and k with the three measured quantities. It then follows that errors of 
0-0005 in A and 5' in 2 ifj when 2 ijs is approximately 8o° lead to values of dn and dk of 
o-oi approximately. Since the assumed errors are larger than often obtain in practice, 
the apparatus should be capable of yielding results of at least this order of accuracy. 

§3. MEASUREMENTS ON PURE METALS 
The results of measurements of the optical constants of five pure metals—copper, 
nickel, chromium, palladium and zinc—are included in this paper, and the values 
obtained for copper and nickel are compared with values previously obtained by 
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visual methods. Another paper (lo) contains the results of measurements on a series 
of copper-nickel alloys. 

3*1. Copper and nickel . The specimens were prepared as described by Lowery, 
Wilkinson and Smare (a) and measurements were made for wave-lengths in the 
range 4300-9500 a. The variation of the refractive index with wave-length is shown 
graphically in figure 3, which also includes results previously obtained by other 
workers Numerical values are quoted in table 1. The absolute values of the 
constants are not identical with those given by previous workers, but this is not 



Figure 4. 

important, as Lowery, Wilkinson and Smare (z) have shown, provided that the curves 
of variation with wave-length are parallel, as they are here. The satisfactory agree¬ 
ment between old and new measurements for these two metals confirms that 
significant results of the expected order of accuracy are obtained with the new 
photoelectric instrument. 

3-2. Zinc . A specimen prepared as above was measured over the range 4300- 
11,300 a., with the results given in table 1, and represented graphically in figures 4-8. 
It is clear that zinc has an absorption band in the infra-red, nk approaching a maxi¬ 
mum at 8750 a. ; the curves of n y k , n 2 — k 2 , show corresponding maxima or minima 
at 9250, 10,250 and 9800 a. respectively, while the reflection coefficient R has a 
minimum value at 10,000 a. The only previous measurement, a determination of R 
by a reflection method by Coblentz (4> , also gives a minimum value of R at 10,000 a. 

The existence of the infra-red absorption band confirms a suggestion made by 
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Table i. 2 \fs and A represent the experimentally observed settings of the nicol 
prism and compensator for extinction of the restored plane-polarized light, and 
n and k the values of refractive index and extinction coefficient calculated from 
these angles. The angle of incidence 9 was 70° in each experiment 
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1-03 

177 

6600 

81 0 

95 

0 

0*47 

2-62 

5200 

66 7 

80 

16 

1*00 

1-83 

7000 

81 52 

99 

43 

0*46 

2*88 

5400 

67 30 

79 

33 

0-93 

1-82 

7500 

83 14 

105 

29 

o*43 

3*22 

5600 

69 48 

79 

11 

0-84 

1-83 

8000 

83 47 

109 

23 

o*44 

3*49 

5800 

75 45 

81 

17 

o-61 

I-96 

8500 

83 59 

113 

56 

o*45 

3-76 

6000 

78 46 

86 

26 

0*52 

2*26 

9000 

84 32 

116 

7 

o*45 

4*00 

6200 

80 7 

1 89 40 

0-47 

2-35 

9500 

84 53 

118 

42 

o-45 

4*22 






Nickel 






4600 

6s° 43' 

103' 

>2l' 

I-40 

3-77 

7400 

69° 59' 

125° 

34' 

199 

4-27 

5000 

67 13 

107 

26 

i*43 

3-°3 

7800 

69 51 

127 

47 

213 

4*43 

5400 

67 38 

hi 

53 

i-54 

3’25 

8200 

69 59 

128 

25 

2*16 

4*49 

5800 

67 50 

114 

4i 

1-63 

3*44 

8600 

70 31 

130 

24 

224 

469 

6200 

68 35 

118 

1 

1-72 

3-67 

9000 

70 23 

131 

43 

2*36 

4’79 

6600 

69 29 

120 

5i 

178 

3*92 

9400 

70 35 

133 

5 

2*45 

4*92 

7000 

70 I 

122 

58 

1-84 

4-07 












Zinc 






4358 

76° 52' 

101 c 

50' 

077 

2’94 

8900 

62° 25' 

132 0 

47 / 

3-05 

4*15 

5000 

75 47 

109 

13 

0-96 

3‘35 

9200 

59 12 

132 

23 

3*20 

3*82 

55oo 

74 39 

US 

5 

119 

371 

9500 

56 54 

129 

2 

3*05 

3*48 

6000 

73 14 

119 

40 

i*45 

3-99 

9800 

55 11 

125 

49 

2-91 

3*23 

6500 

71 11 

122 

48 

1*75 

4-13 

IOIOO 

55 3 

120 

32 

2*60 

3*04 

7000 

69 18 

126 

2 

2-09 

4*23 

10400 

59 18 

116 

15 

2*19 

3*u 

7500 

67 33 

128 

29 

2-36 

4-32 

10700 

63 52 

114 

35 

1-87 

3*i8 

8000 

65 40 

132 

15 

279 

4-42 

IIOOO 

68 5 

112 

54 

1*56 

3*34 

8300 

64 3i 

129 

58 

2-69 

4*18 

11300 

7i 34 

114 

42 

1*39 

3*58 

8600 

63 10 

131 

27 

2-90 

4’i5 












Chromium 






4358 

I 68° i 3 ' 

125° 

20' 

| 2*11 

4*i5 

8000 

6i° 8' 

145 ° 

44' 

4*57 

4*57 

5000 

65 50 

132 

49 

2*86 

4*44 

8500 

60 51 

146 

4 

4*61 

4*54 

55 00 

64 8 

136 

33 

3’29 

4-54 

9000 

60 22 

146 

55 

4*75 

4*46 

6000 

62 59 

139 

7 

3-64 

4*55 

9500 

60 45 

148 37 

5*00 

4*55 

6500 

61 49 

141 

9 

3*94 

4-50 

10000 

60 37 

148 

22 

4*95 

4*52 

7000 

61 41 

142 

3i 

4*n 

4*54 

10500 

61 27 

148 

13 

4*93 

4*68 

7500 

60 58 

144 

0 

4-36 

4*46 

IIOOO 

60 25 

148 

33 

4*99 

4*5i 






Palladium 






4358 

66° 25' 

108 0 

4' 

i*49 

3*02 

7400 

70° 57' 

127 0 

41' 

I 2*03 

4*49 

4900 

67 9 

112 

5i 

i*6i 

3*3i 

7800 

7i 41 

130 

34 

2*16 

4*79 

546i 

68 2 

117 

17 

1*73 

3*60 

8200 

72 3 

131 

58 

2*22 

4*95 

5900 

69 16 

119 

7 

175 

3*82 

8600 

72 46 

132 

43 

2-20 

5* 07 

6400 

69 35 

122 

4i 

i-86 

4*03 

9000 

73 27 

134 

16 

2*2 5 

5*29 

6900 

70 20 

125 

39 

1-96 

4*30 

9400 

74 4 

136 

39 

2*30 

5*58 













940 J. Bor , A. Hobson and C. Wood 

Mott and Jones (s) ; the reason for its existence is not clear, but Mott and Jones 
suggest that it may be connected with the occupation of zones higher than 4 d. 

It should perhaps be emphasized that the values of the constants represent mean 
values, since the crystal symmetry is hexagonal, and the specimen was large and 
polycrystalline. 



3-3. Chromium. We are indebted to Dr C. Sykes of Messrs Metropolitan- 
Vickers Ltd. for the gift of a piece of chromium: the preparation of the surface of this 
hard metal was accelerated by the use of disks of emery paper glued upon circular 
brass plates which were placed upon the polishing wheel and rotated at a suitable 
speed. The experimental results are set out in table 1 and figures 4-8. 

The measurements of Freedericksz (6) indicate that chromium has an absorption 
band at approximately 5500 a. Our results give no indication of the existence of an 
absorption band between 4000 and 11,000 A. There is, however, a very slight sug¬ 
gestion of a maximum in n and of an increase in k around 10,000 A., while n % — k 2 
has a maximum in the same region: to test the possibility of the existence of an 
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absorption band in this region would require measurements extending to 13,000 a., 
outside the range of this instrument. Throughout the greater part of their common 
range the present results are in close agreement with those of Freedericksz, but no 
minimum appears in our curve for nk against A, which, however, is almost identical 
with a curve drawn from a trial determination of nk made over the range 4400- 
9600 A. During the trial determination of the constants, the surface was tested for 
decay effects by measuring A a second time after a lapse of 24 hr. It was found that 
the difference between the compensator readings in the two instances was less than 
the probable error, and so it was concluded that a polished chromium surface shows 
no appreciable decay in 24 hr. 

Perhaps the most striking feature of the results is that n 2 —k 2 is shown to be 
positive for wave-lengths greater than 8000 a. This result disproves the assertion of 
Lowery, Bor and Wilkinson (2) that n 2 — k 2 is always negative for metals. Smakula (7) 
and Frohlich (8) liave also observed the change in sign of n 2 — k 2 for silver at 3000 a. 

3*4. Palladium. A specimen prepared in the usual way gave the results shown in 
table 1 and figures 4-8. There is no absorption band between 4000 and 9600 a., and 
if an absorption band exists (as has been suggested by Mott and Jones (s) ) it must be 
sought in regions of still greater wave-length. The palladium surface shows no 
appreciable decay after exposure for 24 hr. 
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ABSTRACT . The paper contains experimental values of the optical constants, for the 
wave-length range 4000-10,000 a., of copper-nickel alloys ranging in composition from 
pure copper to pure nickel. The significance of the results is discussed briefly. 


§ 1. INTRODUCTION 

I N the preceding paper, details have been given of a new photoelectric apparatus 
which has been developed in this Laboratory for the purpose of determining the 
optical constants of metals over a range of wave-lengths including not only the 
visible but also the ultra-violet and infra-red regions of the spectrum. In that paper 
the results of measurements on copper, nickel, zinc, chromium, and palladium were 
quoted, and it was demonstrated that the new apparatus gives significant results 
which compare favourably with those obtained by the visual methods used 
previously. 

Measurements have also been made for a series of alloys of copper and nickel 
over the wave-length range 4000-10,000 a., and it is the purpose of this paper to 
present the data for these alloys, together with the data for pure copper and pure 
nickel, in a form suitable for the discussion of the variation of constants with varying 
wave-length and with varying composition. 

§2. EXPERIMENTAL METHOD AND MATERIALS 

The copper-nickel alloys are particularly suitable for examination of the variation 
of optical constants with composition, for each of the pure metals crystallizes in a 
face-centred cubic lattice, the lattice dimensions are nearly the same for both, and 
the metals form a continuous series of alloys all with the same face-centred structure 
of phase-sites, with the atoms distributed at random among the phase-sites, and 
with lattice dimensions which change gradually as the composition is changed. The 
optical constants deduced from measurements made on a polished surface of a poly¬ 
crystalline block are thus characteristic of the alloy, and no complications arise such 
as might be anticipated in measurements of a non-cubic crystal or a crystal having 
superlattice structures. 

Measurements have been made on pure copper, pure nickel, and thirteen alloys 
with intermediate compositions, as shown in table 1. Specimens A to F were 
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machined from melts prepared in vacuo in an induction furnace, and were after¬ 
wards polished, annealed to secure homogeneity, repolished, re-annealed to remove 
cold work, and given a final light polish before measurement; they are rectangular, 
measuring 3 cm. x 2 cm. x 1 cm. approximately. Specimens GtoN were prepared 
by Lowery, Bor and Wilkinson for the earlier experiments in which a visual method 
was used (l) , and are considerably smaller, the polished surface being circular with 
diameters ranging from 1*5 to 2 cm. approximately. Before measurement the 
surfaces of these specimens were treated with emery to remove the oxide layer 
formed on prolonged exposure, and polished with magnesia and water: they were 
not annealed to remove cold work. Both because of the smaller size of the reflecting 
surface, and because of the simplified treatment of the surface, the results obtained 
from these alloys may be less accurate than those obtained from specimens A to F. 


Table 1 


Specimen 

Composition of alloy 

Arbitrary constant added in 
plotting figures i to 6 

Nickel 

Copper 

n 

k 

nk 

Copper 

0 

100 

-o *4 

-i *5 

— 1*0 

A 

3 *o 

97 -o 

-0*25 

-o*s 

o 

B 

5*5 

94*5 

— 0*2 

o 

o 

C 

8-5 

91*5 

— 0*1 

1*0 

o *5 

D 

n *3 

887 

O 

2*0 

1*25 

E 

13-7 

86-3 

O 

3*5 

1*0 

F 

16-5 

83-5 

0*25 

4*0 

3*5 

G 

247 

75*3 

— 1*0 

-i *7 

~i *5 

H 

35-2 

64*8 

—1*0 

-i *7 

— 1*0 

J 

45 -i 

54*9 

- 0*5 

- 1*4 

o *5 

K 

S 3‘2 

46*8 

-o *4 

— 1*0 

2*0 

L 

64-9 

35 *i 

0*1 

-o *3 

5*0 

M 

76*0 

24*0 

0*5 

o 

6*o 

N 

87*8 

12*2 

i-o 

o*S 

9*0 

Nickel 

IOO 

O 

i *5 

1*0 

12*0 


Table 2 contains values of the refractive index n, the extinction coefficient k y and 
the absorption coefficient nk, for all the alloys for wave-lengths in the range 4000- 
10,000 a. The variations of n, k and nk with wave-length and with composition are 
shown in figures 1-7, which also include the data for pure copper and pure nickel 
quoted in the paper preceding the present one. It should be particularly noted that, 
in drawing figures 1-6, arbitrary constants have been added in order to separate 
the curves appearing in each diagram: the values of these constants are quoted in 
table 1. 

§3. DISCUSSION OF THE RESULTS 

3*1. The absorption coefficient nk . Figure 5 shows that the position of the lower 
wave-length limit of the absorption band of pure copper (at 6000 A.) is practically 
unaffected by the addition of nickel up to approximately 15 per cent of nickel 
(between specimen E and specimen 1 P). Figure 6 shows that for specimens con- 
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Table 2. 2$ and A (or 180 0 —A) represent the experimentally observed settings of 
the nicol prism and compensator for extinction of the restored plane-polarized 
light, and n and k the values of refractive index and extinction coefficient 
calculated from these angles. The angle of incidence (1 9 ) was 70° for specimens A 
to F and for pure copper and pure nickel, and was 63° for specimens G to N. 


Specimens AtoF 


Composition 
of alloy 

Wave¬ 
length (a.) 

Zlft 

A 

n 

k 

nk 

Copper 97, 

4358 

64“ 36' 

72 0 53' 

0*99 

1*56 

i*54 

nickel 3 

5000 

67 21 

77 51 

0*92 

176 

1*62 


5461 

70 Si 

80 23 

o*8i 

i-88 

1*52 


5780 

75 4i 

83 1 

0*63 

2-03 

1-27 


6200 

79 5 

88 55 

0*52 

2*31 

1-19 


6400 

79 33 

91 IO 

0*51 

2-42 

1*24 


6600 

80 15 

94 1 

0*50 

2-56 

1-28 


6800 

80 21 

95 34 

0*52 

2-63 

1*36 


7000 

80 58 

96 47 

0-51 

2*71 

1*02 


7500 

80 56 

102 19 

o*54 

3*02 

1*63 


8000 

82 11 

106 58 

0*51 

3-31 

1*70 


8500 

82 9 

109 46 

o*55 

3*50 

1*92 


9000 

83 44 

112 19 

0-51 

3.70 

1*90 


9400 

83 44 

117 38 

o*54 

4*10 

2-20 

Copper 94-5, 

4358 

63 5° 

81 49 

i-io 

i*86 

2*05 

nickel 5-5 

5000 

68 19 

87 17 

o*99 

213 



5461 

71 6 

89 58 

0*90 

2-28 

2*04 


5780 

75 48 

92 27 

0-70 

2-45 

1*72 


6200 

78 5a 

98 41 

0*62 

2-79 

1*72 


6400 

79 16 

101 38 

0*63 

2*96 

i*86 


6600 

79 41 

103 12 


3‘05 

1-90 


6800 

80 33 

105 5i 

o-6o 

3*22 

i*95 


7000 

80 31 

108 5 

0-65 

3*42 

2*22 


7200 

80 48 

IIO 15 

0*65 

3’5i 

2*28 


7500 

80 25 

112 23 

0*71 

366 

2-59 


8000 

80 59 

116 27 

o-75 

3‘97 

2*95 


8500 

!° s ! 

119 17 

o-8i 

4-20 

3*40 


9000 

81 38 

123 17 

0-84 

4-58 

3-84 


9400 

80 53 

135 35 

0-89 

478 

4*24 

Copper 91*5, 

4358 

62 43 

78 41 

1*11 

i*74 

i*93 

nickel 8*5 

5000 

67 16 

83 58 

0-99 

1*98 

1*96 


5461 

69 18 

88 17 

o*95 

2*18 

2*08 


578o 

7a 17 

91 O 

0-85 

2*34 

i *99 


6200 

1 76 3 

97 19 

o-75 

2*69 

2-01 


6500 

77 4 

i 100 34 

0-74 

2*87 

2*12 


6800 

77 50 

103 54 

o-74 

3.07 

2*28 


7000 

77 54 

105 35 

0*76 

3'i6 

2*47 


7200 

77 43 

107 58 


3'32 

2*70 


7400 

77 34 

109 42 

o*86 

3'42 

2*93 


7600 

78 7 

hi 57 

o *86 

3-58 

3-09 


8000 

78 14 

113 50 

0*90 

3'7i 

3*33 


8500 

78 44 

117 2 

o *93 

3*97 

3-70 


9000 

78 41 

119 58 

1*02 

4*20 

4*27 


9400 

78 14 

122 11 

1*12 

4*38 

4*92 
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Composition 
of alloy 

Wave¬ 
length (a.) 

Zip 

A 

n 

k 

nk 

Copper 887, 

4358 

6i° 44' 

75° 19' 

i'ii 

i-6o 

1*76 

nickel 11*3 

5000 

66 12 

80 56 

1*00 

i-86 

i-86 


5461 

68 42 

85 38 

o*95 

2*06 

1*96 


5780 

70 23 

87 41 

0-90 

2*17 

i*95 


6200 

75 15 

94 11 

o-75 

2*52 

1*89 


6500 

75 4a 

97 59 

0’7§ 

2*72 

2'I I 


6800 

77 1 

101 28 

o-75 

2*92 

2*20 


7100 

76 48 

104 24 

o*8r 

3-08 

2*50 


7400 

76 47 

106 17 

0-84 

3*19 

2-§9 


7700 

76 56 

0 

co 

00 

O 

»-< 

0-91 

3*4i 

3*n 


8000 

77 3 

no 9 

0*90 

3*44 

3*09 


8300 

77 19 

113 0 

o-88 

3-64 

3*47 


8600 

76 50 

115 40 

1*05 

3'8 i 

398 


9000 

76 49 

118 25 

1*12 

4*02 

4*52 


9400 

77 48 

120 42 

i*n 

4*23 

4-73 

Copper 86*3, 

4358 

62 55 

83 47 

1-17 

1*92 

2*24 

nickel 137 

5000 

66 29 

88 54 

1-09 

2*17 

2‘35 


S5oo 

68 50 

92 30 

1-04 

2*35 

2-44 


6000 

72 38 

97 46 

o*93 

2-66 

2-48 


6500 

73 48 

103 33 

o*97 

298 

289 


7000 

74 18 

108 26 

1-04 

3-37 

3-41 


75°° 

74 6 

in 50 

1*14 

3-48 

3 95 


8000 

74 4 1 

116 42 

I'24 

3-82 

4-72 


8300 

74 26 

117 31 

1*28 

3 87 

4*96 


8600 

74 35 

119 17 

1*34 

4*00 

5*38 


8900 

74 49 

119 34 

i*37 

4-08 

5*60 


9200 

74 24 

121 34 

i*43 

4*18 

5*98 


95oo 

74 29 

122 35 

i*47 

4*27 

6*25 

Copper 83*5, 

4358 

60 2 

61 38 

1*08 

1*18 

1-27 

nickel 16*5 

sooo 

68 42 

70 30 

o*93 

1*48 

1*38 


5461 

67 38 

76 52 

o*9r 

1*72 

1-56 


5780 

68 46 

81 10 

0*90 

1*89 

1-70 


6300 

69 35 

84 43 

0*90 

2*04 

1*84 


6700 

70 0 

91 56 

o*97 

2*35 

2*28 


7100 

7° 30 

96 0 

I *0.1 

2*54 

2*57 


7500 

70 31 

99 28 

1*07 

2*70 

2*90 


8000 

70 52 

102 41 

1*12 

2*87 

3*21 


8400 

70 31 

i°5 3i 

1*20 

3*01 

3*61 


8800 

70 8 

107 29 

1*29 

3*io 

3*99 


9200 

70 41 

109 37 

1*30 

3*24 

4-20 


9600 

70 31 

in 10 

1*35 

3*33 

4*49 


taining more than 25 per cent of nickel there is no trace of a minimum in nk in the 
region of wave-length investigated. 

3*2. The refractive index n. Figures 1 and 2 suggest that the absorption band is 
shifted by about 500 A. to slightly shorter wave-lengths as the nickel-content in¬ 
creases from o to approximately 17 per cent, and that there is no longer an absorption 
band in this region for nickel-contents of 25 per cent or more. Figure 7 shows the 
variation of refractive index with composition for each of the wave-lengths 5000, 
6000, 8000 and 10,000 a., and confirms the findings of Lowery, Bor and .Wilkinson 
in experiments covering a more limited range of wave-lengths: the effect of the 
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Table 2 ( cont .) 


Specimens G to N 


Composition 
of alloy 

Wave¬ 
length ( a .) 

Ziff 

W 

OO 

O 

O 

1 

> 

n 

k 

nk 

Copper 75 '3 > 

4358 

64° 24' 

78° 45' 

1*01 

1*71 

1*72 

nickel 24-7 

5000 

66 55 

72 32 

1*02 

1*96 

2*01 


SSoo 

68 43 

67 19 

1*06 

2*20 

2*32 


6000 

70 8 

62 12 

I *12 

2*46 

2*74 


6SOO 

70 39 

57 52 

1*22 

2*68 

3*26 


7000 

70 44 

54 4 

i*34 

2*88 

3-88 


7500 

71 29 

51 18 

1 "4i 

3-07 

4*34 


8000 

71 13 

49 20 

1*52 

3-18 

4*82 


85OO 

7159 

47 37 

r*55 

3*32 

s 'i s 


9000 

7i 50 

45 52 

1-64 

3-41 

5*60 


9500 

7i 57 

44 46 

i*7i 

3*5i 

6*oi 


IOOOO 

72 40 

43 26 

1-77 

364 

6-45 

Copper 64*8, 

4358 

66 12 

64 18 

1*24 

2*25 

2*8 o 

nickel 35-2 

5000 

67 43 

57 59 

I*36 

2*57 

3*50 


55°° 

68 14 

53 39 

1-50 

2*80 

4*20 


6000 

68 27 

49 30 

1*67 

3*02 

5*56 


6500 

68 32 

46 4 

i-86 

3*22 

5-98 


7000 

68 40 

44 10 

1-97 

3*33 

6*56 


7500 

68 40 

4i 50 

2-12 

346 

7’35 


8000 

69 26 

4i 34 

2*10 

3*54 

7*44 


85OO 

69 22 

39 59 

2*22 

364 

8*o8 


9000 

7017 

38 21 

2*30 

3-83 

8*80 


95 00 

70 28 

36 55 

2*42 

3*94 

9*53 


10000 

70 52 

34 10 

2*52 

4*43 

10*2 

Copper 54-9, 

4358 

65 45 

60 19 

i‘37 

240 

3*30 

nickel 45*1 

5000 

67 9 

54 28 

1-52 

2*71 

4*23 


55 00 

67 28 

50 47 

1*68 

2*89 

4*86 


6000 

68 5 

47 10 

1*82 

3*13 

5*69 


6500 

68 23 

45 42 

1*89 

3*23 

600 


7000 

69 3 

43 48 

i*97 

3*38 

6*64 


7500 

69 3 

41 28 

2*13 

3*52 

7*50 


8000 

69 30 

41 1 

2*14 

3*58 

7*65 


8500 

70 30 

40 1 

2*14 

3*73 

7*99 


9000 

70 59 

38 26 

2*24 

3*88 

8*69 


9500 

72 9 

36 55 

2*28 

4 *ii 

9*39 


10000 

72 32 

35 41 

2-37 

4*25 

10*10 

Copper 46-8, 

4358 

64 39 

55 25 

i*6o 

2*56 

4*10 

nickel 53*2 

1 5000 

65 47 

5i 24 

i*73 

2*79 

4*81 


5500 

66 8 

48 2 

i*88 

2*96 

5*57 


6000 

66 53 

46 8 

I ' 9 S 

3*n 

60 5 


6500 

67 15 

43 33 

2*09 

3*26 

6*83 


7000 

67 4i 

4i 55 

2*18 

3*53 

7*38 


7500 

68 47 

40 0 

2*26 

3*59 

8*ii 


8000 

7° 54 

38 6 

2*27 

3.90 

8*87 


8500 

71 48 

37 3 

2*30 

4*06 

9*34 


9000 

7i 49 

34 5i 

2*61 

4*24 

io*6o 


9500 

72 12 

34 30 

2*52 

4*3i 

10*90 


10000 

73 29 

32 44 

2*6 i 

4*62 

12*00 
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Composition 
of alloy 

Wave¬ 
length (a.) 

2 ijj 

w 

00 

°o 

1 

> 

n 

k 

nk 

Copper 35-1, 

4358 

64° II' 

55 ° 35 ' 


2*53 

4*io 

nickel 64-9 

5000 

65 6 

53 10 

i*68 

2*68 

4*49 


5 Soo 

65 55 

49 55 

1-79 

2*86 

5*13 


6000 

67 4 

47 37 

1-87 

3*06 

5*70 


65OO 

67 5i 

46 13 

I-89 

3*16 

5-98 


7000 

68 11 

43 57 

2*01 

3 ‘ 3 i 

6*6 5 


75 oo 

70 9 

42 6 

2*01 

3*57 

7-17 


8000 

70 40 

40 30 

2*09 

371 

7-76 


8500 

7 i 33 

38 54 


3*90 

8*41 


9000 

7 i 54 

36 41 

2*33 

4*10 

9*54 


95 oo 

72 30 

35 9 

2-42 

4*29 

10*40 


IOOOO 

72 40 

33 0 

2*65 

4*45 

11*90 

Copper 24, 

4358 

65 9 

54 34 

1*62 

2*62 

4*23 

nickel 76 

5000 

66 7 

50 39 

i -74 

2*84 

4*91 


5 Soo 

67 33 

47 46 

1*82 

3-06 

5-57 


6000 

68 35 

44 38 

i -94 

3*30 

6*40 


6500 

69 54 

42 36 

i *99 

3 - 5 i 

7-01 


7000 

70 36 

41 4 

2*05 

3‘67 

7-53 


7500 

71 11 

38 54 

2*18 

3-87 

8-45 


8000 

71 46 

37 7 

2*30 

4*06 

9 - 3 i 


8500 

72 34 

35 33 

2-39 

4*28 

10*20 


9000 

73 24 

34 4 

2*46 

4*49 

II*IO 


9500 

74 20 

32 31 

2-54 

4*74 

12*10 


10000 

75 7 

3 i 1 

2*66 

5* 00 

13*30 

Copper 12*2, 

4358 

66 19 

55 54 

1 * 5 1 

2*61 

3*94 

nickel 87-8 

5000 

68 8 

51 48 

1-58 

2*89 

. 4*57 


55 oo 

69 20 

48 7 

1*70 

3*15 

5*34 


6000 

70 II 

44 51 

1*84 

3*40 

6*24 


6500 

71 l8 

42 1 

x *94 

3*65 

7*07 


7000 

72 9 

39 53 

2*03 

3*88 

7*88 


7500 

72 is 

37 5 i 

2*19 

4*04 

8*84 


8000 

73 14 

36 36 

2*22 

4*24 

9*41 


8500 

73 4 i 

34 49 

2*35 

4*45 

10-50 


9000 

74 1 

33 27 

2*47 

4*61 

11*40 


9500 

74 55 

32 17 

2*51 

4-84 

12*10 


10000 

75 28 

3 i 49 

2*49 

4‘94 

12-30 


addition of nickel is very marked for nickel-contents less than about 40 per cent. 
Mott (z) has suggested that this may be due to the ejection of electrons from the 
closed shell of nickel. 

3-3. The extinction coefficient k. Figures 3 and 4 show that the addition of nickel 
to copper produces a slight though significant change in the position of the minimum 
in k from 5600 a. in pure copper to 6000 a. in specimen F (approximately 17 per cent 
of nickel), while no minimum appears from 25 per cent of nickel (specimen G) 
upwards to pure nickel. 

3-4. Comparison zmth theory. Mott (3> has given a formula from which the posi¬ 
tion of the lower wave-length limit of the absorption band of a copper-nickel alloy 
may be calculated: for specimen D, for example, with approximately 10 per cent of 
nickel, the formula predicts a minimum in the nk curve at approximately 8000 A., 
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with further shift of the minimum towards longer wave-lengths as the nickel- 
content increases. 

The observations represented graphically in figure 5 give no indication of a 
displacement of this order of magnitude: if the position of the minimum shifts at all, 
it is by not more than 500 a. There is a shift in the minimum of k of about the same 
order of magnitude. 

The slight flattening which appears in the region of 8000 A. in the curves of 
refractive index for specimens G to N and for pure nickel, figure 2, may be signi¬ 
ficant, but more accurate experiments than could be attempted with these materials 
are necessary to test this point. 
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ABSTRACT. This paper presents a derivation of the steady-state potential distribution 
in a space bounded by coaxial cylinders, between which a homogeneous electron current 
flows. The problem is not formally soluble, but the solution is represented by twenty-four 
particular solutions covering the whole range of values of the variables likely to occur in 
practice. The potential equation, derived through the equation of motion of an electron, 
is reduced to a non-dimensional second-order form. The complete solution of this is 
obtainable by evaluating a singly infinite set of solutions, as the independent variable has 
an arbitrary zero. The physical meaning of this form of solution is expressed in similarity 
theorems. The behaviour of the solution in limiting cases, and the approximate graphical 
solution of the first-order form, suggested the procedure adopted in solving the second- 
order equation, which was suitable for integration by means of the differential analyser. 
In some solutions, a singularity in the potential equation was avoided by numerical 
integration of the equation of motion, to give initial conditions for the mechanical integra¬ 
tion away from the singularity. The solutions are tabulated. Some applications of the 
results to thermionic valve problems are illustrated by numerical examples. 


§1. INTRODUCTION 

T he electric currents in an evacuated space are determined by the geometry 
and the potentials of the electrodes in the space, and the number of electrons 
admitted to the space from various electrodes. To determine the relations 
between the potentials and currents, it is necessary to investigate the motions of the 
electrons under the influence of a field which itself depends on the distribution of 
space charge consisting of those same electrons whose motions constitute the 
currents between the electrodes. 

For the one-dimensional case, in which the electrodes are parallel planes and 
electrons are emitted uniformly from all parts of one plane, the equation of motion 
of an electron, and, for a steady state, the corresponding equation for the potential 
distribution, can be solved formally, both for steady-state conditions* and for 
certain time-varying conditions.! 

A cylindrical arrangement of electrodes corresponds much more closely to the 

* See, for example, the paper by Fay, Samuel, and Shockley^ and references therein; and those 
by BelowC 1 !, Fowler, Gossling and Stem^, Lukoshkow^. 
f See the paper by Benham^ and references therein. 
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actual arrangement in many thermionic valves, but the equations for this case are 
not formally soluble, even for steady-state conditions. Two special solutions have 
been evaluated numerically by Langmuir and Blodgett (6) ; these refer to the 
particular case of complete space-charge limitation, i.e. the case in which the electric 
field is zero at the same radius (in practice usually the cathode radius) at which the 
velocity of the electrons is zero. These solutions are often sufficient for the study of 
conditions between the cathode of a cylindrical valve and the electrode nearest the 
cathode, but give no information about conditions outside that second electrode, 
except in very special cases. 

Thus, both in the design of valves and in the analysis of the results of experimental 
work on them, it would be very useful to have a more extensive set of solutions of 
the equations of motion (or, for the steady state, of the equivalent equation for the 
potential) for the axially symmetrical case, covering the whole range of conditions 
likely to occur in practice. The object of the work described in this paper is to obtain 
such a set of steady-state solutions. The evaluation of solutions for potentials and 
currents, varying so rapidly that they change by an appreciable amount during the 
time taken by an electron to cross the interelectrode space, is a more elaborate and 
much more extensive problem. Work on it is in progress. 

It is true that in an actual valve the equipotentials in the neighbourhood of the 
grid are not cylindrical surfaces. The effect of this can be made very small,* and in 
order to determine it from the observed characteristics of a valve, the solution of the 
equations for the ideal axially symmetrical case is required. 

It will be assumed that the electrons emitted from the cathode have all the same 
velocity. This is not strictly true, but, in many cases, the range of thermal energies 
is small compared with the energy acquired by an electron in moving between the 
electrodes, and the use of results referring to a homogeneous electron stream will 
not involve serious error. 

In practice, in the use of valves, the potentials applied to the electrodes are 
usually the given quantities and the currents are determined, and expressed, as 
functions of the potentials. But analytically it is inconvenient to solve the equations 
directly for given values of the potential at different radii; it is much more con¬ 
venient to take the current, which is independent of the radius, as given, and to 
determine the potential-distribution. The solution of any practical valve problem is 
then a matter of interpolation; some examples of this use of the results are given in 
§ 10. 

The equation for the potential distribution, in a steady state, is a non-linear 
second-order differential equation, and can be transformed into a form very con¬ 
venient, over most of the range, for mechanical integration by means of the 
differential analyser.f Some of the solutions have a singularity at a point which can 
conveniently be taken as the starting-point of the integration. Solution in series, or 
by the use of another form of the equation, is necessary in this neighbourhood, and 

* For an examination of this effect in the absence of space charge, see the paper by Rosenhead 
and Daymond^ 8 ^ 

t See V. Bush< 3 >. 
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this small part of the calculations was done numerically; otherwise all the solutions 
here tabulated have been evaluated by the use of the differential analyser at Man¬ 
chester University. 

§2. GENERAL THEORY 

We consider an axially symmetrical distribution of charge and current, in the 
absence of a magnetic field, so that the paths of electrons are radially outwards. 
We first deal with the general case in which the distribution of charge and current 
is varying with the time, and then obtain the form to which the equations reduce in 
the- steady state. Magnitudes of electrical quantities are supposed to be expressed 
in electrostatic units. 

If, at radius r, the space-charge density is p and the velocity of the electrons 
is v, the convection current i per unit axial length of electrodes is given by 

i^zirrpv. .(i) 

If E is the field at this radius, the density of the displacement current is ( 1 / 477 -) dE/dt , 
so that /, the sum of the convection and displacement current-densities, is given by 

J=pv 4- ( 1 / 4 tt) dE/dt 

radially outwards, and I , the sum of the convection and displacement currents per 


unit axial length, is given by 

I=27TrJ = 27rr\jyv + (ll/\.7r)dE/dt]. .( 2 ) 

Since div J is identically zero, it follows that 

3 // 3 r=o, .(3) 

so that J is a function of t only, and is equal to the current per unit axial length in 
the bounding electrodes themselves. 

Also, the relation between the field and charge distribution is 

4irp = div E = ^ ^ (rE), .(4) 


since E is radial and axially symmetrical; and the relation between the field and the 

motion of the electron is J£> „ 

<Pr_ e E 

dt 2 m 7 . 

where djdt implies the total rate of change following the motion of an electron. 
Multiplying equation (5) by r, and taking the total derivative djdt, we get 

d ( d 2 r\ e d f 9 , ' 

It V df-) It [dt W +V dr ^ rE \ 

since v is radial. Substituting froin equation (4) we have 

a ( r S)-;; [!<-*>+ ■«»] 


(6) 
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from equation (2). Here I has been written as I (t) to indicate explicitly that it is 
a function of t only, as has already been shown in equation (3). 

When the current in the external circuit, and so 7 , is varying with the time, the 
distribution of charge and current in the interelectrode space is a function of the 
two variables r and t, and it would be expected at first that a partial differential 
equation would be required to describe it. But equation (6) shows that, by con¬ 
sidering the time variation along each electron path, rather than at a point in space, 
the problem can be reduced to the solution of an ordinary differential equation. 

For a steady state, I—i and is constant, so that equation (6) reduces to 


/ dh\ _ ze . 
dt V dty ~~ m 1 ' 


( 7 ) 


Also 


dhr d fl a . 
dt*-dr®° 


and for a steady state 


d 0 , 

dr dr m 



We will suppose the potential V to be measured from a conventional zero at the 
cathode, from which the electrons are emitted with zero velocity. Then, for electrons 
of charge e (which is negative), ^ mv i = \ e \V, .(8) 


and equation (7) can be written alternatively in the form* 


d_ 

dr 



( 9 ) 


This equation could be written down more shortly from Poisson’s equation and 
equations (1) and (8); but it is only applicable to a steady state, and we have preferred 
to derive it from the more general equation (6), through equation (7) which plays 
an important part in the present work. 


§3. REDUCTION OF EQUATIONS TO NON-DIMENSIONAL FORM 


It is convenient to eliminate the constants e and m, and the current i, by a change 
of variables which is equivalent to a choice of scale for the measures of r, t, and V. 
If r 0 is a typical length (for example, the radius of an electrode, or, in the process of 
solution of the equation, the radius from which the solution is started) we write 


R=r/r 0 , 



(10) 


These quantities are all non-dimensional.f Then equations (7) and (9) reduce to 


— (R — T 

dT\dTV~' 


di) 

.(12) 


* Note that in equation (7), i and e are both negative for an outwards current of electrons, 
t i has the dimensions of current 4 - length, since it is the current per unit a x ial length of the 
electrodes. 
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respectively. It is convenient to have a factor f on the right-hand side of equation 
(12) for a reason which will appear later. If we put 


f=log i? } 


( 13 ) 


equation (12) takes the alternative form 




(h) 


The general solution of equation (12) involves two arbitrary constants, but one 
of these is simply a constant of homology, for if <f> =/ (i?) is a solution of equation 
(12), then <f>=ar%f (aR) is a solution for any constant a , so that the whole field can 
be covered by evaluating a singly infinite set of solutions for different values of the 
other constant. 

From this form of the solution follow two model, or similarity, theorems relating 
the steady potentials and currents in different valves, or in the same valve under 
different conditions, namely: (i)* In any cylindrical valve, if all the currents are 
multiplied by a factor n , and the potentials at all electrodes by a factor 72 $, then the 
potential at any point in the space is multiplied by the factor rfi. (ii) If a model of 
any cylindrical valve be made, in which all the radii are multiplied by a factor n, and 
if the electrode potentials are rfi times those in the original valve, the currents 
remaining unchanged, then to potential V at radius r in the first valve there corre¬ 
sponds a potential r&V at radius nr in the second valve. 

From theorems (i) and (ii) in conjunction it follows that: (iii) in any model 
of a cylindrical valve, if all the currents are multiplied by a factor ft, and all the 
radii by a factor ft” 1 , the electrode potentials remaining unchanged, then to 
potential V at radius r in the original valve there corresponds a potential V at 
radius ft”V in the model. 


§4. FURTHER REDUCTION OF THE EQUATIONS 


From the form cj> = a~%f (aR) (with any constant a) for the solutions of equation 
(12), it follows that the equation for <f>/R% is homogeneous in i?, and this suggests the 
use of £ given by equation (13) as independent variable, and <& as dependent variable, 

WherC <&=<£/2?f = <.-*/»<£. .(, 5 ) 

The use of these variables transforms equation (12) to 


d 2 <t> f 4 d® 4 
d £ 2 3 d£ + 9 


$>=4 <]>-£ 

9 


(x 6 ) 


and this form of the equation has been found the most convenient for solution by 
means of the differential analyser. 

We will need the relation between the solution of the reduced form (u) of 
equation (7), and the solution of the reduced form (12) of equation (9), or the 


* It is easy to prove, from the fundamental equations, that this theorem is true for a vacuum 
thermionic device having any geometry. 
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equivalent equation (16). From the relations (io), or more directly by making 
the substitution T=A jp~^dR, it is found that A = (2/9)^, so that 

<f> - (2/9)* (, iRjdT )*, df>/dR=2 (a/9)* &RfdT*, 

4>=(2/ 9 ,)*iH (dK/rfT)*, d<S>jdZ=2 [(a/ 9 )*12* 



Further, since £ does not occur explicitly in equation (16), this equation can be 
reduced to a first-order equation by the substitution 



d® d* 4 > dp 
d£~ p ’ d?~ p M' 

.(*8) 

This gives 

dp 4 4 <h — 

d&~ 3 9 p 

.(19) 


§5. BEHAVIOUR OF THE SOLUTION IN SPECIAL CASES 


In the evaluation of the solutions, and in the use of the results, it is convenient 
to know the behaviour of ® in certain limiting cases, namely (i) in the neighbourhood 
of a zero of ®, (ii) when <D> I, and (iii) when f ->oo. 

(i) Near a zero of ®. At a zero of <t> (and hence of the electron velocity) the 
solution of equation (16) has a singularity on account of the term, which gives 
a formal infinity in the space-charge density where the electron velocity is zero. 
For electrons accelerated outwards from an electrode which they leave at zero 
velocity, this singularity obviously occurs at a finite value of r; we shall show that it 
also occurs at a finite value of r, if at all, for electrons retarded as they move outward. 

In the neighbourhood of a zero of 0 , the term in is the leading term on the 
right-hand side of equation (19).* Omitting the other terms and solving the 
resulting equation, we have .( 2o) 


where p 0 is the value of p when 0 =o. Now from the definition of p, it follows that 

and with p given by equation (20), this converges at 0=0, both for zero and for 
non-zero values of p 0 . Hence the value of £ at a zero of O is finite. 

The integration of equation (16) by any method would clearly be troublesome 
in the immediate neighbourhood of a singularity such as that at O=o, especially for 
small but non-zero values ofp 0 . It is then convenient to use the reduced form (11) 
of the equation of motion of an electron, rather than the reduced form (12) of the 
equation for the potential distribution. 

Taking T=o and R =1 at the time and radius at which the velocity, and so <J>, 
are zero, and integrating equation (xi) once, we have 



with dR/dT= o, i?=i when T =0. 


* It is easily verified that, consistently with this equation, this term cannot be of the order of 
unity or of any smaller order. 








958 J- Crank , D. R. Hartree , J. Ingham and R. W. Sloane 

This equation with these initial conditions can be solved in series, or numerically 
either by direct integration or by iteration. In particular, when (d 2 R/dT 2 ) 0 =o, it 
becomes d?R T 

dT* = R' 


and the first few terms of a solution in series are found to be 


i?=I + i r a_ T ^ r 6 + _ T i^ r 9^ T ^i_ ri 2 + .(22) 

(ii) $ large . When O > 1, the term in in equation (16) is small compared with 

the term in O, and may be neglected without serious error; even when O is 25 the 
error is less than 1 per cent. When <D - ^ is neglected, the solution of equation (16) 

becomeS <S> = e-*te(A+B£), .(23) 


where A and B are arbitrary constants, so that 

<f>=A+B^=A r + B log r. .(24) 

This would be expected, since the term in equation (16) is that which arises 
from the presence of space charge, and, in the absence of space charge, the field of 
an axially symmetrical distribution of charge has a logarithmic potential. 

(iii) f large . It follows from the results already obtained, that as £ ~> 00, O cannot 
tend to o or 00, for from § 5 (i) it follows that a zero of <E>, if any, must occur at a 
finite value of f; and from § 5 (ii), if > 1, it is given by equation (23) and so cannot 
remain large as £ -*oo. Hence <E> must tend to a constant value or must oscillate. 

If <D tends to a constant value, this must be 1; this is the reason for the choice of 
the reduction factor for V in formulae (10) so that a constant f appears in equation 
(12). To find how <J> approaches 1, we put O = 1 +y, and neglect y 2 . Solving the 
resulting equation, we find 

+Be~%£ cos [(2/9)* f+y]. .(25) 

This shows that 4 > oscillates with rather a long period in £ and a very large damping. 
The half period is about 6*65 in f, corresponding to a ratio of about 1000 to 1 in jR, 
and the decrease in | O — 1 | is by a factor of about 85 per half period. 

This is closely connected with the oscillation in found by Langmuir and 
Blodgett (6) in their solution of equation (9) for electrons starting from rest at the 
cathode under conditions of complete space-charge limitation. If, for this case, we 
take r 0 as the cathode radius, we have from equations (10) and (15) 



whence I * l*=| (Hr 1 ) 4 Vt/r&. .(26) 

But Langmuir defines j8 a by 


Hence 


(27) 
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This oscillation is a curious feature of the solutions of equation (16), as is shown 
most clearly by consideration of the potential required to produce a given current 
to an anode, of fixed radius r, in a diode, for different values of the cathode radius r 0 
(small compared to r) under conditions of complete space-charge limitation and 
zero initial velocity. From formula (26) the only effect of the cathode radius r 0 
on the [t, V] relation under these conditions arises from the dependence of 4 > on 
(r/r0), which is oscillatory; hence, as the cathode radius is decreased, the potential 
required to produce a given current oscillates, instead of varying monotonically as 
would rather be expected. 

§6. FIRST-ORDER FORM OF EQUATION 

Further light on the general behaviour of the solutions is obtained by considering 
the first-order equation (19). The general form of the solution of this equation can 
be sketched by the method of isoclinals. On a diagram of p against <D, figure 1, are 
drawn a number of loci on each of which dp/d G> is constant, and each of these curves 
is crossed by a number of short lines at the corresponding value of dpjd<P. If a 
curve is then drawn so that, at each point at which it cuts one of the loci, it has the 
slope of the cross lines on that locus, it is an integral curve of equation (19). Some 
such curves are sketched in. Near <D=o it is difficult to sketch the integral curve 
from the isoclinals, and the result (20) for the behaviour of p in this region may be 
used. 

The linep = — §0 is also drawn. Since ft is proportional to the electron-velocity, 
it follows that the electron acceleration, and hence the field, is zero where dpjd^—o, 
and since <f>=e^l 3 ®, it follows that at such a point p+f <5 = o. Hence the point in 
figure 1 at which an integral curve cuts the line p = — f<!> represents a point in the 
interelectrode space at which the field is zero. The region of figure 1 lying above this 
line is the region in which the electrons are accelerated outwards, and the region 
below it is that in which they are retarded. 

Most of the integral curves (all except those which cut the negative jp axis) have 
the general shape of spirals converging rapidly on the singular point ®=i, p=o. 
Since ^=\d^>jp, and, for clockwise description of the spirals, and^> have the same 
sign, it follows that this direction of description corresponds to £ (and so r) increasing, 
so the rapid convergence of the spirals to <1* = 1 shows that, as £-»-co, ® tends to 1, 
and oscillates about O = 1 with rapidly decreasing amplitude, as we have already 
seen from equation (25). 

Of the loci dpjd<S> =constant, that on which dpjd<P= -fisof particular interest. 
Its equation is p = _ f .(*g) 

so that it also has the slope — f at infinity. Thus there is an integral curve which is 
asymptotic to this locus (and so also to the locus of zero acceleration — f®) as 
(j> _>oo. This curve is marked A in the figure. For this solution when O is 

large, £ being large and negative, and hence <jE> -* constant. In the physical case to 
which this solution corresponds, the potential near the inner electrode is constant 
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(since <f> is constant), and the field there is zero. It follows that the surface charge on 
the inn«r electrode must be zero, and the electron velocity must be so high near this 
electrode that the space-charge density is negligible. 



Further, the locus, equation (28), on which dp/d^) — — §, lies always above the 
line p = — f<D, and on this line — dp/dO) is always greater than |. It follows that the 
curve A must always lie above this line, and so cannot reach the axis <l> = o in either 
direction. This is confirmed by actual evaluation of the solution. 

Another interesting integral curve is that through the point (G> = 0,^ = 0), which 
has two branches, one (marked B in figure 1) converging to (<D — 1, p = o) with £ 
increasing, and the other (marked C in figure 1) reaching the origin from negative 
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values of p . Since the point (<$ = 0,^ = 0) represents zero velocity and zero accelera¬ 
tion, the two branches of this curve correspond to the two solutions of equation (9) 
with these conditions evaluated by Langmuir and Blodgett. The first (curve JB), in 
which the electrons are accelerated outwards from a position of zero velocity and 
zero field, corresponds to the solution distinguished by Langmuir by positive values 
of ft, and applies to the ordinary case of a space-charge-limited diode. The other 
(curve C), in which the outward-moving electrons are retarded so as to come to rest 
at a radius at which the field is zero, corresponds to the solution distinguished by 
Langmuir by negative values of ft; we have already shown that this curve cannot 
coincide with curve A. 

Since two integral curves cannot intersect, except perhaps at the singular point, 
it follows that these three curves A y B, C divide the solutions into groups occupying 
the regions marked I, II, III in figure 2, in which these limiting curves are the only 
integral curves shown. Described in the direction of | increasing, shown by the 



Figure 2. 


arrows on curves A, B, C, solutions represented by curves in region I start from zero 
velocity (O = o) at positive values of p and spiral into the singular point (® = 1, p =o); 
they always lie above the line p — — 13 >, so the acceleration is always positive out¬ 
wards. They apply to the case of the saturated diode with a finite space charge, and 
to all cases in which a space-charge-limited current has passed a discontinuous 
increase in field. 

Curves in region II also cut the p axis, but at negative values of p y and they lie 
always below the line p = —10, so they represent solutions in which the electrons 
are always retarded. To obtain such a solution in practice, the electrons must be 
collected by an outer electrode placed at, or within, the radius at which they would 
otherwise come to rest, which is always finite by § 5 (i). If there were no such 
electrode, there would be an inward as well as an outward flow of electrons and no 
net current.* 

* The modification of the argument to make the results applicable to this situation is discussed 
towards the end of § 10. 
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Curves in region III do not cut thep axis, and so describe solutions in which the 
electrons never come to rest; but each curve cuts the linep= — §<£>, whence the field 
is zero at some point on each solution represented by a curve in this region. Such 
solutions will be required for cases in which a space-charge-limited current has 
passed through a discontinuous decrease in field; for example, to cases in which 
grid and anode are at the same potential, since the field must necessarily be zero at 
some point between them. 

Another property of the solutions, which is clear from the form of the curves in 
figure 1, is that O never becomes small (of the order of 1 or less) between two values 
large compared with 1; hence if <!>>i at each of two electrodes, then necessarily 
<E>> 1 throughout the space between them, and, by § 5 (ii), the logarithmic formula 
for the potential can be applied to the space between them. 


§7. PROCEDURE, AND RANGE TO BE COVERED 

The sketch of the [p, <D] family of curves suggests that the solutions of equation 
(16) should be obtained in three sets, corresponding to the three groups of [p, ®] 
curves described in § 6, namely: (i) Solutions starting from ® = 0 and d<$/d£ zero 
or positive, at £ =0, integrated with £ increasing; these correspond to the curves in 
region I of figure 2. (ii) Solutions starting from <D = o and d<S>jd£ zero or negative, at 
|=o, integrated with £ decreasing; these correspond to the curves in region II of 
figure 2. (iii) Solutions in which ® is never zero, started as may be found convenient 
to fill the gap which will be left after the solutions in groups (i) and (ii) have been 
obtained; these correspond to the curves in region III of figure 2. 

The ranges of <E>, d<$>jd£ , and £, to be covered by the solutions evaluated, must be 
decided by considering the ranges of V , r, and i which are of practical interest. In 
order to convert specifications of practical requirements into limits on the range of 
the reduced variables O etc., we need the relations between these reduced variables 
and the values of the electrical quantities in practical units. 

From formulae (10) we have 

V (e.s.u.)=[(9/4) (Wl e\fr a \i |]t 3 >, 
e and i being measured in electrostatic units. Now 

V (e.s.u .)=7 (volts)/30o, 
i (e.s.u.) = 3. io 9 i (amp./cm.), 
an -d | e [/m = 5-38. io 17 e.s.u./g. 

Hence when r is measured in centimetres and i in amperes per cm. 


V (volts) = 1667 (r 0 | i |)t <f>. .(29) 

From equation (15)5 this can also be written 

V (volts) = 1667 ( r I z |)^ .(30) 


The derivative of formula (29) with respect to r, together with formulae (17), gives 
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the field E in the alternative forms 

E (volt/cm.) = 1667 (z a /r)* 

= 1220 (i*/r 0 )i d 2 R/dT 2 . , 


963 

(3i) 


These relations can alternatively be derived from equation (5), and formulae (10) 
and (17). 

The following typical examples were taken in order to obtain an estimate of the 
practical range over which solutions are likely to be required: (a) A cathode, whose 
radius r 0 is 0*005 cm., emits electrons with zero velocity (®=o). The current per 
cm. length is o*oi amp. The field outside the cathode may have any value from 
zero to io 5 v./cm. The radius of the next electrode may be up to 1 cm., so the range 
of r/r 0 is from 1 to 200, a range of £ of about 6. 

(b) A current of o*oi amp. per unit length passes through an electrode of radius 
o* 1 cm. This electrode may be at any potential from o to 300 v. relative to the cathode, 
from which the electrons are supposed to be emitted with zero velocity. The field 
outside it may have any value between ± 1500 v./cm. The radius of the next electrode 
is not more than 1 cm., so that, in any one application, the range of r/r 0 is about 
1 to 10. But this is not really relevant to the range of £ to be covered in a solution, 
as different portions of a single solution might be used in different applications, and 
the range to be covered is to be specified by the range of <D rather than of £. 

With formula (30), these examples show that the interesting range of <5 is from 
zero up to about 200, and of d$/d£ from about —50 to +200. In example (a), the 
solutions start from <D = o, and, as has already been mentioned in § 5 (i), the [i?, T ] 
equation (21) was used to start the integrations; for this purpose the range of 
starting values of d 2 RjdT 2 is required, and from formulae (31) this is found to be 
from o to about 300. 

It is desirable that the range should be covered in some uniform manner, to 
facilitate interpolation. For the solutions in sets (i) and (ii) above, started from 
<X> = o, this is easily attained by taking a set of starting values of ( d 2 R/dT 2 ) 0 arranged 
in a regular way. For group (i), the initial values of d 2 RjdT 2 were taken at the values 
256/2 n (w=o, 1,2, ...)downto 1, and then at o. It was difficult to decide in advance 
at what stage to stop the decreasing geometrical progression of the starting values, 
but it was found that the choice of {d 2 RjdT 2 \= 1, as the smallest non-zero value, 
was quite suitable. For the set (ii), the starting values of d 2 R/dT 2 were taken 
correspondingly at the values —32/2* (n=o, 1, 2, ...) down to — 1, and then o. 

It is not so easy to find an entirely satisfactory way of starting the solutions for 
region III of figure 2 for which the velocity never becomes zero. At first sight it 
might seem best to start them at equidistant points on the axis, and to integrate 
each solution in both directions from its starting-point; but this was found not 
wholly satisfactory, as solutions started from equidistant points on the ® axis do 
not remain nearly equidistant in other parts of the [®, p] field, where they are 
perhaps more likely to be wanted. It was finally decided to evaluate a set of solutions 
starting at ® = 6o, with equidistant values of d<&jd£ from —40 to —60. 
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§8. PROCESS OF SOLUTION 


The second-order equation (16) is more convenient than the first-order equation 
(19) for solution by the differential analyser, firstly on account of the difficulty 
introduced in the solution of equation (19) by the zeros of p , and secondly because 
the form of result finally required is G> as a function of f, which is given direcdy by 
the solution of equation (16), but requires a further integration when the [<E>, p] 
relation is found by solution of equation (19). 

Since the values of ®, both in the course of a single solution and in different 
solutions, may cover a wide range, it is convenient, for solution by the differential 
analyser, to write equation (16) in the form 


, 4\ ® _4_/iy* 


(32) 


Integrator III 
Integrand ar* 
Variable of 
integration 


II 

O 0 “ 3 a "" 4 - z 
£ 


I 

dz/d( 

£ 



£ 

dzjdi 

— ( 4 / 3 ) ~ 

( 4 / 3 ) ‘V 1 ~~ h 

(4/3) PV"* * -i -®] 


Figure 3. Schematic diagram of set-up of differential analyser for solution 
of equation (32). (a=O/<D 0 .) 


The constant <D 0 is chosen so that (®/<D 0 ) covers a convenient range of numerical 
values in the range over which the solution is being carried out, and so that has 
a simple numerical value. It may be convenient to change from one value of 4 > 0 to 
another once or twice in the course of the integration, but not more often, since, as 

we have seen in § 6, once ® has become small after being large, it cannot become 
large again. 

The differential analyser set-up for equation (32) is shown in schematic form 
in figure 3, in which Bush’s notation for the various units of the machine is used. 
The solution was recorded on a counter which was read .at equal intervals of 
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As has already been explained, for solutions starting from 0 =o, equation (21) 
is used to get away from the singularity before starting the machine solution. 
A series solution is possible, but, except for the case of complete space-charge 
limitation, in which (d 2 RjdT 2 ) 0 =o,* numerical integration is preferable. An iterative 
process is very rapid and convenient, and converges rapidly over the range required, 
especially for the higher values of (d 2 RldT 2 ) 0 . The numerical solution of equation 
(21) is taken out until O, calculated from dRjdT by formulae (17), becomes at least 
equal to the smallest value at which it is practicable to start the machine solution, 
say <l>=0-05; the values of O and d<bjd^ are calculated from formulae (17), and 
the machine solution is started from these values. The value of £, at which the 
solution is started, will probably not be a tabular value, and the counter which 
records the revolutions of the £ shaft must be set accordingly. Alternatively, the 
values of dRjdT and d 2 RjdT 2 may be calculated at a tabular value of | by inter¬ 
polation, or, better, by a subsidiary integration, so that the machine integration is 
started at a tabular value. If the same starting value of | is used for a series of 
solutions, a useful cross check on the starting values of 0 and dd>/d£ is provided. 
The advantages of this procedure were not realized till the work had been in progress 
for some time, but it was used in the later stages. 

For the solutions with (d 2 R/dT 2 ) 0 negative, the integration has to be taken for T, 
and also £, decreasing from o, since the integration is taken backwards from the 
time and radius at which the electrons would come to rest. 

For the solutions corresponding to the curves in region III of figure 2 there is 
no difficulty at the beginning of the integration, as it is started from definite finite 
and non-zero values of O and d$/d£. 


§9. RESULTS 

The results are given in tables 1, 2 and 3, for the solutions corresponding to the 
curves in regions I, II, III of figure 2 respectively. The solutions are numbered to 
facilitate reference. 

In most solutions in tables 1 and 2, O reached values xo to 100 times as great 
as those at which the machine was started. The effects of small errors, in setting the 
initial conditions or in integration and particularly in following the curve of (®/< 
which was very steep at the beginning of each of these solutions, will build up in 
much the same way. The result is that, although the variation of $ with £ when £ is 
well away from zero should always be a solution of the equation to the accuracy of 
the tabulated values, or nearly so, it may not always be the solution corresponding 
exactly to the nominal initial conditions. A list of values of O, taken across the table 
at a particular value of £, will show small irregularities due to this effect.f These 

* See formula (22). 

t This cross check was useful in detecting gross errors in a few solutions, usually arising from 
errors in evaluating the initial conditions for the machine solution from the solution of .the [T, R] 
equation; such solutions were, of course, repeated. In the course of a search for the origin of the 
errors shown by this check, portions of several of the solutions have been checked by using the 
tabular values of O to calculate <f> and hence d 2 <j>/d £ 2 from equation (14) and thence the second 
differences of <j>. The comparison of these with the results of differencing the values of <j> twice have 
always been satisfactory. 



Table i. Solutions of equation (16), starting at O=o, with | increasing 


ition no. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

itionl (tfR/dT* 

0 

1 

2 

4 

8 

16 

32 

64 

128 

256 

ted M® 

0 

0 

0 

0 

0 

0 

0 

O 

0 

0 

J U®/# 

0 

o *734 

1*468 

2*935 

5-87 

1174 

23-48 

47 *o 

93*9 

i8 7 - 

8£ 

0 

0 

$ 

<S> 

0 

<D 

$ 

$ 

® 

0 

0 

o- 

0* 

o* 

0* 

0* 

o* 

0* 

o* 

o* 

o* 

o *5 

— 

0-054 

0*094 

0*188 

6*184 

0*36 

0*72 

1*42 

2*8i 

5*6 5 

ii* 

1*0 

0*0585 

0*111 

0-356 

0*69 

1-38 

273 

5*40 

10*8 

21* 

1*5 

— 

0*171 

0*277 

0*514 

1*00 

1*98 

3‘93 

7-78 

15*6 

31 * 

2 

0*1380 

0*228 

0*363 

0*662 

1*28 

2*53 

5*02 

9*95 

19*9 

40* 

3 

0*222 

0-338 

0*521 

0*926 

1*78 

3*49 

6*92 

i 3 - 7 o 

27*5 

55 * 

4 

0*305 

o -437 

0-659 

1*150 

2*19 

4*28 

8*50 

i6*86 

33*7 

67* 

5 

<>•385 

0*532 

0*780 

x -337 

2*53 

4*93 

9-78 

19*39 

38-75 

77 * 

6 

0*461 

0*616 

0*885 

1*494 

2*8i 

5*45 

10*79 

21*40 

42*8 

85- 

2 

0-532 

0*692 

0-975 

1*621 

3-03 

5*86 

n *59 

22*98 

45*9 

92* 

8 

o -597 

0-759 

I*05I 

1-733 

3*20 

6*17 

12*20 

24*19 

48-3 

96* 

9 

0*656 

0*818 

I*II 5 

1*804 

3*32 

6*40 

I2*63 

25*02 

50*0 

IOO* 

IO 

0*710 

0*870 

i*i68 

1*865 

3 * 4 i 

6-55 

12*92 

25-59 

5 i*i 

102* 

ii 

o -759 

0*915 

1*211 

1*909 

3*47 

6-64 

13-08 

25-90 

517 

103* 

12 

0*803 

o *955 

1*246 

1*939 

3 * 5 o 

6*67 

13*14 

26*00 

5 i *9 

104* 

13 

0*842 

0*989 

1-274 

x -957 

3-505 

6*66 

I 3 *H 

25*92 

5**7 

103* 

14 

0-877 

1*017 

1*294 

1-964 

3*49 

6-6i 6 

13*00 

25-69 

5 i* 2 s 

102* 

15 

0*908 

1*041 

1*308 

I*962 

3-46 

6-53 

12*82 

25-33 

SO‘ 5 s 

IOI* 

16 

o *934 

1*061 

1-3x8 

1*952 

3 * 4 i 

6*425 

12*60 

24-87 

49-6 

99* 

X Z 

0-958 

1-077 

1*323 

1-936 

3-36 

6295 

12*32 

24*31 

48-5 

97 * 

18 

0-978 

1*090 

1*325 

1*914 

i*888 

3-29 

6*15 

12*01 

23*69 

47*25 

94 * 

19 

o *995 

1*100 

1*324 

3*22 

5-98 

11*68 

23*01 

45*9 

92* 

20 

1*010 

1*107 

1*320 

i*86o 

3**4 

5*8i 

11*33 

22*30 

44 * 4 s 

8 9 - 

21 

1*022 

1*113 

1*313 

1*827 

3*05 

5-63 

10*96 

21-55 

42 * 9 e 

86- 

22 

1*032 

i*ii6 

1*305 

r -793 

2*96 

5*45 

10-58 

20*78 

41*4 

83- 

23 

1*041 

i*ii8 

1*295 

x -757 

2*87 

5*26 

10*19 

19*99 

39-8 

8o* 

24 

1*047 

1*119 

1*284 

1*721 

2*78 

5* 06 

979 

19*20 

38*2 

77 * 

25 

26 

1*053 

i*ii8 

1*272 

1*684 

2*69 

4*87 

9-40 

18*41 

36*6 6 

73 * 

1*057 

1*115 

1*259 

1*646 

2*59 

4*68 

9-01 

17*62 

33*05 

70* 

27 

1*059 

— 

1*246 

1*609 

2*50 

4*49 

8-62 

16*84 

33*5 

67* 

28 

i*o6i 

— 

1*233 

1*572 

2*41 

4*30 

8-24 

1606 

3 l* 9 s 

64- 

29 

1*062 

— 

1*220 

i *535 

2*32 

4*12 

7-86 

I 5 * 3 i 

30*4 

6i* 

30 

1*062 

— 

1*206 

1*499 

2*23 

3*94 

7-49 

14*57 

28*95 

58 * 

31 

1*062 

— 

1*193 

1*464 

2*15 

3*77 

7-14 

13*86 

27*5 

55 * 

32 

i*o6i 

— 

1*180 

i* 43 i 

2*07 

3*60 

6-8o 

13*17 

26 *i 5 

53 * 

34 

36 

38 

— 

— 

— 

1-367 

i* 9 i 

3*29 

6*15 

ii*86 

23*5 

47 * 


——■* 


1-3X0 

i *77 

3*00 

5*55 

10*64 

21*1 

42* 


— 

— 

1-258 

1*65 

2*73 

5*oo 

9*53 

18*85 

38 *. 

40 


— 

— 

1*212 

i *54 

2*49 

4*50 

8*52 

16*8 

34 * 

42 



— 

I-I 7 I 

i *44 

2*27 

4*04 

7*60 

14*95 

3 o* 

44 

46 

48 


.. 

— 

1*1355 

i *35 

2*08 

3*63 

6*77 

i 3*3 

27* 


— 

*■"■'“* 

1*105 

1*275 

1*91 

3*26 5 

6*02 

ii*8 

24* 


" 

“— 

1*079 

1*21 

176 

2*94 

5*36 

10*4 

21* 

52 

56 

60 

— 

— 

— 

1*039 

1*10 

i* 5 i 

2*39 

4*24 

8*i7 

16* 



— 

1*012 

— 

I* 32 S 

I ’ 97 r» 

3*36 

6*3 

13 * 

64 

68 
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— 

1*19 

i*66 

2*68 

4*95 

IQ¬ 




— 

— 

1*10 

1*42 

2*16 
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S' 

72 

76 . 

80 

— 

— 

— 

— 

— 

— 

— 
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1*48 

1*27 

3 *°a 

2 * 3 s 

I ’ 9 i 

6* 

5 * 

4 * 

84 

88 

— 

— 

— 

— 

— 

— 

— 

1*13 

1*05 

i* 5 s 

i* 3 o 

3 * 

2* 

92 

96 

100 

— 

—■ 

— 

— 

— 

— 

— 

1*01 

0*99 

ri 4 

i*o 6 

I* 0 X 

2* 

2* 

I* 

104 

— 

— 

— 

— 

— 

— 

— 

— 

— 

I* 

I* 
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would be reduced if the integration of the [T, i?] equation (12) were carried further 
out before changing to the [|, <f\ equation (16), but in view of the way the results 
would be used in most applications it did not seem necessary to repeat the mechanical 
integrations with these better starting conditions. 


Table 2. Solutions of equation (16), starting at d>=o, with £ decreasing 


Solution no. 

II 

12 

13 

14 

15 

16 

17 

Solution') (d 2 R/dT 2 

0 

— 1 

— 2 

-4 

-8 

-16 

-32 

started M 0 

0 

0 

0 

0 

0 

0 

0 

at J [d<b/d£ 

0 

-0734 

— I *468 

-2-935 

-5-87 

-1174 

-33-48 

-8f 

0 

$ 

$ 

$ 

0 

0 

$ 

o 

o* 

o- 

0* 

o- 

o- 

0- 

o- 

I 

0*07 

0-13 

0*22 

0-415 

o-8o 

i-6i 

3*16 

2 

0-18 

0*305 

0*495 

0-90 

1 '75 

3*49 

6*91 

3 

o -33 

0-52 

083 

1-48 

2-88 

5-67 

11*27 

4 

0*51 

0-78 

1*225 

2-16 

4-21 

8-19 

i 6 - 3 s 

5 

073 

i-io 

1-69 

2*95 

579 

11*12 

22“ 25 

6 

1*00 

1-48 

2-23 

3-87 

7-60 

14-53 

29*1 

7 

1-325 

1-91 

2-87 

4-92 

969 

18*4 

36-95 

8 

1*70 

2-42 

3*60 

6-13 

12*1 

22*9 

46-0 

9 

2-13 

3*oo 

4*44 

7*52 

14-8* 

28*0 

56 -I 

IO 

263 

3-67 

5-40 

9-10 

18-0 

33-8 

67-9 

ii 

3-20 

4*44 

6-50 

10-91 

21-7 

40-0 

8l*2 

12 

3*86 

5'32 

7*75 

I2-9 7 

25-8 

47-9 

96*3 

13 

4-61 

6-32 

9-16 

15*3 

306 

56*4 

113*0 

14 

5-47 

7-46 

10*76 

17-95 

36-0 

66*0 

— 

15 

6*44 

8-75 

12-6 

20-95 

42-0 

76-9 

— 

16 

H 5 

10*21 

14-65 

24-3 

48-9 

89*2 

— 

17 

8-8o 

II *85 

17-0 

28-1 

— 

103-0 

— 

18 

10*22 

13*75 

19*65 

32*4 

— 

— 

— 

1 9 

11*82 

I 5-85 

22-6 

37*25 s 

— 

— 

— 

20 

13-62 

18-2 

25*9 

42-7 

— 

— 

— 

21 

15-65 

20-85 

29*6 

48-7 

— 

— 

— 

22 

17-95 

23-85 

33*8 

55*55 

— 

— 

— 

23 

20-5 

27-2 

38*5 

63-2 

— 

— 

— 

24 

23*4 

30-95 

43-75 

—- 

— 

— 

— 

25 

26-6 

35‘ 1 5 

49-6 

— 

— 

— 

— 

26 

30-2 

| 39-85 

56-2 

— 

— 

— 

— 

27 

34-2 

45*1 

— 

— 

— 

— 

— 

28 

38*7 

j SI'© 

— 

— 

— 

— 

— 


The results have been tabulated with £=o at the initial value of O in every case, 
but it is obvious from the derivation of equation (16), and from the equation itself, 
that the zero of £ is arbitrary. To represent the results graphically, in a form 
convenient for practical use, it is necessary to draw a large number of sets of curves, 
and this can be done in many ways. The method which seems most convenient is to 
plot, in each set, all the solutions which pass outwards from a particular value of 4 >, 
this value being different for each set. The sets required would depend on the 
specific problem to which the results were being applied, so no such graphs of the 
solutions are given in the present paper, beyond small portions required for 
illustrating the applications considered in § xo. 





» 
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§ 10. EXAMPLES OF APPLICATION OF THE RESULTS 

We do not propose to give here an exhaustive account of the possible applications 
of the results, but we will consider two particular cases as examples of their use, 
namely, the problem of finding the field-strength at the cathode of a saturated diode 
and the problem of finding the position and depth of the potential-minimum between 
a cylindrical screen and anode at the same potential; both of these problems may 
be solved directly from the results of the present work, (i) A diode consists of a 
straight filament 0-4 mm. in diameter surrounded by a cylindrical anode 2 cm. in 
diameter. The current per cm. of axial length is 1 nu. and the potential-difference 
between anode and cathode is 50 v. It is required to find the field-strength at the 
surface of the filament. From formula (30), at the filament (£=0, say), $ = o; and 
at the anode, where £=log„ (2/0-04) = 3-91, $ = 3-0. Onthe[£,$] diagram covering 



this range, drawn with all the curves through $=o at f=0, shown in figure 4, the 
point (3-91, 3) lies between the curves 5 and 6 * Interpolation of the curve which 
passes through this point gives 9-0 as the value of d<t>/dt; at the cathode, whence, 
from formula (31), the field at the cathode is 55 v./cm. 

(ii) The outer electrodes of a cylindrical valve are a screen 0-4 cm. in radius, and 
an anode 1 cm. in radius. Both electrodes are at a potential of 200 V. relative to the 
cathode, and the current between them is 27 nu. per cm. length. It is required to 
find the potential distribution between screen and anode. From formula (30), at 
the screen (£=o, say), $ = $3=2-46; and at the anode (1=0-916), $=$^ = 1-33. 
It is seen from figure 5 that the $ curve which passes through the values $ s and 
at points separated by 0-916 in £ must lie between the solutions 19 and 20; these are 
therefore redrawn in figure 6, starting together at $=$3=2-46 and £=0. The 
curve passing through the point (0-916, 1-33) has been interpolated, and the value 

* The numbering of the curves corresponds to the numbering of the solutions in tables i, % and 3. 
phys.soc.vi, 6 62 
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of the potential at any radius between the electrodes may then be found from this 
curve and formula (30). 

Another possible application of the results would be the construction of tables 
giving the relation between T and R for each of the various solutions, equation (17) 
being used; from such tables, and the definitions of T and R as in formulae (10), 
steady-state transit times in practical cases could be deduced. Construction of sufch 
tables would be rather lengthy and laborious, and has not been carried out; if it had 



Figure 5. 



Figure 6. 

been contemplated, it would probably have been better to take the integration of th< 
{T, R] equation (11) out from a zero of 0 rather further than was actually don< 
before changing over to the use of equation (12). 

Although it has been assumed throughout that the electrons move in th< 
direction of r increasing, the equations, and solutions, hold for electrons moving 
outwards or inwards or both, provided that all electrons having the same velocity 
are at points at which the potential is the same. When there are electrons movinj 
in both directions, i must be taken to mean the sum of the magnitudes of the inwar< 
and outward currents. 
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If, at some value of the radius, <D = o and d< 5 >jdg=o, some electrons may be 
turned back there and some not. Up to this value of r 9 solution (11) holds; beyond 
it solution (1) holds. The application of the results to this case is analogous to that 
described by Fay, Samuel, and Shockley (4) for the similar problem in the case of 
plane parallel electrodes. 
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ABSTRACT. In many parts of the world the chief hindrance to radio reception is 
atmospheric disturbance. The paper describes a machine which produces pulses similar 
to atmospherics, and records speech-intelligibility tests carried out with it with a view 
to finding how intelligibility varies with atmospheric noise. It is suggested that a signal/ 
atmospheric ratio equal to 20 db., corresponding to a voltage ratio of 10 :1, should be 
a sufficiently high standard for districts where atmospheric disturbance is severe. The 
atmospheric level has been measured with a special peak voltmeter which integrates the 
value over several seconds. 


§1. INTRODUCTION 

I N considering any scheme for broadcasting in tropical or subtropical countries, 
the most important hindrance to a satisfactory service is atmospheric disturbance. 
There seems, however, to be some uncertainty (l) as to the radio signal-strength 
necessary to produce satisfactory reception for a given value of atmospheric dis¬ 
turbance. 

As a result of work on electrical interference carried out under the control of 
the International Special Committee on Radio Interference (C.I.S.P.R.), a signal/ 
interference ratio equal to 40 db. is considered acceptable< a >. This figure refers 
to interference with broadcast reception caused by electrical appliances—a form 
of disturbance considerably different from that produced by atmospherics—and 
may require modification before it can be used to define acceptable standards of 
signal-to-atmospheric strength. It has been recognized that Colonial Administra¬ 
tions might well be satisfied with less stringent standards^, and in any case the 
standard is impossibly high for reception in most parts of India. With a view, 
therefore, to defining some lower and more practicable standard for tropical con¬ 
ditions, speech-intelligibility tests have been carried out under conditions of varying 
noise similar to atmospheric disturbance. 

§2. PRODUCTION OF ATMOSPHERICS 

Atmospheric disturbance being such a variable quantity, and difficult to obtain 
unadulterated, it was decided to produce similar effects artificially. As subjective 
testing methods were to be used, the primary test applied was that the artificial 
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atmospherics should appear to the ear like actual atmospheric disturbance. That is 
to say, there should be a background of crackling with irregular loud splashes of 
noise. 

The machine shown in figure 1 produces pulses which, when rectified and 
amplified, have satisfied listeners with their similarity to atmospheric disturbance 
from a broadcast receiver. Two steel balls A and B press lightly against a steel 
disk D, 30 cm. in diameter, which rotates once a minute. With the circuit as 
drawn, oscillographic investigation has shown that damped oscillations are set 
up sometimes in circuit E and sometimes in circuit F. Owing to the uneven nature 
of the contacts between the steel balls and the disk, the pulses are set up irregularly 
in time, and are of varying amplitude. The mean number of individual pulses 



Figure I. Apparatus for imitating atmospherics. R 1} 5000 Cl.; jRj, 10,000 Cl.; 

R s , aooo Cl .; C Xl 0-25 /*F.; C 2 > o-ooi /x F.; W 6 , Westector no. W 6. 

with both contacts is about 120 per sec. This compares favourably with NorinderV 45 
value of between 1 and 2 for the most frequent number of atmospherics per io" 2 sec. 

The frequency of 50 per cent of the pulses is that of the circuits E-A and E-B, 
and is of the order of 12 kc./sec. The most common frequencies occurring in periodic 
atmospherics (the most common form), according to Appleton, Watson Watt and 
Herd (5 \ and also to Norinder, are of the order of 10 kc./sec. which shows a fairly 
close correspondence. 

The duration of the damped oscillations in this circuit is about 1000 /xsec. 
Efforts were made, by putting resistances across coil E f to reduce this time to 
300 /xsec., the most common duration for periodic atmospherics, but with detri¬ 
mental effects on the sound from the loudspeaker. 

Circuit jP-C 2 represents an attempt to imitate the high-frequency embroidery* 65 
of atmospherics of the lightning type. The frequency of the pulses produced by 
it is 65 kc./sec. and the duration 1500 /xsec. 

In order to produce the effect of continuous background noise with splashes 
of much larger amplitude, a piece of paper with irregular perforations is attached 
to the steel disk between contact B and the disk. By adjustment of R s the effect 
of the continuous pulses from A was made to provide the background while B 
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produced the larger splashes, which occurred about 40 times per minute. The mean 
duration of contact B through the perforations was 0*7 sec., and the ratio of splash 
peak voltage to background peak voltage could be varied from 12 : 1 to 1 : 1. 

§3. THE MEASUREMENT OF NOISE-LEVEL AND SPEECH-LEVEL 

In work on telephone articulation^ a special noise-meter is used which weights 
the noise-frequencies according to their degree of interference with speech. As, 
however, this work was primarily concerned with broadcast standards, a meter 
with a practically constant frequency response from 50 to 10,000 c./sec. was used. 

The International Special Committee on Radio Interference has designed a peak 
voltmeter for measuring electrical interference (8) , the principal feature of which 
is that it should have a small grid-charging time constant (i-o msec.) and a discharge 
constant of 160 msec. That is, it should respond to pulses of short duration, and 
at the same time average the effect over a much longer time. 



Figure 2. Slide-back voltmeter for peak atmospheric voltage measurements. 100,000 Cl ,; 

JR -2 > 25,000 Cl.; R s , 50,000 Cl.; R 4 , 15,000 Cl.; C lt 0*004 /aF.; C a , 4-0 |liF. 

In measuring atmospheric disturbance, which may consist of widely separated 
pulses with large variations in amplitude, some such averaging device is necessary, 
so that the meter sets itself somewhere between the peak background reading and 
the peak splash reading. If the discharge constant of the meter is made too great, 
the needle will rise and remain at the peak value for a splash. If it is made too low, 
the needle will fluctuate too rapidly to be read. The exact value of this discharge 
constant must be determined subjectively. If it is too large, the meter gives a reading 
which is too high and not a measure of the disturbance value of the atmospheric. 
With a correct discharge constant, varying the ratio of background noise to splash, 
while the subjective disturbance value is kept constant, will cause no change in 
the voltmeter reading. It is not necessary for this adjustment to be carried out 
with a high degree of accuracy. 

Figure 2 represents a form of slide-back voltmeter which fulfilled these conditions. 
The anode current was backed off to an average value of 4-0 /xa. on a unipivot 
instrument in all measurements, the peak voltage being measured on the voltmeter 
in the grid circuit. 

The grid time-constant was 0*43 msec, and the discharge time-constant of the 
microammeter circuit was 4*0 sec. The effect of a pulse on the meter was to cause 
a rapid movement upward of the microammeter needle, and a very slow fall back. 
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That the meter did actually register peak voltages was checked by comparison, with 
a C.R. oscillograph and a commercial peak voltmeter. No calibration of the meter 
was necessary insomuch as in the method followed the meter was used simply for 
bringing noise and speech levels to a predetermined value. 

§4. EXPERIMENTAL PROCEDURE 

The pulses from the atmospheric machine were rectified and fed by screened 
leads to a 40-db. attenuator and then on to the mixer stage of an amplifier. Speech 
output from a crystal microphone housed in a large padded box was passed through 
a preamplifier, mixed with the disturbance, and fed into a large loudspeaker. All 
measurements were made at the output through a step up (25 : 1) transformer. 
The loudspeaker and amplifier response were tested for normality. 

In making measurements, first of all the effect of hum and stray microphone 
pick-up was balanced out on potentiometer R z of the voltmeter; it was assumed that 
noise interference is directly additiveand would therefore only introduce a small 
constant error. The atmospheric machine was then switched in and the output was 
brought up to a standard level. Speech was independently brought to the same 
level and attenuation then inserted or removed from the attenuator to give various 
noise levels on a constant speech-level. 

In order to measure the intelligibility of speech, the articulation, testing methods 
developed by Fletcher and Steinberg (lo) , descriptions of which may be found in 
several papers^ 11 ** (l2) , were employed. The method consists in transmitting a series 
of meaningless syllables made up of an initial consonant, a vowel and a final 
consonant, mixing them with the required level of noise, and arranging for listeners 
to record their impressions. A quantity called the syllable articulation , defined as 
the percentage of the total number of syllables correctly observed, was calculated 
from the formula FC 2 , where F and C are the ratios respectively of vowels and 
consonants correctly heard. 

Curve 1, figure 3, shows the effect of atmospheric noise on syllable articulation. 
For comparison, curve 2, due to Knudsen (l2) , shows the effect of noise on the 
articulation of speech in an auditorium. Curve 3 gives the articulation value for 
zero atmospheric noise, and may be regarded as the reference value for the system. 

Fletcher and Steinberg give in their paper a graph connecting syllable articula¬ 
tion with what they call discrete sentence intelligibility . Curve 4 is derived from 
curve 1 by using this graph, and may be said to represent the effect of atmospheric 
noise on the intelligibility of ordinary speech. It would not represent the intelligi¬ 
bility of speech with large numbers of unfamiliar words. 

Each point on the fundamental curve 1 represents the recording of 330 syllables. 
Various haphazard factors tend to cause a large spread in the results; it is possible, 
for instance, for each syllable in one group to be spoken at the same time as a splash, 
and this group would therefore give a low value of syllable articulation. Varying 
room-noise, changing ratio between background and splash, and practice effects 
in the observers, contributed in a less degree. The calculated probable error of 
a single point is in the neighbourhood of ± 2 per cent. 
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Opinions were asked with a view to deciding which was the maximum tolerable 
noise-level, for it was realized that speech may be intelligible and yet intolerably 
noisy to listen to in comfort. For this test a reasonably interesting passage from 
a book was read. The general opinion was that, with equal levels of speech and 
noise, only interesting subject-matter would be listened to. With noise-level xo db. 
below speech-level, conditions were easily tolerable, and at 20 db. below speech- 
level the noise did not inconvenience listeners at all. 



Figure 3. Syllable-articulation and discrete-sentence intelligibility plotted against 
atmospheric noise-level. 

§5. DISCUSSION OF RESULTS 

Comparison of the present results with those obtained by Knudsen for audi¬ 
torium noise shows results of the same order. It is interesting to note, however, 
that high levels of atmospheric disturbance cause a rapid deterioration of speech 
intelligibility, and also that quite small amounts of noise (-30 db.) cause noticeable 
loss of syllable articulation. 

Curve 3 may be said to represent the overall articulation of the system of 
speakers, language, apparatus and observers, with zero atmospheric disturbance. 
Comparison of the overall articulation in another system with this value enables 
a syllable articulation to be plotted against atmospheric noise. For instance, it 
might be found that the Sanskrit and Persian consonants in use in Tnrlia might 
give a low value of the overall articulation of a broadcast system. Reference to 
curve 3 would show the amount by which the articulation curve 1 had to be shifted 
downwards to allow for the effect of the new consonants. Actually a test was made 
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with syllables made up of Sanskrit and Persian sounds but the test was not com¬ 
pleted, although the evidence obtained made it appear that the difference in articula¬ 
tion would not be very great. 

From curve 1 it is seen that with a signal/atmospheric noise ratio equal to 
20 db. (corresponding to a voltage ratio of 10 : 1) the articulation is 68 per cent. 
Knudsen estimates that speech articulation of 75 per cent is acceptable, while other 
writers consider articulation values between 70 and 80 per cent good, and ample 
for the general intelligibility of speech.The discrete sentence intelligibility for this 
level is 99 per cent from curve 4, and it is therefore suggested that for broadcasting 
in tropical and sub-tropical regions an average signal/atmospheric noise ratio equal 
to 20 db. should be regarded as acceptable. The atmospheric noise must, of course, 
be integrated by some form of peak voltmeter, such as that described. 
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ABSTRACT . The excitation of the green auroral line of oxygen has been studied in a 
number of discharge tubes containing mixtures of argon and oxygen, and the early 
results obtained by McLennan for the optimum conditions for obtaining the line have been 
confirmed. It has been shown that, with discharge tubes passing heavy currents, the 
line is emitted mainly from an aureole surrounding the central, heavily ionized part of the 
gas, and the bearing of this result on the production of other forbidden lines is pointed 
out. The collision processes involved in the production of metastable oxygen atoms and 
in the quenching of the auroral line by certain impurities have been considered, and the 
probable importance of resonant collisions with metastable argon atoms established. 


§i. INTRODUCTION 

K nowledge of the internal electrical state of discharge tubes has now 
reached a stage at which the essential features of several classes of arcs and 
glows can be regarded as established. Little is known, however, about con¬ 
ditions in the majority of discharges used for excitation of light in spectroscopy. 
Investigations have now been made in this laboratory on a number of tubes which 
emit, or might have been expected to emit, spectral lines produced in transitions 
forbidden to a dipole approximation. These have led to the recognition, although 
not yet to the complete solution, of many of the difficulties likely to be encountered 
in an attempt to obtain a full analysis of the state of any electrically excited spectro¬ 
scopic source. The present paper contains an account of this work, with particular 
reference to the excitation of the green auroral line (5577-35 A.) of oxygen in pre¬ 
sence of argon. This line is a prominent feature of the spectrum of the upper air. 
It is emitted in a transition between the low metastable X S and l D states of the 
neutral atom. These have excitation potentials of 4*2 and 2*0 v. respectively from the 
P ground state, all five terms belonging to the zs % zp 4 electron configuration. The 
transition probability for production of the green line has been calculated to be 
2-0 sec: 1 , and that for the ultraviolet transauroral line (2972 a., *P x -iS) to be 
o*2 sec. 1 . The latter has not been identified with certainty in the spectum of the 
upper air, although two red lines emitted in transitions between the X D and 3 P 
states are present. All these lines have been produced in the laboratory, the green 
Ime first by McLennan and his collaborators (l9) , the red lines by Hopfield <9) and the 
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ultra-violet line by McLennan* 145 . Our experiments and conclusions are largely 
extensions of those of McLennan. From the behaviour of our tubes, together with 
the theory of positive columns, and the descriptions of the tubes used by McLennan 
and others, we have been able to form what appears to be a reasonable picture both 
of the macroscopic electrical processes and of the molecular processes involved in 
the production of atoms in the 1 S state. The main facts which have emerged are on 
the electrical side the importance of regions of low ionization, such as the aureole 
which surrounds the core in a constricted positive column, and on the atomic side 
the likelihood that the excited oxygen atoms are largely produced in resonant 
collisions between metastable atoms of argon and normal oxygen molecules. The 
work emphasizes the fact that the criteria for a tube to be a good spectroscopic 
source, and to be amenable to electrical analysis, are frequently incompatible. 

§2. EXPERIMENTAL WORK 

(a) Discharge tubes. McLennan found that the auroral line, although obtain¬ 
able from positive column discharges through pure oxygen, or mixtures of oxygen 
with neon or helium, was produced most readily from mixtures of oxygen and argon. 
We have used this mixture almost exclusively. The argon was obtained from the 
British Oxygen Company, Ltd., and was purified either in a well-degassed misch¬ 
metal arc, or by sputtering tungsten, the second method being found the more 
efficient. The oxygen was made by heating potassium permanganate in a vacuum. 
The discharge tubes, which were used connected to the pumping train, were of 
conventional form (^-shaped, inverted-J, and bulb tubes) in soda glass or pyrex, with 
the part containing the positive column not less than 1 cm. in diameter. The elec¬ 
trodes for the cold-cathode discharges consisted of heavy plates of tungsten. These 
were glowed out by induction currents, the tubes were degassed for long periods in 
a furnace, and mercury and other condensible vapours were kept from them by 
liquid oxygen traps. The sources of current were accumulators, the 440-v. d.c. mains 
and a d.c. motor generator capable of giving up to 4000 v. but rarely used above 
1000 v. The current was controlled with a wire resistance or a thermionic diode. An 
attempt to replace the tungsten plate cathode by an oxide-coated thermionic cathode 
failed, owing to slight persistent contamination of the gas from the oxide coating. 
The impurities which it was found most necessary to avoid were water vapour, 
detected by the hydroxyl bands, and carbon compounds. Some specimens of 
tungsten which were tried acted as continual sources of the latter and had to be 
discarded. 

In accord with the results obtained by McLennan, we have found that in positive- 
column excitation of the auroral line the oxygen content (which cannot be estimated 
exactly, owing to electrical clean-up) is not critical, but can be varied from a trace to 
several per cent, that the best value for the total pressure of the gas is a few milli¬ 
metres, and that whilst the auroral line appears to be most nearly isolated when the 
current density is very low, its absolute intensity increases over a large range with 
increase in current. 
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(1 b ) Attempts at probe analysis. The concentration and velocity-distribution of 
the electrons in an ionized gas can be found under appropriate conditions from the 
{current, voltage} characteristic curve of a small conducting probe inserted in it. 
Such information permits of the prediction of the optical properties of a tube if the 
excitation functions are known, or conversely gives information about the excitation 
functions from the light emission. We have used probe wires in all the types of tube 
which have been found to emit the green line. In no case were characteristic curves 
obtained which could be interpreted. When the logarithm of the electron current to 
the probe is plotted against the probe potential, the resulting curve should show a 
discontinuity in slope when the probe potential is the same as that of the surround¬ 
ing gas. The semi-logarithmic curves were found to be either smooth or too irregular 
to analyse. It has also been found impossible to locate the space-potential by 
Langmuir’s hot-wire method 1 ' 13 '. Since determination of the space potential is a 
necessary preliminary to analysis of the curves for electron data, the probe method 
for finding the internal state of the tubes has had to be abandoned. The failure of the 
probe method when the current-density is very low is known in other instances, and 
is probably due to the presence of positive space-charge^. Its failure with the 
tubes passing heavier currents remained unexplained until it was noticed that they 
contained moving striations, which closer examination showed to be very irregular. 
We associate the anomalous behaviour of the probes with the irregularity of the 
striations, since probe characteristics which can be analysed can be obtained with 
regular striations, although the significance of the data so obtained is uncertain (i0 \ 
(c) Moving striations. A study of the moving striations was made in tubes of 
inverted-d form. Viewed with a rotating mirror, the bright sections were pink and 
the intermediate, relatively dark sections green. The reality of the latter colour was 
however doubtful, as it could be produced by visual contrast. The effect of adding a 
trace of oxygen to pure argon was striking. The moving striations in pure argon were 
regularly spaced, with a frequency of 1 to 2 kc./sec. The addition of oxygen made 
their motion chaotic, and was accompanied by an approximately fourfold increase in 
frequency, the tube giving out a hissing sound. The effect of oxygen is different 
from that of mercury vapour, addition of which leaves the striations regular. It 
seems possible that the irregularity of the striations, which we have found an 
invariable accompaniment of the emission of the auroral line, is due to fluctuating 
exchanges of oxygen between the gas and walls. The diffusion of the oxygen through 
the positive column could be followed by the change in type of the striations. It 
proved impossible to follow the irregular movement of the striations with the 
photoelectric shutter used to study their spectra in other gases (2o) , and the changes in 
intensity in the auroral line through them could not therefore be traced. Pupp’s 
oscillographic method for probe analysis of moving striations (lS) was also inapplic¬ 
able on account of the irregularity of the movement. McLennan found that the 
auroral line did not appear at once when the discharge was started, but took a short 
time to develop. Our observations on the change in type of the striations suggest 
that this may have been due either to diffusion of oxygen, or to removal of electro¬ 
negative impurities to the neighbourhood of the anode as negative ions. 
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( d) Low-voltage arcs . Druyvesteyn (2) has pointed out that the units of moving 
striations have some resemblance to low-voltage arcs. It has also been found that 
the 2270-A. forbidden line of Hgl is emitted from a low-voltage arc in mercury 
vapour (ll) . In view of the difficulty of obtaining direct information about the 
striations in the argon-oxygen mixtures, a low-voltage arc tube was therefore built 
for use with these. It ran satisfactorily so long as it contained pure argon, but when 
oxygen was added, even in very small quantity, the filament became partially 
poisoned, and it was necessary, in order to maintain the discharge, to make the 
potential-difference between anode and cathode so great that the green band of 
O a + was excited strongly. This masked the auroral line, if it was present. The filament 
recovered its original emission when the oxygen had disappeared under the action 
of the discharge. 

(e) Aureoles. The irregularity of the moving striations, and the failure of the 
experiment with a low-voltage arc, made it necessary to use less direct methods to 
find the velocity-distribution of the electrons. It had been noticed at the beginning 
of our work that when discharges of medium current (e.g. 20 mA.) were passing, the 
main part of the light from the positive column came from a rosy core, occupying a 
small fraction of the total cross section of the tube, and that this was surrounded by a 
green aureole with a diameter several times that of the core. Previous workers have 
recorded a constriction of the discharge in tubes emitting the auroral line. The 
light from the aureole has been examined in two ways, both of which show that it is 
largely due to the auroral line. 

In the first method, the middle of a tube 1*6 cm. in diameter was enlarged to a 
bulb 8 cm. in diameter. A side tube was fused on to the bulb, with its peripheral end 
blown out to a thin bulb, through which an undistorted view of the centre of the 
main bulb was obtained. When the discharge was passing, the cores from the narrow 
sections of the tube projected into the main bulb, and by adjusting the current they 
could be made almost to meet at the centre. The aureoles near their tips then 
occupied a large portion of the bulb, and their brightest parts could be examined 
through the side tube. The light from them, which was still feeble, was always 
found in this way to come largely from the auroral line. In one case, with a discharge 
at 800 v. through a mixture of 3 mm. of argon and o-i mm. of oxygen, visual 
observation showed the auroral line alone in the spectrum of the aureole and absent 
from the spectrum of the core. 

In the second method a cylindrical tube was used, with one end blown to a thin 
viewing bulb, and the electrodes in side tubes. The end-on image of a small section 
of the positive column was thrown on to the slit of the spectrograph. The light from 
the aureole then illuminates a greater length of the slit than the light from the core, 
and gives rise to longer lines in the spectrum. In practice, differences in length are 
partly obliterated by scattering and instrumental aberrations, by the small movement 
of the core in the tube, and by the inevitable lack of sharpness of the image of an 
object viewed longitudinally. These defects, and any effect of variation of plate 
sensitivity with wave-length when the spectrum is photographed, can be partly 
overcome by comparing the auroral line with a line of roughly the same intensity in 
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the same region of the spectrum. By adjusting the discharge conditions, the Ar I line 
at 5589 A. can be used for reference in this way. Part of a typical spectrum is shown 
in the plate. The tube current was about xoo mA. and the pressures of argon and 
oxygen were 6 mm. and about 0*3 mm. respectively. The spectrum was obtained 
with a glass Littrow instrument with a dispersion of 15 a. per mm. at 5575 A. It is 
seen that the argon reference line is more concentrated than the auroral line in the 
spectrum of the core. The apparent spreading of the two strong argon lines is 
probably mainly instrumental in origin. In the original plate, the auroral line can be 
traced out to the point marked with a cross, whilst 5589 A. extends about half as far. 
The difference in their behaviour could also be seen on removing the plate holder 
from the spectrograph and examining the spectrum in situ with a magnifying glass; 
it was seen and photographed repeatedly. Other oxygen lines, when present, 
behaved like argon lines, i.e. came mainly from the core. From these experiments, 
and those with the bulb tube, it seems likely that the auroral line comes largely if not 
entirely from the aureole. 

(/) Other discharges. The negative glow is a strong source of Ar n lines, one of 
which occurs at 5577*7 a. Examination of the spectrum of the negative glow in 
argon-oxygen mixtures, with discharges from cold tungsten, nickel, and sodium 
cathodes, showed no enhancement of the Ar 11 lines such as would be expected if the 
auroral line were also present. Confirmation of its absence from the light of the 
negative glow is provided by Sommer’s observation (ai) that it is not obtained from a 
condensed positive-column discharge, since the spectra of such discharges are 
similar to those of negative glows (6) . The auroral line has not been detected in the 
light from the Faraday dark space, or in the afterglow of a positive-column discharge 
through argon-oxygen mixtures. 

(g) The transauroral line. From the theoretical transition probabilities, the 
transauroral line should be detectable when the auroral line is strong. We have 
succeeded in recording it under these conditions with long exposures, using a 
Hilger E 39 spectrograph, and photographing through a quartz window attached 
to the tube by a graded seal. The wave-length calculated from our plates is 
2972*3 ±0*15 A. Our observations do not indicate whether it comes from the core 
or from the aureole, but since it is emitted in a transition from the same initial 
level as the auroral line, it probably comes from the aureole. 

(h) Continuous spectra. When the auroral line is present, a continu um passing 
from the red to the ultra-violet also frequently appears. With discharges of small 
current-density, this appears to be associated in some way with the auroral line, and 
is possibly a spectrum of the molecule Ar 2 . With discharges of high current-density 
it comes mainly from the core, and could arise in other ways. 

§3. CONDITIONS IN THE DISCHARGE TUBES 

(a) Low-current discharges ( argon-oxygen mixtures). When the current-density is 
very small, the positive column is not markedly constricted. McLennan has pointed 
out that the excitation potentials for the few lines present show that the majority of 
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the electrons have energy less than some 13 v., and hence that conditions are favour¬ 
able for the production of metastable argon atoms. It does not seem possible to dis¬ 
criminate between the i° state, with an excitation potential of 11*49 v *> the 3 0 
state, with an excitation potential of n*66 v. 

In the absence of probe data, it is desirable to obtain some confirmation of 
McLennan’s deduction. Some evidence appears to be provided from the properties 
of the very low-current discharges studied by Townsend (24) . These are not self- 
maintained, but conditions in them are probably not greatly different from those in a 
self-maintained positive column, provided that interaction between the electrons is 
of secondary importance in the latter compared with collisions between electrons 
and atoms. Townsend has shown that in such discharges, through pure argon, the 
mean energy of agitation of the electrons increases from 11*2 v. to no more than 
12 v. when the ratio of the field (v./cm.) to the pressure (mm, of mercury) is raised 
from 2 to 15. From a comparison of the measured and calculated ionization coeffi¬ 
cients a/p for electrons in argon, it has been shown that the number of electrons 
with energy greater than the mean is much less than in a Maxwellian distribution/ 75 . 
Provided that addition of a little oxygen does not alter these results materially, it 
follows that the distribution is probably like that postulated by McLennan, in spite 
of the fact that the longitudinal field is not necessarily small when the current- 
density is low (l5) . 

This result is in general accord with the facts that most workers have reported 
that it is necessary, in order to obtain the auroral line, to have a small longitudinal 
field, and that when conditions are such that many electrons with greater energy are 
present, as in a condensed positive-column discharge, the auroral line does not 
appear. 

(b) High-current discharges (< argon-oxygen mixtures). Conditions in constricted 
positive columns have been investigated by Seeliger (22) . The axial concentration of 
the discharge is due to the establishment of a radial temperature-gradient, assisted 
probably in the case of argon-oxygen mixtures by the formation of negative ions (8) . 
Since the average longitudinal field is uniform over the cross section of the tube, the 
main part of the discharge passes axially, where the density of the gas is least! In 
our tubes the current-density in the core was of the order of 1 amp./cm? Seeliger 
has shown that under such conditions the axial temperature can be several hundred 
degrees higher than the wall-temperature. Exact calculations of the rise in tempera¬ 
ture cannot be made, since the fraction of the energy supplied which is converted 
into heat in the gas depends on the amount of impurity, here oxygen, added to the 
main constituent. There is little doubt, however, that in the tubes with constricted 
positive column emitting the auroral line, the greater part of the current is passing 
through a hot core of relatively low density embedded in cooler gas of higher 
density. Seeliger has also found that a molecular gas present as impurity tends to 
concentrate outside the core. In the present case this will tend to result in the oxygen 
being atomic in the core and molecular elsewhere. 

The properties of the cored discharge suggest two possibilities for explaining why 
excitation of the auroral line occurs in the aureole. The first follows from a general 
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theory given by Seeliger to account for differences between the spectra of cores and 
aureoles. The core is a plasma, with high ionization, in which the velocity-distribu¬ 
tion of the electrons is largely determined by interaction between the charged par¬ 
ticles, and will probably be nearly Maxwellian. In the aureole, since the density of 
the gas is higher and the current-density much less than in the core, the velocity- 
distribution of the electrons will be determined more by collisions between the 
electrons and atoms; that is to say, conditions will be similar to those in low-current 
discharge tubes* The second follows from the work of Duffendack and Smith (3) and 
others on the propagation of resonance radiation in the inert gases. It has been 
found that a positive column emits resonance radiation, which can be absorbed 
elsewhere in the gas and produce metastable atoms of the inert gas by secondary 
reactions. In cored discharges, resonance radiation emitted from the core could be 
absorbed in the aureole, and could produce metastable atoms in this way. The final 
result in the aureole is the same as if a feeble current were passing. 

Other possible effects of the core on the aureole include (1) diffusion of positive 
ions and electrons into the aureole, which recombine there—this should lead to an 
enhancement of high series lines of Ar 1 in the aureole, which we have not observed; 
(2) diffusion of metastable atoms, if present in the core, into the aureole; (3) illumi¬ 
nation of the aureole with Ar 1 radiation from the core, which is absorbed by the 
metastable atoms and reduces their concentration. 

(c) Discharges through other mixtures , and through pure oxygen . These have not 
been studied in the same detail as discharges through argon-oxygen mixtures. In 
general they are less strong sources of the auroral line. Presumably in them reso¬ 
nant collisions of the second kind cannot occur with the same probability as in 
argon-oxygen mixtures (§4), and the excitation is largely a result of electron 
collisions with oxygen atoms and molecules, with the velocity-distribution of the 
electrons not particularly favourable for direct or indirect excitation of the *S state 
of the atom. 


§4. ATOMIC PROCESSES IN PRESENCE OF ARGON 
The preceding discussion of excitation conditions, although not conclusive, 
indicates that one or both of two factors may be primarily involved. There may be 
present numerous electrons with energy of the order of 12 v., or metastable argon 
atoms. The latter may be produced by the electrons, or by resonance radiation. 
When both metastable argon atoms and electrons with this restricted range of 
energies are present, it is impossible to decide the extent to which each is responsible 
for the activation of the oxygen, without greater knowledge of the terms and ex¬ 
citation functions of the molecular oxygen spectrum than is at present available. 
Direct collisions between electrons and oxygen molecules, to whatever extent they 
occur, will be capable of description in the same way—in accordance with equation 
(#) below as collisions between metastable argon atoms and oxygen, with the 
substitution for the argon atom of an electron of the same or slightly greater energy. 
From considerations of energy alone, metastable argon atoms could excite oxygen 
atoms in the ground state to the *S metastable state in collisions of the second kind. 
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The weight of evidence goes to show however that whatever process occurs is 
efficient, and hence probably involves quantal resonance. This is not compatible 
with the energy discrepancy of 7-4 v. in the reaction 

Ar' (x° or 3 °) 4-0 ( 3 P) -> Ar ^SJ + O' ( X S). (a) 

Exact resonance would give excitation to 16701 cm: 1 in O I, from 1° metastable 
Ar', or 15291 cm: 1 from 3 0 metastable Ar'. The nearest terms in O x are 2 p 3 ( 4 S) 3p*P 
2x207 cm: 1 , and 2 p 3 ( 4 S) 4s 6 S, 14358 cm: 1 . Excitation to either of these, followed 
by subsequent transitions to the X S state, again involves too great an energy dis¬ 
crepancy to be very likely. The primary collision is therefore probably one between 
a metastable argon atom and an oxygen molecule in its lowest electronic state 
(x 8 2), the oxygen atoms in the X S state being formed by spontaneous dissociation of 
the resulting excited molecule. The choice of excited molecular states is limited by 
the conditions that the energy must not be greater than that of metastable argon, and 
not less than the sum of the energy of dissociation of normal (x 8 E) molecules into 
two 3 P atoms, and the energy of excitation of a X S atom, or 9-26 v. These conditions 
can be satisfied only for those states which dissociate into one 8 P and one X S atom, 
with asymptotic energy 9-26 v., and those dissociating into one X S atom and one 
X D atom, with asymptotic energy 11-22 v. The processes which might lead to pro¬ 
duction of the auroral and transauroral line can then be summarized as follows: 

Ar' (i° or 3°)+0 2 (x 8 S) -> Ar ( X S) + 0 2 ' (?) (b) 

^0'('S) + 0'?D) + o- 3 v.k.e. (c) 

0 2 (?) or 

O' ( X S) + 0 ( 8 P) + 2-2 v. k.e. (O 


9 °\ O' (iD)+Av (5577 a.) (d) 

o' ( x s) c 

IO 0^°( sp )+M2972A.) (d') 

Considering the processes in more detail, the first question which arises is 
whether it is legitimate to regard as distinct the excitation (£) and the dissociation (c). 
It cannot be rigorously legitimate, but if there is resonance the exchange of energy 
may occur for separations much greater than those which correspond to gas- 
kinetic collisions. This implies that the internuclear distance in 0 2 will remain 
approximately constant in the collision. There is some evidence that this occurs in 
collisions between various molecules and metastable helium atoms The process is 
also similar to that which is supposed to occur in the excitation of the Lyman bands 
of hydrogen in presence of argon, the chief difference being that the excited hydro¬ 
gen molecule which is formed is stable as regards dissociation, and loses its energy in 
a reversal of the excitation process with emission of radiation ( * 3) . A second question 
is that of the nature of the excited state or states produced. These might be of 
X S, x n or X A type (11*22 v. asymptotic energy), or of 3 £ or 3 II type (9*26 v. asymp¬ 
totic energy), and might have a potential-minimum or be repulsive at all internuclear 
distances. The molecular spectrum of oxygen is not sufficiently well known for a 
decision to be made between them on the assumption that the internuclear distance 
is unaltered, and it is also impossible to obtain any assistance from the principle of 
phys. soc. vi, 6 63 
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the conservation of spin, as the possible vectorial combinations are too numerous. 
It is, however, known that molecular states of the type required exist in the neigh¬ 
bourhood of 11 v., since the molecular absorption spectrum shows anomalies 
between 1000 A. and 1200 a. ( i7) The kinetic energy liberated in (e) will lead to no 
appreciable broadening of the lines, as the metastable oxygen atoms will be practic¬ 
ally in thermal equilibrium with the surrounding gas before they radiate. 

The sequence of processes .(b), (c) and (d) throws some light on the inhibitory 
effect which some impurities have on the production of the auroral line. No 
emission can take place if any one of the processes is prevented from proceeding as 
indicated. Inhibition of dissociation need not be considered, as it will take place 
rapidly when once the excited molecule has been formed. A collision of the second 
kind between an impurity molecule and either a metastable Ar' or O' atom may result 
in interruption of die sequence. In the case of collisions with Ar', the impurities 
compete with the normal oxygen molecules, and the amount which can be tolerated 
will be determined by the amount of oxygen present and by the closeness of reso¬ 
nance in the process, similar to (b), by which the impurity becomes excited by the 
Ar'. The same remark applies to collisions of the second kind between impurities 
and O', but these may be expected to be less important than collisions with Ar', 
since most molecules likely to be present are not rich in electronic levels so close as 
4-2 v. to their ground state. A chemical reaction between the O' and impurity can, 
however, occur. Both Ar' and O' atoms can also undergo transitions in collisions of 
the first and second kinds with electrons. These cannot be discussed quantitatively 
in the absence of probe data for the electrons. Qualitatively, neither effect would be 
expected to be of importance in the aureole, but either might be important in the 
core. It is possible that destruction of metastable atoms in these ways by electrons is 
responsible for the weakness or absence of the auroral line from the light of the core. 

It has been assumed that the emission of the auroral line is spontaneous. This is 
probable, both because it can be obtained from feeble discharges, and because it is 
narrow. On this assumption it is possible to make a very rough estimate of the 
concentration of O' atoms in the *S state. In a discharge such as that which gave the 
spectrum shown in the plate, the total amount of light reaching the slit is about the 
same for the auroral line and for Ar 15589 a. The latter is emitted, from the core, in 
a transition from the 5^"" level, with an excitation potential of 15-2 v. If the con¬ 
centrations of the excited oxygen and argon atoms are n 0 and n A , the transition 
probabilities A 0 and A a , and the lengths along the tube radius for which the lines 
are emitted r 0 and r A , then n 0 A 0 r 0 and n A A A r A must be approximately the same. 
Since the core is highly ionized, n A may be related to the concentration N of un¬ 
excited Ar atoms by a Boltzmann factor involving the electron temperature W itz \ 
or if the statistical weights are neglected, 

n A =Ne~% 

W will be of the order of unity and N of the order of io 17 cm: 8 , and hence n A is about 
io 7 cm: 8 . If A 0 —2 and A a is estimated to be 5-io 6 while r 0 jr A = 10, n 0 is 2-5 x io 12 cm: 3 
If the total concentration of the oxygen were five per cent of that of the argon, about 
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5*io~ a per cent of it would be in the X S state. These calculations are very uncertain, 
on account of the entry of W into the exponential factor, but it seems impossible, 
from the relative values of A for permitted and forbidden transitions, to escape 
from the conclusion that the concentration of metastable oxygen atoms is large. 

§5. GENERAL CONSIDERATIONS 

The consideration of electrical and atomic processes in the two preceding 
sections does not exhaust all possible factors which may be involved in the produc¬ 
tion of the auroral and transauroral lines. It is difficult to be sure that even all 
major effects have been taken into account when one is dealing with systems so 
complex as these discharges. It is however interesting to consider whether any con¬ 
clusions about the production of forbidden lines in general can be reached on the 
basis of the results which we have obtained, and this wider problem can be ap¬ 
proached by examining why the forbidden red lines of oxygen, in particular the 
strongest line (6300 a.), were not emitted from the tubes which we have used. 
Oxygen atoms in the initial ( X D) state for this transition can be produced from oxygen 
molecules by metastable argon atoms in the processes (c) and (d). They may also 
possibly be formed by a third process, in which an excited molecule is formed 
which dissociates into two .atoms in the X D state, with asymptotic energy 9-0 v. The 
rate at which atoms are formed in the X D state may thus be somewhat greater than 
the rate at which they are formed in the X S state. The intensity of the red line 
depends, however, not on the rate of formation of atoms, but on the stationary 
concentration n set up, particularly near the core, and it can be seen that the in¬ 
tegral of An throughout the accessible parts of a tube of ordinary dimensions should 
be less than the corresponding integral for the auroral line. The difference arises 
from the fact that A is 270 times greater for the auroral line than for the red line. 
This operates in two ways. Firstly, a metastable X D atom is much more liable to 
undergo change by a collision during its lifetime than a *S atom, and secondly, even 
if no deactivating collision occurs, it may be lost by diffusion to the walls or else¬ 
where. An approximate treatment of the effects of diffusion can be given by taking 
the mean distance | to which an oxygen atom diffuses before radiating to be of order 

(=z(DIAj>, 

where D is the diffusion coefficient. D is unknown for these metastable atoms, but 
from the values of other diffusion coefficients (lo) will probably be about o*3<x 2 /j8, 
where a is the ratio of the temperature to 273 and /3 the ratio of the pressure to 
760 mm. For the green line, A = 2 sec: 1 , and with typical values of 2 and 3/760 for 
a and ft respectively, 1=25 cm. This is rather large compared with the diameter of 
the core, but not much greater than the diameter of the bulb in the tube referred to in 
§ 2, the whole of which was sometimes seen to emit the green line. For the red line, 
f is some 16 times longer. It would therefore be expected to be observable with any 
ease only with wider tubes than we have employed, or with cored discharges of 
higher current density. One or both of these conditions seem in fact to have been 
observed by previous workers who have obtained it. 

63-2 
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In the case of forbidden lines of the ions of the light elements, conditions be¬ 
come even more unfavourable. The metastable excited ions will, in addition to 
normal diffusion forces, be also subject to radial electric fields, tending to draw them 
towards the walls. They are also liable to be neutralized by electron-exchange in 
collisions with other atoms and molecules, which is probably a main cause of their 
destruction. We were unable to obtain forbidden lines of the nitrogen and oxygen 
ions by passing an intense condensed spark through the edge of an arc, or the 
forbidden lines of neon by passing a condensed spark through a negative glow, or by 
passing a high voltage spark through the gas. The first method can apparently be 
applied successfully if still heavier discharges are used (l6) . The full conditions foi 
success in these cases are not clear, but the experiments on the auroral line indicate 
that they may include the establishment of an intensely ionized core, which main¬ 
tains an aureole, and that this can act as a source of the forbidden lines when certain 
auxiliary conditions are satisfied. 
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A REINVESTIGATION OF THE ULTRA-VIOLET 
BAND SYSTEM OF CARBON MONOSELENIDE 

By R. F. BARROW, Imperial College of Science and Technology, London 
Communicated by W. Jevons 28 July 1939 

ABSTRACT . The ultra-violet band system of CSe observed by Rosen and Desirant 
has been produced in a heavy-current uncondensed discharge through a silica tube into 
which small quantities of a mixture of aluminium, selenium and a hydrocarbon grease are 
introduced. The accuracy of the derived constants is considerably increased, as a result 
of measurements of some twelve band-heads in the region A2760—A3 054. With the 
exception of band-heads affected by perturbations associated with v f = 1, the data are well 
represented by 

vhead= 3 S 2 3 8 *o+( 8 357 w '- : 2 ‘^ 2 )~(io 36 'Ow , '- 4 * 8 M" 2 )-i- 3 MV', 

where u~v+\. The vibrational coefficients in this expression, and the estimated value, 
6-8ev., of the energy of dissociation of the ground state of CSe, are brought into satis¬ 
factory relation to those of the neighbouring molecules CO, CS and SiSe. Unsuccessful 
attempts have been made to develop the corresponding system of CTe. 


I N the course of a survey of corresponding band systems of the oxides, sulphides, 
selenidesandtellurides of the elements of group theexistingdataforthese 

molecules were examined critically. Those referring to the ultra-violet system of 
CSe were found to be particularly unsatisfactory, in so far as the only available 
observations, namely, Rosen and D6sirant’s (3) , include only ten bands of the system, 
obtained in emission, and their analysis is based on measurements claimed to be 
accurate, in the case of the strong bands, to within only ± 5 cm: 1 ; their approximate 
expression for the observed band-heads is 

vhead = 35 2 5° + ( 8 3 OM, ~ ?)-( 1037 a"- 8 «" 2 ), 
where u — v+\. The present note gives the results of a reinvestigation of this 
system, in which these authors’ analysis has been confirmed as a result of more 
accurate observations of these bands, obtained in emission, and photographed on 
instruments giving dispersions two and four times greater than that used by Rosen 
and Desirant. 

The source used for the production of the system was a heavy-current discharge 
through a silica tube of the type shown in figure 3 of a previous paper (l) , small 
pellets of powdered aluminium and selenium bound with a hydrocarbon grease 
being introduced into the positive column as and when required. Current for the 
discharge tube was taken from a 2400-v. 5kva. transformer connected to the 230-v. 
supply of a.c. at 50 c./sec: the optimum value of the current through the tube was 
found to be about 1-5 amp. The system was photographed against Fe arc lines on 
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Ilford Ordinary and Zenith 650 plates in (i) a first order of a 2-4-111. concave grating 
in an Eagle mounting with dispersion of about 7-42 A./mm., and (ii) a large quartz 
Littrow instrument whose dispersion varied between 2-40 A./mm. at A2600 and 
3-90 A./mm. at A3000. Exposures were of the order of six minutes. A reproduction 
of a prism spectrogram is given in the plate. 

The system consists of red-degraded bands extending from A2760 to A3053, the 
o-*-o band being near A2844-0. Atomic lines present are due to C, Si, Ni, Pb, Sb, 
Tl, Ag and Ge: other bands developed are those of CS on the short-A side and OH 
at A3064, which probably curtails observations on the long-A side of the CSe system. 
The general appearance and intensity-distribution in this system are, as Rosen and 
D6sirant remarked, very similar to those observed in that of CS, as excited by an 
analogous method. 

Measurements of the band-heads and the assigned values of the vibrational 
quantum numbers are set out in a Deslandres scheme in table 1. The equation 

Ulead = 35238-0 + (8357M' - 2-2M' 2 ) — (1036-01*"-4‘8 m" 2 ) - I-3«'m" 

represents well the measurements on the best observed bands, and involves the 
assumption of a perturbation of the order of xo cm: 1 in the v' = i level. The 

Table 1. Deslandres’ arrangement of band-head data. 

Italics denote wave-lengths in air (l.A.) ; large Roman, wave-number in vacuo (cm.” 1 ); small 
Roman, wave-number differences in vacuo (cm. -1 ). 

3 

2 

1 

o 

t 

V ' 

V 0 -* 01 23 4 

* Measure probably upset by OH structure. 

necessity of the term in u'u" is seen in table 1 in the systematic increase (i) of each 
of the vibrational intervals <?'(£) and G'(iJ) with diminishing values of v", and 
(ii) of each of the vibrational intervals and G"(2-|) with increasing 

values of This term, which takes account of the variation of the intervals 
between R-head and band-origin from band to band, is to be expected in the case 
of a system such as this in which the distribution of band intensity is of the type 
represented by a narrow Condon parabola. 

Besides the bands listed in table i, the discharge is invariably accompanied by 
bands at A276176 and A30I0-55 which may be the 5-9-3 and 5-^6 bands of the 
present system, and by a band at Aa884-53, which remains unidentified. 

The vibrational constants and system origin will be discussed in their relation 
to the data for corresponding systems in a forthcoming paper (a> describing band 
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systems of GeSe and GeTe; here it will only be noted that the value for the energy of 
dissociation in the ground state obtained by extrapolation by means of the expression 

D = (co e -x e a> e ) 2 /(4x e a> e x 8106), 

viz. 6*8 ev., although probably too high, is in satisfactory relation to the values, 
9*i, 7-8 and 5-8 ev. for the ground states of CO, CS and SiSe (5) respectively. 

In conclusion, it may be mentioned that attempts have been made to obtain 
the corresponding system of CTe by analogous methods under a variety of experi¬ 
mental conditions in which carbon and tellurium have manifested their simul¬ 
taneous presence in the positive column of the discharge tube: on certain of the 
plates it is possible to locate a few weak bands in the expected region, but they are 
inadequate for a vibrational analysis, nor is it even certain that they belong to the 
CTe system. 
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in an Eagle mounting with dispersion of about 7-42 A./mm,, and (ii) a large quartz 
Littrow instrument whose dispersion varied between 2-40 A./mm. at A2600 and 
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o ->o band being near A2844*o. Atomic lines present are due to C, Si, Ni, Pb, Sb, 
Tl, Ag and Ge: other bands developed are those of CS on the short-A side and OH 
at A3064, which probably curtails observations on the long-A side of the CSe system. 
The general appearance and intensity-distribution in this system are, as Rosen and 
Desirant remarked, very similar to those observed in that of CS, as excited by an 
analogous method. 

Measurements of the band-heads and the assigned values of the vibrational 
quantum numbers are set out in a Deslandres scheme in table 1. The equation 
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necessity of the term in u'u" is seen in table i in the systematic increase (i) of each 
of the vibrational intervals G'(\) and G'(i£) with diminishing values of v\ and 
(ii) of each of the vibrational intervals G"{\), G"(x|) and G"{z\) with increasing 
values of This term, which takes account of the variation of the intervals 
between R-head and band-origin from band to band, is to be expected in the case 
of a system such as this in which the distribution of band intensity is of the type 
represented by a narrow Condon parabola. 

Besides the bands listed in table i, the discharge is invariably accompanied by 
bands at A276176 and A3010-55 which may be the 5->3 and 5-^6 bands of the 
present system, and by a band at Aa884'53, which remains unidentified. 

The vibrational constants and system origin will be discussed in their relation 
to the data for corresponding systems in a forthcoming paper (a) describing band 



A reinvestigation of the ultra-violet band system of carbon monoselenide 991 
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dissociation in the ground state obtained by extrapolation by means of the expression 
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viz. 6-8 ev., although probably too high, is in satisfactory relation to the values, 
9*1, 7*8 and 5*8 ev. for the ground states of CO, CS and SiSe (s) respectively. 

In conclusion, it may be mentioned that attempts have been made to obtain 
the corresponding system of CTe by analogous methods under a variety of experi¬ 
mental conditions in which carbon and tellurium have manifested their simul¬ 
taneous presence in the positive column of the discharge tube: on certain of the 
plates it is possible to locate a few weak bands in the expected region, but they are 
inadequate for a vibrational analysis, nor is it even certain that they belong to the 
CTe system. 
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THE EXAMINATION OF DENTAL ENAMEL BY 
X RAYS AND THE POLARIZING MICROSCOPE 

By J. THEWLIS, M.Sc., Physics Department, National Physical 
Laboratory, Teddington, Middlesex 

Received 23 May 1939 

ABSTRACT. The phenomena of birefringence exhibited by human dental enamel are 
shown to be consistent with the crystalline arrangement previously suggested by the author 
on the basis of X-ray measurements. The main feature of this arrangement is the presence 
of two groups of apatite crystallites within each enamel prism. The hexagonal axes of one 
group are inclined to the prism direction at about 5 0 , and those of the other group at about 
40°, the 5 0 group usually being predominant, x-ray examination suggests that both groups 
of crystallites are also present in the interprismatic substance, and the optical properties of 
this material indicate that it contains, in general, a majority of the 40° crystallites. 


§x. INTRODUCTION 

I N a recent paper (l) the author has published the results of an x-ray investigation 
into the submicroscopic structure of dental enamel, in which it is shown that an 
enamel prism contains a multitude of regularly arranged apatite crystallites, the 
orientation of which is worked out in detail for human deciduous enamel. It is clear 
that if enamel consists of regularly arranged crystallites, examination with the 
polarizing microscope should give useful information; and much important work on 
this subject has in fact been carried out by W. J. Schmidt, and by his pupils A. Keil 
and ,M. Harders-Steinhauser. This work, although dealing to a large extent with 
problems not attacked by x-ray methods, has also led to certain conclusions regarding 
the nature of enamel, which can be examined in the light of x-ray evidence; and it is 
the purpose of the present paper to attempt to correlate the optical and x-ray 
results. 

It may perhaps be desirable, at this stage, to describe very briefly a few of the 
main facts concerning the histology of human dental enamel. This material is by no 
means homogeneous and microscopic examination reveals that it is largely made up 
of long narrow rods which are often hexagonal in cross section and are therefore 
frequently referred to as “prisms”. The breadth of a prism is usually between 
2 x 10- 4 cm. and 5 x io" 4 cm. and each prism runs from the enamel-dentine 
boundary to the outer enamel surface. The prism material is mostly inorganic, but 
each prism is enclosed by a very thin sheath of organic material. The prisms, with 
their organic sheaths, are separated from each other by the interprismatic substance, 
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which again is mostly inorganic. The directions in which the prisms run in a tooth 
are shown in figure 1. 



Figure x. Diagram showing the directions of the enamel 
prisms in an average tooth. 

(From Orban’s Dental Histology and Embryology.) 


§2. THE COMPOSITION OF ENAMEL 

When tooth sections are examined with polarized light the enamel is clearly seen 
to be birefringent, and this was recognized as long ago as 1861 by Valentin* 2 *. 

The birefringence of a substance may be due either to the intrinsic birefringence 
of its crystalline constituents ( Eigendoppelbrechung ) or to a regular arrangement 
within the substance of rod-shaped particles, of which the thickness and distance 
apart are small compared with the wave-length of light (Formdoppelbrechung ). 
Unless the refractive index of these particles is different from that of the medium 
in which they are contained, however, the latter type of birefringence will not be 
observed. 

The theoretical aspect of form birefringence was dealt with by Wiener* 3 *, and 
form birefringence and eigen birefringence were both observed by Ambronn in 
alumina* 4 *, and in celloidin and cellulose (s) . It was left to W. J. Schmidt, however, 
to show that form birefringence and eigen birefringence could also be observed 
together in developing human enamel. He concluded* 6,7 ’ 8 * that this type of enamel 
is “built up of small rod-shaped particles, arranged so that their lengths are more or 
less exactly parallel to each other and to the optic axis—and therefore also approxi¬ 
mately to the prism axis”. Schmidt also confirmed the view of v. Ebner that the 
further calcification of enamel takes place by the deposition of new calcific particles 
between those already laid down, and came to the conclusion that an enamel prism 
is composed of submicroscopic particles of a uniaxial crystalline substance similar 
to apatite. 

Chemical analysis indicates* 9 * that enamel does in fact consist largely of hydroxy¬ 
apatite, Ca 10 (PO 4 ) 6 (OH) 2 , and this conclusion is fully confirmed by x-ray analysis 
(see, for example, Thewlis and others* 10 *). 
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The size of the crystalline particles in enamel has been estimated by Moller and 
Tr6mel (3tl) to be io~ 4 cm. and by Bale and others (la) to be about 3xio _6 cm. 
Examination of x-ray diffraction photographs of enamel shows that the latter size is 
of the right order, the former being much too high. 

This being the case, it is clear that an enamel prism, of which the length is at 
least equal to the depth of the enamel, and of which the breadth is, as has been 
stated above, between 2 x io~ 4 cm. and 5 x io~ 4 cm., must contain a multitude of 
apatite crystallites. Thus Schmidt’s conclusion is so far consistent with x-ray 
evidence. 


§3. THE STRUCTURE OF ENAMEL PRISMS 

The picture of an enamel prism presented by the polarizing microscope is 
confirmed by x-ray examination in so far as the enamel is shown to consist of small 
crystalline particles of apatite. The optical results suggest, in addition, that the 
optic axes of these particles are approximately parallel to each other and to the 
prism direction. But according to the author’s x-ray measurements, although the 
axes of some of these particles are approximately parallel to the prism direction, 
being inclined at about 5 0 to it, those of other particles are inclined to it at about 
40°. These axes point to that side of the prism which is remote from the tip of the 
nearest cusp, the directions being taken away from the tooth as in figure 2. 

At first sight the x-ray and optical results do not appear to agree, but it is shown 
below that the optical properties of a system of crystalline particles arranged as in 
figure 2 are in fact similar to those which are exhibited by enamel prisms. 

If a longitudinal section of a tooth be cut so that the enamel prisms lie in the 
plane of the section, and if this section be examined with polarized light between 
crossed nicols, then figure 2 will represent the relationships between a prism, its 
constituent crystallites, and the directions of vibration in the nicols. 

In this diagram OP represents the direction of the prism at the point O in the 
enamel, OF 1 and OF 2 the directions to which the optic axes of the two sets of 
crystallites in the prism are parallel, Op the vibration direction of the polarizer and 
Oa that of the analyser. The angles POF 1 and POF 2 are 5 0 and 40° respectively. 

Now in the case of a section of a human tooth, optical extinction is usually stated 
to occur when the direction of vibration in the polarizer or analyser is approximately 
parallel to the direction of the prism. Further, as Schmidt has shown, transverse 
sections of prisms remain dark for all settings of the crossed nicols. 

This general description, which is true so far as it goes, does not make clear the 
fact, noted by v. Ebner Cl3) , that in the extinction position, for longitudinal sections, 
the direction of vibration in the appropriate nicol is never quite coincident with the 
direction of the prism, but is inclined to it at angles ranging from 5 to 20°. v. Ebner 
found this not only in sections of teeth but in isolated prisms, so that possible errors 
due to underlying prisms were excluded. The phenomenon is mentioned by 
Kitchin (l4) and was indeed noticed by Cape and Kitchm/ ls \ Schmidt has also 
observed the effect, and it is referred to in the admirable survey of the optical 
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examination of dental enamel given by Harders-Steinhauser (l6) . None of these 
workers, however, appears to have stated whether the optic axis is sometimes 
inclined to the direction of the prism on one side and sometimes on the other, or 
whether it is restricted to one side only. An optical examination has therefore been 
made of a series of longitudinal sections of human teeth, and it has been found that 
extinction only takes place when the direction of vibration in either nicol is inclined 
to the direction of the prism on the same side as OF 1 and OF 2 in figure 2. 


p 



Figure 2. Diagram of section of tooth showing relationship between direction of prism, crystallite 
axes and directions of vibration of crossed nicols. OP, prism direction; OF 1 , direction of crystal¬ 
lite axes (1); OF 2 , direction of crystallite axes (2); Op , vibration direction of polarizer; 
Oa, vibration direction of analyser. 


To decide whether or not the optical and x-ray results are mutually consistent, 
the extinction phenomena, if any, associated with the arrangement of crystallites 
illustrated in figure 2 will now be determined. In order to do this the intensity of the 
light transmitted through longitudinal and transverse sections, as the nicols are 
rotated with respect to the section, will be calculated. 

(i) Longitudinal sections . The extinction phenomena, if they exist, will be re¬ 
peated every 90° during rotation, so that we need only consider variations in 
intensity which take place as the polarizer and analyser are rotated through 90° 
from any given position. This position is chosen to be that in which the direction 
of vibration in the polarizer is parallel to the direction of the prism. 

The problem is essentially that of calculating the interference effects due to the 
superposition of two uniaxial crystal plates. The expression for the intensity of the 
transmitted beam in this case was worked out by Fresnel <17) and has more recently 
been discussed by Schulz (l8) . 
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In the general case the intensity is dependent on the order in which the two 
crystal plates are struck by the incident beam of polarized light, but for crossed or 
parallel nicols the intensity is independent of this factor. If it be assumed for the 
moment that figure 2 represents the arrangement, not of two sets of crystals, but of 
two crystals only, the optic axis of crystal 1 being parallel to O.F x and that of crystal z 
being parallel to OF 2 , then the expression for the intensity of the transmitted beam, 
in the case of crossed nicols, reduces to: 

I—I 0 [sin 2 2 (a—%) £ x 2 +sin 2 2 (a - tj 2 ) 

+ 2 sin 2 (a -rjj) sin 2 (a—172) S 1 S 2 {C 1 C 2 -S 1 S 2 cos 2 (%-%)}], 

.(x) 

where / is the intensity of the transmitted beam, I 0 is that of the incident beam, a is 
the angle POp, is the angle POF 1 , rj 2 is the angle POF z , and S lf S it C x and C 2 are 
given by: 

<Si=sin £A X , S 2 =sin|-A 2 , 

C x =cos£A x , C 2 =cos |A 2 , 

where A x and A 2 are the phase differences between the ordinary and extraordinary 
rays in crystals 1 and 2 and are given by: 

A x =-^ d x («i— m 2 )i 

2nd A 2 =<4 fei n z)t • 

In these expressions A is the wave-length of the light, d x the thickness of crystal x 
and d„ that of crystal 2, and (k x —« 2 ) x and (n x — w 2 ) 2 are the strengths of birefringence 
of crystals 1 and 2 respectively. If it may be assumed that the two crystals do not 
differ appreciably in composition, we may write 

(»i ~ **2)1 = ( n i ~ n s)a • 

In order to determine what happens as the polarizer is rotated through 90° from 
the position in which its direction of vibration is parallel to the direction of the 
prism, the above expression for I must be evaluated for values of a from 0 to 90°, 
the values of S lt S 2 , C x and C 2 for the particular cases considered being first calcu¬ 
lated. This expression only applies to two of the many crystals in a prism; but since 
the interference effects are additive it may be extended to the case of a tooth section 
of known thickness D, if the prisms are presumed to be parallel to each other, by 
replacing d l by Z) x and d t by Z) 2 , where 

A+Ai-A 

.D x and Z> 2 being proportional to the numbers of crystallites with optic axes parallel 
to OF 1 and OF 2 respectively. 

According to the x-ray results, the first group of crystallites (i.e. crystallites with 
optic axes parallel to OF x ) usually predominates. The crystallites of the second 
group may occasionally be as numerous as those of the first, but they are sometimes 
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absent altogether. In other words, the value of D x may vary from |Z) to D ; i.e. the 
percentage of the first group of crystallites may vary from 50 to 100. 

The value of / has therefore been calculated for the cases in which 2 ^ = 0*5/), 
D x -q- 6 D , 2 ? x = o-8Z> and D X ~D, corresponding respectively to the presence in the 
prism of 50, 60, 80 and 100 per cent of the first group of crystallites. The values of 
D chosen were 20, 50 and 100/x, and the wave-length of the light was taken as 
5500 A. The value of (% —w 2 ) used was that given by Keil (l9) , namely 0*0029. 

For all proportions of crystallites considered, it was found that intensity 
minima occurred. This is illustrated in figure 3, which gives the results for sections 
of thickness 50 fi t the value of the intensity at the maximum (not shown in the 
figure) being put at 100. 



Angle (deg.) between prism direction and vibration 
direction of polarizer 


Figure 3. Curves showing variation of intensity of transmitted light as crossed nicols are rotated, 
for different percentages of first group of crystallites. Z)=soft. 


It will be seen from figure 3 that as the percentage of the first group of crystallites 
rises the value of a corresponding to the minimum falls, and the extinction becomes 
more nearly total. Figure 4, in which the extinction values of a are plotted against 
the percentage of the first group of crystallites, shows that the value of a for which 
extinction takes place is also dependent on the thickness of the section. 

From the above discussion it will be seen that the arrangement of crystallites 
suggested by x-ray examination, and illustrated in figure 2, should give rise to 
extinction in a longitudinal section when the direction of vibration in the polarizer 
or analyser is inclined to the direction of the prism, on the side remote from the tip 
of the nearest cusp (the directions being taken away from the tooth), at angles 
ranging from 5 to 22*5°, according to the relative proportions of the two sets of 
crystallites present. By the use of the polarizing microscope, as has already been 
mentioned, it is found that extinction is in fact observed at angles ranging from 
5 to 20°. 
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(ii) Transverse sections. In transverse sections the light is travelling along the 
direction of the prism and not at right angles to it; it is travelling at 5 0 to the optic 
axes of the first group of crystallites and at 40° to those of the second group. 

Now calculation shows that the birefringence is negligible for light travelling at 
5 0 to the optic axis of apatite and is 0-0015 for light travelling at 40° to this direction.* 
Consequently if/represents the fraction of the second group of crystallites present 
in the prism, and D represents the thickness of the section, the effective thickness, 
as far as birefringence is concerned, will be represented by fD; and the problem of 
calculating the intensity of the light transmitted along the direction of the prism is 
reduced to that of determining the intensity transmitted through a single crystal 
plate, of thickness fD, in such a direction that the difference between the refractive 
indices of the ordinary and extraordinary rays is 0-0015. 



Figure 4. Curves showing relationship between extinction position and percentage of 
first group of crystallites, for different thicknesses of section. 

The expression for the intensity of the transmitted beam in this case, for crossed 
nicols, is 

/=/ 0 sin 2 2<f> sin 2 •£■ A, .(2) 

where I is the required intensity, / 0 the intensity of the incident beam, </> the angle 
between the vibration direction of the polarizer (or analyser) and either of the 
vibration directions of the crystal, and 

A=~ dfa-nj, 

where A is the wave-length of the light, d the thickness of the crystal plate and 
( n i~n 2 ) the birefringence. As we know, d=fD and (n x -n 2 ) = 0-0015. 

# The calculation is carried out by determining the lengths of the appropriate radii of the 
indicatrix. 
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Clearly when <f> — o° or 90° the value of / will be zero; total extinction will occur. 
The maximum value of / will occur when <£ = 45°, and will be given by 

/max. = /o sin 2 JA. .(3) 

According to the x-ray results a usual value for/appears to be about 0-2, and 
when this value is substituted in the above expression, the same value for A being 
chosen as before, it is found that 

/max. = O'OojIq for sections of thickness 50 p, 
and that /max.=0-03/0 for sections of thickness 100 /x. 

These values do not, of course, give much idea of the brightness at the maximum 
unless a standard of intensity is available for comparison. A suitable standard, for 
any particular thickness, is the maximum intensity, in a longitudinal section of the 



Fraction of crystallites of second group ->■ 

Figure 5. Curves showing relationship between maximum intensity of light transmitted in transverse, 
section and fraction of crystallites of second group, for different thicknesses of section. 

same thickness, of the light transmitted by prisms composed entirely of one group 
of crystallites. The value I 8 of this intensity is given by equation (3) if we put 
d=D and (7^ —w 2 ) = 0-0029, it is then found that 

I s =0*54/0 f° r a section of thickness 50^, 
and 75=0-99/0 f° r a section of thickness 100 //,. 

Thus for sections of thickness 50 and 100 ^ the maximum intensity in a transverse 
section is only 1-3 and 3 per cent respectively of the standard intensity. 

In figure 5 the relationship between/and the maximum intensity transmitted in 
a transverse section is shown for sections of thickness 50 and 100/x, the standard 
intensity being put at 100 in each case. From the curves in this figure it will be 
seen that where the first group of crystallites is predominant the prisms should 
appear dark or nearly so in all positions of the crossed nicols. This, as was men¬ 
tioned above, is what is observed experimentally. 
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§4. THE STRUCTURE OF THE INTERPRISMATIC SUBSTANCE 

It is generally recognized that the interprismatic substance is mostly inorganic 
in character, and Keil (l9) has shown that it is optically birefringent and crystalline. 
He has also made certain observations, dealt with below, for which he has put 
forward what is admittedly a tentative and not wholly satisfactory explanation. 

The x-ray laminat ion of enamel led the author (l) to the conclusion that “no 
type of orientation is present in the interprismatic substance which is not also 
present in the prism material”, and it was further concluded that “the relative 
(■ yh-nt to which the 5 and 40° groups are present in the two cases may.. .not be 
identical”. 

Although neither Keil’s results nor those obtained by the author appear in 
themselves to be capable of giving a satisfactory account of the structure of the 
interprismatic substance, the two Sets of results taken together furnish, as will now 
be seen, a fairly satisfactory working model of this material. 

In longitudinal sections Keil finds that the optical orientation within the inter¬ 
prismatic substance is sometimes different from that within the prisms, and in one 
case deviates from it by about 40°. He also finds, in transverse sections of prisms, 
that the interprismatic substance is not dark in all positions of the crossed nicols, 
like the prism material, but is generally bright, becoming dark only for certain 
settings. 

These observations taken together with the x-ray results suggest that whereas 
the prism material, and indeed the enamel as a whole, is characterized by the 
predominance of the 5 0 group of crystallites, the interprismatic substance may be 
characterized by the predominance of the 40° group. Such an arrangement will 
account for the difference in optical orientation observed by Keil; for, as has 
already been seen in the case of the prism material, the angle of extinction, in a 
longitudinal section, depends on the proportion of crystallites belonging to each 
group. Indeed, figures 3 and 4, given in the previous section for the prism material, 
will be directly applicable, mutatis mutandis, to the interprismatic substance; and the 
angle of extinction will now range from 22*5 to 40°. 

The suggested arrangement of the crystallites in the interprismatic substance 
will also account for the brightness in transverse section; for consideration of 
figure 5, which is equally well applicable to the interprismatic substance as to the 
prism material, will show that when the second group of crystallites is predominant, 
the maximum intensity transmitted reaches an appreciable percentage of the standard 
intensity, and the interprismatic substance will therefore not appear dark except in 
the extinction position. 

The structure proposed for the interprismatic substance is illustrated, side by 
side with that of the prism material, in figure 6. The short lines represent the 
directions of the crystallite axes and not their positions, the latter being unknown. 



Examination of dental enamel by x rays and the polarizing microscope 1001 


•S a 



Figure 6. Diagram illustrating proposed structure of prism material and interprismatic substance. 
The directions of the crystallite axes are represented by short lines. 
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THE THERMAL MANOMETER, A NEW DEVICE FOR 
RECORDING LOW ABSOLUTE PRESSURES 

By R. S. VINCENT, M.Sc., A.M.I.E.E. and A. SIMONS, M.Sc. 

ABSTRACT\ An instrument for recording absolute pressures over the range from o*i to 
ioo mm. of mercury is described. The boiling point of mercury, boiling under the pressure 
to be measured, is recorded by means of a thermojunction. 


§i. INTRODUCTION 

T he problem of recording low absolute pressures by any direct method is one 
of considerable practical difficulty, because the power available is usually in¬ 
sufficient to move a pen or other recording mechanism satisfactorily in the 
pressure range up to say ioo mm. of mercury. In addition to the above difficulty, 
instruments operated directly by the mechanical pressure of the rarefied gas are 
characterized by a more or less linear relation between the absolute pressure and the 
movement of the pen. For this reason, and also on account of zero error and pen 
friction, a very poor percentage accuracy is obtained near the lower end of the scale. 
For example, when a range up to ioo mm. of mercury is covered, readings of the 
order of io mm, may easily be in error by io per cent owing to pen friction and 
mechanical imperfection of the mechanism, while readings of the order of i mm. 
would be almost meaningless, and it would be impossible to detect an absolute 
pressure, or pressure-change, of o-i mm. 

To meet the need for an accurate and reliable method of recording absolute 
pressure in gaseous media, the writers have developed the thermal manometer. 

§2. EARLY EXPERIMENTS 

The first conception of the principle of the thermal manometer was to balance 
the absolute pressure to be measured by the saturated pressure of a liquid, and to 
record the temperature of the saturated vapour necessary to produce this balance. 
A mercury-in-glass U-tube manometer was arranged as in figure i. The closed 
limb was provided with an external heating coil through which a current passed 
when the circuit through the contact in the right-hand limb was broken. The effect 
of the heating current was to raise the vapour pressure of the mercury in the left- 
hand limb until it became equal to the absolute pressure applied to the right-hand 
limb. An approximate state of balance was thus maintained. By recording the 
temperature of a thermojunction in the left-hand limb, a record of the applied 
absolute pressure was obtained. It was found to be difficult to avoid hunting in the 
above arrangement, so that the temperature record showed a regular periodic 
fluctuation even when a steady absolute pressure was applied to the manometer. 
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To overcome the above difficulties, it was decided to supply heat steadily to the 
liquid and to disperse the excess heat in a vertical condensing tube. The mercury 
U tube, the only purpose of which is to operate the contact, thus became unneces¬ 
sary, and the very simple form of apparatus described below was evolved. 



§3. THERMAL MANOMETER WITHOUT CONTACTS 

Description of the manometer . The instrument is shown in figure 2, it consists of 
a tall glass tube about 1 in. in diameter, closed at the bottom and having a side tube 
at the top for connecting to the pressure to be measured. A narrow tube, also sealed 
at the bottom, runs down the centre of the wide tube to within about 3 in. of the 
bottom. A small quantity of mercury is kept boiling by an external heater in the 
bottom of the larger tube. The vapour condenses on the sides of the tube and returns 
to the boiler. The condensation temperature of the vapour is recorded by a thermo¬ 
couple passed down to the lower end of the inner tube, a Cambridge thread recorder 
reading from o to 300° c. being used for this purpose. 



Thermal manometer, new device for recording low absolute pressures 1005 

It is dear from the diagram that the temperature of the saturated vapour over 
the boiling liquid will be maintained automatically at a value such that the saturated 
vapour pressure is equal to the absolute pressure applied. Any slight excess of 


Leads to thread recorder 



temperature would cause an increase in the flow of vapour into the condensing tube, 
and therefore an increase in the rate of losing heat and a return to the equilibrium 
temperature. Similarly, a temperature slightly below the equilibrium value would 
cause a reduction of the flow of vapour into the condenser, with a corresponding 
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reduction in heat-loss and consequent rise of temperature up to the equilibrium 
value. The supply of heat to the mercury is such that the mercury is just boiling at 
the highest pressure which it is desired to measure—in this case about ioo mm. In 
these circumstances, the mercury is only condensing over the lower end of the tube 
just above the lagging surrounding the thermocouple. At low pressures the mercury 
boils faster and the vapour condenses right up the wall of the tube nearly to the top. 


§4. CONSTRUCTIONAL DETAILS 

The construction of the instrument will be clear from figure 2. The body is made 
of Pyrex glass, all the essential dimensions being given in the diagram. The heater 
is wound on a bedding of a single layer of thin asbestos tape, 1 in. wide, to give a 
firm grip on the glass. This should be wound as near the end of the tube as the 
curved surface permits. The coil is wound with 26 s.w.g. oxidized nichrome wire, 
three metres of wire being used giving a resistance of approximately 20 ohms. The 
turns are wound in contact with one another, the oxide film providing sufficient 
insulation. The heater and the end of the tube are then lagged with a layer about 
1 in. thick of asbestos tape. 

The outer wall of the tube is silvered for about 1*5 in. on either side of the 
thermocouple to prevent loss of heat by radiation. This can best be done by platiniz¬ 
ing, the colloidal platinum available commercially under the name “liquid bright 
silver” being used. Alternatively, a sheet of aluminium foil may be wrapped round 
the glass. The reflecting surface is then lagged with glass wool packed inside a 
corrugated metal tube about 3-5 in. in diameter; part of an old vacuum-flask case 
serves veiy well. 

Finally, sufficient clean mercury is poured into the instrument to fill it up to the 
top of the heating-coil; about 200 grams is necessary. The heater is supplied by a 
small transformer giving 30 volts on the secondary, the consumption thus being 
45 watts. This will be found enough to keep the mercury boiling at the highest 
pressures for which the instrument is intended. 

The thermocouple employed was of copper and eureka metal. In order to 
insulate the two thermocouple leads from each other, the copper wire only was 
provided with braided glass fibre insulation. This type of insulation was found to 
withstand the high temperature without deterioration. 


§5. OPERATION OF THE MANOMETER 

A calibration curve showing the relation between temperature and pressure is 
shown in figure 3* In obtaining this curve the pressures up to 10 mm. of mercury 
were measured with a McLeod gauge, and from 10 to 100 mm. with an ordinary 
bJ gauge. It will be seen that between x and 100 mm. of mercury the curve follows 
the known mercury-vapour {pressure, temperature} relation very closely. 



Temperature (° C.) 

Figure 3. Calibration curve of thermal manometer. Heating current 1*5 amp, 
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The effect of the heating-current on the temperature recorded is shown in 
figure 4. At high pressures the temperature measured is practically independent of 
the loading, provided this is sufficient to keep the mercury boiling. But at low 
pressures changes of current produce variations in the temperature. This may be 
due to two causes; firstly direct radiation and conduction from the heater, and 
secondly the very considerable flow of mercury vapour which takes place up the 
tube to the region of condensation at the top. This flow must be produced by a 
pressure-gradient in the tube, and hence the pressure which is affecting the 
temperature is higher than that which is being applied at the top. 



Figure 5. Rate of response of thermal manometer. O—O pressure measured on McLeod gauge, 
x—x pressure measured by thermal manometer. 

The rate of response of the instrument to sudden changes in the applied pressure 
has been examined. The results of an experiment in which the readings of the 
thermal manometer are compared with those of a McLeod gauge are graphed in 
figure 5, from which it will be seen that the thermal manometer starts to respond 
immediately the pressure starts to change, but requires several minutes before the 
reading has become sensibly constant at the new value. It is clear from these results 
that the instrument would not be suitable for accurately following rapid fluctuations 
of pressure; its rate of response is, however, adequate for many industrial processes. 
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§6. THE USE OF ALTERNATIVE LIQUIDS 

This difficulty of obtaining readings independent of the heating-current at low 
pressures led to attempts to use liquids other than mercury. Apieson oil A, which 
has a boiling point of 192 0 c. at 1 mm. of mercury, was first tried, but exactly the 
same effect was produced. The change of pressure over the range from o*oi to 
o*i mm. of mercury produced very little change in temperature. This was the case 
even when the heating-current was reduced to the minimum necessary to keep the 
liquid boiling at a pressure of 1 mm. 

A flat heater covering the bottom of the tube instead of being around the sides 
was tried, but this produced violent bumping and splashing of the liquid, especially 
at the higher pressures. Since the range from 0*1 mm. upwards was that for which 
the instrument was required, no further attempts were made to extend the range to 
lower pressures. 

§7. REFERENCE TO PREVIOUS WORK 

Since the experimental development work on the thermal manometer was 
carried out, the writers’ attention has been drawn to a paper by Hickman, Hecker 
and Embree (l) on the measurement of low vapour pressures. This describes the 
measurement of the vapour pressures of diffusion-pump liquids such as butyl 
phthalate over the range from 5 mm. down to io~ 4 mm. of mercury* For the higher 
pressures an apparatus similar to that described here was used to measure the 
condensation temperature of the vapour from a liquid which boiled under controlled 
pressure. The absolute pressure over the liquid was measured by instruments 
external to the apparatus. It is mentioned that such an apparatus responds sufficiently 
quickly to be used as a manometer, although it was not actually so used in the work 
described. There is no suggestion that such an apparatus could be used for recording 
purposes. 

It is interesting to note that the apparatus in its simple form was found to be 
unsuitable for the measurement of condensation temperatures at pressures below 
0*05 mm. of mercury for the same reasons that have been described here. Our own 
experience has confirmed the tendency for the temperature to become independent 
of the pressure at very low pressures, and it thus appears that the thermal manometer 
is unlikely to be of use below about o*i mm. of mercury. There are, however, 
important industrial applications requiring absolute pressure to be recorded in the 
range from o*i to 100 mm., and for this range the thermal manometer is eminently 
suitable. 
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ABSTRACT . The electrification of insulating powders due to free fall has been examined 
quantitatively. For a given powder the quantity of electricity generated is found to be 
proportional to the square root of the product of the height of fall and the weight of powder. 
It is independent of the nature of the surface of the receiving vessel, and of the capacitance 
of the measuring system. Under given conditions of fall the quantity of electricity generated 
increases rapidly as the fineness of the powder is increased. 


§1. INTRODUCTION 

I N a recent paper (l) Sir Ambrose Fleming has described the generation of 
electrostatic charges by the fall of insulating powders. Some ten years ago the 
author made some quantitative measurements of this effect, and obtained 
results which throw some light on the mechanism of generation of such charges. 


§2. DESCRIPTION OF THE APPARATUS 

The apparatus consisted of an earthed brass tube, 1 in. in diameter and 12 in. 
long, mounted axially above a Faraday vessel consisting of two cylindrical lead 
vessels, the outer of which was 9 in. in diameter and 12 in. deep and was earthed, 
while the inner was 7 in. in diameter and 9 in. deep, the vessels being connected to 
the measuring system, which usually consisted of a Dolezalek electrometer and a 
standard mica condenser, figure 1. 

To the top of the brass tube was fixed a cone of cotton of 11 cm. slant side with 
a ring of copper wire, 10 cm. in diameter, sewn into the upper edge. This ring could 
be raised or lowered from a distance by means of a system of insulated strings. 

A known weight of powder was placed in the annular bag formed by the lowered 
cone, the measuring system was earthed and insulated, and when the cone was 
stretched, the powder fell down the tube into the receiver. In the majority of the 
experiments a large nickel beaker was placed in the inner lead vessel to catch the 
falling powder. When fine powders were being handled it was found to be necessary 
to stretch the cone with a sharp jerk to loosen the small quantity of powder which 
adhered to the cloth cone. 
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Figure i. Apparatus for the measurement of the mechanical electrification of powders. 



Figure 2. Relation between square of charge and weight X height. 
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§3. EXPERIMENTAL RESULTS 

The powders studied were flowers of sulphur, red lead, lead tri-nitro-resorcinate, 
and fulminate of mercury, and were all of a commercial quality and grist. They were 
dried before use. It was found, in every case, that the charge generated was propor¬ 
tional to the square root of the product of the weight of powder and the distance 
through which it fell, that is, to the square root of the potential energy lost. The 
experimental data are plotted in figure a. Thus, for a given grist of powder of a given 
substance, there is a characteristic quantity equal to ^/{QlWh) which may be called 
the mechanical electrification. The experimentally determined values of this quantity 
were 12-6 for flowers of sulphur, 8-86 for lead tri-nitro-resorcinate, and 6-36 for 
mercury fulminate, the powders being negatively charged, and 3*36 for red lead with 
a positive charge. The units were microcoulombs x io -4 (g.cm.) - ^. 


§4. EFFECT OF THE CAPACITANCE OF THE MEASURING SYSTEM 

Since the product of the weight and the height of fall is proportional to the 
rrw^haniral energy of fall, and the square of the charge generated is proportional to 
the electr ical energy of the system, experiments were made, flowers of sulphur being 
used as the insulatin g powder, in which the capacitance of the system was varied 
from 10/iF. to 180 /a/iF. For the smaller capacities an electrostatic voltmeter was 
used as the measuring instrument. The results confirm that the charge is independent 
of the capacitance of the apparatus. 

§5. EFFECT OF VARIATION OF THE GRIST 

The results of some experiments with powdered rock sulphur of various grists 
are given in table x. Similar results were obtained with resin and shellac. 

While the charges generated increase rapidly with fineness of grist, the charge is 
not proportional to the relative surfaces of the powders, but is more nearly related 
to the mean radius of the particles. 

Table 1. Variation of mechanical electrification of sulphur with 
size of particles 


Sieve grading of powder 
(I.M.M. sieves) 

Mechanical electrification 
(microcoulombs x io“ 4 g“* cmT*) 

Retain 16 

- 2*7 

16-24 

- 3*9 

24-50 

- 5-8 

50-80 

— io*6 

Passing 80 

—12*0 

Flowers of sulphur 

— 12*6 
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§6. EFFECT OF THE SURFACE ON WHICH THE POWDER FALLS 

Some determinations were made in which flowers of sulphur was allowed to fall 
into receivers having a wide range of surfaces. These were polished nickel, glass, 
enamelled iron, rough cardboard, and glass coated with sulphur or bitumen. 

The quantity of charge generated was found to be quite independent of the 
nature of the surface on to which the powder fell. 

§7. DISCUSSION OF RESULTS 

The linear graphs of figure 2, all of which pass through the origin, demonstrate 
that neither the tipping system from which the powder is released nor the brass 
tube through which it falls plays any part in the generation of the charge, so that the 
charge must be caused by the impact of the powder at the end of the fall. 

The physical significance of the fact that the quantity of charge generated is 
proportional to the square root of the energy of impact is not apparent. An ex¬ 
planation would probably give a picture of the mechanism of charge-generation. 

That the charge is apparently independent of the surface on which it strikes is 
probably explained by the fact that only a small proportion of the powder actually 
strikes the receiving surface, the greater proportion of the powder grains landing on 
grains of the same -powder which had arrived previously. It would be of interest 
to repeat the experiment of § 6 with decreasing quantities of powder, when different 
results might be observed as the weights falling became very small. 
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ABSTRACT . Evidence is produced to show that (a) the smaller nucleated ions in city 
air exist in separate groups with distinct mobilities; (b) the variation of the mobility of 
these ions with humidity is such as to lead to the conclusion that the ions are composed 
of droplets of sulphuric acid; (c) it appears that the ions result from the aggregation of 
particles containing about 2200 molecules of sulphuric acid or multiples thereof. The 
acid, before and after aggregation, is hydrated to an extent dependent on the temperature 
and the humidity of the atmosphere and on the radius of the droplet. 


§1. INTRODUCTION 

T iHE ions of the lower atmosphere are broadly grouped into two classes 
generally referred to as “small” ions and “large” ions. The small ions have 
approximately unit mobility (1 cm.$ec: 1 /v. cm: 1 ). They appear to be com¬ 
posed of clusters of a few gas molecules, and have only a narrow range of mobilities. 
The term “large ions” is applied in its widest sense to a group of atmospheric ions 
ranging in mobility from 1/50 to 1/10,000 or less. These ions almost certainly con¬ 
sist of liquid or solid nuclei which have become charged usually by the attachment 
of a small ion. Whilst the terms “small ions” and “large ions” are in common use, 
it is perhaps desirable to speak of “gas” ions and “nucleated” ions in order to 
avoid confusion when it becomes necessary to divide the nucleated ions into size 
groups. 

As a result of experiments by Langevin (6) , nucleated ions were first considered 
to be a homogeneous species with a mobility of about 1/3000. Later Pollock (8) 
concluded that the nucleated ions were made up of two distinct and non-over- 
lapping species, viz. the so-called intermediate ion of mobility 1/50, and the 
previously mentioned Langevin ion, R. K. Boylan^ then brought forward evidence 
for the existence of ions down to a mobility of 1/15,000. The work of Israel and 
Schulz (4) led to the conclusion that nucleated ions form a continuously graded 
series of sizes varying in mobility from 1/100 to 1/15,000. The present paper has 
for its object the examination of the mobility of the faster ions in this range, often 
termed intermediate ions, by means of apparatus of improved resolving power. 
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§2. METHOD 

Methods for the measurement of the mobility of the natural atmospheric ion 
are limited to those of the blast type, because of considerations regarding the supply 
of ions. All blast types have considerable disadvantages, but the divided electrode 
method due to Zeleny (l4) is amongst the more satisfactory of its kind. This apparatus 
consists of a cylindrical condenser, the inner electrode of which is divided into two 
unequal portions insulated from each other. The longer portion A , figure 1, is 
connected to the earth; the shorter portion B is connected to a sensitive electro¬ 
meter. A current of air of constant known velocity <f> cm?/sec. is drawn along the 
tube in the direction of the arrows, figure 1; successively increasing potentials V 
are applied to the outer cylinder, and the resultant currents i flowing to the short 
electrode are measured. With the single species of ions of. mobility W and con¬ 
centration N the theoretical graph of {z, V } is of the type shown in figure 2a, i.e. the 





Figure i. Diagram of the divided condenser. The electrode is shown sectioned in two places. 

current at first increases linearly along OA to a maximum (at potential V x ), and 
then decreases also linearly along AB to zero (at potential V 2 ). The lines OA and 


OB are represented respectively by the equations 

i= 47 rNWeVC 2 .(1) 

and i=^nNWe [F x (C 2 + C 2 ) -FCJ, .(2) 


where C* is the inter-electrode capacity of the front section of the condenser, C 2 is 
the inter-electrode capacity of the rear section and e the charge carried by an ion. 
In electrostatic measure C 1 = ^xjlog(bja) and C 2 = J(# 2 — xj/log (bl a ), where x 1 is 
the length of the front section of the inner electrode, x 2 —x t is that of the rear 
section, a is the external radius of the inner electrode and b is the internal radius 
of the outer. 

The mobility of the ions is given by either of the expressions 


W=<l>/ 4 nV 1 .(C 1 +Ci) .(3) 

and W=<j>l4trV i C 1 , .(4) 

<f> being the rate of air-flow in cm?/sec. 


From equations (3) and (4) can be obtained an important but generally overlooked 
criterion of the reality of the observations, viz. 

V 2 /V 1 =(C 1 +C a )IC 1 . 


( 5 ) 
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The concentration of the ions is derived from (i) and (3) as 

N=E m R (C x + C^l<j>et, .(6) 

where E m is the increase of potential of the electrometer system in time t for the 
applied voltage V 1 ,R=(C a + C 3 )/C 2 , and C 3 is the capacity of electrometer and its 
connexions. 

In dealing with mixtures of ions the curves due to the individual species will be 
additively combined. The exact shape will depend, inter alia, on the relative numbers 



Figure 2. Types of curves theoretically obtainable with the apparatus, with ( a ) single homo¬ 
geneous species, and two species of mobility W and W\ where ( b ) WjW'>{C 1 J rC^)IC 1 , 
0 c ) W/W'^+CJfa, and (d) W/W'k^+CJ/C^ 

and mobilities of the various ions present. Whether or not it is possible to detect 
a given type of ion in a mixture depends largely upon its relative concentration. 
Thus, in the present case, unless the ion type represents at least 2 per cent of 
the total ions present it will probably escape detection. Another factor is the 
dimensions of the apparatus, and to illustrate this, mixtures of two kinds of ions of 
mobility W and W' may be considered. Individually either ion will give rise to 
curves of the type shown in figure za. When mixed, the ions will give curves of 
the types shown in figures zb, zc, or zd, dependent on the relations between the 
mobilities of the ions and the capacities of the apparatus. Whilst the critical 
potentials may be found from figures of types zc and zd, where WjW' < (C x + C 2 )/C 1; 
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they may be located more readily with type zb , where WjW , >(C 1 + C 2 )IC 1 . The 
ratio (Ci+C 2 )/Q thus defines a practical limit to the resolving power of the 
apparatus. Thus, unless adjoining ion groups have their mobilities W and W' 
such that W/W' > (Q + C 2 )/C l9 their resolution is unlikely to be accomplished if 
they are mixed with relatively large numbers of other ions. If only two ion groups 
were involved, then W and W' might be obtained from V 1 and V 2 , but unless V 2 
and Vi could be definitely located it would be uncertain whether the ions dealt 
with were individual species, or members of a series forming a band of mobilities. 
Theoretically, resolution is improved by making (C 1 -\-C 2 )/C 1 approach unity, but 
this is limited by the practical necessity of having C 2 /C 3 sufficiently great to allow 
of the number of ions collected by the second electrode being readily measured. 

The foregoing discussion assumes that N remains constant throughout the 
series of observations. This assumption rarely holds in practice. To allow for this, 
simultaneous observations may be made with a second condenser held at constant 
voltage. Then in place of z, the ratio iji c , i c being the current in the constant- 
voltage condenser, is plotted against V. In practice it is rather more convenient 
to use not i/i c but the ratio p of the deflections of the electrometers attached to the 
variable-voltage and constant-voltage condensers. This ratio p will be largely 
independent of changes in the ion content, although if more than one species be 
present, effects due to large changes in the relative proportions of the mixture will 
not be eliminated. With this method the mobilities are calculated as before, but the 
expression for the concentration N g of the ions of a definite group becomes 

N g —pJEsR (Ci+ C 2 )/(<f>et), 

where p m is the maximum change in p due to ions of a particular group, E is the 
average deflection of the electrometer attached to the constant-voltage apparatus, 
and 5 is the sensitivity (e.s.u. per division) of the electrometer on the variable- 
voltage apparatus. 


§3. APPARATUS 

The divided electrode employed is shown diagrammatically in figure 1. To 
prevent the turning back of the ions by the field, the inlet orifice O was made of 
such a size that the velocity of the entering air current was greater than any velocity 
imparted to the ions by the field. A Wulf unifilar electrometer was employed to 
measure the currents whilst the potentials applied to the condenser were checked 
by an electrostatic voltmeter. The sensitivity of the electrometer, usually 200 
divisions per volt, was frequently checked by a voltmeter during a series of obser¬ 
vations. Apart from containing only one large central electrode, the control 
condenser was similar to the divided-electrode apparatus. Arrangements were 
made to photograph the indications of the control apparatus so that, when desired, 
a record could be obtained of the concentrations of the ions. The air, before reaching 
the control electrode, was deprived of its small ion content by passage through a 
fore-condenser charged to a low voltage. The air was drawn into the two condensers 
through a short length of brass tubing, 5 cm. in diameter, capped with gauze of 
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1 mm. mesh, and projecting through the wall of a wooden hut, at a point about 

2 m. above the ground level. The air velocity was measured by a plate-orifice 
arrangement. A vacuum cleaner fan, working at a speed somewhat below the rated 
value, served to draw air uniformly through the apparatus. Fine control was 
obtained by valves in the air lines, and no serious difficulty was encountered in 
maintaining a measurably constant air flow. In any case, the effect of minor 
fluctuations in the blast would be taken account of, up to a point, by the control 
condenser, as the fan provided suction for both condensers. 

In order to determine one point on a curve, ions were collected, in both con¬ 
densers, for a period ranging from 30 to 180 sec., according to circumstances. The 
range of mobility investigated varied considerably from experiment to experiment 
with the ion concentration. Thus on those occasions when the ion content was so 
small as to require 180 sec. to give a satisfactory electrometer reading, the range 
investigated had to be curtailed. The determination of a complete curve generally 
required from to 2 hr. 


§4. RESULTS 

The measurements, which were made at Kew Observatory, were carried out 
during the Winter of 1937-8, and were confined to the observation of positive ions. 
The curves obtained were generally of the type shown in figure 3, which represents 
an actual set of observations made. This curve exhibits several small, but apparently 
definite discontinuities, and from considerations of the previous section, has the 
appearance of being a composite curve arising from the presence of various more or 
less distinct groups of ions in the mobility range 100 to 10 x io -4 cm. sec: x /v. cm: 1 
A total of 123 discontinuities was observed in 48 satisfactory sets of observations. 
The measured mobilities did not fall into a few well-defined groups, but were 
scattered over the whole range investigated. When observations were repeated at 
intervals of a few hours, a satisfactory agreement was obtained; for instance, on 
28 February 1938, the ions of the following mobilities were detected: 

At 15 hr. 0-0120 0-0045 0*0026 0-0016 

At 17 hr. o-oxio 0-0049 0*0027 no observation 

and on February 7, with different air flows 

At 11 hr. (^ = 333) — 0-0067 0-0041 0-0026 

At 12 hr. (<£ = 500) 0-0145 0-0074 0*0039 0-0021 

In this second example the more favourable working conditions associated with the 
greater air-flow resulted in the detection of a faster ion. Generally speaking, there 
was no difficulty in obtaining regular curves, but on twelve occasions out of a total 
of sixty, the curves obtained showed irregularities. Of these twelve occasions, two 
were associated with instrumental defects, five occurred when observations were 
attempted in showery weather, and three during fog or mist, whilst two could not 
be accounted for. Table 1 shows the 48 sets of satisfactory observations of mobility 
together with the associated values of the ion-concentrations. 



Table i. Observed mobilities W (io~ 4 cm. sec^/v. cm: 1 ), and concentrations 
N g (ions/cm?) of the ion groups 


Date 

1937 

G.m.t. 

(hr.) 

w 

N, 

Date 

1938 

G.m.t. 

(hr.) 

W 

N, 

October 26 

l6 -17 

70 

580 

January 3 

II “12 

39 

300 

28 

lob-izi 

IOO 

340 



23 

670 

29 

iob-iib 

35 

64O 



15 

75® 



21 

900 

4 

14 -17 

135 

200 

29 

IS -18 

36 

600 



74 

240 



18 

900 



35 

390 

29 

20f—22 

IOO 

700 



23 

600 

November 2 

io|-ii£ 

36 

600 



15 

850 

3 

12 -13 

71 

l60 



10 

IIOO 

5 

ioj-iij 

77 

l80 

5 

IoJ-I2 

55 

200 

6 

OO -01b 

9i 

240 



34 

370 

10 

21 ~23 

88 

280 



1 8 

IOOO 

11 

94 -ioJ 

85 

340 



12 

— 

*5 

ioj-ir£ 

82 

560 

3i 

144-16 

72 

170 

16 

xob-iz 

82 

IOOO 



34 

170 



43 

1200 



20 

170 



28 

1600 

February 2 

IO “II 

38 

330 

17 

11 -124 

38 

550 



18 

680 

18 

144-17 

70 

150 

7 

io§-ni 

67 

250 



49 

200 



4i 

300 



31 

380 



26 

360 



20 

770 



19 

800 

22 

144-164 

77 

290 

7 

n|~i2i 

145 

210 



52 

360 



74 

360 



34 

430 



39 

590 

25 

II4-I2J 

48 

520 



21 

— 



37 

630 

8 

ioj-nj 

61 

270 



27 

— 



25 

360 

26 

IO “12 

23 (a) 

1300 

11 

154-164 

61 

240 



49 

IIOO 



25 

360 



23 w 

1350 



17 

1050 

26 

15 -16 

4i 

730 

12 

164-174 


370 



17 

600 

22 

IO -XI 

160 

75 

27 

IO “II 

26 

1730 



1 86 

150 



13 

— 

22 

ni-13 

140 

190 

December 6 

iof-nj 

61 

390 



56 

380 



25 

1050 



26 

380 



13 

IIOO 

28 

1x4-13 

130 

140 

7 

Ioi-13 

5i 

580 



45 

490 



36 

720 



23 

430 



26 

970 

28 

144-16 

120 

200 



16 

1350 



45 

300 



10 

1550 



26 

330 

9 

is -17 

220 

240 



16 

— 



94 

350 

28 

164-17! 

no 

180 



55 

— 



49 

400 

11 

21 -22 

64 

170 



27 

430 

13 

I0j-I2f 

78 

210 

March 5 

10 -iii 

28 

zoo 



38 

200 



17 

520 

14 

IS “i6f 

54 

400 



9 

— 



3i 

44O 

12 

II -13 

50 

200 

15 

Ioi-13 

43 

230 



35 

390 



33 

500 



24 

580 



20 

500 



13 

900 



13 

BOO 

20 

10 “Ilj 

84 

230 

22 

ni-13 

65 

950 



45 

230 



39 

1400 



2 Z 

450 



33 

2500 



16 

53° 

29 

Ioi-13 

220 

l8o 



12 

74° 



120 

270 







7i 

190 







39 

44O 







26 

450 





30 

IO -II 

126 

— 
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§5. DISCUSSION OF OBSERVATIONS 

(<2) Relations between mobility and humidity . The main evidence in favour of 
regarding the observed discontinuities in the {p, V} curves as being due to in¬ 
dividual ion species, comes from a consideration of the value of VJV 1 . Theory 
requires this to be equal to (Cj-f C 2 )/Ci, equation (5). The results showed that 
V 2 /V 1 averaged 1*32, independently of V ly whilst (C 1 + C 2 )/C 1 was 1*26. Processes 
such as diffusion would tend to make V 2 /V 1 greater than the theoretical value. 
The fact that the mobility results were repeatable, even with different air-flows, 
also indicates that the discontinuities were not the result of chance. 

The ions examined in this investigation represent a fraction of the Aitken nuclei of 
condensation. The Aitken nuclei are generally regarded as being droplets of solutions 
of hygroscopic substances suspended in the atmosphere. A droplet of hygroscopic 
solution, when placed in humid air, will tend to a condition where its partial 



Figure 3. Typical experimental curve. 


pressure of water vapour will be equal to the partial pressure of the water vapour 
in the air. This concept has been applied by Kohler (s) , developed by Wright (l2) , 
and finds some experimental support from Scrase’s observations (9) of the relations 
between charged and uncharged nuclei and the atmospheric humidity. It follows 
that, at constant temperature, a droplet containing a given quantity of solute can 
assume a whole series of sizes, dependent, inter alia, upon the partial pressure of 
water vapour in the air. If such a droplet becomes charged (as for example by 
the absorption of a gas ion from the air), it will give rise to an ion the mobility of 
which will vary continuously with the humidity. From the mobility it is possible 
to calculate the radius of the ion; then if the composition of the solute, together 
with various physical properties of the solution, and the temperature and humidity 
of the air be known, the quantity of the solute in the droplet may be obtained. 

Whilst the composition of the solute was not known for certain, various con¬ 
siderations made it appear likely that the ions in this investigation were composed 
principally of sulphuric acid droplets. Thus, the total concentration of the ions N 
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varies diumally in a manner which can be largely accounted for in terms of atmo¬ 
spheric turbulence, and the extent of domestic combustion processes (see table 2). 
Sulphuric acid is amongst the products of combustion of such sulphur-containing 
fuels as are frequently used in domestic activities; moreover Wright (la) , using 
unpublished data by Coste and Courtier, indicates that sulphuric acid is present in 
London air to an extent which would account for all the nuclei present. Although 
the spraying of sea water can give rise to nuclei, it is unlikely that any notable 
proportion of the nuclei at Kew is of marine origin. Thus Parkinsongives the 
total nucleus-content of ocean air as a few hundred per cm?, whilst at Kew the 
nuclei amount to an average of 30,000 per cm? Wright and Coste (l3) have indicated 
oxides of nitrogen in aqueous solution as a possible constituent of nuclei, but as 
the physical properties of sulphuric acid are much better known than those of 
unstable nitrous solutions, it was thought desirable initially to treat the nuclei as 
being composed of sulphuric acid. 


Table 2. Diurnal variation of total positive ions at Kew 








n 
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D 








This table represents the means of seven complete days of continuous observations made 
in April and May 1938. 


In the present investigation the radius r of an ion was obtained from its mobility 
W by the use of Thomson's expression in the numerical form 

PF=(i + io- 5 /r)/(2-X5 x io 9 r), 

whilst the quantity of solute in the droplet was derived by a method due to Wright. 
In preference to employing the generalized equations given by Wrightuse was 
made of the actual vapour pressures, densities, and surface tensions of sulphuric- 
acid solutions as set out in the International Critical Tables . The calculations 
required a knowledge of the charge on the ions. This has been shown to be equal 
to the charge on the electronfor ions in this range of mobilities. On the basis of 
the above considerations isothermals were drawn showing the relation between 
humidity and mobility for ions containing various quantities of sulphuric acid. 
The quantity of acid has been expressed in terms of r 0 , the radius of the droplet of 
pure sulphuric acid which can be considered as having given rise to the nucleus by 
the absorption of water vapour. An example of one set of such isothermal curves 
is shown in figure 4. From these isothermals, and the knowledge of the vapour 
pressure and temperature obtaining during the measurements, it was possible to 
draw a curve for each observation period showing, for the particular hygrometric 
state of the atmosphere obtaining at the time, the relationship between r 0 and 
mobility. These curves were then used to obtain values of r 0 from the measured 
mobilities. 

Values of r 0 were obtained for the mobilities W of the ions detected on each 
occasion, and a graph of W against r 0 was constructed, figure 5. Figure 5 shows 
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that, whilst the values of W are fairly evenly distributed, there are notable gaps in 
the distribution of r 0 . Various values of W are associated with a relatively few 
particular values of r 0 , which are denoted by horizontal lines. This is especially 
noticeable with the smaller values of r 0 ; as higher values of r 0 are reached, they 
fall so closely together that it is difficult to deduce any preferred values. For this 
reason twenty observations for which r Q > io -6 have been excluded from the 
diagram. There have been omitted also two observations which both gave 
W= 220 x io~ 4 and r 0 =2*9x io” 7 , and which were regarded as being insufficient 
to establish another preferred value for r 0 . Apart from the above-mentioned ex¬ 
ceptions, figure 5 contains all the satisfactory observations of W and r 0 . From 



Figure 4. Isothermal curves for a sulphuric acid ion for which *0=9*5 x io” 7 cm. showing 
the variation of mobility with humidity. 

figure 5 it may be seen that, as a whole, the ions investigated show no tendency to 
fall into groups on a mobility basis. On the other hand, the figures for r 0 show a 
definite tendency to be represented by relatively few values. 

In figure 6 the cubes of the preferred values of r 0 are plotted against the series 
of numbers g^— 1, 2, 3, ..., n. A straight line may be drawn through the points. 
Thus it would appear that the r 0 groups observed have arisen, directly or indirectly, 
from the agglomeration of primary particles with values of r 0 equal to 3-6 x io -7 cm., 
corresponding to about 2200 molecules of sulphuric acid. The value of g may be 
regarded as an aggregation factor, giving the number of primary particles going to 
make up the ion with which it is associated. This value will sometimes be used in 
the sequel to designate a particular kind of ion more or less irrespective of its 
mobility. There is perhaps some doubt as to whether the particle with r 0 equal tc 
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3*6 x io~ 7 cm. is actually the unit, or whether it might not be built up from two 
2*9x io~ 7 cm. particles; the latter is the size mentioned as having been excluded 
from the diagram, and (3*6/2*9) 3 = 1*92; but the remaining particles apparently 
differ by steps corresponding to the volume of the 3-6 x io~ 7 particle. There is 
available no exact numerical information as to the dynamics of the combination 



Figure 5. Curves showing the relation between ion-mobility and the radius of the droplet of pure 
sulphuric acid from which the ion may be considered as having been derived. 



Figure 6. Curve illustrating the growth of ions by agglomeration. 

of the particles, but certain approximate calculations show that such combination 
could occur at a rate sufficiently large to account for the measured ionic concen¬ 
trations. Thus, if it be assumed that positive and negative ions are present in equal 
concentration, then their rate of mutual combination will be proportional to the 
square of the ionic concentrations. The constant of proportionality k will be some¬ 
where between that for small ions, viz. 1*6 x io~ e (Thirkhill (lo) ), and the approxi¬ 
mate average value for large ions, viz. 17X icr 8 (Hogg* 3 *). If some such value as 
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ft = 2Xio“ 7 be assumed, and the time t taken for the ionic concentration to fall 
from an initial value N 0 to a value N be calculated from the usual equation 
£ = (i/iV— i/iV 0 )/&, then it is seen that with iV 0 = io 5 , 99 per cent of the original 
particles will have combined in less than i\ hr. 

In examining the individual observations, two points worthy of notice occur. 
First, the smallest values of r 0 observed on particular occasions often correspond 
to the existence of relatively complex aggregates, e.g. the smallest value of g 
observed on certain occasions may be as much as 6. Thus it would appear that, 
sometimes, presumably when dealing with well aged ions, the smaller nuclei have 
combined with each other to such an extent as to have become undetectable. Such 
a diminution in concentration is not unlikely from the considerations of the previous 
paragraph. Secondly, although it might be expected that, with a uniform source of 
ions, mobilities corresponding to the successive values of g would be detected, gaps 
in the series were often observed. This might be attributed to the variable nature of 
the ionization. Thus there may arrive at the place of observation air containing only 
the largest ions from a distant source, the smaller size having effectively disappeared 
by mutual combination. This air, in the course of its journey, may pass over a 
source of ions so near to the point of observation that these ions have not had time 
to combine to form many of the larger ions, and thus they would be observed as 
smaller ions only. Thus, the air at the point of observation may be in an apparently 
steady state of ionization and yet show gaps in the g series. It may be noted that 
inability to detect a group does not mean the complete absei^ce of ions in that 
group. The minimum detectable concentration for a group of ions varies con¬ 
siderably with the total ion content. For the present apparatus and working con¬ 
ditions, the figure may be placed at from 100 to 400 per cm? Another factor which 
might conceivably result in the failure to observe successive groups is that one 
series of observations does not necessarily give a complete instantaneous picture of 
the ion population. The determination of the observational curve for a whole series 
of groups may occupy 2 hr. or more, but the delineation of the critical portion 
corresponding to a single group is usually a matter of minutes. With mixtures of 
ions one group, especially if present in relatively small quantity, might, over a 
short interval, fall in concentration to an undetectable amount, without apparently 
influencing the results obtained at other parts of the curve. Such changes were 
sometimes observed, e.g. on 13 November 1937, an observation centred at 1030 
showed no detectable ions of mobility greater than 0*005, whilst about half an hour 
later, without any essential change of wind direction, an ion of mobility 0*0072 (not 
included in table 1) was suspected. 

The relations between the three factors which determine the mobility of the 
ions in the present investigation, viz. the agglomeration factor g , the atmospheric 
temperature T\ and the partial pressure of atmospheric water-vapour p W7 are shown 
m fipre 7. Each of the points in this figure was obtained from the experimental 
results, and the curves show the manner in which the mobilities of the ions of 

nrl I * l and 3 - Vary Witl1 when P laced in an atmosphere for which p w is constant. 

I he observations were not sufficiently numerous to admit of many points with 
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identical p w being obtained, so for constructing the curves a tolerance of ± 5 per 
cent in p w was given. Even with this allowance, it has not been possible to include 
more than a small fraction of the total observations in the diagram. From figure 7, 
the essential features governing the mobility of the ions may be seen. Thus, other 
things being equal, the mobility decreases with an increase of g, or of p w , or with a 
decrease of T. 



W( io -4 cm. sec^/v. cm T 1 ) 

Figure 7. Variation of mobility with temperature for constant g and water-vapour pressure p w . 
The figures adjoining the curves are values of p w in millimetres of mercury. 


Table 3. Average concentrations of the ions in the various size groups 


N a (cm?) 
Obs. 

1 

260 

7 

2 

320 

20 

3 

480 

14 

5 «i 

8 

5 

410 

11 

6 

780 

12 

7 

770 

4 

8 

320 

3 

g 

9 

10 

11 

12 

*3 

14 

IS 

>15 

N 0 (cm?) 

920 

900 

520 

470 

600 

570 

640 

1100 

Obs. 

3 

2 

4 

3 

I 

3 

7 

12 


(b) Concentration of the ion groups . If it be supposed that the g= 1 group of 
ions be introduced into the atmosphere at a constant rate, and that the ions of the 
largest group be removed at the same constant rate, then the concentrations of the 
intermediate groups may be expected to assume certain equilibrium concentrations. 
The exact formulation of the equilibrium condition leads to cumbersome ex¬ 
pressions. It can be seen, however, that the smaller ions, on account of their 
greater mobilities, would tend to have large coefficients of mutual combination. 
Thus, in a general fashion, it might be expected that in such a hypothetical case the 
concentration of ions will increase from group to group as g increases. The average 
figures of the concentration N g of the ions of the successive groups g— 1,... 15, 
as experimentally obtained, are shown in table 3. The figures have no great theo¬ 
retic^ significance, but there appears to be a tendency for N g to increase with g 
in accordance with the above considerations. 
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DISCUSSION 

Dr F. J. W. Whipple. I am glad that the Physical Society is publishing this 
account of one of the two investigations of fundamental importance which Mr 
Hogg carried out during the short period, of less than a year, which he spent at 
Kew Observatory. The report on the other investigation, which has resolved a 
baffling paradox and reconciled two methods of estimating the air-earth current, 
has already appeared* in Australia. 

The beautiful piece of apparatus used by Mr Hogg for the work described here 
was constructed in Canberra and brought over to England in the expectation that 
intermediate ions would be numerous in the neighbourhood of London. It appears 
that this is the first time that the ionization ‘spectrum’ has been investigated in 
this country. That it is so definitely a sharp line spectrum is a matter of great 
interest. 

In a recent paper f by H. L. Wright it is established that the great majority of the 
Aitken nuclei in urban air are so small that their presence does not affect the visi¬ 
bility of distant objects; the nuclei on which condensation occurs to such an extent 
as to produce cloud and fog are of sea-salt. These large nuclei shrink as relative 

* Hogg, A. R., Commonwealth Solar Obs. Mem. 7 , 1939. 
t Wright, H. L., Quart. J.R. Met. Soc. 65 , 411—439, I 939* 
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humidity decreases from 100 per cent to 75 per cent, but only slightly thereafter, 
so that variations of humidity below 70 do not affect visibility appreciably in fine 
weather. On the other hand, Hogg’s work on mobility indicates that the inter¬ 
mediate ions are sensitive to humidity at any rate down to 40 per cent. This is in 
accordance with the idea that the hygroscopic action is due to acid. It is reasonable 
that nuclei formed by the evaporation of droplets of sea spray should be larger than 
those formed by the combination of the atmospheric gases, oxygen and nitrogen, 
under the influence of heat. 

There has been evidence for a long while that sea-salt nuclei tend to occur in 
sizes which suggest that they are aggregates of units of standard weight. This has 
been maintained stoutly by Kohler, in spite of the difficulty of formulating any 
theory. Now Hogg is demonstrating that similar rules hold with the nuclei of 
intermediate ions. Atmospheric electricity revolutionized physics by the discovery 
of penetrating radiation. Is chemistry to be revolutionized by the discovery of 
quanta of molecular aggregation? 
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AN ACCURATE HARD-VALVE COUNTER 
CHRONOGRAPH 

By F. L. UFFELMANN, M.Sc. 

Received 6 May 1939 

ABSTRACT . A 10-unit scale-of-two circuit is used to count the number of periods of a 
loo-kc./sec. crystal-controlled oscillator in the required time interval. The result is given 
instantly, correct to one period of the oscillator; the maximum error is io“ 5 sec. 


I N a previous paper (l) is given an account of a chronograph, with a maximum 
error of 1/12,000 sec., based on a thyratron scale-of-two counting circuit. The 
counting speed of the thyratron circuit is restricted by the deionization time of 
the gas contained in the thyratron to about 20 kc./sec., and if higher counting 
speeds are required resort has to be had to hard-valve circuits. The present paper is 
a description of an improved counter chronograph, of maximum error io~ 5 sec., 
based on hard-valve scale-of-two counting circuits. 

Hard-valve scale-of-two circuits have been developed by Lewis (2) , Stevenson 
and Getting (3> , Lifschutz and Lawson (4 ’ 7) , Alfven (s) , and Reich (6) , the circuit 
developed by Alfven being identical with that of Lifschutz and Lawson. The 
circuits devised by these authors all involve the same principle, that of resistance 
cross-coupling between two valves. For such circuits there are two separate states 
of equilibrium in which one valve is conducting and the other non-conducting. A 
change from one state to the other is obtained by the application of a single impulse 
to the grid system. 

The circuit due to Stevenson and Getting, figure 1, is sensitive to positive 
impulses only, but makes use of four pentode valves per unit. The circuit due to 
Lifschutz and Lawson, figure 2, uses two triode valves A } B per unit, but is 
sensitive to both positive and negative impulses, and hence needs a third triode 
valve D to act as rectifier between units. The circuit due to Reich, figure 3, uses two 
pentode valves per unit and responds to negative impulses only. An impulse of 
less than half a volt is required to operate it. The circuit due to Lewis (not shown) 
is complicated by the use of inductances, and was not considered. 

Upon test the circuits due to Stevenson and Getting, Lifschutz and Lawson, 
and Reich were all found to respond to a frequency of 150 kc./sec. Circuits of the 
first two mentioned types have been incorporated in the counter chronograph 
described. 

The counting units . Figure 4 is a circuit diagram of the complete chronograph. 
The chosen input frequency of 100 kc./sec. is fed to the first counting unit U lt 
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This is scaled down by the ten units U ± to £/ 10 , in the ratio 1024 to 1, and is then 
fed to a high-speed Cenco counter CC. # The input frequency to the Cenco counter 
is 977 c./sec. which is well within its capabilities (200 c./sec.) (8) . 

The counting units £ 7 2 to U 1Q are of the Lifschutz and Lawson pattern, each 
using one 6N7 double triode in place of two separate triodes A, B y figure 2. The 
6C5 rectifier triode D , figure 2, is retained, as it was found to insure correct 
starting and stopping conditions for the succeeding unit. From unit U % to unit U 1Q 
the values of the capacities C 3 , C 4 , and C 5 are progressively increased in size. The 
values found by experiment to give good rectangular wave-forms throughout are 
given in the diagram, figure 4. 

Unit t/i is of the Stevenson and Getting type, two 6N7 double triodes taking 
the place of four pentodes. A unit of the Lifschutz and Lawson type would be 
unsatisfactory in this position, since it would be difficult to arrange for the input 
from the ioo-kc./sec. oscillator to be admitted or blocked off by an operating unit 
such as U 0 . 

The operating unit . The operating unit U Q is of the Lifschutz and Lawson 
pattern. The potential of the grids of the double triode Y of the unit £/ x is con¬ 
trolled from a tapping of the bias resistance of the G x grid of U 0 . Initially current is 
flowing in the P 2 plate circuit of £/ 0 , no current is flowing in the P x circuit, G 1 is 
at a negative potential, and the grids of Y are held at a potential sufficiently negative 
to prevent U t from being operated by the oscillator input. A positive impulse 
applied to the grid of U 0 cuts off the current in the P 2 plate circuit and transfers 
it to the P 1 plate circuit. At the same time the potential of the grid G 1 is made 
suddenly positive, and the potential of the grids of Y is made positive enough for 
the unit £4 to be operated by the oscillator input. A positive impulse now applied 
to the G 2 grid of U 0 restores the initial state, and £4 is again unaffected by the 
oscillator input. The extreme rapidity of the change-over of plate currents in this 
type of unit insures that the bias change to the grids of Y is of rectangular wave¬ 
form. The potential of the grids of Y is always sufficiently negative to prevent the 
flow of plate currents in Y when the oscillator is disconnected. If this were not so 
the starting and stopping impulses would be counted in addition to the oscillator 
impulses. 

The control-impulse system . This is the same as that employed in the thyratron 
counter chronographThe starting impulse is generated upon contact at K x 
or “screen 1”, when the condenser C is discharged through the resistance 2 ?, and 
is transmitted to G ± by the condenser C 2 . Similarly the stopping impulse is 
generated upon contact at K 2 , or “screen 2”. The impulse condensers C are 
charged at +83 v. by means of the multiple-setting switch SS. If it is required 
to compensate for any leakage the condensers C may be left charged through two 
one-megohm resistances J? 7 by means of the double pole switch S. 

The high-tension supply. The high-tension supply of 500 v. is taken from the 
valve rectifier F 4 . The double triode X has been introduced to balance out a drop 
of 40 v. which would otherwise occur when the circuit commences counting. The 
* Manufactured by the Central Scientific Co. of Chicago. 




Figure 4, 10-stage counter chronograph. 
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grids of X are connected by a resistance to the G 2 grid of U Q . The bias provided 
by G 2 when the circuit is counting prevents the flow of plate current in X. When 
the circuit is not counting, however, the now positive bias of G 2 insures that X is 
carrying its full saturation current, and adjustment of the anode resistance i? 6 tc 
6500 ohms was found to maintain the high-tension constant at 500 v. 

The bias supply. The grid bias is taken from the valve rectifier V 3 . A commor 
bias GB 2 of —100 v, for the units U 0 to U 10 is taken from the potentiometer i? 8 . 
A common bias GB 4 of —40 v. for the inter-unit rectifier valves is taken from a 
separate potentiometer R s i? 9 , while a separate adjustment of bias GB 1 is provided 
for the triode operating the Cenco counter CC. 

The units E 7 0 to U m are set successively by the application of a negative bias oi 
about -40 v. to one grid of each unit. This is done with the multiple setting switch 
SS . 

The oscillator. The 100 kc./sec. oscillator is controlled by a quartz crystal. Foi 
the measurement of short time-intervals (up to o*i sec.), for which the apparatus 
finds its chief use, the {frequency, temperature} correction of 5 parts per million 
per 8° F. is always negligible. The oscillator input to the apparatus is not critical, 
and correct operation is obtained with from 10 to 30 v. r.m.s. 

Power. The apparatus operates entirely from an a.-c. supply, and needs no 
subsidiary batteries. It consumes 300 w. without the oscillator, which consumes 
25 w. The chronograph is not sensitive to the power input potential, which may 
vary by 10 per cent from the mean value without affecting the correct operation ol 
the counter circuits. The oscillator output potential, however, is sensitive tc 
variation in the power potential, and care has to be taken to keep it within the 
stated range. Trouble is thus avoided by the use of a voltage regulator to control 
the complete power supply. 

The method of reading. A neon-lamp indicator is connected to each unit. The 
ten lamps corresponding to the counting units U 1 to U 1Q are mounted together on 
the front of the instrument, and show through windows numbered in transparencies 
in two groups of five, 1-5, 1-5 respectively. Each of these lamps has a definite 
counting significance 1, 2, 4,... 256, 512 respectively, and the Cenco counter has 
a significance of 1024 P er division. The method of use is to operate the multiple 
setting switch SS, after which all neon lamps except that connected to the unit t/ c 
will be extinguished. Successive contacts are now made at screen 1 and screen 2. 
The time interval between the two contacts is represented by the combination of 
the lighted neon lamps and the difference in reading of the Cenco counter. Refer¬ 
ence to a suitably constructed table gives the time interval directly. 

Test of apparatus. The correct working of the apparatus has been checked by 
means of a triple-element cathode-ray oscillograph with a high-speed rotating- 
drum camera. Records of successive units taken two at a time from the units 
to £/ 10 , together with the starting and stopping impulses, supplied by the operation 
of a telephone selector switch, showed that all units were operating correctly with 
good rectangular wave form. The number of periods counted from records of U x 
always agreed with that indicated by the neon lamps and the Cenco counter. 
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Records of Ux and the control impulses also showed that the maximum error of the 
apparatus is one period of the oscillator, i.e. io~ 6 sec. 

Higher input frequencies may be used if greater accuracy is required. Tests 
have been made at 150 kc./sec., when the Cenco counter responds correctly at 
146-5 c./sec. 

Use of the apparatus. The apparatus has been designed primarily for the rapid 
and accurate measurement of time intervals up to o-i sec., but is equally suitable 
for longer time intervals. If preferred, photoelectric operation can be used instead 
of operation by contact. The impulse condensers C are then discharged by thyratrons 
of the 885 type. 
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AN ACHROMATIC OBJECTIVE FOR USE IN 
ULTRAVIOLET MICROSCOPY 


By B. K. JOHNSON 

Imperial College of Science and Technology 
Received 19 June 1939 

ABSTRACT. The design of a low-power achromatic microscope objective for use in 
the ultraviolet region is described. By employing lithium fluoride combined with fused 
quartz, achromatism of the lens system is obtained for a considerable range of the visible 
and ultraviolet spectrum. This greatly facilitates the technique of ultraviolet microscopy, 
for it is only necessary to focus the object in visible light and the ultraviolet will be simul¬ 
taneously in focus. The use of certain ultraviolet filters with a modern high-pressure 
mercury-vapour lamp is also discussed. 


§1. INTRODUCTION 

In a letter to Nature Cs) the writer has mentioned the design of a microscope 
objective composed of lithium fluoride (l) and fused quartz, which was to be 
achromatic over a considerable range of the visible and ultra-violet spectrum. This 
objective has now been made by Messrs W. Watson and Sons, Ltd. in accordance 
with the design and has been tested. The results form the subject of this paper. 

§2. THE DESIGN 

The primary consideration in the design was an attempt to produce a lens 
system which could be used for focusing the object in visible light, such as that 
corresponding to the mercury line 5461 A., and which would have precisely the 
same focus for one or more ultraviolet wave-lengths. Thus the necessity of finding 
the ultraviolet photographic focus (hitherto an inherent difficulty with mono- 
chromats) would be entirely eliminated and the technique of ultraviolet microscopy 
greatly simplified. In such an attempt it was considered advisable to confine the 
design to a low-power objective, and therefore nothing more ambitious than a 
nominal 25-mm. focal length with numerical aperture 0-20 was decided on. The 
optical design was carried out by the usual Conrady methods, namely a solution 
by algebraic approximations for the chromatic aberration, spherical aberration, and 
coma as given by various bendings of the lens system, followed by strict trigono¬ 
metrical ray-tracing. As the optical constants of lithium fluoride may not be 
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familiar to some readers, they are set out, together with those of fused quartz, in 
the following table: 


Wave-length (a.) 

N4048— I 


5461 

4048 

2749 

2313 

N274& “ N 646 ! 

Lithium fluoride 

i *3929 

1-3983 

1-4128 

1-4244 

20*0 

Fused quartz 

1-4602 

1-4697 

1*4961 

1*5194 

13*1 


It was decided to achromatize the lens system for wave-lengths 5461 and 2749 A. 
and to correct the spherical aberration for the latter wave-length. The calculations 
by the analytical method give the following values for spherical aberration and coma 
for various shapes of the lens system: 


Curvature of contact surface. i/r z 

— o-io 

-0-15 

— 0*20 

-0-25 

-0-30 

Spherical aberration 

+ 0-330 

+ 0*015 

-o-i 55 

1 

0 

w 

00 

M 

— 0-062 

Coma 

+ 0-0048 

+ 0-0031 

+ 0-0014 

— 0-0003 

-0-0021 


If the parabola for spherical aberration is plotted simultaneously with the coma 
curve, two solutions will be found for zero spherical aberration, but they have a 
coma value outside the permissible tolerance. By allowing full tolerance to the 
spherical aberration, however, the coma can be reduced to a value nearly within 
the tolerance (namely ±0-0025). The most suitable solution chosen from these 
graphs is used as a basis for the trigonometrical tests. The ray-tracing procedure 
was that usually adopted for microscope objectives, namely that of tracing from the 
long conjugate distance to the short conjugate distance. The optical tube-length is 
160 mm. and the primary magnification 6-4. 

The final solution gives a lens system of the following specification: 

?i=7*937 mm., r 2 = r 2 = 6-372 mm., r 4 = i887 mm., 

where r x is the radius nearest the image, r 2 and r 3 are the contact radius, and r 4 is 
the radius nearest the object. Radii r x and r 2 refer to the lithium fluoride lens and 
r 3 and r 4 to the lens of fused quartz. Their respective axial thicknesses are 4*0 and 
2-o mm. A thin film of glycerine may be used between the contact surfaces. As r 4 
is such a long radius, a plane surface may be substituted for the sphere without 
appreciable effect on the aberrations; this also simplifies the optical manufacture. 
There is no particular difficulty in producing optically worked surfaces in lithium 
fluoride, but it may be of interest to record that magnesium oxide acts rather better 
than rouge as a polishing medium. 

Ray-tracing tests of the chromatic aberration gave a residual value of - 0*008 mm. 
for 5461 and 2749 a. The tolerance ± XjN 1 sin 2 lP- m is ±0*0194 mm. Other wave¬ 
lengths were tested trigonometrically, namely 4861, 4°4^ 3^5 1 A *> ^ was 

found that the residuals were all within their respective tolerances. Figure 1 shows 
these values plotted; it illustrates the exceptionally small secondary spectrum 
obtainable when lithium fluoride is used together with fused quartz, and the 
consequent suitability of a combination of these two materials in an achromatic lens. 

66-2 
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It will be seen from the foregoing that as regards colour-correction, this lens is 
in effect apochromatic, although according to Abbe’s original definition of the 
term {6) such a lens must be spherically corrected for two wave-lengths in addition 
to being chromatically corrected for three wave-lengths. Nevertheless, whilst this 
lens is spherically corrected for one wave-length only, it is chromatically corrected 
over a greater range of wave-lengths than previously known apochromatic lenses. 
This is due primarily to the small dispersion values of the newly introduced lithium 
fluoride and of fused quartz. 



Figure i. Chromatic aberration curve for lithium fluoride, fused quartz, objective 

The practical importance of the results shown in figure i is considerable, for it 
means firstly that no focusing adjustment of the microscope is necessary when the 
change from visual illumination to ultraviolet illumination is made, and secondly 
that a substantial range of ultraviolet wave-lengths may be employed without 
seriously affecting the definition of the image. The latter fact enables a much greater 
intensity of illumination than was hitherto practicable to be used with the ultraviolet 
microscope, with a consequent reduction in exposure of the photographic plate. 
In fact it has now been found possible to see the ultraviolet image on a fluorescent 
screen placed in the plane of the plate, whereas previously the low luminosities 
entirely precluded this. 

§3. TESTS 

The preliminary tests consisted in (1) the determination of the correct tube- 
length, an artificial star in the form of a silver-film slide being used as object, and 
(2) a numerical test of the resolving power. The latter, as measured by a method 
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5461 A. 4358 A. 3650 A. 2749 A. 3313 A. 
Figure 2. Magnification, 62 diameters. 




Figure 3. Magnification, 62 diameters; 
A = 2749 A. only 


-r vo 
vO •— 
-a- 


co co 

vn ’'T 
cn O 


— vO 

-T CM 

cn — 


vO 

o 

CM 


O 

00 

CM 


S 8 


Mercury lamp 
alone 

Wood’s glass 

Silver on quartz 

Potassium chlo¬ 
ride crystal 

Carbon disul¬ 
phide 

Cellophane 


ill ft 1 

i mi i!in i 1 !i 


1 1 


w 

t i 1 

1 1 

TO 

1 

i 

! ! ! : 

W 


trr 

w 

: ▼I |“|f! 

I II! 1 

w 


Figure 5 







An achromatic objective for use in ultraviolet microscopy 1037 

already described^, had a value of i-i 2 /x. The theoretical resolving-power of this 
lens system for 2749 A * and the necessary magnification for photomicro¬ 

graphic work is x 61. 

The test for chromatic aberration was then made. For this purpose, the objective 
was focused on a thin* flat object, actually a silver film on a quartz slide, and 
monochromatic green light of wave-length 5461 a. was used. By means of a 
quartz monochromator placed in front of the microscope, light of wave-lengths 
4358, 3650 and 2749 A. was brought in turn on to the substage condenser; and 
without the fine adjustment being touched in any way, photographs were taken. 
The first four pictures (from left to right) in figure 2 show the result, and the 
sharpness of the image in each case indicates that the focus has not changed 
appreciably. As a matter of interest, wave-length 2313 a. was also used, still without 
alteration of the fine adjustment, and a photograph (the last picture on right of 
figure 2) was taken; this is definitely out of focus, as is to be expected from the 
curve in figure 1. If, however, a slight focusing adjustment was made, the definition 
given by the lens at 2313 a. was still quite satisfactory. For those who are more 
familiar with definition tests in which natural objects are used, a frequently used 
test object for low-power objectives (namely the proboscis of the blow fly mounted 
on a quartz slide) has been photographed, figure 3, with the lens at 2749 A. Some 
idea of the definition achieved can be obtained from this, although the less interesting 
silver-film object is really a better test object. 

As has already been mentioned, the almost apochromatic nature of this lens 
system lends itself to the use of a considerable spectral range for illumination 
purposes, and consequently we may combine the ultraviolet spectrum between 4000 
and 2500 A., by methods which will be indicated later, and we thus obtain a resultant 
increase in luminosity of the image. This fact is of particular interest at the lower 
end of the ultraviolet spectrum (i.e. the region 2000 a.) where intensities are generally 
much lower; for one can combine a group of lines (e.g. the cadmium group 2313, 
2265, 2195, 2144; the zinc group 2138, 2100, 2062, 2026; or the aluminium group 
2094, 1990, 1863, 1855) and still maintain good definition whilst having available 
a much greater intensity of illumination than has hitherto been attainable with other 
lens systems in the ultraviolet region. 

§4. ILLUMINATION SYSTEMS 

Two methods may be employed for combining the whole or individual parts of 
the ultraviolet spectrum for use in the microscope. The first is the use of a mono¬ 
chromator arranged as in figure 4, in which a slightly dispersed ultraviolet spectrum 
is formed at S; a quartz lens L 2 then projects a reduced image of on to the 
substage condenser. By the placing of narrow opaque strips in the spectrum at £, 
or by movement of the monochromator, any desired part of the spectrum may be 
removed, while the remaining part will be transmitted and be finally combined by 
the lens L 2 in the microscope. 

• That is, thin compared with the depth of focus of the objective. 
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Alternatively, an ultraviolet source of light of high intrinsic brightness may be 
used together with suitable ultraviolet filters, which are now available. A convenient 
source is one of the modem high-pressure mercury-vapour lamps.* The use of 
filters with an ultraviolet lamp is only possible because the lens is chromatically 
corrected for a considerable range of wave-lengths, and because of a recent process 
devised by R. W. Pohl^ 3, which enables such ultraviolet filters to be made. By 
raising certain crystals to a suitable temperature and then subjecting them to 
electronic bombardment, it is possible to produce selective absorption in certain 
parts of the spectrum. R. W. S. Garton, of the Imperial College of Science and 
Technology, has reproduced some of Pohl’s methods, and I am indebted to him 
for providing me with a potassium-chloride crystal which has been treated 
accordingly. 



Figure 4 

In this connexion the transmission characteristics of certain filters available for 
ultraviolet work may be of interest. Figure 5 shows a number of these. 



Thickness (mm.) 

Transmission (a.) 

{a) Wood’s glass 

(b) Silver on quartz 

(c) Treated KC 1 crystal 

(d) Carbon disulphide in quartz cell 

(e) White cellophane 

11 

Densely silvered 

3 

o -5 

0-32 

4000 to 3100 

4400 to 2950 

4000 to 2300 

7000 to 3600 and 
2900 to 2650 

7000 to 2550 


Photomicrographs have been taken by using the high-pressure mercury lamp 
directly, together with a combination of the various filters set out above and with 
the lens described above, but space does not allow of the reproduction of all of these. 
It was felt, however, that the photograph taken when filters (c) and (e) were used 
together would be of interest, for it represents the normal procedure with this lens, 
namely that of focusing with a glass filter which transmits visual green light and 
then replacing this by a combination of ultraviolet filters (c) and (e). Figure 6 
illustrates the definition obtained when a range of the ultraviolet spectrum, in this 
case from 4000 to 2550 a., is used. 

Obviously by employing filters (c) and (d) a more limited transmission, between 
2900 and 2650, may be obtained if desired. It is hoped that other treated crystals 
may shortly lead to the production of further limited transmissions in the region 
from 2200 to 1850 a. 

* The one employed by the writer was supplied by the General Electric Co. Ltd. and operates 
at 230 volts a.c. with a suitable choke. The external glass envelope was specially removed for the 
purpose in view. 
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§5. CONCLUSIONS 

The claim that the lens system fulfils the purpose for which it was designed has 
been fully justified in practice, and it would appear that the technique of ultraviolet 
microscopy must be simplified by means of the system. It is, of course, desirable 
at this stage that high-power lenses of this type should be designed and made. It 
might be advisable, in future, to achromatize the lens system for the blue end of the 
visible spectrum, instead of for green light, and for some ultraviolet wave-length 
shorter than 2749 A., such as 2400 a. for instance, with the result that the lens might 
be achromatic throughout the entire range from 4000 to 2000 a. 

It will be realized, of course, that both the photomicrographs and the spectro¬ 
grams lose definition and contrast during the course of reproduction, but the 
negatives are always available for those who wish to see them. 
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OBITUARY NOTICES 

PROFESSOR FREDERICK JOHN CHESHIRE, C.B.E., A.R.C.S. 

F. J. Cheshire was born at Leeds on 8 June i860. He came to London after 
leaving school with a National Scholarship at the Royal College of Science, and 
obtained the diploma. He also attended classes at the Birkbeck Institute (now 
Birkbeck College). He was for a short time in the works of Greenwood and Batley of 
Leeds. In 1880 he entered the Customs and Excise, but in 1885 he joined the Staff 
of the Patent Office, which two years earlier had undertaken the skilled examination 
of patents instead of their mere registration. As an Assistant Examiner he was con¬ 
cerned with scientific instruments. In 1915 he realized the importance of the supply 
of scientific instruments in the conduct of the war, and he called on Sir Eric Geddes 
to impress this importance upon him, with the result that Sir Eric obtained his 
transfer to the Ministry of Munitions. There he was made Deputy-Director General 
of the Optical Department. In 1917 he was appointed Director of the Optical 
Engineering Department of the Imperial College, South Kensington, where he 
remained till his retirement in 1925. He was awarded the C.B.E. in 1918. He was 
a great admirer of Abbe and of the Carl Zeiss organization which he visited more 
than once; he contributed three notes on Abbe letters to the Royal Microscopical 
Society. His contact with Zeiss and especially with Prof, von Rohr had convinced 
him of the importance of optical computation, and was no doubt the cause of the 
appointment of Prof. Conradi to the staff of the college to develop that side of the 
teaching—an appointment of great value to the development of the department. He 
was President of the Optical Society from 1916 to 1920 and of the Royal Micro¬ 
scopical Society in 1922 and 1923. His presidential addresses to the latter were 
upon “The early history of the polariscope and of the polarizing microscope” and 
upon “The design of the petrological microscope”. 

I first met Cheshire when he was an Examiner in the Patent Office and was 
sharing with F. Boughton the teaching of physics at the Birkbeck Institute, Cheshire 
lecturing on Friday evenings for 2 hours to the elementary students while Boughton 
took the advanced classes on Monday and Wednesday evenings. In those days the 
old Science and Art Department paid on the results of the examinations; £1 for an 
elementary pass, £1. 10s. for an advanced pass and £2 for an honours pass. The 
classes were farmed out to the teachers who took the money gained by the passes 
of their students. After about 1897 the Birkbeck Institute paid a fixed salary to the 
teachers. These lectures were attended by students, both men and women, working 
for degrees, and for other examinations such as those of the Patent Office. Cheshire 
began helping Boughton in 1893 and continued to take the elementary physics up 
to 1911. The lectures were very fully illustrated by experiments, and Cheshire was 
fertile in ideas for new experiments, especially in sound and light, in which he was 
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always most keenly interested. About 1898 or 1899 he was asked by the London 
County Council to give a short course of about six lectures to men in the Piano 
industry. These were given in the Camden School of Art. Some 80 men attended, 
and after he had made it clear that he did not pretend to know anything of the making 
of a piano, but only of the principles involved, they became very keen. The lectures 
were repeated a second year. The lectures were largely experimental, and illustrated 
by many original experiments carried out with simple apparatus which Cheshire 
devised and made himself. When he took up any subject such as this, Cheshire 
became full of enthusiasm; he thought and talked of it at every opportunity, and 
spared no trouble to make it a success. I remember his giving a lecture on “ The 
spheroidal state’* at a Conversazione at the Birkbeck Institute, and among the 
experiments both he and his son, then a small boy, ladled molten lead out of a 
plumber’s pot with their naked hands on to the floor; incidentally, he spoilt a new 
pair of trousers by the splashing of the lead on to its legs. Another subject which 
he took up in the same whole-hearted way was that of polarized light. He made and 
bought a lot of special apparatus for it and did many beautiful experiments in his 
lectures. At a later date at the Imperial College he revived this and lectured on it to 
the minerological students. In his later years he turned his enthusiasm to golf, and 
designed a well-known club that could be specified according to the angle of its 
face. 

In 1886 he married Mary, daughter of Mr George Richardson of Huddersfield. 
They had the son Ralph above referred to, and one daughter. They lived at Carson 
Road, Dulwich, for most of their married life, but about a year ago moved to be near 
their daughter, now married and living at Reading. 

Prof. Cheshire made a number of contributions to the Optical Society and also 
to the Optician , and he wrote a pamphlet upon the optical identification of crystals 
for his students at the Imperial College, but his chief contribution was rather as a 
leader and organizer than as a scientist. His wonderful energy and enthusiasm for 
everything he undertook infected his colleagues and helped in the progress that 
resulted, and it laid the sound foundation of the necessarily small but none the less 
important department which is now in charge of Dr L. C. Martin. 

R. s. c. 


MR J. EDGAR CRACKSTON, M.SC. 

His many friends will have heard with deep regret of the death of Mr J. Edgar 
Crackston, lecturer in physics at Cardiff University College since 1923. He had 
nearly completed a year’s residence in America as an exchange lecturer when he 
was overtaken by serious illness and returned home. He died at Penarth on 
August 17, 1939, at the age of 45. 

Mr Crackston entered Liverpool University in October 1914. Eighteen months 
later he left to join the army, and saw active service in France. Returning to 
Liverpool he completed his degree course with first class honours in physics, and 
was awarded an Oliver Lodge Fellowship. For his researches at Liverpool under 
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Prof. Wilberforce (1920-21) and at Cambridge under Prof. Sir J. J. Thomson 
(1921-3) he obtained the M.Sc. degree of both these universities. 

Those who knew him intimately will long remember him for the nobility of his 
character. He set himself a high standard, both in his private life and in his pro¬ 
fession, and never failed to live up to it. He is survived by a widow. R . t. d. 


SIR FRANK DYSON, K.B.E., F.R.S. 

Astronomy has suffered a great loss by the death of Sir Frank Dyson, ninth 
Astronomer Royal, which occurred on 25 May 1939 whilst he was on a voyage from 
Australia to South Africa. Although primarily devoted to astronomy, he was 
necessarily interested in the numerous applications of physics in modem astronomy, 
and was not only a Fellow of the Physical Society and of the Institute of Physics, but 
served as President of the Institute during the period 1927-9. 

Frank Watson Dyson was the son of the Rev. Watson Dyson, a Baptist minister, 
and was bom at Ashby on 8 January 1868. He was educated at Bradford Grammar 
School and Trinity College, Cambridge, and was second wrangler in the Mathe¬ 
matical tripos in 1889. His subsequent election to one of the Isaac Newton student¬ 
ships founded by Dr Frank McClean gave him every facility for entering into 
astronomy as a career. 

In 1894 Dyson was appointed Chief Assistant at the Royal Observatory, Green¬ 
wich, when Turner had left to become Savilian Professor at Oxford. In 1905 he 
succeeded Copeland as Astronomer Royal for Scotland, and five years later returned 
to Greenwich as Astronomer Royal on the retirement of Sir William Christie. He 
retained this high office until his retirement under the age limit in 1933. 

During his first period at the Royal Observatory, Dyson was closely associated 
with the work on the Greenwich zone of the International Astrographic Chart, and 
with the successful determination of the solar parallax from photographic observa¬ 
tions of the planet Eros at the opposition of 1900-1. What is generally regarded as 
his most important contribution during this period, however, was a new reduction, 
made in collaboration with Mr Thackeray, of the Groombridge Catalogue of 
Circumpolar Stars, and the consequent determination of the proper motions of 
4250 stars; this provided most valuable data for the discussion of stellar movements. 

Whilst at Edinburgh he took up, among other investigations, the question of 
star streaming, and showed that Kapteyn’s results were confirmed, especially by 
stars having large proper motions. 

On Dyson’s return to Greenwich in 1910, remarkable progress was made with 
the astrographic catalogue, and a programme of determinations of the parallaxes of 
stars situated in the Greenwich zone was initiated. It has been said that there is 
probably now no part of the heavens for which our knowledge of the positions, 
proper motions and distances of the stars is so complete as that of this zone, 
extending from +64° to the Pole. Under Dyson’s direction, advantage was taken 
of improvements in instruments and methods of observation, and the work on 
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meridian observations, variation of latitude, double stars, sun spots, terrestrial 
magnetism, stellar photometry and the time service fully upheld the high reputation 
of Greenwich among the observatories of the world. The familiar device of six 
pips adopted for the broadcast time signals was originated by Dyson. 

Whilst Dyson’s energies were mainly devoted to positional astronomy, he made 
substantial contributions to astrophysics by his spectrographic observations during 
total eclipses of the sun, beginning with that in Portugal in 1900. He earned the 
reputation of being capable of controlling the weather on such occasions, having 
made successful observations on each of his five expeditions. His early discussions 
of the flash spectra which he photographed were notable for his confirmation of 
Lockyer and Fowler’s conclusions as to the importance in this connexion of what 
are now recognized as lines of ionized atoms, which had met with considerable 
opposition from several eminent astronomers. A contribution of permanent value 
to the practical and theoretical aspects of eclipse observations is afforded by Dyson 
and Woolley’s book on Eclipses of the Sun and Moon , published in 1937. 

It was Dyson who first pointed out that the total eclipse of May 1919 would 
afford a particularly favourable distribution of stars in the neighbourhood of the sun 
for putting to the test Einstein’s prediction of the deflection of light by the sun’s 
gravitational field. In spite of many difficulties due to the war, he persisted in the 
organization of expeditions to Brazil and Africa, on the chance that it might become 
possible for them to set out when the time arrived. The expeditions were fortunately 
able to proceed and although Dyson himself was unable to accompany either of 
them, his foresight was amply rewarded by the historic verification of Einstein’s 
prediction. 

Dyson took a full share in the general promotion of astronomy at home and 
abroad. He was deeply interested in the organization and welfare of the Inter¬ 
national Astronomical Union, of which he was President in the years 1928 to 1932; 
and in the affairs of the Royal Astronomical Society, in which he was successively 
Secretary, President and Treasurer. Among other outside activities, he took an 
important part in the establishment of the University of London Observatory at 
Mill Hill; he was chairman of the Board of Management, and the acceptance of the 
fine Oxford 24-in. refractor as a gift from the Radcliffe Trustees was largely due to 
his influential support. 

Dyson was knighted in 1915 and created K.B.E. in 1926. Honorary degrees were 
conferred upon him by the Universities of Cambridge, Oxford, Edinburgh, Leeds, 
Perth, Melbourne, Durham and Toronto. He was elected a Fellow of the Royal 
Society in 1901, and was awarded a Royal Medal by that body in 1921. He received 
the Bruce Gold Medal of the Astronomical Society of the Pacific in 1922 and the 
Gold Medal of the Royal Astronomical Society in 1925. In 1928 he was the first 
recipient of the Gold Medal of the British Horological Institute. He was a Foreign 
Member of the Reale Accademia Lincei and of the American Academy of Arts and 
Science; and a Corresponding Member of the Academy of Sciences, Paris, the 
Bureau des Longitudes, Academy of Sciences, Russia, Royal Academy of Sciences, 
Belgium, and the Spectroscopic Society of Italy. 
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Dyson married Caroline, daughter of Palemon Best, M.D.; she died in 
3:937, leaving two sons and six daughters. He was one of the most amiable and 
unselfish of men, and will long be held in affectionate remembrance by all who 
served under him or had the privilege of his friendship. 

A. FOWLER 


MR R. KANTHACK 

Ralph Kanthack, who died on 12 November 1938, was elected a Fellow of 
the Optical Society in 1924. Bom in 1861, the son of the British Consul of 
Para, Brazil, he was educated at Hamburg and Lxineberg, and thus acquired that 
deep and colloquial knowledge of German which he later used to such advantage in 
his translation of technical works on his chosen study, optics, both from and into 
German. He had been associated with Zeiss and with Adam Hilger, for the latter of 
whom he prepared the valuable table of refractive indices. His other publications 
included a translation of Heath’s Geometrical Optics , and a Government publication 
on The Theory of Optical Instruments . He leaves a widow. 


LOUIS LOWNDS 

Louis Lownds was bom 24 August 1876 at Repton, Derbyshire. At the ex¬ 
ceptionally early age of 17 he began work as a science teacher in St Andrew’s 
School, Derby, and two years later was appointed an evening lecturer in the 
Municipal Technical College of that city. In June 1897 he gained the Heymann 
Scholarship at University College, Nottingham, where he assisted Dr E. H. Barton 
in his researches on the transmission of electric waves along wires. Meanwhile he 
worked for the B.Sc. degree of the University of London, which he took with 
honours in experimental physics in 1898. In the following year he continued his 
work with Dr Barton, and also carried on research with Dr S. W. Richardson, on 
the magnetic properties of alloys of cast iron and aluminium. These years of research 
impressed the authorities at University College, and in 1899 when it became their 
privilege to recommend an 1851 Exhibition Scholar, Lownds was selected for that 
honour. He elected to hold the scholarship at the Royal University of Berlin, where 
he worked for three years under Prof. E. Warburg. The subject of study assigned 
to him was the experimental examination of the thermomagnetic and thermoelectric 
properties of a single bismuth crystal, which was supplied most kindly by Prof. 
Groth, the distinguished mineralogist of Munich. It is interesting to reflect that 
this study of the properties of a single crystal in contradistinction to those of an 
aggregate of crystals has become in recent years a matter of fresh importance in 
connexion with strength and structure of materials. 

On returning to England in 1902 he was appointed demonstrator of physics at 
the Chelsea Polytechnic, in the department of mathematics and physics under 
Dr W. H. Eccles. Six years later the department was separated, and Dr Eccles took 
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charge of mathematics, leaving physics to Dr Lownds. At the same time the 
laboratory was moved to the new north wing, where an instrument shop with a 
mechanic were added. Dr Lownds now had full charge with his assistants of all the 
classes in experimental work, and he devoted all his energy to teaching students, 
from beginners up to candidates for B.Sc. honours. In 1914, when the world war 
broke out, Dr Lownds gave much time to work for the War Office, and after the 
peace of 1918 he welcomed the large increase in students which arose through the 
demand for training. 

Dr Lownds took a prominent part in the Physics Board of the University of 
London and he acted as examiner in all branches of his subject for many years. He 
was the author of A First Book of Physics , published by Macmillan and Co. He 
joined the Physical Society in 1903, and was a Founder Fellow of the Institute of 
Physics formed in 1920. 

Late in 1937 his health broke down, and in January 1938 he was given sick leave. 
Unfortunately there was no improvement, and he retired at the end of the session. 
He did not live long, and in September 1938 he died at the age of 62. 

Dr Lownds will be remembered by a host of students, both day and evening, for 
his extremely clear teaching. He took pains to illustrate it with lecture demonstra¬ 
tions wherever possible, and for this purpose he designed and constructed a very 
full set of apparatus. He helped many advanced students to commence research, 
for which his laboratory became well known, and many such students owe a deep 
debt of gratitude to him. 

s. s. 

ALFRED WILLIAM PORTER, D.Sc., F.R.S. 

Fellow of University College, London 

Alfred William Porter was bom on 12 November 1863. After attending 
school he went into an architect’s office; this accounts for the neatness and beauty of 
his diagrams, in which he took justifiable pride. It was thus somewhat later than is 
usual that he took up a scientific career, first studying at Liverpool under Oliver 
Lodge. In 1889 he came as a student to University College, London, and took his 
degree of B.Sc. in the University of London. In 1891 he received an appointment 
on the Physics Staff at University College, and he became Assistant Professor in 
1896. In the latter year he was elected a Fellow of University College and in 1911 a 
Fellow of the Royal Society. In 1912 the University made him a Reader in Thermo¬ 
dynamics, and in 1924 he became Professor in the Department. In 1928, having 
reached the age of 65, he retired with the title of Professor Emeritus. He now gave 
a considerable time to the editorship of the Philosophical Magazine. Latterly the 
decline in health of both mind and body was painfully apparent to those who met 
him often. A fall he had a couple of years ago accelerated, but did not start, this 
failure of health. He had no relations in London, and lately moved to West Kirby 
to be near his own people. He died there shortly after his move on 11 January 1939. 

The above bare record only touches the fringe of Porter’s activities. In the 
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College itself he took an active part in the foundation of the Union and Critical 
Societies. In the University he was for many years Hon. Secretary of the Board of 
Studies in Physics. He was a Founder Fellow of the Institute of Physics and its 
first Hon. Secretary from 1919 to 1926, President of the Rontgen Society in 1913-14, 
and President of the Faraday Society from 1920 to 1922) of which he was a Founder 
Member. He was Recorder of Section A of the British Association in 1906-12, 
and President of that Section at the Glasgow Meeting of 1928. He accompanied 
the British Association to Australia, and on that occasion he was made a D.Sc. 
of Melbourne University, honoris causa . 

Porter was too much occupied in his academic and other duties to undertake 
much experimental work himself, but he would on occasion indulge in it. Thus, 
when Rontgen first published his discovery of x-rays, he tried all the vacuum bulbs 
in the Department. One of these, with an anticathode, gave sharp images, much in 
advance of anything shown till that time. This was exhibited at a public lecture and 
thus became widely known. Again, his theoretical deductions pointed to the fact 
that a thin layer of a moderate non-conductor of heat might actually lead to the 
cooling of the heated body. This was strikingly illustrated in a uniform platinum 
wire heated to some 8oo° c. and covered along its length with different thicknesses 
of glass. But his chief work was undoubtedly on the theoretical side. This is not the 
place to enumerate his many papers in dictionaries and periodicals; reference will 
be made only to the books with which his name is connected. In 1903 was published, 
under the names of Foster and Porter, the second edition of a treatise on electricity 
founded on Joubert’s work. This contains much original matter from Porter. In 
1905 he published a book on intermediate mechanics, in which the idea of inertia is 
stressed, rather than that of force. The fifth edition of Preston’s Light (1928) was 
edited by him, while in 1931 Messrs Methuen issued his Monograph on Thermo - 
dynamics , and in 1933 in the same series The Method of Dimensions. 

It is difficult to say in which branch of physics Porter took most interest. As 
some obscurity occurred to him, he would work at it assiduously until satisfied. Thus, 
some thirty years ago, he took up the question of the seat of the electromotive force 
in the Volta effect. This investigation was made use of in his address at Glasgow in 
1928. In later years he had become much interested in capillarity, the more so 
because he was convinced that the anomalous results observed in capillary tubes in 
the neighbourhood of the critical point were due to inadequate corrections for 
pressure and volume, to say nothing of ignorance of the magnitude of these correc¬ 
tions. Founding his formulae on Bashforth and Adams’s results, however, Porter 
published tables in convenient form enabling all necessary calculations to be made 
for tubes and sessile drops of any diameter. Needless to say, he found that papers 
already published did not give all the data required, nor, in one particular case 
which he was anxious to investigate, was the original apparatus recoverable. 
Thoroughness was perhaps his greatest characteristic. He disliked expressing an 
opinion until he had thought it over at his leisure. Hence the occasional obscurity 
of his answers to students after a lecture; but they were amply rewarded in a day or 
two by having the problem completely worked out. Now and again he would be 
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goaded into an indefensible statement, which he would proceed to defend with all 
the dialectical skill at his command. Then a deprecatory wave of the hand or a merry 
twinkle in his eye would terminate the discussion. He was indefatigable in his 
desire to help researchers in his own or in other departments, and his correspondence 
testified to the help he was able to give. 

Those of us who knew him well will long regret the passing away of one on 
whose advice they could rely. 

N. E. 


FRANK CHARLES WATTS 

Mr Frank Charles Watts, Managing Director of E. R. Watts and Son, died 
on 24 March 1939 at the age of 68. He was bom in London on 30 October 1870, the 
second son of E. R. Watts, the founder of the well-known firm of surveying- 
instrument makers. 

Frank Watts and his brother George—who later developed a very accurate 
dividing engine—served their time as apprentices in their father’s workshop. In 
those days the hours spent in the factory were long, both boys working from 6 a.m. 
to 6 p.m., with a considerable amount of overtime added to the normal workshop 
hours. On the completion of his apprenticeship Frank began to relieve his father 
of the managerial side of the business, eventually taking charge after his father’s 
death in 1901. In 1919 the firm was converted into a limited liability company with 
Frank Watts as Chairman. Under his direction the firm grew rapidly, becoming 
known for the manufacture of theodolites and levels of efficient design and sound 
workmanship. It was however in his outlook on export trade and its possibilities 
that Frank Watts showed his special characteristics. He was a great believer in 
taking his wares to the customer, and under his direction a member of his staff 
exhibited and demonstrated Watts’s instruments to the surveying departments of the 
majority of foreign and colonial governments. 

Although the name of Frank Watts is not associated with any particular develop¬ 
ment in surveying instruments, he frequently made pertinent suggestions concerning 
their design. His workshop training enabled him to suggest methods for the pro¬ 
duction of instruments in large quantities, a most useful gift when the question of 
making large numbers of instruments for government departments arose. He had 
served almost continuously, since its formation in 1916, on the Council of the Scien¬ 
tific Instrument Manufacturers Association (originally the British Optical Instru¬ 
ment Manufacturers Association), where his keen business judgment was much 
valued. He was elected a Fellow of the Optical Society in 1914 and served on its 
Council from 1918 to 1921, and 1924 to 1926; he acted as Vice-President from 1927 
to 1930. 

He was most modest as to his own capabilities but was greatly trusted and liked 
by his colleagues and friends, and by the men working under him. He leaves a 
widow and daughter. 


R. s. w. 
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DR A. E. H. TUTTON, F.R.S. 

Alfred Edwin Howard Tutton, who died on 14 July 1938, was bom on 
22 August 1864 at Stockport, Lancashire. He entered the profession of science 
through evening classes at the Stockport Mechanics 5 Institute, which he attended 
whilst employed in a solicitor’s office. Next he obtained a scholarship which enabled 
him to study at South Kensington, and in 1887 became assistant demonstrator in 
chemistry. Under Thorpe he carried out work on the oxides of phosphorus, which 
led to the recognition of the cause of phossy jaw, and to legislation which removed the 
danger of this disease from those who work in match factories. 

Some of his best-known work, described in a book which has become a classic, 
was on the external forms of crystals. This was undertaken in part to investigate the 
extent to which the then relatively new law of isomerism was true, but it also led 
him to the preparation of many new crystals in remarkable perfection of form, 
established the extent to which the angles of crystals are in fact invariable, and 
provided an immense amount of valuable data. 

In 1895 Tutton left South Kensington to become an Inspector of Technical 
Schools under the Board of Education, though his researches were continued in his 
private laboratory. During the time that he spent in London in this capacity, he 
designed for the Board of Trade a comparator on the interferometer principle, 
intended for the comparison of the standard yard with its copies. This instrument 
was but one of a number in which he used similar methods, others being an 
instrument for the determination of the distortion of crystals under stress, and his 
elasmometer and dilatometer, both for work on crystals. The comparator itself 
recorded in units of one eight-millionth of an inch, and Tutton intended to carry 
out a measurement of the wave-length of certain lines of H and Ne with it, but he 
■was prevented from doing so by his transfer to Plymouth. After his retirement he 
returned to this subject and, using the rulings prepared for him by Grayson twenty 
years before, he completed the determination, which involved the actual counting 
of the number of wave-lengths in yq in. The result, computed in terms of cadmium 
radiation, agreed with that obtained by Sears and Barrell at the National Physical 
Laboratory to within one part in 1,400,000. 

Tutton was a great lover of mountains and a member of the Alpine Club, and 
had visited the Rockies and Mount Kenya in East Africa. He was a member of the 
International Commission on Snow, and in this connexion his profound knowledge 
of glaciers was of great value. 
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Textbook of Heaty by R. W. Stewart, D.Sc. and Prof. John Satterly; revised by 
C. T. Archer, M.Sc. Pp. vii+410. (Second edition, University Tutorial Press, 
I 939 -) 7 s - 6d - 

The volume under review is intended for first-year and second-year university students, 
and in it one finds a clear exposition of a subject which, from the amount of historical 
matter included, one might be led to the conclusion that there has been but little advance 
during the last 30 years or so. Looking through the volume one cannot but feel that the 
time is ripe for a drastic pruning of the material provided for the digestion of first-year 
and second-year students. Too much space is given to Joly’s steam calorimeter, which 
is now only of historic interest and has been little used during the past 50 years. To 
imply that Forbes’s method is the right one for investigating the absolute thermal con¬ 
ductivity in the case of a metal is to give the student an incorrect conception of modern 
technique in this branch of the subject. Incidentally it might be noted that Forbes 
described his method 87 years ago. A careful search through the Annual Reports on 
Progress in Physics issued by the Physical Society would have helped to modernize the 
outlook. 

There is, however, some additional matter in this new edition. For example, under 
gas thermometry one finds, a description of the constant-volume gas thermometer of the 
International Bureau of Weights and Measures, Paris, although it comes as a slight shock 
to find that this was first described over half a century ago. Callendar’s constant-pressure 
thermometer finds a place, but no mention is made of the very simple forms of gas 
thermometers used nowadays in research at very low temperatures. 

The concluding paragraph of the section dealing with the gas thermometer states that 
the standard scale of temperature adopted for international use is “the Centigrade scale of 

the constant-volume hydrogen thermometer_” While it is true that the international 

scale was based on experimental work with the hydrogen gas thermometer, the definition 
of the international temperature scale nowadays contains no mention of the hydrogen 
thermometer. It is the thermodynamic centigrade scale which is recognized as the funda¬ 
mental scale, and the experimental difficulties incident to the practical realization of the 
thermodynamic scale have made it expedient to adopt for international use a practical scale, 
designated as the “ international temperature scale ”. This scale conforms with the thermo¬ 
dynamic scale as closely as is possible with present knowledge. The international tempera¬ 
ture scale is based upon a number of fixed and reproducible equilibrium temperatures to 
which numerical values are assigned, and upon the indications of interpolation instruments, 
calibrated according to a specified procedure at the fixed temperatures. Thus, from the 
ice point to 66o° c. the platinum resistance thermometer is used as the interpolation 
instrument. 

In the chapter on specific heats, atomic heats are mentioned but the vast accumulation 
of theoretical and experimental work in this subject during the past 30 years is ignored. 
Possibly the explanation of the state of affairs, is that the examiners responsible for the 
papers set to first-year and second-year students are not sufficiently interested in the 
subject of heat to set questions requiring up-to-date knowledge of the subject. So long 
as these conditions prevail there is little encouragement to authors to write modem books. 
But within these limitations the volume under review serves its purpose admirably, 

E. G t 
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A Text Book of Heat, by H. S. Allen, F.R.S. and R. S. Maxwell. Pt. 1. Pp. v+ 525. 
(London: Macmillan and Co., Ltd., 1939.) 10s. 

This is the first part of a two-volume work. It is intended for students preparing for 
Higher School Certificate or intermediate examinations in physics or for a university 
scholarship. The work is mainly descriptive and experimental and the mathematical 
treatment has been kept as simple as possible, although the notation of the calculus is 
introduced and explained. The development of the science of heat is traced from the 
speculations of the early philosophers to the more abstruse ideas connected with the 
quantum theory. 

The volume represents a definite attempt to bring the treatment of the subject dealt 
with up to date. One finds for example a section on commercial applications of solids and 
liquids at low temperatures giving interesting information as to solid carbon dioxide and 
the separation of gases. 

The treatment of thermal conductivity is good. One would, however, have liked to see 
an amplified account of the Lorenz law. It is stated that the law is satisfied at ordinary 
temperatures for pure metals, but it should be noted that there are exceptions to this law, 
particularly among the poorly conducting metals such as pure bismuth, antimony, and 
mercury, while some good conducting alloys obey the law. 

In the chapter on latent-heat calorimetry one finds an account of Dewar’s liquid- 
oxygen and liquid-hydrogen calorimeters by means of which he showed that “the 
atomic heats were periodic functions of the atomic weight and that the curve resembled, 
generally, the well-known Meyer atomic volume curve for the solid state”. In connexion 
with the measurement of low temperatures reference might be made to the pentane 
thermometer which is very useful in the range from room-temperature down to the 
temperature of liquid oxygen. A minor point for criticism is the drawing of a sulphur 
boiling-point apparatus, figure 18, where the coil appears to project beyond the top of the 
sulphur bath. 

An interesting feature is the biographical notes on distinguished workers in the subject. 
The quotation ascribed to Maxwell concerning Helmholtz will be new to many. It was he 
who first “effected a passage over that untrodden wild between acoustics and music— 
that Serbonian bog where whole armies of scientific musicians and musical men of science 
have sunk without filling it up ”. 

The authors of the volume are to be warmly congratulated on their industry, which has 
resulted in the production of a book marking a distinct advance in the treatment of the 
subject. We shall await the appearance of the second part with keen interest. E> G 

A Text Book on Light , by A. W. Barton. Pp. x+426. (London: Longmans, 
Green and Co., Ltd., 1939.) 8s. 

According to the notice on the dust cover: “This book is an attempt to prepare the 
reader for a changing world by presenting the subject matter in its proper setting, by 
making him realize that scientific ideas are in a continual state of flux, developing out of 
well-established facts, growing and being modified as the theory itself suggests, and 
leading to the establishment of an ever-widening range of facts.” As may be expected in 
consequence, the author eschews dogmatism and dwells more on the philosophical and 
educational aspects of his subject than is usual in works of similar scope. 

In the part of the book devoted to geometrical optics, we note with pleasure that the 
author is careful to explain the application to finite objects of formulae proved for point 
objects, that he uses a symmetrical notation in connexion with refraction at a surface, and 
that he considers the formation of images by convergent incident light. Moreover he 
follows the Physical Society’s Report in making use of the sign convention in which 
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distances measured from a refracting surface in the same direction as the initial direction 
of the light are counted positive; but it is noted with regret that he does not quote the 
useful definition of power which the Report contains. Modem photometry, illumination, 
and the determination of the velocity of light are dealt with in a manner which calls for 
commendation (but did Fizeau when performing his experiments use a concave mirror 
at the distant station?); and the subjects of wave motion, interferences, diffraction, 
polarization, and radiation are studied in some detail with emphasis on the evidence which 
they afford concerning theories of light. The treatment is straightforward, and, while no 
attempt is made to view the physics through a haze of symbols, the mathematical develop¬ 
ment is adequate. 

Problems appended to each chapter will assist the Higher-Certificate, scholarship and 
pass-degree students to whom the book is addressed, and we predict that the volume will 
attain a popularity similar to that enjoyed by the author’s Heat. E> j T 

Electroacoustics , by E. Meyer. Pp. v+ 117. (London: G. Bell and Sons, 1939.) 105. 

To those who were present at Prof. Meyer’s series of lectures on electroacoustics at 
the Institute of Electrical Engineers in 1937 this book needs no introduction. These 
lectures are here published in a very readable form and are supplemented by many in¬ 
formative illustrations and a number of references. In this short book a wide field is 
covered, the subjects dealt with including the properties of sound waves, acoustical 
terms, supersonic sound, sound-analysis and intensity-measurement, microphones and 
loudspeakers, gramophone and magnetic recording, electrical music, room acoustics and 
sound-absorbents. Those engaged in research and in the various branches of industry in 
which electroacoustics are being used to an ever-increasing extent will find Prof. Meyer’s 
book a useful summary of recent progress, particularly of that made by continental 
workers. Students will find it a convenient means of gaining an insight into an important 
and interesting branch of applied physics. K> c 


Terrestrial Magnetism and Electricity . Edited by J. A. Fleming. Pp. xii+794. 
(New York and London: McGraw Hill, 1939.) 52$. 6 d. 

This book is volume 8, the latest and largest, of a series of works included under the 
general title “ Physics of the Earth ”, which have been prepared under a scheme formulated 
in 1926 by the United States National Research Council. The purpose of the series was 
“to give to the reader, presumably a scientist but not a specialist in the subject, an idea 
of its present status together with a forward-looking summary of its outstanding problems ”: 
hence this volume is “not a text-book, but a reference book which may stimulate the 
interest of a larger group of investigators in terrestrial magnetism and electricity 

One third of the book is devoted to terrestrial magnetism: the whole subject is briefly 
reviewed by Fleming, who also, with Johnston and McComb, deals with magnetic 
instruments and observations; Heiland writes on magnetic prospecting, McNish on the 
causes of the earth’s magnetism and its changes, and Bartels on some problems of the subject. 

The daily variations and irregular disturbance changes of the earth’s magnetism largely 
originate in the upper atmosphere, particularly in the ionosphere, and the disturbances 
are closely associated with aurorae. Hence it is appropriate that more than a quarter of the 
book should deal with these subjects, in chapters by Berkner on the radio exploration of the 
ionosphere, by Hulburt on the upper atmosphere, and by Vegard on the aurora. 

The rest of the general text is concerned with terrestrial electricity; Rooney contributes 
a chapter on earth currents, which offer many difficult problems of measurement and 
interpretation, and are connected with the magnetic changes. The other three electrical 

67-2 
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chapters relate to the lower atmosphere; there is a general article on atmospheric electricity 
by Gish, one by Torreson on instruments and observations, and one by Schonland on 
thunderclouds, shower clouds and their electrical effects. These four chapters include 
nearly a quarter of the book. 

The re mainin g hundred pages cover the last and longest chapter, by Harradon, on 
Bibliographical Notes and Selected References. The Preface rightly says that this chapter 
forms a most valuable research tool. 

The work as a whole is an important and authoritative production, which seems certain 
to contribute materially to the advancement of its subject by making available to physicists 
and applied mathematicians, to geologists, engineers and others, the present state and the 
fascinating and difficult problems of this branch of earth-science. There is of course some 
over-lapping in the contributions by different authors, but this is at least in part advanta¬ 
geous in presenting the conflicting opinions which prevail on some aspects of earth 
magnetism. 

3 . c. 


Theory and Design of Valve Oscillators, by H. A. Thomas, D.Sc., M.I.E.E. Pp. 
xvii+270. (London: Chapman and Hall, 1939.) 18 s. net. 

The technician often requires information on a particular subject more detailed and 
more up-to-date than can be found in the ordinary textbook. This book forms one of a 
series of monographs on electrical engineering designed, under the editorship of H. P. 
Young, to fulfil this need. It deals in greater detail than any previous book published in 
this country with the general principles of valve oscillators, the various types of oscillator, 
their efficiency and their stability in respect of frequency. There is a short chapter sum¬ 
marizing the different methods of adjusting the electrical circuit to increase the frequency 
stability; and the last chapter gives a useful account of mechanical methods of frequency 
monitoring. About one third of the book, drawn largely from the author’s own works, is 
devoted to an analysis of the instabilities of inductance coils and condensers and describes 
some methods of overcoming them. 

It is perhaps inevitable that a book written by a technical expert should suffer from a 
lack of balance. The latter part of this book could have been condensed with advantage, 
and there is throughout an unnecessarily detailed description of individual experiments and 
a lack of conciseness in style. On the other hand it is surprising that a book with the present 
title should not contain at least a brief description of a valve and some introductory expla¬ 
nations of the electrical components used and the technique of assembling them in a valve 
circuit. The author states in his preface that valve oscillators are used for numerous and 
varied purposes, but there is little mention of these in the text and no description of the 
oscillators suitable for them. The relaxation oscillator, for instance, receives only a general 
description which is of little use to the technician wishing to design an oscillator of this 
type. These omissions restrict the usefulness of the book, which nevertheless contains a 
good general description of valve oscillators, and information concerning coils and 
condensers which should be helpful to anyone designing these components. 

The statement on p. 242 that the degree of stabilization of frequency with a valve 
master oscillator is not quite so high as that given by a quartz-controlled oscillator might 
in some cases be misleading; for it should be remembered that if the best models of the two 
types are compared the quartz oscillator is of the order of a thousand times better t ha n the 
valve oscillator. 

The book is well printed and only a few minor misprints were noticed. 


L. E. 
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The Radio and Telecommunications Engineers' Design Manual , by R. E. Blakey, 
D.Sc. Pp. viii+142. (London: Sir Isaac Pitman and Sons, 1939.) 15s. 

This book has been written primarily to assist the radio engineer in the design and 
construction of apparatus for use in the factory test room. While the author’s plea that such 
a book should be non-academic in character is reasonable, it is hardly an excuse for present¬ 
ing a volume which contains so many inaccuracies. These errors are not confined to the 
text and the mathematics, but extend to the circuit diagrams and are of such a nature as to 
make the reader suspicious of the book as a whole. Further defects in the presentation of 
the material, such as the occasional use of undefined symbols and the absence of an index, 
lead to the view that, in its present form, the book will not succeed in its object. This 
conclusion is highly unfortunate, as undoubtedly the subject matter might be arranged in 
the form of a valuable book on which the radio engineer could rely for practical information. 

H. G. H. 


Elektrische Hdchstspannungen , by A. Bouwers. Pp. ix + 333. (Berlin: Julius 
Springer, 1939.) RM. 29.40, Bound RM. 31.20. 

Such a book, from one who has so long been concerned with the technique of high- 
voltage production as Dr Bouwers of Eindhoven, would be certain, in normal times, to 
attain a wide publicity amongst physicists in this country. The choice, however, of a 
publisher in Berlin will unfortunately, from our point of view, render the book difficult to 
obtain here. 

The book starts with a discussion of the various methods of high-voltage production, 
which discussion is so comprehensive as to include not only the methods available in the 
laboratory but nature’s own contribution in the form of the lightning discharge. Also 
included is a consideration of the resonance methods for accelerating particles to high 
equivalent voltages by means of relatively low accelerating voltages. There follows a 
description of the electric fields caused by electrodes of varying geometrical configuration, 
and the methods available for mapping out such fields. The next section of the book deals 
with the properties of insulating materials, a wealth of technical information and data 
being given with regard to the electrical breakdown through the substance, and that 
across the surfaces, of these insulating media. The concluding sections of the book deal 
with the more specific problems which have to be met in the construction of high-voltage 
equipment. Amongst the problems discussed are the most suitable shape of insulator for 
use at high voltage and the construction of high-voltage condensers, transformers, 
resistances, rectifiers and switches. The methods available for the measurement of high 
voltages are given in detail together with much useful data. Finally the last section of the 
book deals with the “ Use of high voltages ”, just in case the reader should have imagined 
that the attainment of high voltages was an end in itself. Here is to be found a discussion 
of the use of high voltages in nuclear physics, of the yield of neutrons (|Li + f H) at different 
voltages, and of the design of discharge tubes both for positive ions and for electrons. The 
book concludes by giving some good advice on the precautions which should be adopted 
in working with high voltages and also on the protective measures which should be taken 
in working with x rays or y rays or with ft rays or neutrons. Here again useful absorption 
data are given. 

A feature of this excellent book is the beautifully produced diagrams, graphs, and 
photographs of apparatus. The bibliography consists of 324 references, most of which are 
to papers published within the last ten years. 

w. B. M» 
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An Introduction to Crystal Chemistry , by R. C. Evans, M.A., Ph.D., B.Sc. Pp. xi-f 
388. (Cambridge University Press, 1939.) 18$. net. 

The object of this book, according to the preface, is to survey critically the broad field 
to which x-ray methods have been applied and to codify some of the principles of crystal 
architecture. This object is admirably achieved. 

The first part is devoted to a consideration of the interatomic binding forces which 
come into play in a crystal, and to a discussion of lattice theory. In the second part a 
systematic treatment of crystal chemistry is given, the substances dealt with being classified 
in accordance with the types of interatomic forces concerned in their structures. Metals, 
alloy systems, organic and inorganic compounds, and liquids and gases are considered 
critically and in detail, their structures being correlated with their physical and chemical 
properties. Care is taken, however, that the main arguments are not obscured by structural 
data inserted for their own sake. Technical applications, such as chemical analysis by 
means of x rays, the determination of purity and grain-size, and the detection of strain, are 
omitted; such applications being expressly stated by the author to be outside the scope of 
the book. 

A very useful feature is the profusion of summarizing tables from which the main 
results of the various sections may be seen at a glance. An extensive bibliography and a 
ong list of references add value to an already valuable book. t t< 


Complex Variable and Operational Calculus , by N. W. McLachlan. Pp. xii + 355. 
(Cambridge University Press, 1939.) 25s. net. 

Dr McLachlan’s work, particularly on loudspeakers, led him first into the remote 
intricacies of Bessel functions and on his return, like a good traveller, he published a most 
interesting account of the country. Now we have a book inspired by the subject of 
operational calculus, and bearing the title shown above, though the author is careful to 
stress that the method which he gives is not an operational one. The first chapter, that on 
complex variables, is introductory to the main theme of the book, and if it fails to attain 
even that minimum standard of rigour which is usually expected, no great harm is done, 
for no reader could tackle the main subject with no more preparation than is given there. 
It is followed by chapters on Cauchy’s theorem, the calculus of residues and various other 
matters falling within the ordinary theory of functions. 

The interest of the book lies in the second part, the theory of operational calculus. 
Dr McLachlan bases his theory on the Mellin inversion theorem in the form: 


If 

<f>(p)=p\ e~ pt f (t) dt 
Jo 

then 



where the second integral is taken round the Bromwich contour, a line parallel to the axis 
of y at such a distance as to leave all singularities of the integrand on its left. Then </> (p) 
is called the operational form of f (t), and the contour integral is the interpretation of 
$ (p)f although p is a parameter and not an operator. Thus if the operational form of a 
function is required, it is deduced from the formula 

*(P)=P F*-*f(t)dt. 

Jo 
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It is interesting to see this method at work on a simple problem, such as that (given 
on p. 143 of the book) of solving the equation y" + a 2 y = Ce~ M subject to the initial 
conditions y —y' = 0. 

The equation is multiplied by e~ pt , integrated from o to oo, and multiplied by p, to 
give the result 

Too r co 

p er** dy ' + a 2 p ey dt = cp\(p 4- b ). 

Jo Jo 

Integrating the first term by parts brings the equation to the form 

( p 2 +a 2 )pj e~ pt ydt=cp/(p+b) 

which is at once reducible to the standard form, and on inversion yields 

y = —.\ dzj(z-{-b) (z 2 + a 2 ). 

27rt J 

This is evaluated by means of its residues at the three poles, giving the usual solution, 

* = (To*) (** ~ cos at+ \ sin at ) ■ 

Set out in this way, the method seems cumbersome and indeed for simpler problems 
it probably involves more steps than a frank appeal to the shorthand operational methods. 
But it has the advantage of keeping the mathematical aspect present throughout, and would 
not lend itself to the errors which have been made when pure operational calculus has been 
used. 

Space is lacking to give a full account of the many investigations crowded into the book 
—a third of it is devoted to physical applications—but the original contributions are many, 
and there is no doubt that patient study of it would enable any reader possessing the 
necessary preliminary mathematical equipment to master all the theory necessary to 
enable him to investigate even difficult problems which are amenable to treatment by this 
method. 

There is a full bibliography, and in an appendix are given the interpretations of many 
of the commonest operational forms. j A 

Higher Mathematics (with Applications to Science and Engineering ), by R. S. Buring- 
ton and C. C. Torrance. Pp. xiii+844. (New York and London: McGraw- 
Hill Publishing Company, 1939.) 30s. net. 

The preface tells us that this volume is “ an outgrowth of a series of courses in advanced 
calculus and related subjects, given by the authors at the Case School of Applied Science, 
and designed primarily to meet the growing needs of students interested in the applications 
of mathematics to physics and engineering ”. Although the physical interpretation of the 
mathematics is appropriately stressed, the presentation is sufficiently rigorous to make the 
book suitable for those whose interests are principally mathematical. 

The ground covered is very wide indeed. There are altogether nine chapters, the first 
three of which, occupying rather more than half the space, deal on the usual lines with the 
differential and integral calculus and ordinary differential equations. Methods for the 
numerical solution of differential equations are not neglected, and the properties of 
systems of equations are generously illustrated by excerpts from electrical circuit theory. 
There is a brief reference to the generalized Lame equation, with a fairly detailed treatment 
of the cases of the Legendre and Bessel equations. We next come to a chapter on infinite 
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sequences and series, including an extensive treatment of Fourier series, though very little 
on the Fourier integral, and then to one on the functions of a complex variable, which 
contains not only most of the usual theorems, but also an introduction to conformal 
representation and some useful notes on elliptic functions. A good chapter on algebra 
and vector analysis follows, where in addition to sections dealing with matrices, deter¬ 
minants and vectors, the authors have found room for a very readable introduction to the 
differential geometry of curves and surfaces, and a short account of the tensor calculus. 
The remaining topics include partial differential equations, the calculus of variations, and 
finally a brief introduction to the theory of the real variable. Among notable absentees, 
integral equations and asymptotic expansions may be mentioned. There is admittedly a 
reference to the latter in the index, but on turning up the page concerned we find that it 
refers only to the development of functions in Laurent series, and contains no reference to 
asymptotic expansions, which, moreover, do not appear to be mentioned anywhere else in 
the book. In the reviewer’s opinion the balance of the book, already good, could be made 
even better if the first two chapters were slightly shortened to make room for brief treat¬ 
ments of a few additional topics such as those mentioned above. This is put forward 
purely as a suggestion for future editions, for the book deals already with such a wide 
diversity of subjects that any criticism on the ground of omissions would be ungracious. 

There are one or two departures from standard notation which call for comment. There 
seems to be little point in introducing the integral symbol I x f (x) in place of the usual 
J/ (x) dx, only to discard it after a few pages in favour of the standard, or as the authors 
call it the “historical”, form. Again, it is not easy to resign oneself to such expressions 
as ctn, esc, ctnh and csch in place of the usual cot, cosec, coth and cosech; the customary 
terms at least have the merit of being reasonably pronounceable. These are very minor 
criticisms, however, and the book can be confidently recommended to students and others 
who are looking out for a reasonably concise general textbook on applicable mathematics, 
which is at the same time reliable and interesting. An attractive feature is the large number 
of examples, which incidentally include many theorems for which there is not space in the 
text. There is also a good bibliography which should assist those who wish to pursue further 
the topics initiated in the book. r S D 

Problems in Mechanics , edited by G. B. Karelitz, J. Ormondroyd and J. M. 
Garrelts. Pp. ix+271. (New York: The Macmillan Company, 1939.) 11$. 

This excellent book contains nearly 800 well chosen and graded examples in statics 
and dynamics, the majority of which are illustrated by clear diagrams. In nearly every case 
the answer is given, and about 10 per cent of the problems are provided with brief solutions 
“to suggest to students a method of attack which they can follow to advantage in handling 
the rest of the problems ”. In their preface the authors state: “ The exposition of the prin¬ 
ciples and theorems of mechanics is of little practical value to the student unless he is 
constantly exercised in their application to actual problems. Only by this means can 
mechanics become a working tool for the future engineer.” With this statement every 
teacher will agree. This book provides the means as most of the examples are based on 
practical problems. A brief summary of the theorems required enhances the value of the 
book, which should make a wide appeal to all teachers and students of mechanics whether 
engineers or not. 

J. G. D. 

Aircraft Design: VoL II , Aerostructures , by C. H. Latimer Needham. Pp. xiii+ 308. 
(London: Chapman and Hall, Ltd., 1939.) 16s. 

This book is the second volume of a work on aircraft design and—though its title may 
suggest a wider field deals solely with the design of aeroplanes from the structural 
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standpoint. After some preliminary general chapters on the arrangement of aeroplane 
structures and the materials used, a series of chapters are devoted to brief discussions on 
wings, fuselages, tail units, undercarriages, and controls. Short chapters are included on 
structural strength calculations, airscrew and engine properties, some characteristics of 
seaplanes and flying boats, and metal construction. 

The book is characterized by a clarity of description and a simplicity of exposition 
regarding design problems that will no doubt help it to fulfil one of its intended functions 
as “a guide for private constructors ”. But in attempting to cover the whole field of struc¬ 
tural design in the space of 300 pages the author has set himself a difficult task. It is easy 
for such a work to become a confusion of general principles on one hand and design details 
on the other—a mixture troublesome to an engineer and still more displeasing to a physicist. 
And though he tries to deal “with the general principles of aircraft design”, the author 
has too often failed to express structural design in terms of physical principles as generally 
understood. Thus the discussion of the loading experienced by an aeroplane is too much 
like a good summary of official airworthiness regulations and there is too little remark on 
the functions of the various structural components of an aeroplane. 

This is a defect from which other textbooks on the same subject suffer; and like them, 
also, this book is largely written, though not ostensibly and perhaps to a rather less degree, 
around the wooden biplane of the past. This is a great pity, for the young student, seeing 
around him the metal-clad monoplanes of the Royal Air Force of to-day and eager to learn 
how they are constructed, must be sadly disappointed by many of the examples of this 
textbook, and must tend to lose interest in what is really a most absorbing subject to 
mathematicians, engineers, and physicists alike. A# G> p 

The Scientific Journal of the Royal College of Science. Vol. ix. Pp. 137. (London: 

Edward Arnold and Co.) 7 s. 6 d. 

The three societies—Chemical, Natural History, and Mathematical and Physical—of 
the Royal College of Science combine to publish a journal, of which this is the ninth 
annual volume. This contains only a selection from the papers and addresses given to the 
societies, and most of those printed consist of surveys of some interesting fields of know¬ 
ledge. Among the chemical subjects are two showing how chemistry may make its 
contribution to easing the lot of mankind; the one is on the dusts responsible for silicosis 
and the other on carcinogenic (cancer-causing) agents. The Natural History section 
contains accounts of two scientific expeditions, and the Physical and Mathematical Society 
prints a lecture by Dr Mann on the cyclotron, one by Dr A. H. Davis on the measurement 
of sound and noise, and two particularly interesting ones in which Prof. Dingle and 
Prof. Levy set out their views on what is generally called the philosophy of science. These 
are such admirable summaries of their two points of view that they deserve to be known 
to wider audiences. Among the other lecturers during the year were Profs. G. P. Thomson, 
E. K. Rideal, G. I. Finch, A. C, Egerton and Dr C. G. Darwin. ^ H# A 

Modem Science , by Hyman Levy. Pp. x+736. (London: Hamish Hamilton, 

1939.) 21s. 

The task which Prof. Levy has undertaken, that of giving a comprehensive survey of 
physical science in the world of to-day for the ordinary intelligent person, is one which 
most of those concerned with physics would agree to be well worth while. However much 
they might disagree with some of the particular points of view which the author expresses, 
they could not but have the highest admiration for the easy mastery with which he handles 
his material and for the energy and verve with which he has carried out his elaborate 
programme. 
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The essential idea underlying the presentation is that science is one of the forms in 
which social energy manifests itself, and that it cannot be considered, without serious 
misrepresentation, apart from its social background and its effects on social practice. It is 
the insistence on this point of view, rather than the mere acceptance of it, which gives the 
book its spe cial character. Much of the scientific ground covered, however, has been well 
trodden in some of the excellent books already available on science for the general reader, 
and it is unfortunate that the author should appear to ignore their existence. Surely one of 
the first duties of the socially minded writer on science is to indicate the relation of his 
own presentation to that of others. 

The first part of the book treats historically some of the main phases in the development 
of science, and traces the relation between science and its social background through the 
ages. At the present time the author sees an inversion of science, with capitalism inevitably 
involved in war and mobilizing science for that purpose. The scientist, “at once the 
product and the servant of a dying culture... holds in his hands the key to the making of 
a new”. 

The bulk of the book, parts II-VII, occupying some 600 pages, presents, with a 
wealth of illustration, some of the leading themes of physics. A somewhat discursive 
survey of scientific method and procedure, in the course of which the forms and move¬ 
ments of energy are considered at length, is followed by a discussion of “ The universe of 
symbols ”. This outlines the development of arithmetic, algebra and the calculus, and 
shows clearly the point of many of the apparently abstract and recondite problems of 
mathematics. The absolute machine is then considered, and the Newtonian laws of motion 
are subjected to detailed scrutiny. As an exemplification of the practical bearing of classical 
physics, a long chapter is devoted to an account of the basic principles of aeronautical 
science. Part V, entitled “The perfection of shape”, tells “the sad story of Euclidean 
geometry” and discusses its extension. The present answer to the question, “What is the 
Universe? ”, as far as a scientific answer can be given, is outlined in part VI. The stars, the 
solar system and the earth are surveyed in turn. The bearing of the theory of relativity is 
indicated. The complementary field view and particle view of interaction processes are 
treated, and finally the pattern in detail is described, stress being laid, in the account of 
atomic and electronic phenomena, on the dominance of statistical laws. To illustrate the 
bearing of modem science on practice, an excellent account is given of the elaborate inter¬ 
play of theory, experiment, and diverse technique involved in the development of modem 
methods of illumination. 

In an epilogue, “Science in travail”, the author stresses two points which he regards 
the survey as having indicated—the interrelation between science and social activity, and 
the growth of science through the resolution of internal contradiction by a higher synthesis. 
He also presents some of the characteristics of the older mechanistic and the newer 
dialectical method in a table of nineteen contrasting statements, which appears to give on 
one side the view of some idealized mechanist, and on the other those of the author. Why 
the newer method is called dialectical is left obscure, nor is it clear why such a statement as 
“The speed of light is a statistical constant” is characteristic of it. Analysis of scientific 
method in a sense which others might regard as more fundamental is, however, foreign to 
the author’s purpose. 

Although few would deny that the statement “The history of science and the growth 
of its ideas are intimately bound up with the history of social needs” is in accordance with 
a wide range of historical evidence, yet in its implications it seems to leave out of account 
the fact that there are scientific ideas, including some to which high value is attached* by 
scientists, that seem to have no bearing on social needs. It is striking that the author is 
sometimes at his happiest when expounding ideas which seem to be socially useless. It 
is this which may possibly leave readers with a feeling of inconclusiveness about what 
purports to be a central argument of the book, quite apart from whether or not they are 
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in sympathy with the author’s general social and political views. This, however, does not 
detract from the general excellence of handling of the scientific themes themselves. The 
ordinary intelligent person has a journey full of interest before him when he tackles this 
book, and the occasional difficult passages should add a stimulus. It is to be hoped that 
the book will be read by many who are not professionally concerned with physical science, 
as well as by those who are. The many diagrams and sketches, due to Joan Samuell, 
boldly executed with significant economy of detail, add much to the attractiveness of an 
admirably produced volume. c g 


German-English Science Dictionary , by Louis de Vries. Pp. x+473. (London: 
McGraw-Hill Publishing Co., 1939.) 19s. 9 d. 

The plan on which this dictionary was compiled sounds ideal; the professor of modem 
languages prepared it, with the active co-operation of the staffs of the various scientific 
departments of the Iowa State College, who pointed out to him, in particular, the standard 
works in each subject which should be combed for the necessary technical vocabulary. It 
is nevertheless open to criticism in detail. The lexicographer prides himself on the fact 
that it contains 48000 entries, but he might have produced a cheaper and smaller book of 
equal utility by reducing the number of words which are identical, or nearly so, in English 
and German. The writer who aspires to publish in German may need to know that direkt 
is the German for direct , but the scientist who is merely hoping to read German technical 
literature will surely not need to look this up in a dictionary. Nearly every page contains 
similar examples, and the following are taken at random: Kodex, kohasiv, fiktiv, fibros, 
Dioxyd, Analogie, Aconit, Methode, Artikel, explodieren, Anode, and extensiv. 

On the credit side is the large number of biological terms, each accurately defined, 
generally with the technical (Latin) term. Indeed, the book appears to have the biological 
rather than the physical sciences in mind, and it often misses the specifically mathematical 
meanings of words. Thus under Ableitung we find “ drainage, derivation, deduction” but 
not “derivative, differential coefficient”, and under Ausgleicken we have “to equalize, 
adjust, compensate, balance, level, settle, arrange”, but not “to equate”. Incidentally, is 
it by coincidence or due to derivation from a common source, that another well-known 
science dictionary gives for Ableitung and Ausgleicken “drainage; derivation; derivative; 
deduction, channel; turning aside”, and “equalize, adjust; compensate; balance; level; 
settle”, respectively? 

Under Schalter there are the entries “ruler, manager, wicket, window”, though to the 
physicist the commonest meaning is “switch”, and in fact the other dictionary just 
mentioned gives “wicket, window; ruler, manager; {Elec.) switch”, and incidentally by 
its groupings makes clearer what sort of wicket and what sort of ruler are intended. 

Among less technical words, the dictionary gives help in many useful ways, but there 
is an unfortunate misprint whereby halber in its sense of “on behalf of” fails to appear. 
Mittelmeer and Bodensee are both given, but not Siidsee or Ostsee. 

The book is beautifully produced, and the choice of type is such that words stand out 
well, yet not in such a way as to weary the eye. For those who already have an engineering 
dictionary, or whose interest is mainly in zoology or botany, the book is probably of 
extreme value, but it hardly fulfils the needs of the ordinary physicist, and it is to be hoped 
that another edition will soon appear in which he will be better catered for. 


j. H. A. 
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Under the general heading Actualites Scientifiques et Industrielles we have 
received the monographs listed below. Each is written by an authority on his 
subject and the treatment is, in general, concise and clear. The publishers are 
Hermann and Co., 6 Rue de la Sorbonne, 6, Paris. 

653. Pierre Fleury. Mesure des Temps , Vitesses , Dibits . 30 fr. 

654. M. Matricon. Application de la Methode du Champ Self-Consistent aux Noyaux 

Atomiques . 25 fr. 

655. Philip A. Leighton. Determination of the Mechanism of Photochemical Reactions . 

18 fr. 

656. Gerhard K. Rollefson. The Photochemistry of the Halogens . 20 fr. 

658. Frederic Bremer. UActiviti Electrique de VEcorce Cerebrate. 15 fr. 

662. Ernest Kahane and Jeanne L£vy. Choline-Neurine. 15 fr. 

693. Pierre Brunet. Etude Historique sur le Principe de la Moindre Action . 30 fr. 

703. Harry Willstaedt. UAnalyse Chromatographique et ses Applications . 30 fr. 

704. Louis de Broglie. Le Principe de Correspondance et les Interactions entre la Matiire 

et le Rayonnement. 10 fr. 

709. Aloys Rey. Etudes sur VEcoute des Sources Sonores Eloignies . 21 fr. 

718. P. Debye, F. Simon, M. Wiersma, Sir C. V. Raman, M. Polanyi and B. van der 

Pol. Physique Ginerale . 21 fr. 

719. N. Bohr, P. Scherrer, J. D. Cockcroft and W. Bothe. Physique Nucliaire . 11 fr. 

720. J. Clay, P. M. S. Blackett and G. Lemaitre. Rayons Cosmiques. 10 fr. 

729. Jean-Louis Destouches. Les Electrons Lourds (Mesotons ). 21 fr. 

731. Maurice Prost. Optique , ElectricitL 21 fr. 
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